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On the Absolute Galois Groups of Local Fields I 

Hiroo Miki 

§ 1. Introduction 

Let p be an odd prime number and let Qp be the field of p-adic 
numbers. Let k be a finite algebraic extension of Qp and let Gk denote 
the absolute Galois group of k, i.e., the Galois group G(kjk) of the alge
braic closure k of k. Jakovlev [7] [8] describes Gk in terms of generators 
and relations when n=[k: Qp] is even. Recently, Jannsen and Wingberg 
[10] succeeded in giving a simpler description of Gk in terms of generators 
and relations for any k, by using Demuskin formation (a group theoretical 
characterization of Gk ) due to Koch [13]. The purpose of the present 
paper is to give a historical exposition of a way to the concept of Demus kin 
formation, as the preliminaries of Komatsu [14]. We shall emphasize a 
number theoretical process and omit the proofs of the purely group 
theoretical parts. 

§ 2. Safarevic's theorem (the case where 'I ~ k) 

Put n=[k: Qp]. Let k(p) be the maximal p-extension of k and put 
Gk(p) = G(k(p)/k). Let 'i be a primitive pi-th root of unity for i > 1. Let 
L(i) be a free group of rank i and let F(i) be a free proiJ-group of rank i, 
i.e., F(i)=lim L(i)IN, where the projective limit is taken over all normal 

+--
subgroups N of L(i) such that L(i)1 N are finite p-groups. 

The following lemma is well known. 

Lemma 1 (Schreier). Any subgroup of L(i) of index j is a free group 
of rank j(i-l)+ 1. 

By using Lemma 1 and local class field theory, $afarevic [18] proves 
the following 

Theorem 1. Let the notation and assumptions be as above. Moreover, 
assume that 'I ~ k. Then Gk(p) is afreepro-p-group ofrank(n+l). 

Proof Put G = Go = Gk(p) and Gi+ 1 = [G;, Gi lGf for i> 0, where 
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[G, G] is the closed subgroup of G generated by all commutators [a, b] = 
aba-Ib- I (a, beG). Let kHI be the maximal elementary abelian p-exten
sion of k i for each i:?O (put ko=k). Then by Galois theory and local 
class field theory, Gi/Gi+J ~ G(ki+J/ki) ~ kf/(kDP for i>O. Hence 
[Gi : Gi+IJ=[ki: kiP]=pca:a,]n+1 for i:?O, so 

(1) for i;;:;;O. 

On the other hand, put L=L(n+ 1) and F=F(n+ 1). Then by Lemma 
1, [Li: L£+I] =prank (L,) =p[L:L,]n+l, so 

(2) for i>O. 

By (1) and (2), [G: Gi]=[L: L i] (i>O), so [G: Gi]=[F: F,] (i>O), since 
L/Li~F/Fi' Hence F/Fi~G/Gi for i>O. Taking the projective limit, 
we obtain G~F. 

Remark. Serre [23, II, § 5.6, Theorem 3] gives another proof of 
Theorem 1 by using Tate's duality theorem. Marshall [16] gives a generali
zation of Theorem 1 to the case where the residue field is perfect, by using 
Serre's local class field theory [20]. [17] gives an elementary proof of this 
generalization, not using Serre's local class field theory. 

§ 3. Kawada-Demuskin's theorem (the case where 'I e k) 

In this section, we suppose that 'I e k. Let s be the natural number 
such that '" e k and '8+1 Iii k. Kawada [11] proves that Gip) has only 
one relation, and Demuskin [1] [2] [3] determines the relation whenp"~2. 
Serre [22] and Labute [15] determine the relation whenp"=2. 

A pro-p-group is a topological group which is the projective limit of 
finite p-groups. For any pro-p-group G, let m(G) be the minimal number 
of topological generators of G. The following group theoretical lemma 
is fundamental (e.g. [23]). 

Lemma 2. If G is a pro-p-group, then the following (i) and (ii) hold. 
(i) dimFpHI(G, Fp)=m(G), where Fp is the field ofp elements. 
(ii) dimFp H2(G, Fp) is equal to the number of relations of G, i.e., the 

minimal number of elements whose conjugates generate a dense subgroup of 
R ifG~F(m)/R with m=m(G). 

Definition. A pro-p-group G is called a Demuskin group if the follow
ing (i), (ii) and (iii) hold. 

(i) dimFp Hl(G, Fp)< 00. 

(ii) dimFpH2(G, Fp)= 1. 
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(iii) The cup product H'(G,Fp) X H'(G, Fp)~H2(G, Fp) is a non
degenerate skew symmetric bilinear form. 

