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§ 0. Introduction

A flow on a set X is a family of bijections ¢,: X—X, ¢ e R, which
obeys group property ¢,,,=¢,o¢,. Such an object (X, ¢,) arises in many
contexts of mathematics. A typical example is the shift operation on a
mapping space Map (R, M) defined by (p,c)(s)=c(z+s). Although it
may seem that this flow has no interesting feature at first sight, various
examples of flows in differential geometry appear in fact as subshifts of
(Map (R, M), ¢,). For instance, let M be a connected complete Rieman-

" nian manifold, and let X be the set of all geodesics ¢: R—M. Then the
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shift ¢, leaves the subset X invariant. The flow (X, ¢,|X) is just what
we call the geodesic flow of M, and a main object in this paper. The set
of piecewise geodesic curves on M is also invariant under ¢,, which we
call, in this paper, the shift on geodesic chains. The Wiener flow on M
is defined as the restriction of ¢, to the space of continuous curves c: R
—M.

In many cases, a flow (X, ¢,) has a natural invariant measure. For
example, regarding the geodesic flow as the trajectory of motions of a free
particle on a manifold, we can make use of Hamiltonian formalism to
define an invariant measure for the flow. As for the Wiener flow, theory
of Brownian motions on a manifold allows us to introduce an invariant
measure. Geodesic random walks on M come up in defining a measure
on the set of geodesic chains in much the same way as free motions and
Brownian motions come up in each cases. Although, in this case, there
is no natural {¢,}-invariant measure, we can still equip a ¢,-invariant
measure provided that we confine ourselves to a particular set of geodesic
chains.

This article attempts to survey some geometric aspects of these flows.
In the nature of the case, we must have concentrated on certain special
topics. Most of results stated are known, so that if the reader would
like to know the detail, he should realy read the original paper. On
generality of geodesic flows, we refer to W. Klingenberg [36] [37].

We would like to acknowledge helpful conversations with W. Klin-
genberg and I. Kubo.

I. Geodesic Flows

§ I-1. Hamiltonian formalism and invariant measure

Let (X, ¢,) be the geodesic flow defined on a complete Riemannian
manifold M. The subflow of (X, ¢,) consisting of geodesics with unit
speed is denoted by (X, ¢,). The correspondence ¢—¢(0) yields a bijec-
tion of X onto the tangent bundle TM, under which X, goes to the unit
sphere bundle S;M={v e TM; |v||=1} and the set of constant geodesics
goes to the zero section MCTM. We define measures # and y, by the
relationships

[ Fu=] ds [  Fav
LIM Fdﬂ=L{ dg(x) L,‘M FdS,(v),

where dg is the canonical density associated to the metric on M, dv is the
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Lebesgue density. of the Euclidean space T, M and dS,(v) is the ordinary
uniform density on the unit sphere S,M={v e T,M;||v||=1}. Itis clear
that the time-reversing operation t: ¢(f)—>c(—1¢) leaves the measures u
and p, invariant.

The following is a special case of the Liouville theorem.

Lemma I-1-1. The measures p and p, are invariant under ¢ -action.

Since this is quite fundamental in the ergodic theory of geodesic
flows, we will go into detail. We need some knowledge of symplectic
geometry. (see [1])

A C=-manifold S with a closed non degenerate 2-form w is called a
symplectic manifold. Non degeneracy of o means that to each tangent
vector v e T,S, we can associate a 1-form & on 7,S by the formula w(w, v)
={&, w)>. We denote by I the isomorphism /: T,*S—T,S constructed in
this way. Using I, we can associate a vector field X, for each C~-func-
tion f on S by putting X,=1I(df), which is called the hamilton vector field
associated to /. We denote by ¢, the local 1-parameter group of diffeo-
morphisms generated by X,. If the relations of the exterior differentia-
tions and Lie derivatives are used, it is easily shown that ¢fw=w, or
equivalently %, w=0, where # denotes the Lie derivative. In particular,
the volume element w"=wA - - - Aw is preserved by ¢,.

The cotangent bundle 7*M has a canonical symplectic structure
with a form w= —d@, where 6 is a 1-form on T*M defined by 6(v)=
{p,da(V)>,pe T*M,ve T,T*M, n: T* MM being the bundle projec-
tion.

We assume hereafter that M is a complete manifold, and identify
T*M with TM. It is easily seen that the measure y coincides with o”
(up to a constant multiple). We set: A(p)=1/2||p|’ pe T*M. Then
the flow associated to X, is just the geodesic flow. Indeed, the equation
do,/dt=X,(p,) is written as, in terms of local coordinates

dp. __ 1 50

dt 2~ ax, L1

dx ! (p=2pdx,)
i:z’ iJ

dt 14 pja

from which the equation of geodesics comes out. Thus the invariance of
the measure ¢ was established.
We now turn to the case of p,.

Lemma I-1-2. Let (S, ¢,) be a smooth flow with a smooth invariant
measure y. Let f: S—N be a C-submersion onto a C=-manifold N with
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a C>-density dv. Suppose fop,=f. Then there exists a unique density
dy, on each fiber f~'(n) such that

j dv f quFJ Fdp.
N F1m K

Moreover, dv, is invariant under ¢,.

We apply this lemma to the case S=TM\M, N=R., f(p)=|p|.
Noting that f-*(r)=rS,M, we find

f °° dr L{ dg(x) LW Fid(rS,) = j ) j | Fdo= L Fd.

Where d(rS,) denotes the canonical measure on the sphere rS,M with
‘radius r. This implies that g, is an invariant measure on S\ M.

We denote by L*(S,M) the Hilbert space of square integrable func-
tions on S;M with respect to the measure g,. The invariance of g, means
that the induced mapping ¢} : L*(S,M)—L*(S.M) forms a one-parameter
group of unitary transformations.

Application I-1-3. Define the spherical mean operator L,: Cy(M)—
C(M) by

1

Wy

(L.f)x)=

| stexp roas.(o,

where w,_, is the volume of the (n— 1)-dimensional unit sphere. If we
denote by =z, : L*(S,.M)—L*(M) the adjoint of the pull back z*: L(M)—
L¥S, M), then

1

n-1

w F(x)= FdS,(v), and L,=r.pfr*.

SaM

Thus, L, is extended to a self adjoint bounded operator L,: L*(M)—
LAM) with || L,||<1 (see [66]). This operator is considered as a transi-
tion operator of certain geodesic random walks. on M (see Chap. III).

Application I-1-4. Let E be a Riemannian vector bundle on M,
The parallel translation in E along a piecewise smooth curve c: [a, b]—M
will be denoted by P.: E,,,—FE.q. We define, for >0, the Gaussian
mean value operator K,: C=(E)—C=(E) by

(K= 2re) " L L, &P s (exp v))dv,

z
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where n=dim M, c,(s)=exp sv, 0<s<1. This operator is intimately
related to stochastic parallel displacement ([32]). We will show that K,
is extended to a bounded operator: L} E)—L*E) with || K,||<1, and that
K. is a self adjoint operator. For this, we first note that

[(K.5)(x) | < (2c) ™" j e s(exp ),

Qrr)-"" j eIy — 1,

ToM

Applying the Schwarz inequality, we get

[, | KIrg<@r [ et stexp v)Fdp

sd that, noting |s(exp v)|=|s(ze,v)| and |¢,v|*=| v|], we have
IKslP< dgCoa e[ emrastauyrav

=[Iscordgeo=1isI

which proves the first part of the assertion. We now take s,, s, € C%(E).
Then

(K.sy, Sz)E:(zﬂf)—"/zj dg(x) j e_”vng/27<Pc—;lsu 857,dv
b8 T M

— 2no)"" j TP 52 (D).

T

The function fi,, . ,(©)={P;'s, S0, satisfies the relation f,, ,, (V)=
Sonsole_(—v)). Since the transformation v+ ¢.,(—v) preserves the
density dp, we finally observe that the above integral equals

(27”)_"/2 ITM e'lleI2/2r<Pc—v1s2, s1>n(o)d/"(v) =(s1, K.85)z

The following is another consequence of the existence of an invariant
measure.

Lemma I-1-5 (A special case of Poincaré’s recurrence theorem).
If M has finite volume, then the set of vectors v € S\ M such that there exists
a sequence t, <t,< - - -1oo with ¢, v—v is dense in S, M.

