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On Generalized Hasse-Witt Invariants
of an Algebraic Curve

Shaichi Nakajima

§1. Introduction

Let k be an algebraically closed field of characteristic p>0, and C
a connected complete non-singular curve over k. Denote by #,(C) the
Grothendieck fundamental group of C. (cf. [3] exp. V. The group #,(C)
is isomorphic to Gal (K,,/K), where K is the function field of C and K,
means the maximal unramified extension field of K.) Concerning this
group =,(C), we shall generalize the result of Katsurada [7] (Theorem 1 in
Section 2) and then prove another related theorem (Theorem 2 in Section
4).

To begin with, a short account will be given on the known facts
about the structure of the group =, (C). For a non-negative integer g,
putI'y=<a, -+, a, by, - - -, by|abar'bi* - - - a,b,a;'b;'=1), the group
generated by 2g elements ay, - - -, a,, by, - - -, b, with one defining relation
abar'bit - -aba;'b;'=1. (I',={1}if g=0.) The group I, is nothing
but the topologlcal fundamental group of a Riemann surface of genus g.
Further, let fg be the pro-finite completion of I',, i.e. fgzlim /)

<

where I' ranges over all normal subgroups of I', with finite indices.
Then, we can state a fundamental result of Grothendieck about z,(C) ([3]
exp. X): If the genus of C equals g, then there exists a surjective con-
tinuous homomorphism ¢: r —;(C) with the following property:

) Ker ¢ is contained in every open normal subgroup N of I, such that

[ﬁg: N1]is prime to p.

The surjectivity of ¢ says that to each finite étale covering C’—C there
corresponds a unique open subgroup N of ﬁ (The correspondence is
given by N=¢"!(r, (C'))) And the property (*) ensures that each open
normal subgroup N of F with [F N] prime to p can be obtained as

¢~ '(7,(C")) for some connected étale covering C’—C. But how about the -
groups N for which [f’g: N] is divisible by p? Or, we naturally ask a
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question: Can we determine the whole structure of =,(C), not only its
“prime-to-p part”? Unfortunately, when g=>2 no complete answer is
known to the question above. If g=>2, the structure of =,(C) has not yet
been determined explicitly for any single example of C.

But classically, the following two facts have been known about the
structure of #,(C). Let y, be the Hasse-Witt invariant of C. (cf. [6]; it
is an integer satisfying 0<{y,<g, and coincides with the p-rank of the
Jacobian variety of C.) Then we have

(i) There exists an isomorphism

m(Cy*=(]] Z*) X ZY,
ixp

where ,(C)* denotes the maximal abelian quotient of #,(C) and, on the
right side, / ranges over all primes other than p (Hasse-Witt [6]).

(ii) The maximal pro-p quotient of z,(C) is isomorphic to the free

pro-p group of rank y, (Safarevié [14]).
The results (i) and (ii) above ensure, in particular, that the structures of
the maximal abelian and the maximal pro-p quotients of z,(C) are deter-
mined by the invariants g and y, of C. Then naturally, we come to a
question: Is it true that the structure of n,(C) itself is determined by g
and y, only? But Katsurada [7] showed that the answer to this question
is No, by introducing generalized Hasse-Witt invariants of C. His result
will be generalized hereafter in this paper.

In Section 2, generalized Hasse-Witt invariants are defined and Theo-
rem 1 is stated which connects the generalized Hasse-Witt invariants with
the structure of #,(C). The proof of Theorem 1 is given in Section 3. In
Section 4, the notion of “n-ordinary curve” is introduced, and in Section
5 is proved Theorem 2 which states that “general” curves of given genus
are n-ordinary. Examples are given in Section 6. Finally, a recent result
of the author is mentioned in Section 7. It does not concern the gener-
alized Hasse-Witt invariants, but gives a necessary condition. for a finite
group to be a quotient group of z,(C).

The author wishes to express his hearty thanks to Professor Y. Ihara,
particularly for suggesting Theorem 2.

§2. Generalized Hasse-Witt invariants

As above, let C be a connected complete non-singular algebraic curve
over an algebraically closed field & of characteristic p>0. We shall define
the generalized Hasse-Witt invariants of C. For that purpose, some nota-
tions are necessary.

Let © and D be respectively the divisor group and the divisor class
group of C. For a natural number », put
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®n={2 eD |nZ=0}
and
D={4 e D,|the order of 4 is precisely equal to n}.

Further, for a natural number # which is prime to p=char k, define an
equivalence relation = in ®, (and also in ,D) by

A~B&= A=p*B forsomeke N (4, BeD,).

(Since n is prime to p, =~ is actually an equivalence relation.) Then put
A,=D,/~ and ,A=,D/~, the sets of equivalence classes under ~.
Obviously we have '
A, = dU A (disjoint union).
_din
Corresponding to each element e e A =1, A (n varies. over all
natural numbers prime to p), the generalized Hasse-Witt invariant y, is
defined in the following way: Let n be the natural number for which
a ¢, holds, and let m be the order of p in (Z/nZ)*. Take an element
Ae,® which belongs to «, and a divisor 4 in the class 4. Since
n|(p™—1) and n4A=0, there is a rational function x on C such that (x)=
(p™—1)4 holds. Let #(4) be the invertible sheaf determined by A (cf.
[16] chap. II; we regard .#(A4) as contained in the constant sheaf of rational
functions on C). Multiplication by the rational function x induces an
isomorphism p=p,: Z(p"A4)=x £(4). On the other hand, we have a
morphism F™=(F™)*: #(4)—%(p™A), where F denotes the Frobenius
morphism of C. Hence we have a morphism puF™: £(4)—%(4), and it
induces a map pF™: H(C, £(A))—H'(C, #(4)). Put

HY(C, ()" ={¢ e H(C, Z(A) | pF™(§)=E}.

