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Abstract. The Riemannian extension of torsion free affine manifolds (M, V)
is an important method to produce pseudo-Riemannian manifolds. It is
know that, if the manifold (M, V) is a torsion-free affine two-dimensional
manifold with skew symmetric tensor Ricci, then (M, V) is affine Osser-
man manifold . In higher dimensions the skew symmetric of the tensor
Ricci is a necessary but not sufficient condition for a affine connection
to be Osserman. In this paper we construct affine Osserman connection
with Ricci flat but not flat and example of Osserman pseudo-Riemannian
metric of signature (3, 3) is exhibited.
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1. Introduction

Garcia-Rio et al. (1999) introduced the notion of affine Osserman connec-
tion. The concept of affine Osserman connection originated from the effort
to build up examples of pseudo-Riemannian Osserman manifolds (see Di-
allo (2011), Diallo and Hassirou (2011),Garcia-Rio et al. (2002)) via the
construction called the Riemannian extension. This construction assigns
to every m-dimensional manifold M with a torsion-free affine connection V
a pseudo-Riemannian metric g of signature (m, m) on the cotangent bundle
T*M. The authors in Garcia-Rio et al. (1999) pay attention to dimension
m = 2. They prove that a 2-dimensional manifold with a connection V is
affine Osserman if and only if the Ricci tensor of V is skew-symmetric on
M. Recently, the author in Diallo (2011) gave an explicit form of affine
Osserman connection on 2-dimensional manifolds. For dimension m = 3,
to make a description is an interesting problem. Partial results was pub-
lished in Diallo and Hassirou (2011, 2012).

Our paper is organized as follows. Section 1 introduces this topics. In
section 2 we recall some basics definitions and results about affine Os-
serman connections. In section 3, we study the Osserman condition on
a particular affine connection (cf. Proposition 3). Section 4, we will ex-
hibit a non flat pseudo-Riemannian Osserman metric of signature (3,3)
(cf. Proposition 4).

2. Preliminaries

In this section, we give the necessary tools needed to reach our goal. We
start by giving the definition of affine connections and we reproduce some
basic definitions and results about affine Osserman connections taken
from the book Garcia-Rio et al. (2002). We recall the definition of the
Riemannian extension follows the book Brozos-Vazquez et al. (2009).

2.1. Affine connection s. Let M be a 3-dimensional and V a smooth
affine connection. We choose a fixed coordinate domain U (uy, us, us3) C M.
In U, the connection is given by

Vo,0; = Tl0k,

where we denote 0; = (%) and the functions Ffj (1,7,k = 1,2,3) are called

the Christoffel symbols for the affine connection relative to the local coor-
dinate system. We define a few tensors fields associated to a given affine
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connection V. The torsion tensor field TV, which is of type (1,2), is defined
by

TV(X,Y)=VxY - VyX — [X,Y].
The components of the torsion tensor 7V in local coordinates are
k _ Tk k
Tz‘j = Fij - sz‘-

If the torsion tensor of a given affine connection V is 0, we say that V is
torsion-free.

The curvature tensor field RV, which is of type (1, 3), is defined by
RY(X,Y)Z :=VxVyZ — VyVxZ — VixyZ.

The components in local coordinates are

RY (0, 0)0; = > Riy0;.

We shall assume that V is torsion-free. If RY = 0 on M, we say that V is
Slat affine connection. It is known that V is flat if and only if around point
there exist a local coordinates system such that Ffj =0 for all 4, j and k.

We define the Ricci tensor RicY, of type (0,2) by

RicY(Y, Z) = trace{X — RY(X,Y)Z}.

The components in local coordinates are given by
RicY(0;,0x) = Y _ Riy;.

It is known in Riemannian geometry that the Levi-Civita connection of a
Riemannian metric has symmetric Ricci tensor, thatis, Ric(Y, Z) = Ric(Z,Y).
But this property is not true for an arbitrary affine connection with torsion-
free.
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2.2. Affine Osserman manifold s. Let (M, V) be a m-dimensional affine
manifold, i.e., V is a torsion free connection on the tangent bundle of a
smooth manifold M of dimension m. Let RY(X,Y) := VxVy —VyVx — Vixy]
be the associated curvature operator. We define the affine Jacobi operator

Jrv(X) : T,M — T,M with respect to a vector X € T,M by

Jrv (X)Y = RY(Y, X)X.

We will write RY and Jiv when it is necessary to distinguish the role of
the connection.