Application I-1-6. A smooth vector field X on a complete Rie-
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mannian manifold M is called dissipative if, for any geodesic ¢: R—M,
the function t—{X(c(2)), ¢(¢)) is non-increasing. A C=-convex function
fon M yields a dissipative vector field X= —grad f. Killing vector fields
are also dissipative because in this case 7+—>{X(c(?)), ¢(¢)) is constant
(see § I-2). We will show that, if M has finite volume, then any dissipative
field must be Killing. Take ve S;M such that ¢, ,v—v, #,7c0. Since
(X (@), v)={X(zo,v), 9,0y 21im, ... {X(7p, ), 9, 0)={X(x(v)), V), the
function #+—{X(x(p,v)), @,v) is constant. From the above lemma, it fol-
lows that for any geodesic ¢: R—M, t—{X(c(t)), ¢(t))> is constant, so
that X is a Killing vector field. Similar argument was taken up by S. T.
Yau [74] in showing non-existence of convex functions on a manifold
with finite volume. In fact, the above statement is considered as a partial
generalization. As a corollary, one has:

Corollary I-1-7. Let X be a conformal vector field on a complete
manifold (M, g) with finite volume such that £ yg=2g where 2 is a non-
positive function or non-negative function on M. Then X is a Killing vector
field.

This is a consequence of the identity: (£xg)u, vV)=F X, v)+
(u, V' ,X), which indeed implies that the vector field X or — X is dissipative.
S. Yorozu [76] has proved the corollary under the assumption that X has
finite L*-norm.

§I-2. First integrals

Let (S, w) be a symplectic manifold, and let f, 2 be C~-functions on
S. The Poisson bracket {f, 4} is a function on S defined by

=4

i z=of(¢tx)’

where {¢,} is the (local) 1-parameter group of diffeomorphisms generated
by X,,. Itiseasily shown that {f, i} =df(X,)=X,f=w(X,, X;), and [X,, X,]
=X{s,»- The set of C=-functions on S forms a Lie algebra with respect
to the bracket { , }, and the correspondence f—X, is a Lie algebra
homomorphism into the Lie algebra of C~-vector fields on S.

A C~-function fis called a first integral of A (or, of the flow asso-
ciated to A) if {f, A}=0, or equivalently if fis constant on every orbits of
the flow {¢,}. The function 4 itself is a first integral of A, so that ¢, leaves
the hypersurface {#=-constant} invariant. The set of all first integrals of
h forms not only a Lie subalgebra of C=(S), but also a ring with the
ordinary multiplication. Moreover, substitution of first integrals in smo-
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oth functions yields new first integrals. First integrals of the form F(%)
are said to be trivial.

Return to the case of geodesic flows. We consider the function
h(p)=1/2||p| on the manifold S=T*M\M (=TM\M). Since ¢,(p/|p|)
=0, (2P|, @ non constant ¢,-invariant function F on S;M yields a
non trivial first integral f(p)=F(p/||p|), vice versa.

By definition, a function f on S is called a homogeneous polynomial
of degree k along the fiber if the restriction f|(7;¥M\(0)) is a homogene-
ous polynomial of degree k for any x € M. Thus the function % is a ho-
mogeneous polynomial of degree two along the fiber. Given a C*-func-
tion fon T*M, we let f ~ > 7, f; be the Taylor expansion along the fiber
about zero section, where f; is a homogeneous polynomial along the fiber
of degree k. If f|S is a first integral, then so is f;.

The set of homogeneous polynomials of degree k along the fiber is
canonically identified with C*(¥*TM), the space of smooth k-symmetric
tensor fields. We denote by P,C C~(¥*TM) the subspace consisting of
first integrals.

Proposition 1-2-1. P, is the solution space of a certain total differ-
ential equation of order k+1. In particular, dim P,<oo.

In fact, the equation {f, #}=0, fe C=(¥*TM) is a differential equa-
tion of first order. Differentiating this up to k+1"*® order and solving a
linear algebraic equation lead to the assertion.

The case k=1 is classical. Let f(p)=<(X,p)e P,, where X is a
vector field on M. In terms of local coordinates, the equation {f, 4}=0
reduces to

% . .
> (Ek 987 _» gig”‘)mm——-O, X=3 &

0
axk axk xi.

0

so that X must satisfy

5 (628 B P g

0x;,  0Xxy 0x,

This is just the equation for Killing vector fields. Thus, f is a first inte-
gral if and only if X is a Killing vector field, and dim P,<n(n+1)/2.

It is known that Killing vector fields are characterized by the com-
mutativity with the Laplacian. We will see that a similar implication
holds in more general situation. Let P: C=(M)—C>(M) be a differential
operator of k™ order. The symbol ¢,(P) is a homogeneous polynomial
of degree k along the fiber, which is defined by
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R

P(p*)(x),

where p is a C=-function on M with p(x)=0, d,po=p. If P, is another
differential operator of k"™ order, then

ak+k1(P'Pl):0-k(P)'okl(Pl)
L ( Pl]):{ok(P)a O'kl(Pl)}-

Note that o,(4)(p)=|p|P. Therefore, if P commutes with 4, then the
symbol ¢,(P) belongs to P,.

We denote by g the Lie algebra of Killing vector fields, which is, as
is well-known, identified with the Lie algebra of the isometry group of
M. We define a mapping P: T*M—g* by (P(p), X>=(X,p). Pis
just what is called the Momentum mapping (see for detail [1]). Composi-
tion so P, h: g*—R a C~-function, yields a first integral.

There is another way to construct first integrals, Suppose there are
a smooth mapping @ of a symplectic manifold S into the space of N X N-
hermitian matrices and a mapping B of S into the space of skew hermi-
tian matrices such that @(p,x)=exp tB(x)-O(x)-exp —tB(x), or equiva-
lently (X,0)(x)=[B(x), @®(x)]. This being the case, the coefficients of the
characteristic polynomial det(zI, — @(x)) are first integrals of the flow ¢,.

Example 1-2-2 (Geodesic flows on ellipsoids). Let E be a positive definite
symmetric n+1-by-n-+1 matrix. We set M={x e R**', {Ex, x)=1}.

dx dy

—dt'zya 7:~Ex<Eyay>/HEx”23 XEM9 <y: Ex>:0
(Generally, the equation of geodesics on a hypersurface M={x,, - - -,

Xn.1); f(x)=0}is dx/dt=y, dy/dt = —grad f- Hess(», )/|| grad f|*. Infact,
{y, dyldty={y, grad f>=0, hence dy/dt=C-grad f. On the other hand,
0=(d?/dt*)f(x(t))= {grad £, dy/dt)+Hess f(y, y), so C=—Hess f(», »)/
lgrad fIF.)

We set O(x, y)=P (E-'—x®x)P,, where x®x is a linear mapping
defined by (x®x)z={z, x>x, and P, is the orthogonal projection onto the
orthogonal complement of the vector y. If we define a linear mapping
B(x,y) by B(x, y)z={Ex, zyEy—{Ey, z)Ex, then we find that X,0=
[B, @] (see [51] for detalil).

§1-3. Geodesic flows with many first integrals

Existence of many first integrals means that every orbit of the flow
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remains on a surface with high codimension for all moments of time. An
extreme case is:

Proposition 1-3-1.  Suppose that the geodesic flow on a compact
manifold M has many first integrals in the sense that the set of first integrals
separates the orbits. Then all geodesics in M are periodic. The converse
is also true.

Proof. The assumption implies that every orbits are closed sets, so
that these must be periodic. The opposite implication is somewhat diffi-
cult. We define a Riemannian metric on S,M such that the orbits of the
geodesic flow are geodesic curves. Indeed, this metric is given as the in-
duced one from the so-called Sasaki metric on TM (see S. Sasaki [58] or
A.L. Besse [8]). Thus, we are in position to apply the Wadsley theorem
(see [8]) which asserts that, if every orbits of a flow {p,} on a Riemannian
manifold are non constant periodic geodesics, then there is an S'-action
with the same orbits as {o,}. Let S'p,==S"p, be two orbits, and let f/ be
a smooth function on S;M such that, on each S'p,, S'p,, f’ is constant

and takes different values. We set f( p):j f(s-p)ds. Clearly f is con-
S1
stant on every orbits, and f(S'p,)=f"(S'p)#f"(S'p,) =1(S'p,). Q.E.D.