Then H'(C, £ (A))*™ is a vector space over F, (g=p™) since pF™:
HY(C, 2(4)—H'(C, #(A)) is a g-linear map, i.e. ,
#Fm(al&.l+a2$2)=aqu‘Fm(Sl)"l_agﬂFm(Ez)

holds for any a,, a, ¢ k, &, &, € H'(C, £(4)). We define the invariant 7,
by '

Toe=dimg, H'(C, Z(4))""".
It is easily verified that y, depends only on the class 4, i.e. y, does not

depend on the choice of 4 or x. Further, by virtue of Lemma 1 below,
7. is also independent of the choice of 4 e «, and hence , is well-defined.
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Lemma 1. Define the morphism fi: L(p™*'A)—~L(pA) and the F, -
vector space H'(C, L (pA)**™ as above, taking pA and x? instead of A and
x. Then we have an isomorphism H'(C, L(A))**"=H'(C, L(pA)F" as
F,-vector spaces.

Proof. We have morphisms F: H'(C, Z(4))--H'(C, #(pA4)) and
pF™=ty HY(C, Z(pA)—H'(C, #(4)). Then since jF==Fp holds, it is
easy to check that the restrictions of F and pF™-' above give isomor-
phisms between HY(C, #(A))**™ and H'(C, L(pA)y*™ which are inverse
to each other.

By the following Proposition 1, we see that y, is an integer satisfying

Oéra_é_dlmk Hl(C’ g(A)): {g—g-l E:; ig’

where g is the.genus of C. (Since deg #(4)=deg 4=0, dim, H*(C, #(A4))
is easily calculated by using the Riemann-Roch theorem.) Proposition 1
is due to Hasse-Witt [6]. (In [6] only the case /= —1 is treated. But the
proof there applies to arbitrary [.)

Proposition 1 (Hasse-Witt). Let k be an algebraically closed field of
characteristic p>0, and V a vector space over k of dimensiond. If | is
a non-zero integer and f: V—V is a p'-linear map, then the set V/=
{x e V| f(x)=x} is an F,-vector space (g=p'"). Let V, be the k-linear
subspace of V spanned by V’, and put V,={x e V|fx)=0}. ThenV, is
also a k-linear subspace of V, and we have

(1) V=V.@V, (direct sum),

(i) dim, V,=dimg, V7. In particular,

dimp, V'=d&=V,=V
&= f: V——>V is invertible
&= fis surjective
&= fis injective.

Remarks. (1) When n=1, the set % consists of only one element O,
and the corresponding invariant y, coincides with the classical Hasse-Witt
invariant y; of C. Hence y,’s are called generalized Hasse-Witt invariants.

(2) The value of 7, can be calculated by using differentials and the
Cartier operator (Proposition 2 below). The formula in Proposition 2
may be regarded as the definition of 7,.

(3) Originally, the generalized Hasse-Witt invariants y, were defined
in Katsurada [7] under the assumption that n|(p—1), i.e. for « ¢ ,% such
that n|(p—1). (For definition, he used differentials. cf. Remark (2)
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above.) He also proved Theorem 1 below in that case. Our definition of
7. s for arbitrary n (p4n) is a natural generalization of Katsurada’s one.
But by this generalization, infinitely many invariants {y,} have been defined
for each curve C.

(4) The generalized Hasse-Witt invariants {y,} are actually new
invariants other than g or 7., that is, there exist curves with the same g
and 7, which have different y,’s.  This fact is shown in [7] and Section 6
of this article by concrete examples. However, I do not know whether
the infinitely many invariants {y,} are “independent” or not.

Now we state Theorem 1 which connects the structure of z,(C) with
the generalized Hasse-Witt invariants {y,} defined above. For a natural
number » which is prime to p, put

ar = 1},

where g=p™ and.m is the order of p in (Z/nZ)*. By the definition of m,
the field F, contains a primitive n-th root of unity, and hence the order of
G, , equals np™. By the word “G, ,-covering of C” we mean a Galois
covering C’—C with Galois group isomorphic to G,,,. Let N=N,, be
the number of C-isomorphism classes of connected étale G, ,-coverings of
C. 1In other words, N is the number of open normal subgroups H of
7,(C) for which »,(C)/H=G,,, holds. Then, we have the following

b
G,,,,,:{(g 1) ¢ GL(2, F,)

Theorem 1. The number N=N, , is expressed by the generalized
Hasse-Witt invariants {y,|a € ,U} in the form

qTa_l
a€a¥ q—l

N=

b

where q=p™ and m is the order of p in (Z|nZ)*.

Remark. By virtue of Theorem 1, we see that the structure of #,(C)
actually depends on generalized Hasse-Witt invariants and can not be
determined by g and y, only. (cf. examples in Section 6 and [7].)