DEFINITION 4. Garcia-Rio et al. (2002) Let (M,V) be a m-dimensional
affine manifold. Then (M, V) is called affine Osserman at p € M if the char-
acteristic polynomial of Jrv(X) is independent of X € T,M. Also (M,V) is
called affine Osserman if (M, V) is affine Osserman at eachp € M.

THEOREM 44. Garcia-Rio et al. (2002) Let (M,V) be a m-dimensional
affine manifold. Then (M,V) is called affine Osserman at p € M if and
only if the characteristic polynomial of Jpv(X) is P\[Jzv(X)] = A™ for every
X eT,M.

CoRoOLLARY 14. (M, V) is affine Osserman if the affine Jacobi operator s
are nilpotent, i.e., 0 is the only eigenvalue of Jzv(:) on the tangent bundle
TM.

CoRrOLLARY 15. If(M, V) is affine Osserman atp € M then the Ricci tensor
is skew-symmetric atp € M.

Affine Osserman connections are of interest not only in affine geometry,
but also in the study of pseudo-Riemannian Osserman metrics since they
provide some nice examples without Riemannian analogue by means of the
Riemannian extensions. Here it is worth to emphasize that some recent
modifications of the usual Riemann extensions allowed some new applica-
tions Calvino et al. (2009, 2012)

2.3. Riemannian extension construction. Let N := 7* ) be the cotan-
gent bundle of an m-dimensional manifold and let = : 7*M — M be the
natural projection. A point ¢ of the cotangent bundle is represented by an
ordered pair (w,p), where p = 7(§) is a point on M and w is a 1-form on

T,M. If u= (uy,--- ,u,) are local coordinates on M, let v’ = (uy/,--- ,u,y) be
the associated dual coordinates on the fiber where we expand a 1-form w
asw =wuydu; (i =1,--- ,m;i’ = i+m); we shall adopt the Einstein convention

and sum over repeated indices henceforth.
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For each vector field X = X'9; on M, the evaluation map (X (p,w) = w(X,)
defines on function on N which, in local coordinates is given by

L X (ug, ) = up X7

Vector fields on N are characterized by their action on function :X; the
complete lift X of a vector field X on M to N is characterized by the identity

XC(Z)=1[X,Z], forall ZecC>®(TM).

Moreover, since a (0, s)-tensor field on M is characterized by its evaluation
on complete lifts of vectors fields on M, for each tensor field T of type (1,1)
on M, we define a 1-form (7" on N which is characterized by the identity

T(XC) = (TX).

Let V be a torsion free affine connection on M. The Riemannian exten-
sion g is the pseudo-Riemannian metric on N of neutral signature (m,m)
characterized by the identity

G(X% YY) = —(VxY + VyX).

If x and y are cotangent vectors, let z oy := %(a: ®y+y®z). Expand
Vo,0; = T;0,
to define the Christoffel symbols I" of V. One then has:

g = 2du; o duy — 2uk/F§jdui o duj.

Riemannian extension were originally defined by Patterson and Walker
Patterson and Walker (1952) and further investigated in relating pseudo-
Riemannian properties of N with the affine structure of the base manifold
(M, V). Moreover, Riemannian extension were also considered in Garcia-
Rio et al. (1999) in relation to Osserman manifolds. We have the following
result:

THEOREM 45. ( Garcia-Rio et al. (1999)) Let (T*M, g) be the cotangent bun-
dle of an affine manifold (M, V) equipped with the Riemannian extension of
the torsion free connection V. Then (T*M, g) is a pseudo-Riemannian glob-
ally Osserman manifold if and only if (M, V) is an affine Osserman manifold
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3. Affine Osserman connections on 3-dimensional manifolds

Let M a 3-dimensional manifold and V a smooth torsion-free connection.
We choose a fixed coordinates domain U (uy, ug, ug) C M.

ProrosiTiON 3. Let M be a 3-dimensional manifold with torsion free con-
nection given by

(

Vo, 0r = fi(ur,ug, us)0s;

(3.1) Vo0 = faluy, ug, ug)ds;

L Vaga:s = fS(U1,U2;U3)82-

Then (M, V) is affine Osserman if and only if the Christoffel symbols of the
connection (3.1) satisfy:

four,ur,uz) = f(ua), Oofi + fif(ue) =0 and Oy fs+ f(uz)fs = 0.