Milder than the above, but still enough to describe the shape of
orbits is the case of complete integrable flows, which has a model in the
geodesic flow on a flat torus.

Let LCR™ be a discrete subgroup of maximal rank (=n), and let
M=R"/L be a flat torus with canonical metric. Then, using the identi-
fication T*M~ M X R", we find that ¢,(x, V)=(x+1tv,v). If fi: T*M—R
denotes the function defined by f;(x, v)=v,, the i-th coordinate of v, then
{f, b}=0, {f:, f;}=0, and dfi A\ - - - Adf,#0. We should note here that
the mapping giving the identification 7*M~M X R" is a symplectic dif-
feomorphism, where the symplectic structure is given by the form > dx;
Nduv,.

Generally, the geodesic flow on M is called completely integrable if
there exist » first integrals f;, - - -, f,, such that {f,, f;}=0, 7, /=1, ---, n,
and dfi/\---N\df,#0 on some open dense subset in T*M\M. This
being the case, we denote by F=f, X - - - X f,,: T*M\M—R", and let UCR"
be an open set consisting of non-critical values of F. If F|F-*(U): F-(U)
— U is a proper mapping, then F|F~'(v) is a locally trivial fibration and
the fibers are a disjoint union of manifolds diffeomorphic to the torus
T". Insome circumstances, one can prove that a component of F~(U)
is symplectically diffeomorphic to T X U (see [6]). '
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Examples. i) If M is a surface with a non-zero Killing vector field
X, then, fi=nh, f(p)=<X, p> give two first integrals with {f;, f;}=0. In
particular, a surface of revolution has completely integrable geodesic flow,
and the equation of geodesics reduces to Clairaut’s equations (see Besse
[8D.

ii) A surface all of whose geodesics are periodic and has a common
period, especially the so-called Zoll surface has completely integrable
geodesic flow.

iii) If E is positive definite symmetric matrix with distinct eigen-
values, then the geodesic flow on the ellipsoid M={x; (Ex, x)=1}is
completely integrable. In fact, the coefficients of the characteristic poly-
nomial det (zI—®) yield an involutive system {f,-- -, f,}. Two dimen-
sional case was first treated by Jacobi, who solved the equation of
geodesics by using elliptic functions (see for modern accounts J. Moser
[51] or W. Klingenberg [37]).

iv) Recently, A.S. Mishchenko proved that the geodesic flow on
semisimple symmetric space is completely integrable (see [50]). Some
cases have been already treated by A. Thimm [70] and K. Ii and S. Wata-
nabe [31] independently. Certain reduction procedure by momentum
mappings plays important role.

Fine structures of completely integrable Hamiltonian systems have
been recently investigated by many mathematicians. Some cases are
closely connected with algebraic geometric nature of the first integrals
(see [78] for instanse).

§I-4. Geodesic flows with few first integrals

Consider the property of metrics on a compact manifold M that an
orbit of the geodesic flow is dense in S;M. For a metric with this pro-
perty, there exists no first integral of the geodesic flow, except for trivial
one. We are interested in how big the set of metrics with this property
is in the totality of metrics. The theorem due to Kolmogorov-Arnold-
Moser (see [4]) says that the property is not generic (at least in the two
dimensional sphere). In fact, Hamiltonian flow which is sufficiently near
to a “non degenerate’ completely integrable system has “many” invariant
tori, which implies that in the two dimensional case the orbits are shutted
in a small region between two invariant tori, so that the orbits can not be
dense.

If the geodesic flow has no nontrivial first integral, then P,.,,=0,
P,,=Rh*. This being the case, a differential operator P with PA=A4P is
a polynomial in 4. It is likely that metrics for which P,,,,=0, dim P,
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=1 are generic. Somewhat related with these observation is the follow-
ing.

Proposition I-4-1. For a generic metric on M, any differential ope-
rator commuting with 4 is written as P= f(4) as L*-operators, where fis a
continuous function.

Proof. According to K. Uhlenbeck [72], the set of metrics that all
the eigenvalues of 4 are simple is generic. Hence, for such a metric, there
exists a function C(1) of eigenvalues 1 such that Py,=C()¢,, dp,=2¢p;.
Interpolating C(2) by a continuous function f(2) on R leads to the asser-
tion.

Problem. Can one choose a polynomial f'with P=f(4) in the above?

So far we have treated only smooth first integrals. What happens
if we loosen the assumption of smoothness? The following shows that
we must impose some degree of regularity on first integrals to get mean-
ingful results.

Lemma I-4-2. There exists always a nontrivial generalized function
on S, M which is ¢,-invariant.

In fact, this follows from existence of closed geodesics. Let CCS\M
be a closed orbit. Define a generalized function # by (&, f >=J‘ fds,
)

where ds is the translation invariant density on C. Then

GIF =T otfy=| fopds= fds=(F. 1.

The most convenient class of invariant functions turns out to be the
class of measurable functions.

Theorem I-4-3 (Ergodic theorem of Birkhoff). Let (X, ¢,) be a flow
on a measure space X with a finite invariant measure p, and let fe L'(X).
The following limits exist almost everywhere:

tim — [ o) =7.(9)

tim [ flp-20=7- 9,

and f,=f_=f almost everywhere on X. Further, J. fdg:f fdu.
X X
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We shall say that a flow (X, ¢,) in the above theorem is ergodic if
either one of the following conditions is satisfied.

(1) Any {p}-invariant measurable set has measure zero, or its com-
plement does.

(2) Any {op,}-invariant measurable function is constant almost eve-
rywhere.

®) ForanyfeL(x), lim L [* fiomae=([ _du)ucr-

The three conditions are actually equivalent. If the geodesic flow
(S, M, ¢,) is ergodic, then orbits of almost all v e S;M are dense in S, M.

One of geometric conditions which guarantee ergodicity is the so-
called Anosov’s condition:

Theorem I-4-4. (Anosov [3]). Let (X, ¢,) be a C~-flow on a compact
Riemannian manifold such that the tangent bundle can be written as the
Whitney sum of three ¢, -invariant continuous subbundles, TM=E*DE*®
E° where on E* ¢, is contracting, on E* ¢, is expanding and E° is one-dimen-
sional and tangent to the flow. That is, there exist constants ¢ >0 and 1>
0 so that ||do,v|| < ce *||v|| when v € E*, t >0, and |\ dp..,v|| < ce~*||v| when
ve E¥ t>0. If, in addition, ¢, has an invariant smooth measure p, then
(X, ¢,) is ergodic with respect to p.

A flow (X, ¢,) satisfying the above condition is called of Anosov
type. We will give an outline of proof. For each x ¢ X, one can con-
struct submanifolds

Wi (x)={y; d(p.x, ¢,y)—0 as t—+ oo} (stable manifold)
W*(x)={y; d(p-x, ¢.,y)—0 as t—>-+co} (unstable manifold)

such that T, Wi(x)=E*x, T,W*(x)=E*, W*(x) and W*(x) vary continu-
ously with x in a neighbourhood of x, and ¢, (W*(x))= W?*(p,x), ¢, (W*(x))
= W™(,x). In order to prove the theorem, it is enough to show that for
a continuous function on X, f_=constant almost everywhere. Let x, € X,
and U be an open neighbourhood of x,. If, for x e U, f.(x) exists and
y e UN W(x), then f,(x)=f.(») since the points ¢,x and ¢,y approach
each other with exponential speed. Similarly, if £_(x) exists and y e UN
W*(x), then f_(x)=Ff_(»). We then choose a point x € U such that, on
the submanifold |, .. o, (W*(x)N U), the point z with f,(2)=7_-(2)
forms a set of full measure, say 4. We set: B=\_J,. .(W*a))N U, which
is a subset of full measure in U. We take any two points x;, x, € B.
Suppose x; € W*(a,), x, € W*a,). We then have f_(x)=7_(a)=f,(a)
=f.(a)=Ff_(a)=f_(x,), hence f_ is constant almost everywhere in U.
The theorem is proved.
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Let M be a compact Riemannian manifold with negative sectional
curvature. We denote by M the universal covering of M. Let ve S, M,
and set 7(t)=exptv. We consider the limit of the geodesic sphere of
radius ¢ with the center 7(¢) as #]oo:

H(v)= ll_'l‘n {(yve M;d(y, 7(t))=t}.