Theorem 1 will be proved in Section 3. Before that, we explain here
a method of calculating y, by using differentials and the Cartier operator.
Let K be the function field of C over k and £, the module of rational
differentials on C; Q,={xdy|x,y € K}. Further, for a divisor 4 of C, put
Q/(A)={w e 2,|(w)> A}, which is a finite-dimensional vector space over
k. Let y be the Cartier operator. Itisamap y: 2,8, with the follow-
ing properties (cf. [1], [15]);
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(1) T(xfwl+x§’w2)=x17’(w1)+x27’(w2), X, X, e K, o,0,¢ ‘Qc'

(i) 1(dv)=0, «ﬂﬁzﬁﬁ.mK&
X X

@iy 7@ (pA)C0(4) for any divisor 4 of C.

For a given a ¢ ,% (ptn), choose 4e¢ D, AeD and x e K* in the same
way as at the beginning of this section. Define a map =8, ,: 2,(4)—
2.(4) by pl@)=7r™(xw) for w € 2,(4) (m is the order of p in (Z/nZ)*).
By the property (iii) of 7, 8 is well-defined. Since 8 is a p~™-linear map
(cf. property (i) of y), the set 2,(A)Y={w e 24(4)|f(w)=w} is a vector
space over F, (g=p™). Here Proposition 2 below holds, which gives us
a method of calculating the generalized Hasse-Witt invariant 7,.

Proposition 2. With the notations above, we have
ro=dim,, 2,(4)°.

. Proof. The vector spaces H'(C, #(A4)) and 2,A4) are dual to each
other ([16] chap. II). And as is easily checked (cf. [15] #n° 10), the g-linear
map pF™: H{(C, £(A))—H'(C, #(4)) (for uF™, see the definition of 7,)
is the transpose of the g~*-linear map B: 2(A)—2.(4), i.e. {uF™&), v)
={&, f(w)>? holds for any & e H'(C, #(4)) and w € 2,(4). ({§, w) is the
dual pairing; cf. [15] Proposition 9.) Then the argument of {15] p. 38-39
shows that H'(C, #(4))*™ and £2,(4)? are dual vector spaces over F,.
Therefore we have y,=dim, H(C, £(A))*"" = dimp, 2,(4)?, and Pro-
position 2 is proved.

§3. Proof of Theorem 1
The group G, , has a normal (hence unique) p-Sylow subgroup H=

{((1) 117) e GL(2, Fq)}, and the quotient G, ,/H is isomorphic to Z/nZ.

Hence, if C”’—C is a connected étale G, ,-covering of C, then C”’— C has
a unique subcovering C’/—s C which is cyclic of degree n. For each con-
nected étale cyclic covering C’— C of degree n, let N, be the number of
connected étale G, ,-coverings of C which contain C’—C as a sub-
covering. Then, by the fact explained above, we have

G.1) | N=3 No,

where C’ ranges over all connected étale cyclic coverings of degree n of C.
Therefore we fix a connected étale cyclic covering C’—C of degree n, and
will calculate N,,..
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Let u, be the group of n-th roots of unity in k and let D, be as
defined in Section 2. Then, by Kummer theory, we have an isomorphism
D, =Hom (r,(C), z,) (the right side means, also in the following, the
group of continuous homomorphisms). Let D(C’) be the subgroup of T,
which corresponds to Hom (Gal (C’/C), p,) by the above isomorphism.
Obviously this set D(C’) is closed under the equivalence relation ~ defined
in Section 2. Put Y(C") =BD(C)/ =~ and ,A(CH=UACHN ,A. Then we
have ’

3.2) A= LA(C) (disjoint union)
57

where C’ ranges over all connected étale cyclic coverings of degree n of C.
Our aim is to prove the equality

7’a____1
No= > 2777,
acqdc) g—1

Concerning the set 2(C"), we have

Proposition 3. Let R be the set of all equivalence classes of F,-
irreducible representations of the group Gal(C’/C) on vector spaces over F,.
Then we have a bijective map f: A(C")—R such that, for o e A(C’), the F,-
irreducible representation f(a) of Gal(C’/C) is faithful if and only if « e
SA(CH.

Proof. The map f is constructed as follows: For an element « €
A(C"), we have a¢={4, p4, ---,p'"'4} forsome 4e¢ D, and /e N. Let
X=Xz be the element of Hom (Gal (C’/C), ,) which corresponds to A.
Then, X, X7, ---, 2?'™" are all the conjugates of X over F,. Hence the
representation p=X@X*P---@x*'"* is equivalent to a representation
which is realized and irreducible over F,. This element o of R is the
image f(e) of . The map f thus defined is obviously injective. Since
Gal (C’/C) is abelian, all irreducible representations of Gal(C’/C) over
an algebraically closed field are one-dimensional. - Hence an element p
of R decomposes over k in the form p~X®DL*P® .- @A~ where X ¢
Hom (Gal (C’/C), p,) and ¥, X2, - - -, X*'~* are all the conjugates of X over
F, (p is F,-irreducible). This means that p=f{x) for some « € A(C"), that
is, f is also surjective. It is an immediate consequence of the decom-
position

3.3) fle)~xdr®. - -pr?

(X:X;, a={4, pd, - - -, p'14} e (C")) that f(e) is faithful if and only if
the order of X, hence the order of A4, equals », i.e. if and only if & € ,2A(C").
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(When « ¢ ,A(C"), we have [=m=the order of p in (Z/nZ)*.)

