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Full Abstract. In the spirit of recent asymptotic works on the General
Poverty Index (GPI) in the field of Welfare Analysis, the asymptotic statisti-
cal representation of the non-decomposable Takayama’s index, which has
failed to be incorporated in the unified GPI approach, is addressed and
established here. This representation also allows to extend to it, recent
results of statistical decomposability gaps estimations. The theoretical re-
sults are applied to real databases. The conclusions of the undertaken
applications recommend to use Takayama’s index as a practically decom-
posable one, in virtue of the low decomposability gaps with respect to the
large values of the index.

1. Introduction

1.1. General introduction, motivations and objectives. In this pa-
per, we are concerned with the asymptotic theory of the (Takayama (1979))
welfare statistic and the estimation of its decomposability gap. Let us begin
to define it. Let X, X5, etc., be independent observations of a non-negative
random variable X with cumulative distribution function (cdf) F{,), all of
them defined on the same probability space (2,.A4,P), and for each n > 1,
let i, be the sample mean.

In Welfare Analysis, a poverty line is set as the lowest income under which
an individual is declared poor. The number of poor individuals in the
sample is denoted by (),,. Now, we consider for each n > 1, the Takayama
statistic as defined by

1 2 <
1.1 T, X)=1+—— —7+1)X,,.
(1.1) (X) =1+ unn2;<” J+DX;

We will see in Theorem 29 that, under suitable conditions, Takayama’s
index (1.1) converges in probability to

2
(1.2) r=1-- /y(l = Fuy(2)) U< dF) (2).

as n — +oo. Accordingly, the number 7' is defined as the Takayama pa-
rameter of the cdf F(y).
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This statistic has been extensively studied by many authors from the ax-
iomatic point of view. Indeed, Welfare Analysis researchers investigate the
quality of an index with respect to a number of desired axioms. In that
sense, the review paper of Zheng (1997) is a useful reference. We are go-
ing to quote Zheng (1997), just to highlight its importance and, for this
reason, we will not enter into the details of the meanings of these axioms.
According to Zheng (1997), Takayama’'s measure satisfies the following ax-
ioms : Focus, symmetry, replication invariance, continuity, minimal trans-
fer, restricted continuity, nonpoverty growth, normalization. And it fails to
fulfill the others : weak transfer, progressive transfer, decomposability, re-
gressive transfer, weak transfer sensitivity, subgroup consistency, weak
monotonicity, strong monotonicity.

With respect to its relation with the Gini inequality, the Takayama mea-
sure is a smoother translation of the Gini coefficient; but such advantage
is obtained at a substantial cost. (See Zheng (1997)). As Takayama him-
self admitted, his measure may violate the monotonicity axioms, which is a
serious drawback. It violates every axiom that the Sen measure fails to sat-
isfy except continuity and replication invariance. The claim by Takayama
that his estimator is superior to that of Sen has been challenged..”.

One of the most desired axiom of a welfare measure is the decomposability
one. Let us explain this property at a statistical level.

Suppose that we are monitoring some index / over a given population of
size N. When [ is applied to the whole population, we may use the nota-
tion I = Iy. In a large population subjected to a number of inequalities
between areas and in which there are groups with specific features at the
exclusion of the others, public policy efficiency usually requires to target
disadvantaged areas or groups and to implement therein strong strategies
aimed at improving the status of this group in relation to a given pattern
(for example poverty, health covering, education level, etc.), monitored by
the index /. In such a case, the population is divided into sensitive K
subgroups of interest 51, ..., Sk of respective sizes N, i € {1, ..., K}, and the
studied behavior is followed up by an index, say I, taking the values Iy, (%)
in each subgroup S;, i € {1, ..., K'}.

The index I is said to be decomposable if we may express the global index
on the whole population with respect to the partial indices at the subgroup
level as follows, that is
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N
(1.3) Iy= > ~ I (0):

1<i<K

Formula (1.4) offers the practical and comfortable latitude to work at the
local level with the possibility to recompose the global index at the global
level. This explains why decomposable indices are so preferred, in partic-
ular the (Foster et al. (1984)) index of index a > 0

1 Z—X; “
FGT,(a) = — Zmax( ,O) , a>0.
n

- Z
1<i<n

The problem is that some the most interesting measures are not decom-
posable, in particular the weighted ones. Indeed, successful policies re-
quire to target disadvantaged or vulnerable groups. For example, suppose
that we are dealing with poverty. A measure that counts all poor individu-
als with the same weight is less interesting than another that puts bigger
weights to poorer individuals. A variation of such an index in the good di-
rection tends to be negligible if the less poor individual behave better, and
to be noticeable if the poorer individuals among the poor become better off.

Our problematic is to keep using weighted measures like Sen (1976), Kak-
wani (1980), Shorrocks (1995) and Takayama measures, to cite a few, and
yet, to have a quick approach to report the global situation. The solution
resides certainly in the estimation of the decomposability gap.

N;
(1.4) gy = In — Z N[Nzw

1<i<K

We will see later that we will be able to estimate this gap. Then we will
be able to work at a local level and to report the global index in accurate
confidence interval.

Recently, Haidara et al. (2012) motivated the estimation of decomposabil-
ity gap of non-decomposable measures in the sense described above. But
the results in Haidara et al. (2012), although including almost all the
known measures, ignored the Takayama for the main reason that this lat-
ter is not based on the poverty deficits Z — X, nor on the relative poverty
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deficits (Z — X,,)/Z, 1 < j < Q,, where @Q,, is the number of poor individu-
als, numbered from 1 to j, and 7 is the poverty line .

