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On the Generalized Springer Correspondence
for Classical Groups

G. Lusztig and N. Spaltenstein

In [4], the first named author defined a generalization of Springer’s
correspondence [10] between unipotent classes of connected reductive al-
gebraic groups and Weyl groups representations. Several explicit compu-
tations are also carried out in [4]. These computations extend in particular
Shoji’s earlier determination [7] of the usual Springer correspondence for
SO, (k) and Sp.,(k), char (k)==2. We consider here the following cases.
1) Sp,, (k), char (k)=2.

2) SO,, (k), char (k)=2.
3) Spin, (k), char (k)+2, the part of the correspondence which doesn’t

survive in SO, (k).

4) SL,(k) (only for reference purpose, since it is not treated explicitly
elsewhere).

In view of the results in [4], this completes the explicit determination
of the generalized Springer correspondence for groups of classical type,
and almost completes it in general since for exceptional groups it is de-
scribed in [9] up to minor indeterminacies.

§ 0. Notation and recollections

0.1. In this paper k is an algebraically closed field and G is a
connected reductive algebraic group defined over k.

0.2. Let £ be a prime, £s=char(k), and let Q, be an algebraic closure
of Q,. If H is a finite group, H™ denotes the set of all isomorphism
classes of irreducible representations of H over Q,.

0.3. For x ¢ G, let C,(x) be the centralizer of x in G and let 4,(x)=
C4(x)/CYx) be its group of components. Let N, be the set of all G-con-
jugacy classes of pairs (4, ¢) with u € G unipotent and ¢ € 44()".

0.4. Let P be a parabolic subgroup of G with unipotent radical U

Received March 28, 1984.



290 G. Lusztig and N. Spaltenstein

and let M be a Levi factor of P. Let ue G, «’ ¢ M be unipotent. The
group Cy(u) X C (1)U acts on

Y,w={xeG|xuxewU}
by
(g, m)-x=gxm™" (ge Co(u), me Cy()U, x € Yy, ).

Let d,,,,=% (dim Cy(t)+dim Cy(e))+dim U. It is known that dim Y, ,.
<d, .. The group A4,(u)X A,(') acts on the set X, ,. of all irreducible
components of Y, ,. of dimension 4, ,.; the corresponding permutation
representation is denoted e, ..

We review now some of the results of [4].

The pair (u, ¢) is said to be cuspidal if

(1 ) <§D, eu,u’>AG(u):7-éO = P=G.

Given a pair (4, @) € N, there exist P, M, ' as above and ¢’ € A, (w)"
such that
i) @, ¢)is cuspidal for M.
i) {e®¢'*, e, 0, where ¢’* is the dual of ¢/,
Moreover (P, M, v/, ¢’) is unique up to conjugacy, and one associates
to (4, ¢) an irreducible representation pf , e (Ng(M)/M)~. This gives a
map

p%: Ne—> [ (Na(M)/ M)~

where the disjoint union is over all the conjugacy classes of 4-tuples
(P, M, v/, ¢') with P, M, 1’ as above and ¢’ € A,(/')" such that (/, ¢) is
cuspidal for M, or equivalently, as it turns out, over all the conjugacy
classes of triples (M, ', ¢’) with (o, ¢") cuspidal for M and M a Levi factor
of some parabolic subgroup of G. The generalized Springer correspond-
ence is this map p¢. It is a bijection.

We shall use in particular the following properties of p¢ [4, 9.5].

(2) If(u, @) € N; maps to the trivial representation 1 e (N(M)/M)™
in the copy corresponding to (M, «’, ¢'), then the class of u in G is induced
from the class of #’ in M in the sense of [6].

(3) If(u, p) € Ng maps to the sign representation e € (Ng(M)/ M)~
in the copy corresponding to (M, o/, ¢), then u is conjugate to u’.

Our main tool for the identification of the generalized Springer corre-
spondence is the restriction formula [4, 8.3]. Let L be a Levi factor of
some parabolic subgroup of M (and hence of G), let ve L be unipotent
and let 4r € 4,(v)". Assume that (v, 4) is cuspidal for L and that both
(U, p) e Ny and (o, ¢) € Ny, correspond to (L, v, ). Then
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(4 ) <§P®§Dl*’ 5u,u’>Aa(u)xAu<u') = <Res pgaw 91%(’,¢’>NM(L)/L’

where Res pf , is the restriction of p§ , from Ny(L)/L to Ny(L)/L and ¢'*
is the dual of ¢’. Moreover every irreducible representation of 4,(u) X
A () which occurs in ¢, ,. can be obtained in this way.

0.5. LetneN. We write partitions of # as sequences
A=Ay Ay + -+, Ay) - With 2, <A, <+ - <2, (2,20).

0.6. Formn>1let W, be a Weyl group of type B,. Letalso W,=1.
For n>=2 let W,C W, be a Weyl group of type D,. Letalso Wi=W,=1.
For n<<0 let W, =40.

The set W, is parametrized in a natural way by ordered pairs of
partitions (o, f) with Ja,4+38,=n. We use the convention that the
trivial representation corresponds to («, f) with «=(n), and that the sign
representation corresponds to («, §) with f=(1, 1, - - -, 1) (n terms).

Let W7’ be the quotient of W,~ by the natural action of W,/W..
The parametrization of W by pairs of partitions induces a parametriza-
tion of W’ by unordered pairs of partitions {«, 8}. Moreover {«, g}
corresponds to exactly one (resp. two) element(s) of W." if and only if
a#f (resp. a=pf), and we say in this case that {«, 5} and the correspond-
ing elements of W’ and W~ are non-degenerate (resp. degenerate).

0.7. Let G=Sp,,, char(k)=2 and let M be a Levi factor of some
parabolic subgroup of G. Then M has a cuspidal pair (v, ¥) (v e M uni-
potent, i € A,(u)") if and only if it is of type C,, for some m of the form
d(d—1)(d >1), and up to conjugacy it has at most one. As {d(d—1)|d>1}
{d(d—1)|d € Z, d odd}, the generalized Springer correspondence for G is a
bijection [4, 10.5]

Ne—> U Wilaa-n-
deZ
d odd
0.8. Let G=SO0,,, char (k)=2 and let M be a Levi factor of some
parabolic subgroup of G. Then M has a cuspidal pair (v, ) (ve M uni-
potent, ¢ € 4,(v)") if and only if M is of type D,, for some m of the form
d*® with d >0 even, and up to conjugacy it has at most one. (In[4, 10.7]
the condition that d is even was erroneously omitted.) The generalized
Springer correspondence for G is thus a bijection [4, 10.7]

(D) Re——>W,"U( U Ws).
a>0

d even

Let G=0,,. Then G/G acts on %, and on the set of all unipotent
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classes of G. We say that an element of R, or a unipotent class of G is
non-degenerate (resp. degenerate) if it is fixed (resp. not fixed) by this
action. It is known that (i,¢) € i is degenerate if and only if u is degener-
ate, and in this case A4(u)=1 and p=1. Let N} be the quotient of N, by
G/G. Then (1) induces a bijection

(2) WU Wila).
a>0
d even
We shall actually describe (2) instead of (1). The passage from (2)
to (1) is easily done in terms of Richardson classes and Macdonald repre-
sentations, using [6, 3.5] and [8, 11.7.6].