We regard the group =,(C’) as an open normal subgroup of z,(C),
for which 7,(C)/z,(C")=Gal (C’/C) holds. Consider the set Hom (z,(C’),
Z[pZ) which is a vector space over F,. The group Gal(C’/C) acts on
Hom (z,(C"), Z/pZ) in the following way: For ¢ e Gal (C’/C), choose a
& € ,(C) whose image in Gal(C’/C) coincides with ¢. Then for X e
Hom (z/(C"), Z/pZ), %° is given by X’(z)=X(¢-7-5") for any 7 e z;(C’).
(This action is well-defined since Z/pZ is abelian.)

There exists a one-to-one correspondence between the two sets .S; and
S; below;

S ={C” cc” C’ is a connected étale Galois covering
such that Gal (C”’/C")=(Z/pZ)" for some [},
S,={V| Vis an F,-subspace of Hom (z,(C"), Z/pZ)}.

The correspondence is given by

(a) C”—C’ is the covering determined by the open subgroup

mer (Ker X) of ﬂl(cl)9

(b) V=Hom (Gal(C”|C"), Z|pZ).
When C”"—C’e S, and Ve S, correspond, elementary Galois theory
shows

(i) Gal(C”|CY=(Z|pZ) & dimg, V=],

(ii) C”"—Cis a Galois covering

&=V is stable under the action of Gal (C’/C) on Hom (z,(C"),
ZIpZ).

Assume that C”’—C is Galois, i.e. Gal(C’/C) acts on V. Then we

have

Lemma 2. (i) Let V* be the dual vector space of V with the action
of Gal (C’/C) contragredient to that on V. Then we have an isomorphism
Gal(C”/C)=Gal (C’/C)x V* where the right side is the semi-direct pro-
duct of Gal(C’/C) and V* defined by the above action of Gal(C’/C) on
V*. (Here V* is regarded as an additive group.)

(ii) We have Gal(C”/C)=G,,, if and only if the action of
Gal (C’/C) on V* (hence on V) is faithful and F ,-irreducible.

Proof. (i) Since V=Hom (Gal (C”/C’), Z|pZ), we have an exact
sequence of groups 1—V*—Gal (C”/C)—Gal (C’/C)—1. This sequence
necessarily splits because the orders of Gal(C’/C) (=Z/nZ) and V*
(=(Z/pZ)") are prime to each other (cf. [5] Theorem 15.2.2., for example).
Hence we have Gal (C”/C)=Gal (C’/C) X V'*.

(ii) By (i), our task is to prove that Gal(C’/C)X V*=G,,, holds
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if and only if the action of Gal (C’/C) on V* is faithful and F,-irreducible.
The group G, , is of the form G, ,= D x H (semi-direct product), where

D:{(S (1’) ¢GLQ,F,) a”:l} (=ZnZ)

and

Hz{((l) l;)eGL(Z, Fq)} (=F,=(Z/pZ)").

If an isomorphism ¢: Gal(C’/C)X V*=G, , exists, it induces an iso-
morphism ¢,: V*= H since V* [resp. H] is the unique p-Sylow subgroup
of Gal(C’/C)x V* [resp. G,,,]. Then ¢ also induces an isomorphism ¢,:
Gal(C’/C)=D. Here the action p’ of Gal(C’/C) on V'* is given by p'=
@it o pog, where p is the action of D on H. Since p is faithful and F,-
irreducible, o’ is also faithful and F,-irreducible. Conversely, if o’ is a
faithful F, -irreducible representation of Gal(C’/C), then p’ has a de-
composition (3.3) (replacing f(«) by p’). In that decomposition, the order
of X equals 7 since p is faithful, and hence we have /=m. Therefore, we
can easily construct isomorphisms ¢,: V*=x H and ¢,: Gal(C’/C)=D so
that p’=¢;" o po ¢, holds, and from these, an isomorphism ¢: Gal (C’/C)
X V*xG, ,. Thus Lemma 2 has been proved.

By Lemma 2 the number N, is equal to the number of Gal(C’/C)-
invariant subspaces of Hom (z,(C), Z/pZ) which correspond to faithful
F ,-irreducible representations of Gal (C’/C).

Put H(C)=H*C’, 0,) and H(C')*={¢& e H(C')|F(§)=§&}, where
F: H(C)— H'(C’) donotes the p-linear map induced by the Frobenius
morphism of C’. (The group Gal (C’/C) acts on H'(C’) and H(C")F in
the natural way.) Then we have an isomorphism Hom (z,(C"), Z/pZ)=
HY(C"T (cf. [15] Proposition 12, for example). As is easily checked, this
isomorphism commutes with the action of Gal (C’/C). For each element
X € Hom (Gal (C’/C), p,,), put H(C')*={¢ e H(C")| & =1(0)¢ for every
o € Gal(C’/C)}. Since F is p-linear, we have

3.4 FH'(CYyYcH(CH”

For a € A(C’), let f(a) be the representation of Gal (C’/C) defined in Pro-
position 3 and denote by (H(C’)¥)* the union of all Gal (C’/C)-invariant
subspaces of H'(C’)* which correspond to the representation f(a)* of
Gal (C’/C). Here f(a)* means the contragredient representation of f(«).