Proof. We denote the functions fl (Uh U9, U,3>, f2 (Uh U9, U3>, fg(uh U9, U3> by fl,
f2, f3 respectively, if there is no risk of confusion. The Ricci tensor of the
connection (3.1) expressed in the coordinates (uy, us, u3) takes the form

(3.2) Ricv(ahal) = Oofi + fife Ricv(81,52) = =0 f2;
(3.3) Ricv(a&az) = —03fs; Rz’cv(&g,@g) = Oafs + fofs.

It is know that the Ricci tensor of any affine Osserman is skew-symmetric,
it follows from the expression (3.2) that we have the following necessary
condition for the connection (3.1) to be Osserman

(B.4) 0.fo=0, 0O3fa=0, Oofi+ fifo=0 and 0sfs+ fofs =0;

which implies that the connection is indeed Ricci flat, but not flat. Now, a
calculation of the Jacobi operators shows that for each vector X = Zle ;0;,
the associated Jacobi operator is given by
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(3.5) (Jre(X)=1| 00 o0 |

with
a; = 063(—06183f1 + 04381f3) and ay = 041(0415’3f1 - 04331f3)~

It follows from the matrix associated to Jrv(X), that its characteristic poly-
nomial as written as follows:

Py Jre (X)] = A%,

It follows that a connection given by (3.1) is affine Osserman if and only if
the Christoffel symbols given by the functions f;, f» and f; satisfy:

Jo(ur,ur,uz) = f(ug), Oofi + fif(uz) =0 and Oyfs + f(uz)fs = 0. O

ExampLE 1. The following connection on R? defined by

(3.6) Vo, 01 = uquz0y, Vo,0y =0, V03 = (ug + u3)0s
is a nonflat affine Osserman connection.

CoroLLARY 16. The connection given (3.1) is affine Osserman flat if and
only if

Osf1(u1,uz,u3) =0 and 81f3(U1,U2,U3) = 0.
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4. Nonflat pseudo-Riemannian Osserman metric of signature (3, 3)

In this section we will construct a pseudo-Riemannian Osserman met-
ric of signature (3,3). Let (M, V) be a 3-dimensional affine manifold. Let
(u1,u2,u3) be the local coordinates on M. We expand Vy,0; = Y, I'};9, for
i,j,k = 1,2,3 to define the Christoffel symbols of V. We expand a 1-form
w as w = ugduy + usdug + ugduz € T*M where (u4,us,ug) are the dual fiber
coordinates. The Riemannian extension is the pseudo-Riemannian metric
g on the cotangent bundle 7*M of neutral signature (3,3) expressed by

—2uklffj 5ij

QI
I

5@']‘ 0

with respect to {01, - ,96}(i,j = 1,2,3,7 = i+3), where I'}; are the Christof-
fel symbols of the connection V with respect to the coordinates (u;) on M.

The Riemannian extenxion g on R® of the connection (3.6) has the form
—2U5U1U3 0 0 1 00
0 0 0 010

0 0 —QU5(U1—|—U3> 0 01

g =
1 0 0 000
0 1 0 000
0 0 1 000

Then the Christoffel symbols of g,
_ 1 ~ - ~
Ffj = §gkl{ajgu + 0:gj1 — 015
are given by

2 _ 4 6 4 6 __

=4 =2 =4 6 6 ,
[y = —wuz, Tiz=ui+us, Dsz=us, I33=—us, Igy=—(u1+us);
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and the others are zero. The non-vanishing covariant derivatives of g are
given by

v81(91 = uugls — usus0s + uius0s, vaﬁs = —uus04 — us0s,
valas = —uu30y, 68383 = (u1 + u3)0s + u504 — us0g,
68385 = —(Ul + ’ng)aﬁ.

The non-vanishing components of the curvature tensor of (R, ) are given
by

R(ab 83)81 = —Ulaz; R(al, 83)83 = 52; R(ah 83)5)5 = u104 — 865
R(01,05)00 = —w10s; R(01,05)05 = u10s; R(05,05)01 = Op;
R(ag, 85)83 - —84.

Now, If X = >0 | ;0; is a vector field on R®, then the matrix associated to
the Jacobi operator Jr(X) = R(-, X)X is given by

A0
(Jr(X)) = :
B At
where A is the 3 x 3 matrix
0 0 0

A= 1—U1 0 Ul—l ;

0 0 0

and B is the 3 x 3 matrix given by
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2u1 0 —Up
B = 0 0 0
—1—u; 0 1

Then we have the following

ProrosiITiON 4. (RS, g) is a pseudo-Riemannian Osserman with metric of
signature (+,+,+,—,—,—). Moreover, the characteristic polynomial of the
Jacobi operator s is Py(Jz(X)) = \°.
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