0.9. Yor Sp,, (resp. SO,,), char (k)=2, the generalized Springer cor-
respondence gives natural partitions

Ne= U N, Ay = U Aw)7
EXY ] dcz
d odd d odd
(resp. Po= J N, Agwy”= U Asw)3)-
aeN aen

d even d even

0.10. TLet G=Spin,, char (k)= 2. There is a natural isogeny =: G
—30,,. The unipotent classes in G are mapped bijectively to the unipotent
classes in SO,. If u € G is unipotent, the sizes of the Jordan blocks of z(u)
give a partition 4 of n. The partitions 2 which occur in this way are ex-
actly those which for each even integer m>>2 have an even number of parts
equal to m. Moreover such a partition 2 characterizes a single unipotent
class in G, except if all its parts are even. In this last case A corresponds
to two unipotent classes of G, and the union of the images under n of
these classes is a single conjugacy class in O,,.

Let Z be the centre of G and let Z, be the kernel of . There are
natural partitions [4, 14.2]

Ne= U mp A= U AG(”);\'
LEZN 11240

The restriction of the generalized Springer correspondence to U ,(zy-1 3,
is essentially the same as the generalized Springer correspondence for SO,,.
We fix now a representation X ¢ Z” with %] z,=1. The subset R, of N,
is described in [4, 14.4]. In particular the map which associated to (i, ¢)
€ N, the partition A(x) gives a bijection between I, and the set X, of all
partitions 4 of # such that:

i) for each even integer m>2, 2 has an even number of parts equal
to m.

ity fer each odd integer m, 2 has at most one part equal to m.
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Let M be a Levi factor of a parabolic subgroup of G. . Then up to
conjugacy there exists at most one pair (#, 1) € N, which is cuspidal and
such that the subset of N, corresponding to (M, v, ) is contained in N,.
Moreover up to conjugacy there exists exactly one such triple (M, v, ) for
each integer d € Z such that d=n (mod 4) and dQ2d—1)< n. If de Z has
these properties, the corresponding subgroup M of G is of type By_)eq+1)/2
+A4,4+ A+ .- ifnis odd, Dypy_nye+A4,+A4;+ - - - if nis even, where the
number of factors 4, is 2(n—d(2d—1)). For d e {0, 1} these expressions
must be understood as follows. The Dynkin diagram of M consists of the
dots marked in black in the Dynkin diagram of G':

d=1 0—-—0———,0—-——0—-‘—--.......__.__0__':5:0

d=0 o—o———o————o—.—o—u-o--~-—o—o<:
or Q——O——.—-——O————.—--o.oo.oa_.__0<:

(if d=0 only one of these diagrams actually occurs; which one depends on
2).

The restriction to 9, of the generalized Springer correspondence for
G is therefore a bijection [4, 14.6]

o~
%z > U W(n-d(Zd—l))/4'
deZ
4in—d

We shall describe combinatorially the corresponding bijection

(1) X,— U W&—d(qu))/v
acZ

4in—-d

0.11. If we want to check whether a pair (v, ¢) € 9, is cuspidal, it is
usually not necessary to test 0.4 (1) with all parabolic subgroups of G. For
example, if G=Sp,, (resp. SO,,), choose M of type C,_; (resp. D,_,).
Suppose that {e,,,» @) 45wy =0 for every unipotent element «’ € M. Then
(u, ¢) is cuspidal. Similarly, if G==Spin,, (resp. Spin,,.;) and (u, ¢) € N,
with X as in 0.10 satisfying X|;,+1, let M be of type D, _,+ A4, (resp. B, _,
+A4,). Suppose that (e, 4, @) 45y =0 for every unipotent element ' ¢ M
which contributes to the part pertaining to X of the generalized Springer
correspondence for M. Then (u, ¢) is cuspidal.

These are special cases of the following general fact. Let (M,);¢; be
a family of Levi factors of proper parabolic subgroups of G. Assume that
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this family is such that whenever L is a Levi factor of some proper para-
bolic subgroup of G for which %, contains a cuspidal pair (pertaining to
some fixed X € Z™ [4, 14.2]), then M is contained in a conjugate of one of
the M,’s. Then for a pair (u, ¢) € N, (pertaining to X) to be cuspidal, it
is sufficient that it satisfies the condition (o, &,,,) 460, =0 for every uni-
potent element #' ¢ M when M runs over the family (M,),.;.

In each of the cases discussed above, we have chosen one special M,
and it follows immediately from the results in [4, §10, 14] that we can take
for (M), ; the family consisting of this single subgroup M.

§ 1. Seme combinatorics

1.1. letr,s,neN,deZ,e= [%] e Z, and let X’;;fz be the set of all
ordered pairs (4, B) of finite sequences of natural integers A: a;, - -+, dp. e
and B: b, - -+, b,, (for some m) satisfying the following conditions:

(1) a;,—a,_,=r+s (1<i<m+d)
(2) b,—b,_>r+s (1<ism)
(3) b>s

(4)  Za,+23b,=n+r(m+e)m+d—e—1)+s(m+e)m+d—e)
Notice that (3) is void if s=0. If dis odd, (4) becomes

(4) 2a;+2b;=n+r(m+e)+s(m+e)lm+e+1).
If d is even and s=0, (4) becomes

@" Za,+23b,=n+r(m+e)lm+e—1).

The set )?;;; is equipped with a shift ¢, ,. If (4, B) is as above, then
0,4, By=(A', Bywhere A': aj, - -+, a},, 4., and B': b, - - -, b},,, are de-
fined as follows:

a,_IO if i=1
i—l‘ai_l—i—r—{—s if 2<i<m+d+1
‘, ki if i=1
bi:{bi_,—l—r—l-s if 2<<i<m+1

Let X5 be the quotient of X ¢ by the equivalence relation generated
by the shift and let
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Xot=U X0
dodd

The equivalence class of (4, B) is still denoted (4, B).

Consider now the special case where s=0. It is clear that (4, B)—
(B, A) defiines a bijection from X7¢ to X1*°;, and an involution of each of
the following sets:

X'n even — U Xr:,c‘i)y X:L, odd = U X;:g (=X;,o)'
d even d odd

Let Y7, oven (tesp. Y7, oaq) be the quotient of X7 ... (resp. X7 .40) by
this involution. For >0, the image of X%, in Y; moven OF Y75 044 is de-
noted Y7 ,, and the image of (4, B) is denoted {4, B}. When we consider
one of the sets Y7, ..., OF Y7, 44, We Set conventionally s=0.

When we consider simultaneously two elements (4, B) ¢ X5 and
A, B') e X5 (with d—d’ even), with

A: A, * 5 Apias B: bl, "',bm
’e o ! . L /
A-als"'saznhrd” B : 15"'9bm"

we assume always that we have chosen representatives such that 2m-+4d=
2m’+d’. In particular m=m’ if d=d’. The same convention holds for
pairs {4, B} e Y} , and {4/, B’} ¢ Y}, ,., with d, d’>0 and d—d’ even.

1.2. Examples. a) X is obviously in bijection with the set of all
pairs of partitions (a, f) with Z'oz + 3'B,=n, and therefore with W,. The
same holds for Y} , if d>1.

b) Y. ,is obviously in bijection with the set of all unordered pairs of
partitions {«, g} with Se, 438, =n, and therefore with W,”.

c) Y., is the set of all symbols of rank n and defect d, as defined in
[51 (@>0).

d) Xy, Y2 ...,and YZ ., are used in [4] to describe the generalized
Springer correspondence for Sp,,, SO,, and SO,, ,, respectively, in the case
where char (k)=#2.

e) Letny=n,(d,r, s)=re(d—e)+se(d—e—1). Then X7;*, consists
of a single element A7;°, which is represented by the following pair (4, B).
If d>0, 4 is the sequence 0, r+s, - - -, (d—1) (r+s) and B is the empty
sequence. If <0, 4 is the empty sequence and B is the sequence s, s+
(r+s), - -+, s+(—d—1D(r+s). If d=0, both 4 and B are the empty se-
quence.