Assume « e (C’). Then we have f(a)~XDXPPD---Px*™* for
some X € Hom (Gal (C’/C), u,) of order n, where m is the order of p in
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(Z/nZ)* (cf. proof of Proposition 3). Consequently, we have f(a)* ~%-?
@A *D- - -Px-?""*, Here (3.4) shows that F™ acts on H(C")*"*. Put
(HY(CHr )" ={& e H(C)* | F™¢)=¢}. Then we have

Lemma 3. There exists an isomorphism of Gal (C’|C)-modules
(H(C) )y = (H(C) )™

Proof. Put W=@,, H(C)* CH(C’), where X’ ranges over {X~,
£?, ..., X7?"7*},  Then, from definition we have (H'(C)")*=W*=
{&e W|F(§)=£&}. Consider the projection z: W—H'(C')*"". We have
a(WF)C (H'(C")*" )™ by the property (3.4). Further, the map p:
H(CY HF"WT, W(&)=(&, F(&), - - -, F™~'(&)), gives a homomorphism
inverse to 7. Hence we have WZ¥=(H(C’")* )",

The set (H'(C")*™")™ has a structure of vector space over F, where
g=p™ (cf. Proposition 1), and an element ¢ e Gal(C’/C) acts on
(H'(C")r"*)F™ as multiplication by X~'(s) € 1, CF,. Since x~': Gal(C’/C)
—>pt, is surjective (X~' has order n) and y, generates F, over F,, an F,-
subspace of (HY(C’)*")F™is Gal(C’/C)-invariant if and only if it is an
F,-subspace of (H'(C")*™")™. Consequently, a Gal (C’/C)-invariant F,-
subspace of (H(C’)*"*)¥™ is irreducible if and only if it is a one-dimen-
sional F -subspace. Hence by Lemma 3 and the following Lemma 4, we
have an equality (« € ,2(C")),

the number of irreducible Gal (C’/C)-invariant subspacés of
(3.5)

(HH(C)")* = q _“11

Lemma 4. 7,=dim,, (H(C)* )"

Proof. We have X=X  for some 4 ¢ «. Choose 4 and x as in the
definition of 7, (§ 2). Then y=x'"" (/l=p™—1) is a rational function on
C’ whose divisor (y) coincides with A4 considered as a divisor on C’.
Further we have y°=2(¢)y for any ¢ € Gal (C’/C). Let ¢4 * be a subsheaf
of 0, whose stalk at z e C’ equals

0%, ={§ € Oy ,,|§"=2""(0)¢ for any ¢ € Gal(C’/C)}.

Then, multiplication by the rational function y gives an isomorphism 7:
05 s ' P(4) (f: C'—C). Hence we have an isomorphism

H(CY'=HY(C, 67‘)L>H‘(C’,f“1$(z4))=HI(C, Z(4)),
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and further we have puF™=yF™y~* (for uF™: HY(C, Z(A))—H(C, Z(4)),
see § 2). Therefore y gives an isomorphism (H'(C")* ™)™ —>HYC, £L(A)**",
and in particular, we have y, =dim; H'(C, Z(4))*"" =dim, (H'(C")*"")™.

Now we are at the final step of the proof of Theorem 2. By Pro-
position 3, Lemma 2 (ii} and the formula (3.5), we have

qTa_l
wenilon q—1

Ny =

Therefore the equalities (3.1) and (3.2) show

an___l
dsax g—1

N=
and hence Theorem 2 has been proved.

§4. n-ordinary curves

In this section we introduce the notion of “n-ordinary curve” and
state Theorem 2 which says that “general” curves of given genus are
n-ordinary.

Let k be an algebraically closed field of characteristic p>0, and C a
connected complete non-singular algebraic curve of genus g over k. We
have the generalized Hasse-Witt invariants {7,} of C defined in Section 2.
Let n be a natural number prime to p=char k. Then we call the curve

C “n-ordinary” if and only if 7a={gig_ | EZ;B for all we 2. When

n=1, the word “1-ordinary’> means the same as the word “ordinary” in the
usual sense (i.e. y,=g). As is seen from Theorem 1, an »n-ordinary curve
has a maximal possible number of connected étale G, ,-coverings, as a curve

[ g @m=1, . .
of genus g over k. (Recall that /= {g—~1 (n>1) is the maximal possible

value of y, for @ ¢ ,%.) The fundamental group #,(C) of an n-ordinary
curve C is “big” in this sense.
Here we mention a sufficient condition for a curve to be n-ordinary.

Proposition 4. Let C and n be as above. Then C is n-ordinary if for
every conmected étale cyclic covering C'—C of degree n, C’ is an ordinary
curve.

Proof. We use the notation of Section 3. For « € ¥, Lemma 4 in
Section 3 shows that y,=dim, (H'(C’)*"")"" for some connected étale
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cyclic covering C’—C of degree n. But F: H(C’)—H'(C’) is invertible
since C’ is ordinary by assumption. Then, a fortiori, F™: H(C')*'—
H'(C’)*™" is invertible. Hence we have by Proposition 1,

to=dimy, (H(C')r )™ =dim, H(C")**=dim, H'(C, Z(4))

={ g (=1 (cf. proof of Lemma 4).
g—1 (n>1)

This equality holds for every « e ,, i.e. the curve C is n-ordinary.

Until now we considered generalized Hasse-Witt invariants, fixing a
curve. Here we let curves vary, fixing genus, and show that “general”
curves of given genus are n-ordinary for each fixed natural number » which
is prime to p. First we recall the moduli space of curves over k. As
before, k denotes an algebraically closed field of characteristic p>0. For
a non-negative integer g, let M,— Spec k be the coarse moduli scheme of
connected complete non-singular algebraic curves of genus g over k. For
the precise definition of coarse moduli scheme,see [11]. In particular, for
any algebraically closed field 2 which contains k, 2-valued points of M,
correspond bijectively with isomorphism classes of connected complete
non-singular algebraic curves of genus g over 2. The existence of M, is
shown in [11]. It is known that M, is an irreducible quasi-projective
variety over k (cf. [2], [11]).