It [is proved that H(v) is a C'-hypersurface in M through the point x,
which we usually call the horosphere determined by v. We set

Wi v)={ue S,M;ye H({), ue (T,HV)",

lying in the same side as v}
WY v)={ue S,M;ye H(—v), ue (T,H(—v))*,

lying in the same side as v}.
E:=TWe(v), E*=T,W*(v).

Since, from the construction, the vector bundles £°, E* on S, M are
equivariant under the deck transformation group =;(M), we obtain vector
bundles E¢ and E* on S;M in a natural way. Estimations of the solu-
tions of the Jacobi equations guarantee that these vector bundles satisfy
the Anosov’s condition. Thus we have

Theorem 1-4-5 (see [6]). If the sectional curvature of M is negative
everywhere, then the geodesic flow (S\M, ¢,) is of Anosov type, hence it is
ergodic.

Ergodicity of the geodesic flow on a surface of constant negative
curvature has been long years ago proved by Hopf and Hedlund ([29],
[26]).

Conversely, a manifold with geodesic flow of Anosov type has some
remarkable properties (see W. Klingenberg [35]):

(a) M has no conjugate point,

(b) Every closed geodesic has index zero,

(¢) The fundamental group x,(M) has exponential growth, and

(d) Every non-trivial abelian subgroup of I' is infinitely cyclic,
which are well-known characters of negatively curved manifolds (J. Milnor
[49] Lawson-Yau [43]).

P. Eberlein has proved in [16] that the geodesic flow on a manifold
without conjugate point is of Anosov type if and only if there exists no
nonzero perpendicular Jacobi vector field J on a unit speed geodesic ¢ of
M such that || J(?)|| is bounded above for all # € R (see also [17], [18], [79],
[95]). Generalizations of geodesic flows are given in [96], [99].
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II. Periodic Orbits

§II-1. Class field theory for periodic orbits

Let (X, ¢,) be a flow on a compact C~-manifold X. We denote by
P the set of periodic orbits of (X, ¢,). One basic question on periodic
orbits is: How the set {period of p; p e P} is distributed in R. Generally,
the set P seems to have quite complicated aspects. But one can still ex-
pect that the function v(x), the number of periodic orbits with period at
most x, has simple asymptotic property when x goes to infinity. A proto-
type of y(x) is in number theory, in which the number of prime ideals is
concerned. In fact, the number z(x) of prime ideals p in a number field
k whose norm N(p) is at most x behaves like the function x/log x as x
tends to infinity (prime ideal theorem). The classical way in proving this
is to consider the Dedekind zeta function

Cu(s)= 1:[ (1—=N(p)=)™

The singularity of £,(s) on the line Re s=1 has influence on the asymptotic
of #(x). In this view, it is natural to consider the following zeta function

Ex(S)=pﬂ (1—=Na(p)~)7,

er

where N,(p)=a®°t» 4>1. The reason why we take up the function
N,(p) is that N, (p) has multiplicative nature, so that N, is regarded as an
analogue of norm function of ideals.

Before paying attention to the convergence of £(s), we will observe
that there is a close resemblance between periodic orbits and prime ideals,
which gives another justification to consider the zeta function ,(s). In
fact, we can construct an analogue of class field theory in the framework
of theory of flows.

Suppose an n-fold covering map &: X—X, satisfies dogp,=¢,0d
where (X, ¢,) and (X;, ¢,) are flows. For a periodic orbit f of (X, ¢,) the
image @(P) is also a periodic orbit of (X, ¢,). Generally

(period of R)/(period of @(P)) (=>1)

is an integer. We call this ratio the degree of 8 with respect to @. For
a periodic orbit p of (X;, ¢,), a lift of p is a periodic orbit P of (X, ¢,) such
that @(B)=p. The number of lifts of p is finite. In fact, if B, ---, B,
are all the lifts of p, then
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f degree B;=n.
i=1

The covering transformation group G acts in a natural way on Py:
o: PeP. If P is a lift of p, then so is ¢P. If in addition we suppose
that @: X—X, is a Galois covering, then G acts transitively on the set
{®B,, -+, B,}. These aspects of periodic orbits are reminiscent of the
decomposition law for prime ideals in number fields. Much more inter-
esting feature is that one can define an analogue of Frobenius auto-
morphisms. For this, let @: (X, ¢,)—(X;, ¢,) be a Galois covering with
covering transformation group G. We choose a sequence 0=1¢£,<t;<: - -
<t,=period of L (k=degree ) such that {p,,x};_, ..., is just the inter-
section of 8 and a fiber of @, where x € 5. There exists a unique ¢ in G
such that x=¢,,x. It is easily checked that ¢ depends only on %, so we
introduce the notation (B | @) representing ¢, which we call the Frobenius
transformation associated to 8. The following properties are obvious.

(Rlo)B=3
B|@)y=p®|o)p™", peG
{o e G; aPB=P}=<((B|a)).

A covering is said to be abelian if it is a Galois covering and the
covering transformation group is abelian. For an abelian covering @, the
Frobenius transformation (3| @) depends only upon the image a(5)=y,
hence we may write as (| @)= (p|&).

We now consider the free abelian group I, generated by periodic
orbits, which is regarded as a counterpart of ideal group in number theory.
. We make use of multiplicative notation, so that I consists of formal
product

a=pr---ph @ e Z.

Since these elements are considered as 1-dimensional cycles on X, the
homology class of a can be defined. We will call a principal if a is ho-
mologous to zero. The set of principal cycles constitutes a subgroup of
I, which we denote by IS. The quotient group I/I% is a subgroup of
the homology group H,(X, Z).

For a covering @: (X, ¢,)—(X,, ¢,), we define a homomorphism
N: Iy —1Iy, by setting N(B)=p’ where p=a($) and f is the degree of P
with respect to @. From very definition, the following diagram is com-
mutative.
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N
Iy ———> I,

HI(X9 Z)—,,?HI(XO’ Z)
w

We are now in position to state an analogue of the fundamental
theorem in class field theory.

Proposition II-1-1.  Let (X,, ¢,) be a flow such that for any covering
@ (X, 0,)—>(X,, ¢,), the mapping I,—H\(X, Z) is surjective. Then:
' 1)  The index [Iy,, Iy,- N(Iy)1<n provided that &: X— X, is an n-fold
covering. The equality holds if and only if & is abelian.

il) Suppose & is abelian. Then the correspondence p—(p|@) yields
an isomorphism of I [13,- N(Iy) onto the covering transformation group G.

ity For any subgroup H in I, with finite index, containing 1%,, there
exists an abelian covering @: X—X, such that H=1%, - N(Iy).

Proof. We first observe that I /I%,- N(I) is canonically isomorphic
to H\(X,, Z)/o(H\(X, Z)). Note also that there exists a commutative
diagram

(X )7 (X,)

HI(XJ Z)—)HI(XO: Z)a

the vertical arrows being the Hurewicz homomorphisms, so that we may
define a mapping @ of the coset space z(X,)/x,(X) into H,(X,, Z)/Im dy.
But @ is surjective, and # (x,(X;)/7m(X))=n. This implies the inequality
in i). If the equality holds, then @ must be bijective, z,(X) is normal in
7, (X,), and @ is a group isomorphism.

To prove ii), it suffices to check the following diagram being com-
mutative.

Iiy;——>G

/

IXo/IAg'o 'N(IX):

where the horizontal arrow is a homomorphism given by the correspon-
dence p—(p|@). Indeed, the commutativity comes from the definition of
Frobenius transformations.

As for iii), it should be first noted that there are one-to-one corres-
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pondences between the set of subgroups H of I, with finite index contain-
ing I, and the set of subgroups H’ in H,(X,, Z) with finite index, and the
set of subgroups I" in z,(X,) with finite index containing the commutator
subgroup [r;, m;]. Choosing I" which corresponds to H, we get a cover-
ing 0=X=X,/'—X, satisfying H=13,-N(I;). Here X, denotes the
universal covering of Xj.