If moreover d>>0and s=0, then Y7, , also consists of a single element
A7, , which is the image of A7:°,.

1.3. There is an obvious addition
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X g X X ——> X i
with (4", B"")=(A, B)+(4’, B’) defined by a;'=a,+a/ ) =b,+b;.
If d>>0, the same formula defines an addition
Yo XY o ——>Yrin .
In particular we have a map
0,0 7,8
) R bz,
where n,=ny(d, r, s) (1.2 (¢)). Similarly, for d >0 we get a map

Y'g—no —-')Y:z
(2) ¢ ¢

A— A+ 47,

where n,=ny(d, r, 0). It is easily checked that (1) and (2) are bijections.
Combined with 1.2(a), this gives bijections

( 3 ) W;—no_“—')X;L‘,’é
(4) Wy

n—ne

—>Y: , (d>0), Wl ——>Y:, (d=0),
with ny=n(d, r, 5) for (3) and d>>0, n,=n\d, r, 0) for (4).

1.4. We say that (4, B) € X5 is distinguished if d=0 and a,<b, <
a,<bh,< - <a,<b,, or d=1 and ¢, <bh<a,<b, <+ - <b,<a,,,,. I
d>0, we say that {4, B} e Y7, , is distinguished if (4, B) or (B, 4) is distin-
guished. Let Do, D7 . .., D5 .44 be the sets of all distinguished elements
in X000, Y7 o ons Y7 o4q TESPectively.

Assume now r3>1. If (4, B) e X7’;, we can think of 4 and B as sub-
sets of N. We say then that the elements (4, B), (C, D) of X}* are similar
if AUB=CUDand ANB=CND. Similarity in Y% ... or Y} .4 is de-
fined in the same way.

These two notions are related as follows.

Lemma. Assume r>1, and let € be a similarity class in X7°, Y7 ..
or Y, .- Then:

(a) € contains a unique distinguished element A.

(b) ¥ isin a natural way a vector space over ¥,, with origin A.

Let (4, B) or {4, B} be an element of ¥. For (a), write the elements
of A and B in increasing order
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(1) OGS KCpag

and let 4’={c,|i odd}, B’={c,|i even}. Then A=(4’, B') if #C X% *) or
A={4’, B’} (if € is a similarity class in Y7 ... or Y7 ..) is clearly the
only distinguished element in %.

For (b) we introduce the notion of interval. Let S=(4U B)\(4N B).
A non-empty subset  of S is an interval of (A4, B) if it satisfies the follow-
ing conditions.

i) If i< are consecutive elements of 7, then j—i<r+s.

i) Ifiel,je Sand|i—j|<r+s, thenje L

We say that [ is an initial interval if there exists i e I with i<s, and
that I is a proper interval otherwise. If s=0 all intervals are proper. If
5>>0, after a shift there exists always an initial interval, which is obviously
unique.

If I is an interval and (C, D) € %, then either

(2) ANI=CcNI and BNI=DNI
or
(3) ANI=DNI and BNI=CNL

Moreover both possibilities occur if 7 is proper, and only (2) occurs if
I is an initial interval. Let E be the set of all proper intervals of (4, B) or
{4, B}. The set B(E) of all subsets of E is a vector space over F,. If
€ C X754, it operates simply transitively on % as follows. The image of
(A4, B) under FCE is the pair (C, D) e C defined by the requirement that
for every I e E, (3) holds if and only if /e F. This turns € into a vector
space over F, with origin 4. If ¥ C Y7, .. (resp. Y7 .4q), the same formula
defines a simply transitive action of 3(£) on the preimage of ¥ in X7 ..o
(resp. X7, o4q)- As E itself transforms (4, B) into (B, A), we get a simply
transitive action of P(E)/{0, E} on &, which turns € into a vector space
over F, with origin 4. This proves (b).

If A is the element of ¥ given by (a) and ¥CX7® (resp. Y7, gyen U
Y7 aa)s let #79% (vesp. 77}) denote the similarity class & equipped with its
structure of vector space. Moreover, if E is as in the proof, let V™ (resp.
V1) denote the vector space P(E) (resp. B(E)/{J, E}), and for Fe V7*
(resp. V7)) let Ay be the image of A under the action of F.

§ 2. Symplectic groups in characteristic 2

In this paragraph char (k)=2 and G=Sp,,.. We describe combina-
torially the map (0.7)



298 G. Lusztig and N. Spaltenstein

o)
ma > U W, -d(d-1)
dez
d odd

2.1. Letue G be unipotent. The conjugacy class C of u is charac-
terized by the following data ([8]; see also [3], [11]).

a) The sizes of the Jordan blocks of u give a partition 2 of 2n. We
write it as (A;, 4y, * * *, Agm+1), With 4,=0.

b) For each even integer i>>2, if there exists j such that 1,=1i, we
must specify a number &(7) € {0, 1}; however, we must take e(f)=1 if the
number of j’s such that 1,=i is odd.

Let @ be some fixed object, » ¢ {0, 1}. It is convenient to set ¢(0)=1
and ¢(i)=w if i>1 and &(7) is not given by (b).

We can partition {1, 2, - - -, 2m+1} in a unique way into blocks of
lIength 1 or 2 in such a way that the following hold.

i) If &(2;)=1, then {i} is a block.

ii) All the other blocks consist of two consecutive integers.

Notice that if {7, i41} is a block, then 2,=2,,,.

We attach to C the sequence ¢;, ¢y, * - +, Cyn +, defined as follows.

(1) If {i} is a block, then

¢, =2,2+2(3—1).

(2) If{i,i+1}is a block and &(2,)=w, then
=4+ 1/24+2(—-1)
o= —1D)2+2i=c,+1.

(3) If {i,i+1}is a block and &(2,)=0, then
c;=(2,+2)2+2(—1)
€= —2)242i=c;.

Taking a;,=c¢,; ., 1 <i<m+1), b,=c,; (1<i<m), we get a pair of
sequences (4, B) which gives a well-defined element of X2}, We denote it
o(u), p(C) or pg(u), depending on the needs of the context.

2.2. Lemma. (a) C—p(C) is a bijection from the set of all unipotent
classes in Sp,, to D22,
(b) Ag(u)” is canonically isomorphic to V23,

(a) That p(C) e D2* is easily checked from the definitions, as well as
the injectivity of C—p(C). Suppose now that (4, B) € D% The corre-
sponding unipotent class of G is obtained as follows. Let ¢, <c,<---
<Cm+1 denote the sequence a, <b, <, < - -+ <dopay. If ¢;=¢;,,, then
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{i, i+1} is a block with &(2,)=0, and 2,, 4, ., are recovered from 2.1 (3).
If ¢,=c;,,—1, then {i,i4+1} is a block with &1,)=w, and A, 4,., are
recovered from 2.1 (2). All the blocks of length 2 are obtained in this
way, and for the others we use 2.1 (1).

For (b) we describe first A4(u). It is canonically isomorphic to the
abelian group generated by the set {s,]¢(2,)%0} with the following
relations:

(1) si=1

(2) s;=s;if 2,=2,, orif 2, is even and [, — 2;|<2.

(3) s,=1if 2,=0.