Let n be a natural number prime to p=char k, and U, the subset of
M, consisting of all points which correspond to n-ordinary curves. Then
we have

Theorem 2. The set U, is a non-empty Zariski-open set of M,.
(Hence U, is Zariski-dense in M, since M, is irreducible.)

Remark. By Theorem 2, U, is open in M, for each n. But I do not
know whether or not the intersection (,;,, U, of U, for all n (p}n) is still
an open set of M,.

Theorem 2 will be proved in the following section.

§5. Proof of Theorem 2

First we settle the cases g=0 and g=1. When g=0, the projective
line P is the only one curve of genus zero and is n-ordinary for any n.
Hence Theorem 2 is formally true (but trivial) in this case. When g=1,
all curves of genus one (i.e. elliptic curves) are n-ordinary by definition, if
n>=2. When n=1, it is a well-known fact that 1-ordinary (i.e. ordinary)
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elliptic curves make an open set in j-line, the coarse moduli variety of
elliptic curves.

Hereafter, we assume g=>2 and prove Theorem 2. The proof is
divided into two parts.

I. Openness of U,

Since g2, M, is obtained in the following way: There is a proper
smooth morphism f: I'— H of varieties over k such that the fibers of f
are connected curves of genus g. An algebraic group G acts on ['—H
and M, is the geometric quotient of H by G. (cf. [2], [11]. We can take
as f: I'— H the universal family of tri-canonically embedded connected
complete non-singular curves of genus g ('/C HX P*%¥-* and G=
PGL(5g—6)).) Let V, be the subset of H consisting of all points x for
which the fiber f-*(x) is n-ordinary. Then V, is stable by the action of G
and U, is the quotient set of V,. Hence it suffices for us to prove that
V, is an open subset of H.

Since f: I'— H is proper smooth, [9] chap. VI Corollary 4.2 shows
that the sheaf R'f,(y,) is locally isomorphic to (Z/nZ)*¢ in the étale
topology of H (u, is the group of n-th roots of unity. We have p,=
Z[nZ). Hence we can take an open covering {U,} of H in the étale
topology such that g*R'f, (1,)=R'(f)s () =(Z/nZ)*¢ holds.

I'«——I'xXU,
H

lf ) lfi

H«— U,

It is sufficient to prove that, for each i, g;}(V,) is open in U,. Hence, in
order to save symbols, we assume that R'f (x,)=(Z/nZ)** holds for f:
I'—>H itself, and prove that V, is open. Further we may assume that
S I'— H admits a section. For, if f does not have a section, replace f:
I'—Hbyg: I'X ; I'—>I" (the diagram below).

Fe—I')XI"
H

I, le

He— T

This g admits a section (diagonal embedding), and V,, is open in H if and
only if f-'(V,), which consists of all points x of I” such that the fiber
g ~'(x) is n-ordinary, is open in I". (fis proper smooth, hence a surjective
open mapping.) Therefore we assume that f: '——> H has a section.
Concerning an algebraic curve C over &, we see, by Proposition 1
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and the definition of y,, that Taz{g E 1 %Z:B if and only if the map

pF™: HY(C, #(4))— H'(C, #(A4)) is invertible (for the notation, see
Section 2), which is equivalent to the condition that F™: H'(C, #(A4))—
HY(C, #(pmA)=H'(C, (F")*¥(4)) is invertible (u: H(C, #(p™A))—
HY(C, #(A4)) is always invertible). Hence C is n-ordinary if and only if
F™: H(C, ¥)—HYC, (F™)*%) is invertible for every invertible sheaf .#
whose order (in the Picard group of C) equals n. We shall prove the
openness of V, using this fact. :

From R, (1,)=(Z/nZ)** we obtain Pic(I'/H),={¢ e Pic(I"/H)|nE
=0}=(Z/nZ)**. The homomorphism Pic({")— Pic ({'/H) is surjective
since f: ['— H has a section (cf. [4]). Therefore we can choose a finite
number of e¢lements &, - - -, £, € Pic(I") such that

the image of ., in Pic(I'/H) has order n (i=1, ---, 2),
(%) and each element of order n in Pic(I'/H) is the image of
£, e Pic(I') for some i=1, ---, 4.

For each y € H and invertible sheaf & over I, put I",=f"'(y) and ¥, =
&Z|r,- Then for every y e H and i=1, - - -, 2, (&), is an invertible sheaf
of order n over the curve /', and further, because of the property (x),
(£), (=1, ..., 2) give all the elements of order n in Pic(I",). (Since
R'f,(¢,) is a constant sheaf, we have Pic(['/H),=Pic(l",),.) For each
i=1, ..., 2, we have

g (n=1

dim,,, H(I',, (£ ),)=dim,,, H(I",, (F™)*Z)),)= {g—l (n>1)

where £(y) denotes the residue field of y (F is the (p-th power) Frobenius
morphism and m is the order of p in (Z/nZ)*). Therefore by [10] p. 50
Corollary 2, there exists a covering H=\J,.; W; (W,=Spec R,) of H by
affine open subsets such that

H(I |y Zlw) =R <I: {gfl EZ;B)

holds foreachje fand ¥ e {&,, - - -, &, F™)* Py, - - -, F™*Z;}. For
everyje Iand i=1, - .-, 1, we have a p™-linear map