Remark. An example of flows (X;, ¢,) satisfying the assumption in
the above proposition is the geodesic flow (S,M, ¢,) where dim M>3.
In fact, note that z,(S,M)=r,(M) and H(S;M)=H,(M). The fact that
any free homotopy class € [z,(M)] can be realized by a closed geodesic
implies that I, ,,,—H,(S:M, Z) is surjective. See [68] for a bit different
formulation.

§II-2. Zeta functions and entropy

“We first examine the exponent « of convergence of the zeta function
{x(s) introduced in the previous section, that is, a constant « with the
property that Z5(s) converges absolutely if Re s>« and diverges if Re s<<
a. For this, we set: z,(0)=4#{p: N.(p)<y}. We suppose that z,(y) is
finite for any y>0 and z,(y)}oo as ytoo. This, in fact, is the case of
Anosov flows:

Theorem II-2-1. (Anosov [3]). Let (X, ¢,) be a flow of Anosov type
with a smooth invariant measure. Then there exist infinitely many periodic
orbits, and the periodic orbits are dense in X. ’

The following is classical in the theory of Dirichlet series.

Proposition II-2-2. «=lim logz,() . 1y logu(x)
v-=logy loga =  x

Proof. (Cf.[13]). The absolutely convergence of {y(s)& that of

[T, (A1 —N,(p))Sthat of >, N(p)~*&that of >, N(p)-%°. We set
g=Re s. Note that for >0,

P R R I XCEY

3 t°
Na(p)<t

from which the assertion follows easily.

Thus, to obtain the exponent &, we have to compute lim log v(x)/x.
In general, it is rather difficult to accomplish the computation since we
do not know the asymptotic of v(x) a-priori. It should be noted however,
that in order to get lim log v(x)/x, much weaker information about v(x) is
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enough. For instance, once one could show that for some positive con-
stants &, C,, C,,

ehz ehz
C,—<y(x) <G, , x>0
x x
or equivalently
) €l X <r(M)<Ci—>—, a=e", x>0,
log x log x

then lim log v(x)/x=hA. In number theory, analogue of (1) is known as
the Tschebyschev theorem, which can be proved in an elementary way,
and is historically regarded as an important step to the complete proof of
the prime number theorem. A result in this context is

Theorem II-2-3 (Bowen [10]). Let (X, ¢,) be an Anosov flow. If we
set a=exp h(g,), h(p,) being the topological entropy of ¢,, then (1) holds,
especially

o= lim 1982 _ 5550,
X

-0

The definition of topological entropy is the following: Let f: X—X
be a continuous mapping of a compacg metric space X. For an open
cover A={A4;};c;, We denote by N,(f, A) the minimum cardinality of a
subcover of ANV f'A\V ---\/f~"*'4, where, in general, the open cover
AV B is defined as {4;N B;; A; € A, B, € B}. Then the topological en-
tropy of fis

H(f)=sup lim L log N.(f, 4),
n—c 1

(see [73] for properties of A(f)).

Historically, the notion of entropy was introduced for measure pre-
serving transformations by Kolmogorov, which we nowadays call measure
theoretic entropy and is defined as

n—1

h(f)=sup lim L H(\/ f-w)
o n—eo N i=1

where in this turn f: X—X is a measure-preserving transformation of the

probability space (X, ), &7 runs over finite sub g-algebras, and in general

&/ \/ # means the smallest sub g-algebra containing .« and %. Further
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H(s)= =33 u(4) log u(4),

where {4, - -A4,} is the finite partition associated to 7, i.e. 4, is the non-
empty set of the form B, - - - N B, where B,=C; or X\C,, C, ¢ o.

Relationship between topological entropy and measure-theoretic
entropy is:

Theorem II-2-4. Let X be a compact metric space and f: X—X be
continuous. Then h(f)=sup, h,(f), where the supremum is taken over all
J-invariant probability measures defined on the c-algebra of Borel subsets
of X.

See [73] for the proof.
An upper bound for the entropy of a smooth mapping was given by
Bowen [9] (see also Katok [39]).

Theorem 11-2-5. For a smooth mapping f: X—X of an n-dimensional
Riemannian manifold X, we have h(f)<max (0, n log (sup,.x||d.f|)).

In the case of geodesic flows on non-positively curved manifolds,
there is a geometric interpretation for A(p,):

Theorem I1-2-6. (Manning [45] see also [82]). 1) Let M be a com-
pact Riemannian manifold, and let V (%, r) be the volume of the ball with
center % and radius r in the universal covering M. Then r~'log V(%,r)
converges to a limit 2>>0 as r{ oo and 2 is independent of %.

il) Let {p,} be the geodesic flow on S;M. Then h(p,)>2. Further,
if M has non-positive sectional curvature, then h(p,)=2.

In particular, if M is a compact manifold of negative curvature, we
have the following estimate of the topological entropy A(p,)

(n—1)A<Lh(p)<(n—1)B,

where —B? and —A4® are the lower and upper limit of the sectional

curvature.
As for the measure theoretical entropy, Ja.Pesin [52] recently showed

that for a class of manifolds containing negatively curved case
h(p)=— ol [ tr A@)(w)

where A(v) is an operator of the second fundamental form of the horo-
sphere H(v). It should be noted that generally, even in the case of



66 C T. Sunada

negatively curved manifolds, 4,,(p,) is less than A(p,). The equality holds
for rank one symmetric spaces.
From now on we assume that e=1. In [47], G. Margulis states:

Theorem I1-2-7. If M has negative sectional curvature, then there
exists a constant ¢>0 such that w,(x)~cx/log x, a=e*¥?. Here we write
f(x)~g(x) to mean that f(x)/g(x)—1 as xT . '

It seems, however, that no geometric interpretation for the constant ¢
has not been given. In a special case, we can show that c=1 (see below).

One of most important features of the zeta functions appearing in
number theory is that these are always extended to meromorphic func-
tions defined on the whole plane C. How about £;(s)? Does Zx(s)
extends to Re s>1—¢ or Re s> —¢? The following gives a partial
answer.

Theorem II-2-8 (D. Ruelle [56]). Let (X, ¢,) be a real analyii& Anosof
flow whose stable and unstable manifolds form real analytic foliations. Then
Cx(s) is meromorphically extended in C.

" This applies especially to the geodesic flow of a compact manifold
with constant negative curvature, in which case, connecting ¢ (s) with the
Selberg zeta function, we are able to know the location of zeros and poles
(see below). But, in general cases, it seems difficult to get informations
about singularities of {z(s). See [21] for related questions.

Asymptotics of z,(x) are closely related to the behavior of {(s) on
the line Re s=1 in the following way

Proposition II-2-9. Suppose that there exists a constant b such that
Cx(s)—(B/(s—1)) is analytically extended to Re s>1, and has no zero on
Re s=1. Then n,(x)~x/log x as x}oo.

The proof relies heavily on the Tauberian theorem for the Dirichlet
integrals (see S. Lang [42)).

We now confine ourselves to a special case. Let M be a compact
locally symmetric space of negative curvature, and let R(X, Y)Z be the
curvature tensor on M. We denote by p,>- - - >p,_,>pu,=0 the eigen-
values of the self adjoint operator: X— R(X, v)v, where v is a unit tangent
vector on M. Two point homogenity of the universal covering of M
leads to the fact that {¢;} does not depend upon the choice of v. Direct
computation of the growth rate shows that 2= 721 i/

Proposition II-2-10. Let {4(s) be the zeta function associated to the
geodesic flow on a negatively curved locally symmetric space M, and let
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7>0 be the first eigenvalue of the Laplace Beltrami operator on M. If

T>2%/4, then L4(s) is non-vanishing and holomorphic in the region Re s>

1/2, except for the point s=1 where {4(s) has a simple pole. If ¥ <<2%/4,

then {(s) is non-vanishing and holomorphic in the region Re s>1 /2+(1 /A
—T[25', except for the point s=1.

Thus, applying Proposition II-2-1, we obtain
Corollary II-2-11.  7,(x) ~ x/log x as x% co.