Let 4, B and ¢, « -, Cypsy be as in 2.1. As in 1.4 let S=(4U B)\
(4N B). Then &(2,)0 if and only if ¢, € S. Relation (2) says that if c,,
¢, belong to the same interval of (4, B), then s, and s; have the same
image in A4(17). Thus we get an element o; of 4,(u) for each interval I of
(4, B), and g}=1 by (1). Moreover (3) means that ¢, =1 if 7 is the initial
interval. :

The required isomorphism V?%2,—>4,(u)" is then defined as follows.
If Fis a set of proper intervals, we associate to F the linear character of
A(u) which takes the value —1 on ¢, if and only if /¢ F.

2.3. Remark. If Kis a finite subfield of £ and u, C are as in 2.2, it
is known that Sp,, (K) N C contains exactly |4,(#)| conjugacy classes of
Sp.. (K). Combined with 1.3, the lemma shows thus that the number of
unipotent classes in Sp,, (K) 18 24 0aa | Win-aca-1 > @ result which is due to
Andrews [1]. - The proof given here seems simpler.

2.4. By 1.3 we have a bijection
U Wi aw-n—> U Xoi=X%
d odd d odd
It follows that for G=Sp,,, char (k)=2, the generalized Springer corre-
spondence can be described by a bijection
RNe—> X"

Consider a pair (4, ¢) with u € G unipotent and ¢ € 45(x)”. In 2.1 we
have defined p(u) € D2*. Let p denote also the bijection Ay (u)"™—V7i,
defined in 2.2 and the bijection Ry—X2" (1, @) p(U) 0y

Theorem. The map p: Ne—>X2%, (U, ©)—p(4),, represents the gener-
alized Springer correspondence for Sp,, in characteristic 2.

The remaining part of this paragraph is devoted to a proof of this
statement.

2.5. We consider simultaneously all the maps p: R, —>X2? (n e N)
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defined in 2.4. The main step in the proof of 2.4 is to check that they are
compatible with the following case of the restriction formula 0.4 (4).

Let M, u, v/, Yy 0y Xoiurs €u,u U be as in 0.4, with M of type C,_,.
Recall that A1) = U 4044 4cW)z, and similarly 4, @) = U 444 42 @)z
Let p e Az, ¢’ € Ay()z. We have then

(1) If{e®¢, ey upF0, then d=d’.

(2) Ifd=d’, then {pQ¢, &y 4y =<Resjr_ 0%, 0% > w._, Where
m=n—d(d—1).

2.6. In the special case considered here, the set X, ,. and the action
of Ay(u) X 4, (') are essentially described in [8]. We reformulate here the
required results. , o

If Y, .+, then Y, ,. is a single orbit under the action of Cg(u)X
C,)U. It follows that X, ,. is either empty or a single Ay(u) X Ay, W)-
orbit, hence of the form Ag(u) X 4A,(w)/H,,, for some subgroup H, ,. of
Ag(u) X Ay W).

Let A=ps(u), A'=pu@'). Then X, . #@ if and only if A’ can be
deduced from A by decreasing one of the entries of 4 by 1.

If X, .. #0, we have a subgroup H, . of 45u)XA,1). We can
describe it as follows. If 4 and B are groups, a subgroup C of 4 X B is
characterized by the triple (4,, B,, f), where A,=pr;(C), B,=BNC and f:
Ay—>Ny(B,)/B, is defined by a+—>bB, if (a,b) e C. Let then A=Ayu), B=
Ay and C=H, .. Let ¢;<--- <oy (resp. €] < - - - <4 yy) cCOITE-
spond to A (resp. 4’) as in 1.4(1). Recall that A,(u) is generated by
{silc; ¢, for all j+i}. Similarly 4,(’) is generated by {sj|c/=c] for all
Jj#i}. Then A, is the subgroup of Ag(u) generated by {s;|c;#c¢; and ¢]+
c; for all j#=i}. Moreover f is defined by

(1) s;0>s; (i such that ¢;s¢; and c¢/+cj for ji) and B, is the
smallest subgroup of A4 ,(x') for which (1) actually defines a morphism
from A4, to A,')/B,.

2.7. This description of X, ,. allows to compute ¢, ,. and

(1) {(p, ¢) € A(u)” X Ay W) 1R, ey, urp #0}.

There are various cases to consider. An example is given in 2.10. We
find in particular

Corollary. If n=d(d—1), with d odd, then (u, ¢) is cuspidal if and
only if p(u, )= A%% (1.2(e)), and in this case u corresponds to the partition
m=4484+124---.

2.8. Let (4, B)e X}, correspond to X e W, ;1. Inview of 1.3
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and 2.5 (1) we look at the pairs (4’, B’) e X2 , which correspond to the
components of the restriction of X to W,_,_,.-1,- They are exactly those
which can be deduced from (4, B) by decreasing one of the entries a; or
b, by 1. Notice that since we want (4’, B’) € X%, we are allowed to de-
crease a; (resp. b,) only if i>>2 and a,—a,_, >4 (resp. b,—b,_, >4) or i=1
and a, >0 (resp. b, >2). We write (4, B)-—>(A4’, B') if (4, B) and (4’, B’)
are related in this way.

Suppose that (4, B)—>(4’, B’). It is easily checked that if (4, B) and
(4’, B’) are similar to 4 e D%? and A’ € D%?, respectively, then 4—A". We
are thus led to look at

(1) ((F, F'y & Vi X VI | Ape—sM}).

2.9. We can now check that the system of maps p (n € N) is com-
patible with 2.5 (1) and 2.5(2). Notice first that the condition to have
X,..#0 in 2.6 is precisely A—A', where A= ps(u), A'=py(W'). It follows
that we need only to check that 2.8 (1) is the image under p of 2.7 (1).

Let ;<c, <+ - - <oy be as in 2.6, and suppose that A’ is obtained
by decreasing ¢; by 1. Both for 2.7 (1) and 2.8 (1) we have to see what
effect this has on the intervals of 4 and A’. There are various cases to
consider, and in each of them the required equality is easy to check. We
describe now one of them and leave the others to the reader.

2.10. Suppose i>=3, ¢, ,<c,_;=c,—4and ¢;,,=c;+3. Let I (resp.
I’) be the interval of 4 (resp. A’) containing ¢; _,=c}_,, and let J (resp. J')
be the interval of A (resp. 4’) containing ¢;.,=c;,;. There are two pos-
sibilities.

a) [Iis a proper interval of 4. Then Ap— AL if and only if (F, F’)
satisfies the following conditions:

) F\(LJy=F\{I', }.

iy FN{I, J}=F N{I’,J"}=8 or {I, J}CF and {I’, J'}CF".

On the other hand, 4,(u) (resp. 4, (') is an F,-vector space with one
basis element o, (resp. o%) for each proper interval K of A (resp. 4’), and
X, is the quotient of A4,(u) X 4,(«') by the subspace H,,,. generated by
6,0y, 6;05, ;65 and the elements of the form ook with K a proper
interval of both 4 and A’. The compatibility between 2.7 (1) and 2.8 (1) is
then clear.

b) Iis the initial interval of 4. Then Ap— A} if and only if F=F’
(and in particular J ¢ F, J’ ¢ F’). To get Ag(u), Ay, X, .., We set a,=
1, 67,=1in (a). Again the compatibility between 2.7(1) and 2.8(1) is clear.

2.11. Itis easily checked that p is also compatible with 0.4 (2) and
0.4 (3). Using this, we find in particular that the restriction of p to ,—
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Wi a-p is the correct map if n—d(d—1)<2. But for m>3 it is known
that an irreducible representation of W, is entirely characterized by its
restriction to W,,_,. Thus the compatibility of p with the restriction formula
proves the theorem.

§3. Even orthogonal groups in characteristic 2
In this paragraph char (k)=2, G=S80,, and G=0,,. We describe
combinatorially the map
e—>W'U (U W)
a>0

d even

defined in 0.8(2). As the results and the demonstrations are similar to
those in paragraph 2, we shall be more sketchy.