Fm: Hl(F|Wj’ gi}Wj)_—_—)HI(FIWJ" FM*Z,

w j).
Since we have

HXI |y ZLolw ) H(T |y F")*Z ol )= R,
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we obtain, fixing R-bases of H\(I'ly,, Z;lw,) and H'(I |y, (F™")*Z |y ),
the determinant d, ; € R, of the map F™ above. Put d;=][][.,d,,; e R,.
Then, d;+0 at y ¢ W,=Spec R, if and only if

F™: H\(I",, (Z),)—>H',, (F™XZ),)

is invertible for every i=1, - .-, 2. Hence d,+0 at y e W, is equivalent
to the condition that the curve I', is n-ordinary, because (%)), (i=
1, ---, 1) give all the invertible sheaves of order n over I',. In other
words, we have V,NW,={ye W,|d;50 at y}, and consequently V,N
W, is open in W, for all je I Therefore V, is open in H (recall H=
Ujer W;) and hence U, is open in M, as we wanted to prove.

II. Non-emptiness of U,

In [8], Koblitz used the degenerate curve C, below to show the
existence of an ordinary (i.e. 1-ordinary) curve of genus g. Here we start
from the curve C, and construct an r-ordinary (non-singular) curve as a
deformation of C,.

Let C, be a stable curve of genus g over k of the following form (for
the definition of stable curve, see [2]):

C=E,U---UE,
(@) each E, is an ordinary elliptic curve over k.
. [P, j=i+1
®) forilj, BNE,;= {q& otherwise

(¢) each P, is an ordinary double point of C,.
Concerning this curve C,, we have

Proposition 5. (i) Pic(C),=(Z/nZ)*.
(ii) Letf: Ci—C, be an étale covering of degree n and F: C{—C}
the (p-th power) Frobenius morphism. Then
F=F*: H(C}, Oy)—> H'(C3, Ogy)s
the p-linear map induced by F, is invertible.
Proof. (i) Let 0%, (i=1, -..,g—1) be a sheaf over C, whose
stalk at x e C, is given by
X {kx X = Pi
ety xR,

Then there is an exact sequence

-1
0——>0%—>) 0, —>@ 0%, —>0.
i=1 i=1
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From the cohomology sequence of this exact sequence and the exactness
of

0—->H°(@§,,)—->igi)1 H°(@§Q—>i(—§ HO(05 )—>0,
we have
H(0)= él H'(03).
Hence we obtain
Pic (C)), = HY(0O%), = gg-) HY(0%,),=(Z/nZy*.

(ii) Since f: C;—C, is an étale covering, every singular point of
C} lies over some P, (i=1, ---, g—1) and is an ordinary double point.
Further, each irreducible component of Cj is an ordinary elliptic curve
since it is a finite étale covering of some E, (i=1, - .-, g). Consequently,
C} is of the form

Co=E{U..-UEj,

where each E}is an ordinary elliptic curve and E; N E’; (=) consists of a
finite number of ordinary double points. Put f~'(P)={Q,c-n+1 * - *> Ouni}
(i=1,---,g—1). Then Q,, -+, Q.- are ordinary double points of

C} and give all the singular points of C;. For each i=1, .-.,n(g—1),
define a sheaf @, over C{ by

Ogss= { ko x=0i  foreachxe Cs.
{0} x#+=0;
From the exact sequence
nig=1)

1
0—>00;——>D0g—> B Ofi—>0,
i=1 i=1

we have a commutative diagram
@ HY(Og)—>H'(Og)—> @ H (Oz)—>0 (exact)
F \F Y F
@D HY(Oy)—>H'(Op)—> D H(Og)—>0 (exact).

Here F: HY(0,,)—>H0,,) is surjective since it is the p-th power map of
k=H"0,,), and F: H(O)— H'(0y) is also surjective since E; is an
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ordinary elliptic curve. Therefore, as is easily checked by diagram chase,
F: H(On)—H'(0,)) is surjective, i.e. it is invertible.

Put R=K[[t,, - - -, t4]] W=g—1) and let s and 5 be respectively the
closed and generic points of Spec R. Then by the results of [2] Section 1,
there exists a scheme ¥—Spec R with the following properties:

(i) %—SpecRis a stable curve of genus g.

(ii) Denote by %, and %, the fibers of ¥—Spec R at s and 5. Then

%, is isomorphic to the curve C, defined above, and %, is non-
singular.
Put k=k((¢,, - - -, ty)) and let z be the algebraic closure of x&. We shall
show that C=%, X gy, OpeC £ is an n-ordinary curve. We first prove

Lemma S. Let C'—C be a connected étale cyclic covering of degree
n. Then there exists a connected étale cyclic covering €'—% of degree n
such that € X Spec i—%, X Spec £= C is isomorphic to C'—C.

Proof. By [3] exp. X Corollaire 2.3, the specialization homomor-
phism 7,(C)—rn (%) =nr (%) is surjective. Hence Hom (x(%,), Z/nZ)—
Hom (z,(C), Z/nZ) is injective. On the other hand, Hom (z(%,), Z/nZ)
= Pic(C,), = (Z/nZ)*¢ holds by Proposition 5 (i) (recall ¥,=C,), and
Hom (z,(C), Z/nZ) is also isomorphic to (Z/nZ)* since C is non-singular
of genus g. Therefore, Hom (z,(%), Z/nZ) = Hom (n,(¥,), Z|nZ)—
Hom (z,(C), Z/nZ) is an injective homomorphism between finite groups
of the same order, hence an isomorphism. In particular it is surjective,
which is nothing but the assertion of Lemma 5.