It should be noted-that non-vanishing of 4(s) allows us to get much
stronger results about the estimates of the remainder term 7 ,(x) — (x/log x)
(see D. A. Hejhal [28] for two dimensional cases). -

The proof of Proposition II-2-10 is largely due to the results by Sel-
berg [59] and Gangolli-[22]. = They originally mtroduces a bit different
zeta function which takes the form

ZO=T 11 (=N ermne i)
p kly“'ykn—1=o
where r,=+/p;/2. As was shown by Gangolli, a power of Z(s) has an
analytic continuation to the whole plane, and satisfies a functional iden-
tity. Further, location of zeros and poles are explicitly described (the
modified “Riemann hypothesis’’). Thus, making use of the relation

I;[ Z(s+r'i) n Z(S+r11+riz+r13)

f1<te<is

Z(s) [[ Z(s+rytry):--

1<%z

£x(s)=

we get the proposition. ,

In number theory, the prime ideal theorem is a special case of more
general density theorems which are closely related to the class field theory.
As was seen in the previous section, one could construct a class field theory
in the framework of theory of periodic orbits. Hence, it is natural to
expect that a similar implication holds in our context. This, in fact, is
the case whenever locally symmetric spaces are treated.

The following is an analogue of the Tchebotarev’s density theorem.
As in number theory, if & is a set of periodic orbits, and if the limit

lim 82 (p & o7 N,(5) <} =D()

exists, then we will call D(./) the density of ..

Proposition I1-2-12 ([68]). Let M, be a compact locally symmetric
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space of negative curvature, and let n: M—M, be a finite normal Rieman-
nian covering with covering transformation group G. We let @: S,M—
S, M, be the induced normal covering. Then those periodic orbits p in S;M
for which there exists B with &(P) =1 such that (§|@)=oa( € G) has density,
and this density is equal to 4[d]/4G. Here [d] is the conjugacy class of g in
G.

Applying this to abelian coverings, we get an analogue of the Dirichlet
theorem for arithmetic progressions:

Corollary I1-2-13. Let H be a subgroup of H, (M, Z) of finite index,
and let C be a coset in H(M, Z)|H. Then the number of periodic orbits
p with N (p)<x whose homology class is in C is asymptotically equal to

W (H(M, Z)/H))"t-x/log x  as x tends to infinity.

Problem. Suppose that $H,(M, Z) is infinite, and let c € H(M, Z).
Then how does the function

a(x)={p: N,(p)<x, the homology class [p] € c}

behave asymptotically as x{oo?

III. Geodesic Chains

§ III-1. Invariant measure

Let M be a connected complete Riemannian manifold. We denote
by € the set of all continuous curves c: R—M such that each restriction
¢;=cl|[i—1,1],ie Z, is a geodesic curve. Elements in € will be called
geodesic chains in M. We introduce a family of mappings @,.: c(t)—
c(t+k), ke Z. Since @,,, =D, 0 Dy, or O,=(D,)*, the family {D,},. is
regarded as a “discrete” flow on the set €. We call @,’s the shifts on
geodesic chains. The goal of this section is to introduce a {&,}-invariant
measure on %.

Suppose that we are given a family of probability measure {t,},cx
such that i) each y, is assigned to the tangent space T, M, ii) p,(— -)=p.(+),
and iii) the parallel translations along any geodesics preserve {y,}. Fur-
ther we suppose that iv) the measure ¢ on 7M defined by the relationship

J Fd#=j dg(X)j Fdy,
™ M TaM

is invariant under ¢,: TM—TM, where {p,} denotes the geodesic flow.
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Associated with {¢,}, we define an operator L by

N = fexp. V).
We first equip a probability measure p; on the set ¥, ={ce €; c(0)=x}.

Proposition III-1-1.  There exists a measure u on €, satisfying

[ fwado=w e, kez,
where .. €—M is a mapping defined by r,(c)=c(k).

Proof. We identify the set ¥, with the infinite cartesian product
2w T,M=(T,M)? in the following way. Given a geodesic chain ¢=
(---,c1, G €y, - - +), We associate a sequence of tangent vectors (- - -, v§™V,
v®, v, - ..) so that v{*-? is the velocity of c; at the point ¢c(i—1). Then
translating these vectors v{*~" parallelly along the piecewise smooth curve
¢|[0, i—1] when i>1, or c|[i—1, 0] when i <0, we get tangent vectors v,
at c(0)=x. Asis easily checked, the correspondence ¢c—(v,);. yields a
bijection: ¥,—[] .. T,M. By using this bijection, a probability measure
Uz on %, is defined as the product measure [[ .. ;. In order to see that
the measure u satisfies the desired property, we first consider the set of
finite geodesic chains, % ,(N), which consists of curves ¢: [0, N]—M such
that ¢|[{—1, i] are geodesics for i=1, ---, N. In the same way as above,
we may identify %,(N) with [[Y, T,M, which carries the probability
measure gy = [[i_: #,. We need the following

Lemma III-1-2.

N1+ N N,
j Fdyg+e Zj duz*(c) J. F(c; 0 c)dpgtny(ca),
¢z (N1+Ng) €z (N1) Cercp (N2)

where ¢, o ¢, denotes the geodesic chain defined by

ci(s), 0<s<N,

crocs)= {
c(s—N,), N, <s<N,+N,
Proof. We shall make use of the condition iii) for {¢,}. The paral-
lel translation P,,: T,M—T,, y,M along the geodesic chain c, induces a
bijection P}: €, (Ny)—Fouwwp(Ny), that is to say, PE=P, X ..+ XP,:
%x(NZ) = ni'\;zl TZM—_) 1_[?]:21 TL‘I(NI)M:gCI(NI)(]V;)' Since P61 prescrves {ﬂx}’
we find
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j de;“wej dy 1<cl)j Fle o P(ed(e)
€z (N1+N2) Cx(N1)
= e[ Feo e
€z(N1) Ceyvp (N2)

which completes the proof.
We note that for k>0,

[ r@odzo=[_ fetnduo
[ feydp@=unem.
In virtue of the above lemma, we find

[ rewpo=[  due |  duoe

Ceyy(d

; .J‘«’ @ Fled1)dpza_(ce)
=(L¥)(D).

A similar argument works for negative k (we use the condition ii), hence

we are done.

Proposition III-1-3.  The measure p~ on € defined by the relationship

deﬂ‘”=J dg(x)f Fdpg
€ M Cx
is {@,}-invariant.

Proof. We shall prove thatj F (@w)dy“(c):f F(c)dp=(c). A key
€ . %

point is that if ¢ e €, corresponds to [[%. v; € [[Z. T, M, then @,(c)
corresponds to [[Z,, P,,(v;.;), where P, denotes the parallel translation

along the geodesic 1—exp fv,, 0<¢<1. We then observe
[ Foaare=[ dee | F(I] Pue) T dut)
=[ @], dne)[ (1 Pud) ] o)
=[ s [, janw) [ F(ITw) 1 e
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where y=exp v,, u,=P, v;=¢,(v;). Thus, if we put
s@=[  F(Twa) T dm, w=u,
Uy Tz ~oo i#1
then we have
| F@0d©=[ rewduw
€ ™
zf S (vl)d/l(vl)
™™
=[ d[ P TT e
M R Tz M
- I FOdu(@).

This completes the proof.

Remark. In view of the condition ii), the time-reversing operation
z: c(t)—>c(—1) leaves the measure p~ invariant. Furthermore, the oper-
ator L turns out to be self adjoint.

Example ITI-1-4 ([66] [67]). The measure x}, on T, M defined by
1

2
n-1

dpz= (||| —r)dv,

0 being the Dirac function, >0, satisfies the conditions i)-iv). The
operator L associated to this family {7} is just the spherical mean opera-
tor L,, which was already introduced in Section I-1. It is easy to see
that the support of the measure g is the set €, ={ce ¥; ¢,=c|[i—1, 1]
has common length r}. We will call an element in €, an r-geodesic chain.
In the case M=R", the measure y; is intimately related to the classical
random walk problem which was originally presented by K. Pearson in
1905: A walker on the Euclidean space R" starting from a point x walks
a distance 7, then changes direction at random and repeats this process N
times. What is the probability density that he is at the distance R from
his origin x ?, or more generally what is the probability that he drops in
a subset 4 in R® ? It should be noted that the walker’s course is indi-
cated by a polygonal path ¢ € €,(N) in such a way that c(k) corresponds
to his k-th step, and that the probability that the walker is in 4 at the
N-th step is

pz{e; ¢(N) & A}=(L7X)(x),
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where X, is the defining function of the set 4. In particular, noting that
the Fourier transform of L, fis

T ('Z‘)qlé 17/2)="2 44 (€111 F(©),s

J,(x) being the Bessel function, we conclude that the probability density
the walker finds himself at the distance R is

r(g)“ j " (ORI2 s (OB - (R /D'~ dp.