3.1. As char (k)=2, we have GCSp,,. Ifuec G is unipotent, we can
therefore attach to » a pair (4, ¢) as in 2.1. We modify however the con-
vention for £0). We take now &(0)=0, and we write 2 in the form
A<, < - < Ay,). Itis known that u e G if and only if 2 has an even
number of non-zero parts. The class of u in G is entirely determined by
the pair (4, ¢).

We divide {1, 2, - - -, 2m} into blocks as in 2.1, and we attach to the
G-class C of u e G the sequence ¢;, ¢,, - - -, ¢,,, defined as follows.

(1) If {i} is a block, then
c; =2, —6)/2+2i.
(2) If{i i+ 1} is a block with &(2,)=w, then
c;=(,—5)2+2i
1= 1—DR2F2(+D=c,+1.
(3) If{i, i+1}is a block with &(2,)=0, then
c;=A;—4)/2+2i
=R —8)24+2(i+ 1) =c;.

Taking a,=c¢,;_y, b;=c¢,; (1 <<i<m), we get an element {4, B}l e Y,
which doesn’t depend on the choice of m. We call it p(u) or p(C) (or ps(1)
if this is required by the context).

3.2. Lemma. () C—p(C) is a bijection from the set of all unipotent
O,,~classes in SO,, to D . .
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(b) Ag(w)" is canonically isomorphic to V},,.

In this case 4(u) can be described as follows. Consider the abelian
group generated by the set {s,|¢(2,)5=0}, subject to the relations 2.2 (1) and
2.2 (2) (notice that 2.2 (3) is now irrelevant since £(0)=0). This group is
naturally isomorphic to Ax(t)=Cgu)/Ciu). If ¢(2,)#0 the image of s,
in A7(u) depends only on the interval I of p(u) which contains ¢,. Call it
o;. Then Au(u) is a vector space over F, with basis (¢;); 5, Where E is the
set of all intervals of p(1), and we can identify B(F) with 4%(u)” in the
obvious way. The subgroup A,(u) of A%(u) consists of the elements which
can be written as a product of an even number of generators, and from
the identification A5(u)”=P(E) we get the required isomorphism Ag(u)" =

%(E)/{ﬁ: E}= V:(u)'

3.3. In addition to the map C—p(C), let p (or pg) denote also the
following ones:

(i) the bijection A4(u)"—V},, defined in 3.2.

(i) the map Ne—>Yp ovens (U, @)= o),y By 1.4 and 3.2 the map
(ii) is also a bijection. We want to describe explicitly the bijection 0.8 (2)

e—>W U Wi 4).
a>0
d even
By 1.3 we have a natural bijection
Y:, even > W':LV U( U W;—zﬁ)'
a>0
d even

Thus the generalized Springer correspondence for G can be represented
by a bijection
Y

7, even*

The main result of this paragraph is:

Theorem. The bijection p: Np—>YE vons Uy @)r> (W), Fepresents the
generalized Springer correspondence for G =S0,, in characteristic 2.

We get also

Corollary. Let n=d?, with d>>0 even. Then (u, p) € Ny is cuspidal
if and only if p(u, p)= A%, (1.2(e)). In particular the partition 2 of 2n cor-
responding to the class of uis (2,6, 10, - - -, 4d—2).

The proofs run along the same lines as those of 2.4, 2.7. We comment
briefly on some points.

3.4. We use the restriction formula 0.4(4) with M of type D, _,.
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If {A, B} € Y} ovems {A’s B’} € Yi_ ovens let {4, B}—{4’, B’} denote the
following relation: {4’, B’} can be deduced from {4, B} by decreasing one
term of A or Bby 1. Let Ae Dj ..., A’ € D, .on be similar to {4, B}
and {4, B’} respectively. If {4, B}—{4’, B’}, then A—A’. When using
the restriction formula, we have to look at the set

{(F, F)\\Fe V}, F'e V} and Ap—/A}}

which can be computed easily in each case.

The representation €4,4- 18 also essentially given by [8] Let l’u ur=
{xe G|x'uxeu U}. Then dim ¥, ,=dim¥,,. Let P=Ny(P), M=
Np(M). If ¥, .#0, then Cy(u)X Cqg@)U acts transitively on ¥, .
Moreover dim Yu,u,— .o 1f and only if pa(u)—p, (). In this case Az(u)
X A z(u) acts transitively on the set X, «,u Of all irreducible components of
maximal dimension of ¥, ,.. In particular X, ,. is isomorphic to Az(u) X
Az@))/H, ., for some subgroup H, . of Azw)XAz). Let A=Ayu),
B=Az(), C=H,,. We describe CCAXB as in 2.6 by a triple
(4, By, ). Letcy, «--, ¢y, be asin 3.1 and associate in a similar way a
sequence ¢y, - -+, Co to u’ € M. Then A (resp. B) is generated by elements
s, (resp. s7) for i such that c;=c,; (resp. c¢j=c;) for every j+i. Now A4, is
the subgroup of 4 generated by

{s:;le;#¢c; and ¢/z=c; for every j+i},

the homomorphism f: A;—Ngx(B,))/B,=B|B, is defined by s;~s; (i such
that ¢;#c; and ¢/+c} for j+i) and B, is the smallest subgroup of B for
which fis actually defined. The subset X, . of X, . is the image in X, ,.
of the subgroup of A1) X Az(u’) consisting of the elements which can be
written as a product of an even number of generators. It is also the image
of Ag(u) X A ).

This allows to compute ¢, ,. and to work out the set

{(o, ©) € A(u)” X Ay W) {pQ¢, £4,up #0}.

In each case it is easy to check the compatibility of p with the special case
of the restriction formula considered here. When 4 or A’ is degenerate
one should pay attention to the difference between W’ and W,".

§4. Spin groups

In this paragraph G=Spin,, char (k)72 and X is a one dimensional
representation of the center of G which is non-trivial on the kernel of the
natural isogeny =: G—SO,. Let X, be as in 0.10. We describe in com-
binatorial terms the bijection 0.10 (1)
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~
On- X,—> U W(n-d(2d——1))/4
deZ
dln-d

which represents the part of the generalized Springer correspondence per-
taining to X.

4.1. If 2e X, for some # and p,(2) € W _s0a-1)0 Set dQ)=d.
IfmeZ, set

0 if m is even
dimy=¢ 1 if m=1 (mod 4)
—1 if m=—1 (mod 4)

If 2=(4,) € X, has only one part (necessarily odd), it follows from 0.4
(2) that d(2)=d(4,).
We shall show in general that d(2) =73, d(2,).

42. Lemma. Letlec X,, pe X,. Assume that one of the following
holds.

(@) 4 and p have the same odd parts.

(b) for some integer s,

_{Zi ifils
B=—4 ifiss
Then d(2)=d(z).

We use the restriction formula 0.4(4). For (a) we can assume that
all the non-zero parts of ¢ are odd. Choose M 5 u in such a way that u
is distinguished in M in the sense of Bala-Carter [2]. Then M is isogenous
to SO, XGL, XGL,,X - .-, where ¢, ¢,, £;, £,, - - - are the even parts of
A. Take '=u. In this case X, ,. can be described explicitly [9], and the
restriction formula forces d(2)=d(y).

For (b) let n—m=4r. Choose M isogenous to SO, X GL,, and let
' € M correspond to the partitions ¢ in SO,, and (2,2, - - -, 2) (r terms) in
GL,,. Then the class of # in G is induced from that of #’ in M, in the
sense of [6], and X, ,. can be described explicitly [9] (notice that here
|AgW)|=|A4,@")]). Again the restriction formula gives d(2)=d(y).