If G is a Demuskin group, then by Lemma 2, m = m( G) < 00 and 
G~F/(r) with r E [F, F]FP, where F=F(m) and (r) is the closed normal 
subgroup of F generated by r. Then G/[G, G] ~Z;-l X (Zp/p* Zp), where 
p*=p(G) is a power of p or O. Here Zp is the ring of p-adic integers. 
The numbers meG) and peG) are invariants of G. Under the above no
tation and assumptions, Demuskin [1] [2] [3] proves the following 

Theorem 2. Assume that p* ::'J;:2. Then a pro-p-group G is a Demuskin 
group if and only if the following (i) and (ii) hold. 

(i) m(G)=m is even. 
(ii) There exists a basis XI' •• " Xm of F such that r = xf'[xl , x 2] 

[xs• x 4] ••• [xm-" xm]· 

Theorem 2 and the following Lemma 3 give a complete determina
tion of the structure of Gk(p) in terms of generators and relations when 
pS::'J;:2. 

Lemma 3. If CI E k, then Gk(p) is a Demuskin group with m(G)= 
n+2 andp(G)=ps. . 

Proof Put G=Gk(p). Identify the three groups <CI), Fp and 

(: z)/z by Cr~-~l modpZ~ : modZ. 

Since H'(G, Fp)=Hom (G/[G, G]GP, Fp) is the character group of the 
Galois group of the maximal elementary abelian p-extension of k, by 
Kummer theory we have kX/kxP=;H'(G, Fp) by a E kX~Xa E H'(G, Fp), 
where (Pv'a)P-'=Cia(P) with pEG. Hence m(G)=n+2. By the exact 
sequence 

f g 
O~Fp~k(p)X~k(p)X~O 

(f(t)=Ci with t E Fp and g(a)=aP with a E k(py), we obtain the exact 
sequence 

h 
H'(G, k(pY)~H2(G, Fp)~H2(G, k(pY)~H2(G, k(py), 

where h is the p-th power homomorphism. Since H'(G, k(p) X) =0 by 
Hilbert's theorem 90 and since H2(G, k(py) is the p-primary component 
of the Brauer group Br(k) if H2(G, k(py) is imbedded into Br(k)=Q/Z 
by inflation, we obtain the exact sequence 
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where i is the p-times homomorphism. Hence 

H2(G, Fp) ~ .lZ/Z. 
p 

Thus we obtain (ii) in the definition of a Demuskin group. If we consider 
Xa U Xb (a, b E kX) as an element of(l/p)Z/Z by (*), then (a, b)=,Y(XaUxb) is 
the Hilbert norm residue symbol of degree p, i.e., (a, b)=(P"./7i)Pk(b)-l 
where Pk is the Artin map (cf. Serre [21, XIV, § 2, Proposition 6). Hence 
we obtain (iii) in the definition of a Demuskin group. Since G/[G, G] is 
the Galois group of the maximal abelian p-extension of k, by local class 
field theory, we have 

G/[G, G]~lim F/Fp'~ U2) X lim Z/p'Z~(Z/pSZ) X Z;+1, 
~ ~ 

i i 

so p( G) = p" where Uk!) is the group of principal units of k. 

§ 4. Hasse-Iwasawa's theorem (the tamely ramified case) 

Let ku be the maximal unramified extension of k and let k t be the 
maximal tamely ramified extension of k. Then kckuckt. Let q be the 
number of elements of the residue field of k. Then Hasse [4] and Iwasawa 
[5] prove the following 

Theorem 3. G(kt/k) is topologically generated by 11 and 'r with a rela
tion 11'r11- 1 = 'r q , where I1Jku is the Frobenius automorphism of ku/k and'r is 
a topological generator of G(kt/ku). 

Outline of proof Let ~e (e::2': 1) be a primitive e-th root of unity and 
let tr be a prime element of k. We can prove that ku = U k(~e) and k t = 
U k(~ eo e .vrr), where the sum is taken over all natural number e such that 
e~O (modp). Take 11 E G(kt/k) such that l1(e.vrr)=e.vrr and 11(~e)=~i, 
and take 'r E G(kt/k) such that 'r(e.vrr)=~e e.vrr and 'r(~e)=~e for all e;;:;: 1 
such that e~O (modp). Then 11'r11- 1 = 'r q• 

§ 5. Demuskin formation due to Koch (a group theoretical characterization 
of Gk ) 

Let p be an odd prime number and let G be a pro-finite group 
generated by 11 and 'r with a relation 11'r11- 1 = 'r q , where q=pfo(/o;;:;: 1). Let 
n, s be natural numbers and let a: G---+(Z/ps Z)X be a homomorphism such 
that, ifn is odd, then/o is odd and a('r)(P-l)/2::=-1 (modp). 
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Definition. A pro-finite group X is called a Demuskin formation over 
G with degree n, torsion p' and character a if there exists a surjective 
homomorphism p: X-+G such that Ker p is a pro-p-group and for any 
open normal subgroup H( C Ker a) of G the maximal pro-p-factor group 
XH of p-I(H) satisfies the following (I), (II) and (III). 