Let C’—C be an arbitrary connected étale cyclic covering of degree
n. Then by Lemma 5, it is obtained from a connected étale cyclic covering
¢'—% of degree n. Consider the morphism f: ¥’—Spec R. By Corollary
2 of [10] p. 50, the sheaf R'f,(0,.) is locally free on SpecR. But Risa
local ring, and hence R'f,(0,.) is free over Spec R, i.e. H(¥’, 0,.) is a
free R-module. Choose an R-basis of H'(%’, 0,.) and let d,. ¢ R be the
determinant of the Frobenius morphism F: H{(%¢’, 0,)—H¥’, 0,.) with
respect to this basis. Then Proposition 5 (ii) shows that d,+0 at s ¢
Spec R, which means d, ¢ R* since s is the closed point of Spec R. In
particular, d,==0 at 7 e Spec R and hence the Frobenius morphism F:
HY(C’, Og)—HYC’, 0) is invertible (recall C’' =%, X Spec k), i.e. C’is an
ordinary curve. Therefore by Proposition 4 in Section 4, the curve C is
n-ordinary. Thus we have shown that U, has at least one z-valued point.
Hence the set U, is not empty.

Thus, by the two steps I and II, the proof of Theorem 2 is com-
pleted.
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§ 6. Examples

Given a connected complete non-singular curve C, we can calculate
the generalized Hasse-Witt invariants of C by using Proposition 2 in
Section 2. In this section, the results of computations are given for the
case p=2, g=2, n=3. (The process of computations is omitted here.
Details are explained in [12].) Examples of generalized Hasse-Witt in-
variants are also given in [7].

Let C be a connected complete non-singular algebraic curve of genus
two over an algebraically closed field k of characteristic two. We shall
give the values of 7,’s for « e 2. Since the genus of C equals two, we
have y,=0 or 1 for w € ;2. Then, if we denote by N the number of con-
nected étale G, ,-coverings of C (G, ,=the alternating group of degree 4),
we have, by Theorem 1,

N=3 Tl _pae Ap,=1).
desn g—1
The set 2 consists of 40 elements, hence the curve C is 3-ordinary if and
only if N=40.

Connected complete non-singular curves of genus two over k (char k&
=2) are classified into three types (I, I and III below) according to the
number of Weierstrass points. We give the number N above, for each
curve.

I. y4+y=x*+A4x*(4deck).
For every A € k, N=40.

ML y4y=Ax+ g (4, B e k).
For every 4, Be kX, N=40.

C
x+1
In this case, we have
(@) When (44 B+ C)*4+ ABC+0,
N=40.
(b) When (44+ B4 C)P+ABC=0 and (4-+B)(B+ C)C+ A)=0,
N=39.
(¢) When (4+B+C)+ABC=(A+B)(B+C)YC+A4)=0
(i.e. A=B=C), N=38.

(4, B, C e k¥).

I, y*4-y=Ax+ B +
x

The classical Hasse-Witt invariants of curves of type I, II and III are
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respectively equal to 0, 1 and 2. Hence, curves of type I and II are 3-
ordinary but not l-ordinary. Conversely, curves of type III (b) and (c)
give examples of curves which are 1-ordinary but not 3-ordinary. Curves
of type III (a) are both 1- and 3-ordinary.

§7. A recent result

In this section a result of the author will be mentioned, which was
obtained after the Symposium.

Let C be a connected complete non-singular curve of genus g over
an algebraically closed field k of characteristic p>0. Put

%={G|G=Gal(C’/C) for a connected étale finite Galois
covering C'—>C},

i.e. ¢ is the set of all finite groups G such that G=r,(C)/N for some open
normal subgroup N of 7,(C). Wheng>2, the set ¥ has not yet been
determined explicitly. But the result of Grothendieck referred to in
Section 1 gives a necessary condition for a finite group to belong to #;

(€3] If G e %, then G is a quotient group of I',.

(If p=char k does not divide the order of G, the converse of (#) is also

true.)
In [13] the author obtained another necessary condition. Namely,

Theorem 3. Let G be a finite group and 1, the augmentation ideal of
its group algebra over k;

IGZ{ZGav ‘o€ k[G] i ZGaazo}'

If G belongs to %, there exists a surjective k[G]-homomorphism k[Gl¢—1,
Wwhere g is the genus of C.

If the order of G is prime to p=char k, I, is a direct summand of k[G]
as a k[G]-module and there always exists a surjective homomorphism k[G]
—I,. Hence Theorem 3 poses no restriction on such groups. But if the
order of G is a multiple of p, there does not always exist a surjective
homomorphism k[G]¢—I,, and Theorem 3 gives some information about
the set ¢. For example, take G=(Z/pZ)? where d is a natural number.
Then, a surjective homomorphism k[G]*—1,; exists if and only if d<g.
On the other hand, this group G is a quotient of I', if and only if d<2g.
Thus the necessary condition given in Theorem 3 is not contained in the
condition (}) above. (Now we have concluded from Theorem 3 that the
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inequality d<g holds if (Z/pZ)* ¢ ¥. But this fact itself is well-known
and can be derived from Hasse-Witt theory.) It seems a difficult problem
to determine the minimal number of generators of I; as a k[G]-module,
and hence I do not know to what extent Theorem 3 restricts the set &.
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