4.3. Corollary. If 2 has at most two parts, then d(2)= > d(2,).

This is already known if 2=(4,, ;) with 2,=0. If 2, >0, using 4.2 (b)
we can find g e {(1, 3), (2,2), (1, 5), (3, 5), (4, 4), (3, 7)} such that d()=d(y)
and d(2)+d()=d(m)+d(p). Let m=p+p, If m=4 or m=8, we
have automatically d(y)=0. If m=6, we must have d=2. For m=10,
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X,, has 3 elements, two of which correspond to d=2 and one to d=—2.
By 4.2, d(1,9)=d(1,2,2,5)=2. Thus d(3,7)=—2. This proves the
lemma.

4.4. Our main tool is again the restriction formula. We use the
notation introduced in 0.4, and we choose M such that z(M)=SO,_,X
GL,. In the restriction formula, we can get non-zero contributions only
if ' € M has the following properties.

1) The projection of n(x’) on GL, is regular.

2) The projection of z(u’) on SO, _, corresponds to a unipotent ele-
ment of Spin, _, which contributes to the part of the generalized Springer
correspondence pertaining to X (for Spin,_,).

The relevant unipotent classes of M are therefore parametrized by
X, _,. Notice also that the parts pertaining to X of the generalized Springer
correspondences for M and Spin, _, are essentially the same.

Let 2€ X, correspond to the class of  in G and let m=1(n—d(3) X
(2d(2)—1)). The restriction of p,(2) to W, _, is multiplicity free and it is
therefore characterized by the set Res (p,(2))C W, _,, where for 6 ¢ W, we
define

Res (0)={0 € Wp_|(Res¥z_,(6), 0> 0},
or equivalently by the set
Res(D)={2 e X,_|d()=d(2) and p,_,(2)e Res(p,())}.
Notice that by definition
Res (0,(D) = p,-. (Res (3)).

If o gives a non-zero contribution to the restriction of p,(1), we must
have dim Y, ,.=d, . ButdimY,,=dimz(Y,,). Hence dimz(Y, )
=d,, . Using results in [8, IL.6] we find then easily:

4.5. Lemma. Let 2¢ X,, X ¢ Res(2). Then exactly one of state-
ments (a), (b) below holds.

(2) There exists an integer i such that one of the following conditions
is satisfied.

a) A, isodd, 2,>2,_,+4, and

, {2,—4 if j=i
ij
A; otherwise

a) A4=2A,.,=>2,_,+2and
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2 {z,.—z
2.7'

a) Ay=2X.=>A_+4and

2,3
2j={2,—1
15

a) An—2=2224_+1and

2,—1
V={2,—3
2]

a;) Ayy=2i.=2+1and

2,—1
={1,—-2
Zi

ifje{ii+1)

otherwise

if j=i
ifj=i+1

otherwise

if j=i
if j=i+1

otherwise

ifje{i,i+2}
ifj=i+1
otherwise
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(b) There exist distinct integers i, i’ such that 2, and 2,. are odd and

2,—2
z;:{ !
y

if je{i i’}

otherwise.

4.6. Corollary. Let n be even and let 2=(2,, ;) have exactly two

parts. Let p,(D)=(e, B). Then:

(@) Ifd(2)=0, then aa=/(ct,) and B={(p,) where

1@+ fd@)=1 1(—1)
o =1%(4—3) ifd@)=-—1 Bi= 1(2:+3)
[ 2] if d(2,)=0 [1(+2)]
(b) IfdQQ)=2, then a=(a,, a,) and f=(0), where
a,=1(4,—1), o, =%(2—5)

©) IfdQy=—2, then a=(a,, a,), f=(0), where

a=%4—3),

=5~

fda)=—1

Let m=n—d() (2d(2)—1). The result is obvious if m=0, and in the
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following cases where we can use 0.4 (2):
d()=0, =1
d(n)=2, =1
d)=-2, 2A=3.

For the remaining cases we use induction on », the restrictions on
Res (2) given by 4.3 and 4.5, and the representation theory of W,,. For
example suppose that d(A)=2. We have then by 4.3 and 4.5

{(2,—4, )} if 2,=2,—4
{(21_45 22), (219 22"4')} lf 1?&21-/4:22_‘4-

Notice that ' =(2,—2, 4,—2), which is allowed by 4.5 (b), does not belong
to Res (4) since by 4.3 d(X)= —2+d(2).

If 2,=2,—4, we have therefore Res (1)={(1,—4, 1,)}, and the result
follows. If 142, 2,—4, the result is also clear unless Res (1) has only
one element. As p,_,(Res(2)) is of the form Res(6) for some 6 ¢ W7,
this can happen only in the following cases:

1) 2,=5and Res()={(1, 2,)}.

2) 2=2,—12 and Res (D)={a,, ,— 4D}

3) 2=(5, 13) and Res ()={(5, 9)}.

But (1) gives p,(D)=p,(1, L+4), ) gives p,(D=p,k+4, 2,+9),
and, using 4.2 and 4.5, (3) gives p,(D)=p.(2,2,5,9). Thus each of (1),
(2), (3) contradicts the injectivity of g,,.

Similar arguments apply if d()=0 or dQ)=-—2. If d()=0 we
cannot however rule out a priori a contribution of 4.5 (b) to Res (2) but
this comes out of the computation.

0+Res (Z)C{

4.7. We go back to the situation considered in 4.4, and we assume
that dim Y, ,,=d, . By restriction, = gives a double covering Y, ,—>
7n(Yy,u). The group A.(u) X 4,(u') acts on the set of all irreducible com-
ponents of #(Y,, ,) of dimension d, ,. This gives a permutation repre-
sentation &, ,. and a surjective morphism of representations f: e, ,—>&,, 4~
In the restriction formula, &, ,. corresponds to the part of the generalized
Springer correspondence coming from SO,, and Ker (f) to the part corre-
sponding to X (resp. to X and its conjugate) if # is odd (resp. even).

Let Y3 . .={ye Y, .|z '(z(»)) is contained in some irreducible com-
ponent of Y, u} We have shown that 1’ e Res(2) if and only if the
complement of Y} ,.in Y, ,. has dimension d, ..

48. Lemma. Let 2e¢ X,, A eRes(l). Then condition (a) of 4.5
holds.
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If 2 has exactly two parts, this follows from 4.6 (and even from 4.3 if
d(2)+#0).

In the general case we suppose that condition (b) of 4.5 holds and we
show that in the situation of 4.7 the complement of Y .. in Y, ,. has posi-
tive codimension, contradicting 4’ € Res (2).

In the definition of Y, ,. we used a parabolic subgroup P. Let % be
the variety of all conjugates of P and let 3, ., ={"P|xe Y, ,}. We have
a natural map p: Y, ,.—%8, ., x—*P, and the fibers of p are the C, (") U-
orbits in Y, ,.. In particular all the fibers have the same dimension, and
if we set B0 . =p(¥Y? ), then Y ,.=p~ (P2 ,). Thus it is sufficient to
prove that 30 . is dense in B, ..

We think of 3 as the variety of all 2-dimensional subspaces of k”
which are totally isotropic with respect to the quadratic form used to define
G. Let v=r(u) € SO,. Then %, ,. becomes the set of all subspaces E e
such that

1) Eis v-stable.

2) vlp#l.

3) The partition of the unipotent endomorphism of E-+/E induced
by vis 2.