(This was first obtained by Kluyver [38], see also [7] [33].)
Example ITI-1-5. We consider a probability density
dp, = (2r2)"" exp (—|v[F20)dv.

It is easy to see that {u,} satisfies the condition i}-iv), and the associated
operator L is the Gaussian mean value operator K, (see § I-1). In the
classical case M= R", the measure y; associated with the Gaussian mean
value operator is related to the Gaussian random walks in the same way
as the Pearson’s case (see [7]).

After these examples, the family of measures {u3: x € M} associated
with {g,: x e M} is called geodesic random walks, which is in fact con-
sidered as a Markov process on the state space M with the transition op-
erator L.

§ III-2. Ergodicity of the shifts

Throughout this section, we suppose that M is compact, so that the
measure #~ on ¢ constructed in the previous section is finite. We now
discuss ergodicity of the dynamical system (%, ¢=, @,). As in the case of
flows (see § I-4), we shall say that (%, ¢=, @;) is ergodic if any {®,}-invari-
ant measurable set has measure zero, or its complement does. In our
special situation there is no difficulty in showing

Lemma III-2-1.  Ergodicity of (€, p=, @,) is equivalent to either one
of the following conditions:
(1) For any Borel set A in M,

. 1
im

lim iN xA(c(k))=L dg / j dg ae. c
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(2) For any fe L{(M),

h?:, v (Z L’“f(x)) f fdg/jM dg ae. x.

() IfLf=f, fe L(M), then f=const.
(4) For any pair of Borel sets A and B in M with positive measure,
there exists a natural number k such that

I L¥dg>0.
A
Ergodicity of (¥, =, @,) has a geometric consequence about geodesic

chains. A sequence {x;},.~ of points in M is, in general, called uniformly
distributed if for any Jordan measurable set J in M, the limit

Z J( z)

lim 1
im
y-o 2N+1
exists and equals J‘ dg / I dg.
J M

Proposition III-2-2. If (¥, p°, O,) is ergodic, then the sequence
{c(D}sez for almost all geodesic chains ¢ € € is uniformly distributed.

We now restrict ourselves to the case of Example III-1-4. This
being the case, the measure pY on %,(N) has support in the product
=1S5M, where S;M={ve T, M;|v|=r}, and in fact coincides with
the product of the normalized canonical measure on the sphere STM.
We define a smooth mapping zy: [[¥ S™M=U,ex [[ =1 SeM—M X M by
setting wy(c)=(c(0), c(¥V)). We say that two points x and y are joined
by an r-geodesic chain c: [0, N]—=M if ¢(0)=x and ¢(N)=y. Then
Uiz (1Y S™M)=M X M if and only if two points in M can be joined
by an r-geodesic chain. On the other hand, we have, in view of
Proposition III-1-1, '

i (A B) = L20,dg (),

where y is the smooth measure on [[¥ S”M defined in a natural way.
Applying the Sard’s theorem to the mappings #, we get

Proposition III-2-3 ([67]). If any two points in M can be joined by an
r-geodesic chain, then 1 is a simple eigenvalue of L,: L'(M)—L'(M), or
equivalently the dynamical system (€., u=, @,) is ergodic. This, in partic-
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ular, is true if v is smaller than the injectivity radius of M.

Suppose the fundamental group z,(M) is infinite. Then the universal
covering M is non compact, so that there exists a geodesic ray on M (see
J. Cheeger and D. G. Ebin [12]). This guarantees that any two points of
M, and hence any two points of M are joined by an r-geodesic chain.
Thus we have

Proposition III-2-4. If =,(M) is infinite, then 1 is a simple eigenvalue
of L, for any r >0.

These results are interesting in view of generalization of mean value
properties of harmonic functions on R*. It is well-known that a locally
integrable function f on R" is harmonic if and only if L, f=f for any r >
0. This is immediately generalized to the case of Riemannian manifolds.
Namely, if L. f=f for any r >0, then f is necessarily a harmonic function
on M (the converse is in general not true). In particular, if M is compact,
a function fe L'(M) such that L,f=f for any r >0 must be constant.
Proposition ITI-2-3 asserts that this is true even for a function with L. f=f
for a fixed r >0.

There are several references which are concerned with mean-value
properties for a different kind of mean-value operators ([24] [54] [25)).

Application III-2-5. A continuous function f on a complete Rieman-
nian manifold M is called affine if for any geodesic ¢: R—M the compo-
sition fo ¢ is a linear function on R. We will give a simple proof to the
following splitting theorem which has been proved by Innami [90].

Theorem. If there is a non-constant affine function f on M, then one
can find an isometry I: NX R—M with fo I(x, t)=at+b.

Proof. We suppose first f is smooth. In virtue of the identity:
¥V, grad f, v>=Hess f(u, v), we find that the vector field grad f is parallel.
Let {p,} be the one parameter group of isometries generated by grad f/
llgrad f]|. Since f is non-constant, ||grad f|| is non-zero constant, and N =
Sf7Y0) is a totally geodesic submanifold. We set

I: NXR—>M
(x, t)——¢,x.

It is obvious that / is an isometry satisfying the property.
We next prove that any affine functions are smooth, in fact harmonic.
Note that if f'is affine, then f(exp rv) —f(x) = —(f(exp —rv)—f(x)), so that
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[, exo r—sas.w=o,
hence L,f=f. This completes the proof.

§ II1-3. Wiener flows and stochastic developments

Let (2, ¢,) be the Wiener flow defined on a complete Riemannian
manifold M, that is, £ is the space of continuous curves ¢: R—M, and
¢, denotes the shift operation: c(s)—c(¢+s5). As in the case of shifts of
geodesic chains, we may prove the same sort of existence theorem for
{¢ }-invariant measure on 2.

Theorem II-3-1. For each x € M, there exists a unique finite measure
Y on the set 0, ={c e 2; c(0)=x} satisfying:

1) The measure pf, on 2,(t)={c: [0, t]—>M; c(0)=x} induced by the
restriction mapping 2,—2,(t) obeys the relationship

11
[, mwre=] due) | P cdpue.
Dz(tr+t2) 5(t1) Dey gy (t2)

ii) The operation c(t)—c(—1t) leaves p, invariant.
iil) The operator X", defined by

ED@=[  feyp={ fe®pp, >0

which, in view of 1), forms an operator semigroup, coincides with e=**"*, the
heat semigroup. In other words, X, f is the solution of the heat equation

iv) The measure p on 2 defined by the relationship
[ Pau=| deo | Fap.
2 M 2z

is {¢,}-invariant.

The measure y (resp. ) is called the Wiener measure on £ (resp. on
2,(8)). The standard way for the proof of the theorem is to establish
first the existence of a measure on the mapping space ME=Map (R, M)
which satisfies the same properties as i)-iv) (Kolmogorov’s extension
theorem), and next to show that the support of the measure is in £ by
using properties of the fundamental solution of the heat equation (see [20]).
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Example III-3-2. In the case M=R", the fundamental solution is
Q2xt)-""? exp (—|[x—y|*2¢). In view of i) and iii), the Wiener measure
on £,(¢) should satisfy

[ fe@. -+ elenddns(e)={Caz)Cates—e)- - - Caley—ey- D)

N _ 2
Xj f(xl, ...’xN) exp(—i_zw)dxl...dxzv’
Rn¥ 2t =1 T,—Ty
where 0=17,<z,< ... <zy<t, x,=o0, and f is a continuous function on
(RN
In general, we may only assert that x,(2,)<1. A sufficient condi-

tion that {¢,}, ¢, is a family of probability measures, or equivalently that
A, 1=11is:

Theorem INI-3-3 (S.T. Yau [75]). If the Ricci curvature of M is
bounded from below, then y, are probability measures.

See K. Ichihara [30] for related topics. A manifold with the property
that £,(2,)=1 for any x € M is called stochastically complete.