( I) XH is a Demuskin group with p(XH)=p'. 
(II) Regarding HI(H, Fp) as a subspace of HI(XH' Fp) by the 

inflation associated with the natural homomorphism X H-+ Hj HI (HI = 
[H, H]HP), let HI(H, Fp)l. be the orthogonal complement of HI(H, Fp) 
in HI(XH' Fp) with respect to the bilinear form in the definition of a 
Demuskin group. Then HI(H,Fp)J ... jHI(H,Fp)~Fp[G]n (G=GjH) as 
Fp[G]-modules. Moreover, the left hand side is a direct sum of two 
totally isotropic Fp[G] ... submodules. 

(III) Making G operate on H2(XH' Zjp'Z) by the inner automor ... 
phisms, we have px=a(p)x with pEG, x E H2(XH' Zjp'Z). 

Now put G=G(ktjk) and n=[k: Qp]. Let s be such that ,. E k t and 
'8+1 Ei ko and let a: G-+(Zjp'Z)X be such that ,:=,;(p) with pEG. By 
Theorem 3, G and a satisfy the above conditions. 

Theorem 4 ([13]). Under the above notation and assumptions, Gk is a 
Demuskin formation over G with degree n, torsion p' and character a. 

For the proof of Theorem 4, Lemma 3 and the following Lemma 4 
are essential. Let Kjk be a finite tamely ramified Galois extension con
taining 'I with Galois group G and let).) be the normalized additive valu
ation of K. Put e'=).)(p)j(p-l) and UJei)={x E K X I).)(x-l)~i} (i~ 1). 

Lemma 4. (i) ([5]) M= Ujl)jUk"'P)(UP»P~Fp[G]n as Fp[G]-modules. 
(ii) ([12]) M is a direct sum of two totally isotropic Fp[G]-submodules with 
respect to the Hilbert norm residue symbol of degree p. 

For the proof of (ii) of Lemma 4, Koch [12] uses Safarevic's formulas 
[19] on the Hilbert norm residue symbol. 

Proof of Theorem 4. Let p: Gk-+G be the restriction homomorphism 
and let K be the fixed field by H in k t. Then Kjk is a finite tamely 
ramified Galois extension containing ,. with Galois group G=GjH, and 
XH = G(K(p)jK). By Lemma 3, we have (I) in the definition of a 
Demuskin formation. By Kummer theory, identify HI (XH' Fp) and 
KXjKxP. Then HI(H, Fp) = UJee'p)(Kx)Pj(KX)P, since HI(H, Fp) is the 
character group of the Galois group G(Lj K) of the unramified extension 
LjK of degree p. Since NL/K(UL ) = UK (UK: the group of units of K) and 
PK(n) IL generates G(Lj K) (rr; a prime element of K), by the fundamental 
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properties of the Hilbert norm residue symbol we have HI(H, Fp)l. = 
U K(KX)P j(KX)P = U }l)(KX)/(KX)P • Hence 

HI(H, Fp)l.jHI(H, Fp)~ U}l)/U}/p)(U}l»P. 

Therefore we have (II) by Lemma 4. By Kummer theory we can identify 
HI(XH> Z/p'Z) and KX/KxP' by Xa++a modKxp' (a E KX), where (p'..jay-l 
=f;:a(r) with r E X H • In the same way of the proof of Lemma 3, we can 
identify H2(XH' Z/p'Z) and (1/p8)Z/Z. Then (a, b)=f;t(XaU1b) (a, b E KX) 
is the Hilbert norm residue symbol of degree p8, i.e., (a, b)=(P' ..ja)PK(b)-l, 
where PK is the Artin map. Since pXa=aP mod KXP' where (PXa)(x)= 
Xa(p-lxp) with x E X H , we have (aP, bP)=f;f'«PXa)U(PXb))=f;f'(P(XaUlb)). On 
the other hand, (ap, bp)=(a, by (e.g. [6, § 8.2]). Hence p(Xa U Xb)=a(p) 
(Xa U Xb)· This gives (III). 

As in the next lecture of Komatsu, by the above Theorem 4 and the 
following Theorems 5 and 6 we can determine the structure of Gk in terms 
of generators and relations. 

Theorem 5 ([13]). The uniqueness of a Demuskin formation with given 
invariants. 

For the details of the proof, see Wingberg [24]. 

Theorem 6 (Jannsen-Wingberg [10]). A group theoretical construction 
of a Demuskin formation with given invariants. 
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