Let i>i’ be the integers given by 4.5 (b) and let r=21,, s=21,. Let
L=Ker(v—1|) and let e, e L, ¢,25~0. For some 4, ¢ € Im(v—1)*-,
e ¢ Im(v—1)*. Choose e, - - -, e, such that (v—1)(e))=e;_, (1<j<h).
Let V,=3>"_, ke;, Vi=V{ and let v] be the restriction of v to ¥;{. Then
k*=V, @V, and he {r, s}. There are two cases to consider.

(i) ECIm(@—1)*-% Then h=r and s=r—2.

(i) E&Im(v—1)*-%. Thene,¢ E.

If (i) holds, we can take ¢, e E, and we can find f; € Ker (v,—1)N
Im (V—1)*-%, f; ¢ Im (v—1)*. Then for each a e k the subspace E, =ke,+
k(e,+af;) belongs to P, ... Moreover (ii) holds for E, if a5=0. For our
purpose it is therefore sufficient to study B} ,, ={E € B, .| EZIm(v—1)"-%}.

Let Ee ¥ ,. Choose ye E such that (v—1)(y)=e, and let fi=
y—e, € Ker(v—1). It is easily checked that A=r and f; € Im (v—1)*-,
fi¢Im(v—1)*. Choose f;, - - -, f, such that (v—1)(f})=/f;-, 1<j<ys).
Let V=Vi+ 2 i, kf;, V/=V+. Then k*=V®V’ and ECV. Let $ ..
={E’e $,,./E'CV}. Weneed only to check that B, ,. NP7 .- is dense
in 7 ... Notice that 7 . is isomorphic to an open subset of P?, hence
is irreducible.

Let H={g ¢ G|g fixes V’ pointwise}. Then H=Spin,,,. Let ye
P YE), and YyZ ={he Hlhye Y, ,}={he Hlh'uhe “w'U}. Looking
at the restriction of = to Y%%,, we have reduced the problem to the case
where 2 has only two parts, and we have replaced ,,,. by B ... In this
case however the result is already known. In particular the set Y%%:° of
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all y e Y%Z, such that #~'(x()”)) is contained in some irreducible compo-
nent of Y%7, has a dense image in P .. As we certainly have. Y2%:°C
Y2 .., we find that %, . NP}, . is dense in P, ., as required.

4.9. Corollary. Let n=dQ2d—1), with d+0. Ifd>0let 2¢ X, be
the partition (1, 5,9,13, ---). Ifd<<O0 let 2 € X, be the partition (3,7, 11,
15, --+). Let(u, p) e N, correspond to 2. Then (u, ¢) is cuspidal.

By 4.8 we have Res (1)=0. (This was conjectured in [4, 14.6].)
4.10. Corollary. d(2)=>_d(2,) for every 2 € X,,.

If 2 correspond to a cuspidal pair (u, ) € %,, this follows from 4.9.
By 4.8, if 1e X, and 2’ € Res (2), then d(Q)=d(’) and > d1,)= > d().
The result follows.

411. Letie X,. Writeitas (4, 4, - - -, 4,), With 2,50. We define
by induction on m a pair p(2) of finite sequences of integers.

Ifm=0,  p(2)=((0), (0)).

Suppose m==0. If 2, is odd, let p=(,, - -+, Ap-) € Xp_p,e M2, is
even, let p=(2;, -+, 2,-2) € X,_p,. We assume that p(p)=(7,9d) is
already known and we define p(1)=(«, p).

Ifvy=(,, - --,v,) is a finite sequence of integers and r e N, let (v, r)

denote the sequence (v,, - - -, Vs, F).

@) d(2,)=0. Setr=[(1,+2)]—d(y), s=[3,]+d(x). Then

a,) Ifd(p)>0, a=(,r), B=(, ).
a) Ifd()<0, a=(7,s), B=(,r).
by dQ2,)=1. Setr=%41,—1)—d(yx). Then
b,) Ifd(p)>0, a=(,r), B=4é.
b,) If d(p)=0, a=(5,r), B=T.
by) If d(p<0, a=7, B=(3,r).
© d,)=-1. Setr=%4,—3)+d(w). Then
c) Ifdw>1, a=7, B=(5,r).
c,) . Ifd(w=1, a=(@6,r), B=T.
Cs) Ifd(p<l, a=(,r), p=é.

Notice that r>>0 in all cases and s>>0 in case (a).
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4.12. Lemma. Let 2=(4, ---, ,) ¢ X,, define (a, B)=p(2) as in
4.11 and let a (resp. b) be the last term of o (resp. B). Then
(1) Jo;+2B;=1(n—dQ)(2dD)—1)).
(ii) Ifd(2)>0, then
a<[1(2n+3)]—d(@), b<[3(A,+ DI+d().
@) If d(2)<0, then
a<[i(,+D]+d @), b<[i@,+3)}—d(2)
@iv) If d(A)>0 (resp. d(A)<0), let m=b—a (resp. m=a—>b). Then
for the various cases of 4.11 we have

m<2d(A)—2 in case (b)
2d(A)—1<m<2d(2) in case (a)
2dA)+1<m in case (c).

(v) o« and B are partitions.

We use induction. Suppose for example that we are in case (b,) of
4.11. With the notation used there ,we have

So,+ 3B, =r427,4+ 24,
=12 —D—d(p)+1n—2,—d(p) 2d(p)—1))
=1(n—d@) 2d()—1)).
This proves (i) in this case. We have also

a=r=%12,+3)—d(Q), ‘
b<[i(ttn-1+DI+d() <[3An]+d D) — 1= 12— 5) +d ().

This proves (ii) and (iv) in this case. For (v), it is clear that B is a
partition. Let ¢ be the last term of 7. Then « is a partition if c<<a. But
¢ <[ (s + I —d() < (n+ D] —d(W) = 1 Ap—D—d(p) =4, as re-
quired. Thus (v) holds in this case.

The remaining cases are dealt with in a similar way.

4.13. Corollary. Letde Z,d=n(mod 4), and let m=1(n—d(2d—1)).
Then 2> p(2) defines a bijection from {2 € X,|d(A)=d} to W,.

By 4.12(i), (v) we known that 2—>p(2) gives a map from {2 e X, |d(2)
=d} to Wn. Let2e X,, d(2)=d, and let (a, B)=p(2). By 4.12 (iv) the
knowledge of («, B) and d(2) determines which case of 4.11 applies to 2.
Thus we can recover A, (and 2, in case (2)), the pair (7, §)=p(r) and d(x)
from (@, f) and d(2). By induction we can assume that p(yz) and d(x)
determine g, and this gives 2. Thus we have an injective map from
{2e X,|d(2)=d} to W,. It must be surjective since these two sets have
the same number of elements [4] (the surjectivity can also be checked

directly).
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4.14. Theorem. For A¢ X, let p(2) be defined as in 4.11.  Then p(2)
=p,(2), i.e. the map

~
Xn ;dL—ZJ W(n—d(Zd—l))/4
€

4|ln—-d

A—>p(2)

represents the part pertaining to X, of the generalized Springer correspondence
for G=Spin,,.

We know that this map is bijective. It is easily checked that 21— p(2)
is compatible with 0.4 (2) and 0.4 (3). As in the previous paragraphs, it is
thus sufficient to verify that it is also compatible with the restriction
formula 0.4 (4). For 1 ¢ X, let Res’(2) be the set of all ' ¢ X,_, for which
4.5(a) holds. Using 4.12, one can check that p(Res’(2)) CRes(o(2)). Thus
we have

SRS@IKY 3 [Res@)l

sin—g €W n—a@di-1is
But Res (1) CRes’ (2) by 4.8, and we certainly have
e Res@l= 21 3, |Res (6)-

4n-aq FEWn—d2d-1)i4
Therefore Res’()=Res (1) and p (Res (1)) =Res (p(2)), as required.
4.15. 1In the proof of the theorem, we have also checked:

Corollary. Let Ae X,, Y e X,_,. Then 2 e Res(R) if and only if
condition () of 4.5 holds.