A class of shifts on geodesic chains gives an approximation of the
Wiener flows, which, in the classical case, is stated as the central limit
theorem (see [34] [23]). Much more precise results are embodied as the
stochastic developments. We briefly recall the most relevant features of
subject which has been initiated by K. Ito [32] and P. Malliavin [44] (see
also [20]).

In classical differential geometry, the development of a piecewise
smooth curve w: [0, t]—T,M with «(0)= o (origin in T,,M) means a curve
c¢: [0, t]—M that is uniquely determined by the equation

REECOLEO)

where P, .0 T,M—T,,M denotes the parallel translation along the
curve ¢|[0, z]. The correspondence w—c, as is easily seen, gives a bijec-
tion of the set of all piecewise smooth curve w in T, M with w(0)=o0 onto
the set of all piecewise smooth curve ¢ in T,M with ¢(0)=x. We wish
to extend this correspondence to all the continuous curves w. For this,
we first define a mapping py: £,(t)—£2,(¢) in the following way. =For a
curve o € £2,(t), we let wy be the polygonal approximation of w, i.e.

w0l ) Ao o) of1510)

i—1

1<s< —i-t.
N



Geodesic Flows and Geodesic Random Walks 77

Then p,(w) is defined as the development of w,.

i Theorem III-3-4. Suppose M is stochastically complete. Then for
almost all w (with respect to the Wiener measure on 2,(t)), the limit p..(v)
=lim,_., py(w) € 2,(t) exists in probability, and

I 2o(t) F(p@)(D)dp(w)=(A " f)).

To see the connection between the theorem and shifts on geodesic
chains, we consider an operator theoretic version of the theorem, which
is much easier to prove. For simplicity, we assume M is compact. We
define an operator Ky,, by

K JO=[  fpaleX)dp@)

which, in view of the equality given in Example III-3-2, is rewritten as

[ e,

where 4 is the measure on %,(N) derived from the family {g,} of the
Gaussian measure on 7T,M:

dyu,= (27: -t—>_"/2 exp (-—- lvl?/2 —t—>dv.
N N

It follows from Proposition ITI-1-1 that Ky ,=(K,,x)". Here K, denotes
the Gaussian mean value operator. In Section I-1, we have proved that
|| K.]|<1. Easy calculations show that for any fe L*(M). ||K.f—f||—0
as 70, and that for any C=-function f, (K.f — f)[t—(1/2) 4f in L’-sense.
Therefore applying the Trotter-Chernoff theorem [15], we have

Proposition III-3-5 ([69]). For any fe L (M), Ky .f converges in
L*(M) as Nt oo, and its limit is e~ *"f.

Appendix 1. Small Eigenvalues of the Laplacian and Zeros
of Selberg’s Zeta Functions

This appendix will give a proof, as an application of the arguments
in Section II-2, to a result originally established by B. Randol [100], on
small eigenvalues of the Laplace operator on a compact quotient M of
rank-one symmetric space of non compact type (see for related topics P.
Buser [94]). We retain the notations in Section II-2.
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Theorem. Suppose H(M, Z) is infinite. Given any integer N, one
can find a finite covering M,— M such that the Laplacian on M, has at least
N eigenvalues in the interval (0, 2*/4), or equivalently that the Selberg-
Gangolli zeta function of M, has N zeros in the interval (1/2, 1).

Proof. Given a character
1: m(M)—>U(D)={z|=1},

we construct a flat line bundle L, on M in the usual way. We denote by
0T, (MZT,(MX - - - be the eigenvalues of the Laplacian 4, acting on
sections of L,. It is easy to see that for the trivial character 1, 7,(1)=0,
and that if X=£1, then 7((X)>>0. Note that the eigenvalues of 4, depend
continuously on the characters x. Hence, if the trivial character 1 is not
isolated in the character group of x;(M), then one can find a character X
near to 1 such that 4, has an eigenvalue in the interval (0, 2*/4). The
character group of z (M) contains a torus whose dimension is the rank
of H(M, Z), and the rational points of the torus correspond to characters
with kernels of finite index. Hence if H(M, Z) is infinite, one can find
an abelian covering M,— M and characters ,, - - -, X factored as

Xt w(M)——m(M)/z(M)—>U(1)

such that 4,, has an eigenvalue in (0, 2%/4).
Given an abelian covering M,— M and a character X of 7,(M)/x (M),
we may define an andlogue of L-functions by

26 0=T, [ A=tncrimeire)

where we have identified the covering transformation group =,(M)/x,(M,)
with a quotient group of the free abelian group I,, generated by prime
geodesic cycles in M (see Prop. 1I-1-1), and have regarded X as a charac-
ter on I,,. The analogue of class field theory allows us easily to prove

Lemma. Z(s, M)=1] Z(s, %)
X

where X runs over all characters of the abelian group =,(M)/z,(M,).

As was shown by R. Gangolli [22], a power of Z(s, X) has a mero-
morphic continuation whose zeros in (1/2, 1) are just

_+ \/1 z(") with 0<n(x)<.ii.
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Combining the above argument with Lemma, we get the Theorem.

Appendix 2. Iterations of Certain Integral Operators

In connection with the operator K, (acting on smooth functions), we
consider the operator

(R )(x)=(2zme)"" L{ exp (—d(x, y)/20)1(»)dg(»),

which is closely related to DeWitt’s formulation of path integral quantiza-
tions on curved spaces (B. S. DeWitt [98], K. S. Cheng [97]). The aim of
this appendix is to give a rigorous proof to

Theorem. If ¢ € L*(M), M compact, then

K ¥ wp——>exp t(%d — %R) -, in L*-sense,

where R is the scalar curvature of M.

Proof. For each point x in M, there exists an open bounded cell C,
in T, M containing the origin such that the restriction exp,|C,: C,—M is
a diffeomorphism onto an open set in M and the complement M\exp.(C,)
has measure zero. Thus

Iz,go(x)z(Zm)‘”/zj e~/ flexp, v)|det d, exp, | dv.
O

We note that |det d, exp,|=1—1/6 Ric c¢(v, v)+ O(|v]f’), so that we may
choose a positive constant ¢, not depending on v, such that |det 4, exp,|
<1+c|v|? for any ve C,. Therefore,

1Rol= dgeof@mer [ e glexp, v (+clvifdo)
<[ deeof@me [ et clollotenp, vldvf
= K-lg|+cK.lglI
where we set

Rg)=@r)= e [u]f plexp, u)dv.

z

Since [| Kpl|<l¢], | Kpl|<ze’[lg], we have
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1ol Kol +c K el <A+ o

Hence

®) 1R (1) e,

To accomplish the proof, we require two lemmas.

Lemma 1. For any positive integer k,
1 .[ e WPy, o(x)dv—>0,
8 Jasmea

uniformly for x e M, as 0.

Proof. It is enough to show that for any integer k>0,

[ < vyerrds]| —o(R5)Jul

for R> 1, where 2 is a domain containing the unit ball B,(0), and u is a
vector. In fact, noting

I {u, vYe P2y =0,
Br(o0)

we find

1J <Ll, v>e—llvlli/2d1)’ — I <u v>e_|]v“2/2dv\
Re Ro\Br(o) ©
=l lollemdo=Clul [ sme-=ds
R™\Bg(o) B

=0o(R™)ul.

Lemma 2. For any positive integer k,

= lvlfe-rdu—so0,
8 Jraana/ vn e,

uniformly for x € M, as 0.

Easy, and we omit the proof.
We now return to the proof of Theorem. Since
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olexp 4/ T v)|det d z, exp,| =p(x)++/ TV (x)+ % 2 VUV 50(x)

we get

— 5 90 L Rp'v + 0" v]f),

Rpy=@o e [ ety Tu-g()

4 z‘<—;~ STV p(x) — _é_ga(x) > R”vivl> +O0(=*"|| UHZ“)}dv,

which, in view of the above Lemmas, equals

00+ 1( 5-2p() — - RGI9() )+ 06,

On the other hand, we may easily check that | Kp—¢|l—0 for any ¢ €
C=(M). Invirtue of (x), this is also true for any ¢ € L(M). Thus, we
may apply the Trotter-Chernoff theorem, and the theorem is proved.
See for related matters A. Inoue and Y. Maeda [101].
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