§5. Special linear groups

In this section G=SL, (k). Let p=char (k) if char (k)>0, p=1if
char (k)=0.

5.1. The unipotent classes of G are parametrized by partitions of »
in the usual way, with the regular unipotent class corresponding to the
partition (n), and 1 e Gto (1, 1, -- -, 1). We identify the Weyl group W
of G with &, and parametrize &, by the set of all partitions of » as usual,
with (n) corresponding to the trivial representation and (1,1, ---,1) to
the sign representation.

The generalized Springer correspondence decomposes according to
the one dimensional characters of the centre Z of G [4, 14.2]. In our case
Z is cyclic of order n’, where n’ is the largest divisor of # which is prime
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to p. Let the unipotent element u of G correspond to the partition 1=
(41 Az, + - +). Let u} be the greatest common divisor of #/, 4, 4;, - - -. Then
Ag() is cyclic of order n}. Moreover, if ¥ € Z” is of order d, then

1 if d divides each 2, (i >1)
0 otherw:se.

Ay ={

It follows from [4, 10.3] that the part of the generalized Springer cor-
respondence pertaining to X € Z” falls into a single family. More precisely,
up to conjugacy there is a unique Levi factor L which has a cuspidal pair
(v, V) e I, corresponding to X, and this cuspidal pair is also unique. If X
is of order d, then L is of type A4 ,+ -+ A,., (n/d factors) and vis a
regular unipotent element of L. The group Ng(L)/L can be identified with
S,/4, and (N4(L)/L)” is thus parametrized by the set of all partitions of
njd.

5.2. Proposition. Let X e Z~ have order d and let the unipotent
element u of G correspond to the partition 2=, 2,, - -+). Assume that
d|2, (iz1), and let ¢ be the unique element of Ay (u),. Then the partition
of njd corresponding to o , e (S,,,)" is A/d=,/d, 2,/d, - - -).

Let m=n/d. For m="1 there is nothing to prove, and for m=2 the
result follows from 0.4 (2), (3). For m>3 we use induction on m and the
restriction formula 0.4 (4) with M of type A,_,.,+A4,_,. The group
Ny(L)/L gets identified with &,,_,CS,,. Asm >3, a representation p € &,
is completely determined by its restriction Res (p) to &,,_,. It is therefore
sufficient to check that the bijection described in the proposition is com-
patible with the special case of 0.4 (4) under consideration. If p corresponds
to the partition g of m, then the irreducible constituants of Res (p) corre-
spond to the partitions of m —1 which are of the form

(s * s s a1, flosas - +) (i such that g, >pu, ).

Moreover Res (p) is multiplicity free. On the other hand, it follows from
[8, 1. 5.5] that in the restriction formula 0.4(4) the only unipotent elements
»’ which can give a non zero contribution are those which on the factor of
M of type A, _,_, correspond to a partition 2'=(af, 45, - - -) with A<,
for each i. But we are looking at the part of the generalized Springer
correspondence pertaining to X. Therefore if a pair (i, ¢) € N, gives a
non zero contribution in 0.4 (4), #’ must correspond on the factor of M of
type 4,4, to a partition X’ =(1, 2}, - - -) with d| 1] for each i, and on the
other factor to the regular unipotent class; moreover ¢’ is determined by
X. Thus to get a non zero contribution, 2 must be of the form

Ay » v 5 Ay A=y Ayags -+ ) (i such that 2, >2,_,+d).
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Let p; be the representation of €, corresponding to 2/d. The above and
the induction hypothesis show that Res(p$ ,) is a subrepresentation of
Res(p,). As this holds for all partitions 2 of n with 4|2, for each i, we

must have equality. This proves the proposition.

§ 6. Examples

6.1. Let char(k)=2. The unipotent classes in Sp,, (k) are charac-

terized by pairs (4, ¢) (2.1).

In the tables below we give the partition 4

with a subscript O to the parts of size m whenever ¢(m)=0. If (4, B)e
X2 ‘we identify A and B with subsets of N.

Elements of X3*

Conjugacy classes in Sp, (k)

{2 9, (0, {2h 4

{0, 5}, {3p 2+2

({0, 4}, {4} (2+2),

{1 5% 2D 14142

{0,4,8}, (3,7} 1414141
Elements of X2* Conjugacy classes in Sp, (k)
{3}, 9, (4, (3D 6

({0, 6}, 3D 244

{L 6}, 2], ({1}, {2, 6}) 1+1+44

(0, 5}, {4h, ({0, 4}, {5h) 3+3

{1, 5} {3D 24242
({0,4,9},{3,7) 1414242

({0, 4, 8}, {3, 8} 14+14+2+2),

(L, 5,9}, {2, 6} 141414142
(0,4, 8, 12}, {3,7, 11} 14+14+14+14+141

6.2. Let char(k)==2. To denote the unipotent classes in SO,, (k)
we use the same convention as in 6.1 for the unipotent classes of Sp,, (k).
If {4, B} € Y.} oen» We consider 4 and B as subsets of N.

Elements of Y% . .n

Conjugacy classes in SO, (k)

{{0}, {43}, {{0, 4}, 9} 246

{1} {31 444

{2} {21} (4+4),  (twice)
{{0, 4}, {1, 7}} 1414244

{{0, 5}, {1, 6}}, {{1, 5}, {0, 6}} 1+1+4+3+3

{{0, 4}, {2, 6}} 2424242

{1, 53 {1, 5}

2+242+42), (twice)
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{{0, 4, 8}, {1, 5, 10}} 14141414242
{{0, 4,9}, {L, 5, 9}} 1+14+1+14(242),
{{0,4,8, 12}, {1,5,9, 13}} 14+14+14+14+14+141+1

6.3. Let char (k)#2. We describe the part of the generalized
Springer correspondence for G =Spin, (k) (12<n<15) pertaining to a one
dimensional representation of the centre of G which is non trivial on the
kernel of the natural isogeny G—SO, (k). For ne {12, 13, 15} this part
of the generalized Springer correspondence forms a single family indexed
by W;. For n=14 there are two families indexed respectively by W1 and
W;. We let § denote the empty partition.

n=12 n=13

/29 unipotent class 4% unipotent class

G, 0 1411 (3, 0) 13

(1+2,0) 1+24+2+7 A+2,0)  2+2+9

A+14+1,0) 14242424243 (1+1+1,0) 24+2+2+4245

@1 547 @1 14349

(14+1,1) 1434444 (1+1,1)  4+445

1,2 6+6 1,2 1+6+6

1, 141) 2424444 (1,1+1) 142424345

@, 3) 349 @, 3) 14547

@, 1+2) 2+2+4345 @0, 1+2) = 142424444

@0, 1+1+1) 24242424242 (0, 14+141D) 1424242424242

n=14 n=15

2% unipotent class 2249 unipotent class

(1,9 3+11 G, 9 15

@1 2424347 (1+2,0) 143411

Wy unipotent class (I4+1+1,0) 142424347
@2, 1) 242411

@, 0) 1413 (1+1,1)  4+447

1+1,0) 549 1,2 34547

(1, 1) 1424249 (1,141 242424247

@,2 1+4+445 @,3) 34+6+6

@, 1+1) 14242424245 (0,1+2) 242+3+4+4
@,14+141) 2424242424243
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