This is the main motivation of studying the Takayama’s index with respect
to two directions :

(@) Provide a full asymptotic theory of Takayama’s index, in parallel with
that of General Poverty Index (GPI) in which its fails to a part of it. This
asymptotic theory is based on the use of the functional empirical process
and provides the results in the form of asymptotic representation s.

(b) Based on the results of Point (a), the same functional empirical process
is used again to handle the decomposability gap.

Our best achievements are the complete description of the asymptotic dis-
tribution of the generalized Takayama measure using the functional em-
pirical process and an auxiliary empirical process we name residual one
in Lo et al. (2010), and the statistical estimation of decomposability gap.

The rest of paper is organized as follows. In the rest of this Section 1, we
describe the probability space on which the proofs will take place. In Sec-
tion 2, an asymptotic representation theorem for the generalized Takayama
index is stated and proved. In Section 3, the statistical estimation of the
decomposability gap will be fully developed. In Section 4 data-driven ap-
plications using real data are provided. A conclusion section will end the

paper.

1.2. Notations and Probability Space.

We are going to describe the general Gaussian field in which we present
our results. Indeed, we use a unified approach when dealing with the as-
ymptotic theories of the welfare statistics. It is based on the Functional
Empirical Process (fep) and its Functional Brownian Bridge (fbb) limit. It
is laid out as follows.

When we deal with the asymptotic properties of one statistic or index at
a fixed time, we suppose that we have a non-negative random variable
of interest which may be the income or the expense X whose probability
law on (R, B(R)), the Borel measurable space on R, is denoted by Pyx. We
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consider the space F(;) of measurable real-valued functions f defined on
R such that

Va(f) = / (f — Ex(f)dPx = E(f(X) — E(f(X)))® < +oo,

where

Ex(f) = Ef(X).

On this functional space F;), which is endowed with the L,-norm

1/2
I, = ([ raes)

we defined the Gaussian process {Gq)(f), f € F1)}, which is characterized
by its variance-covariance function

Fo(f.9) = / (f — Ex()(g - Ex(9))dPx. (f.g) € F2.

This Gaussian process is the asymptotic weak limit of the sequence of
functional empirical processes (fep) defined as follows. Let X, X»,... be a
sequence of independent copies of X. Denote by ¢(*(7) the space of real-
valued bounded functions defined on 7' = R equipped with its uniform
topology. In the terminology of the weak convergence theory, the sequence
of objects G,, (1) weakly converges to G,y in /*°(R), as stochastic processes
indexed by F(), whenever it is a Donsker class. The details of this highly
elaborated theory may be found in Billingsley (1968), Pollard (1984), Vaart
(1996) and similar sources.

For each n > 1, we define the functional empirical process associated with
X by

1 n
=— E Xi) —Ef(X;
Gn,(l)(f) \/ﬁ e (f( z) f( z))a f S Jr(l)a
and denote the integration with respect to the empirical measure by

Pry(f) = %Z(f(Xi)v /e Fu,

i=1

we only need the convergence in finite distributions which is a simple con-
sequence of the multivariate central limit theorem, as described in Chapter
3 in Lo (2016).
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We also have to use the Renyi’s representation of the random variable X
of interest by means of the cumulative distribution function (cdf) F{;) as
follows

where U is a uniform random variable on (0, 1), =, stands for the equality
in distribution and F~! is the generalized inverse of F, defined by

F(I)I(S) = inf{z, F1y(x) > s}, s € (0,1).

Based on these representations, we may and do assume that we are on a
probability space (2, 4, P) holding a sequence of independent (0, 1)-uniform
random variables Uy, U,, ..., and the sequence of independent observations
of X are given by

(15) X1 = F(I)l(Ul), X2 = F(I)l(UQ)’ etc.

For each n > 1, the order statistics of Uy, ..., U, and of X, ..., X,, are denoted
respectively by U, ,, < --- < U,, and X;, <--- <X, ,.

To the sequences of (U,,),>1, we also associate the sequence of real empirical
functions

1
(1.6) Un,1)(s) = E#{i’ 1<i<n, U <s}, s€(0,1)n>1

and the sequence of real uniform quantile functions

(1.7)  Va)(s) = Utnlioss<iym + Y Uinl(G-1m<s<(my: s € (0,1), n> 1

j=1
and next, the sequence of real uniform empirical processes
(1.8) Ozn,(l)(s) = \/E(Un,(l) — S), s € (0, 1) n>1

and the sequence of real uniform quantile processes

(1.9) Yo,y (8) = V(s =V, 1)), s €(0,1) n > 1.

The same can be done for the sequence (X, ),>1, and we obtain the associ-
ated sequence of real empirical processes
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(1.10) Gmr,(l)(l‘) = \/ﬁ (]an(l)(l‘) — F(l)(fb)) , rEeR, n>1,
where
1
(1.11) Foay(s) =—#{i,1<i<n, X;<s}, zeRn>1,
n

is the associated sequence of empirical functions, and the associated se-
quence of quantile processes

(1.12) Qu(@) = v <]F(;1)’(1)(s) . F’1(3)> L se(0,1), n>1

where

(1.13)  Fj0)(8) = Xinliogszi/m + ) Xinl(G-vy/mzsciimy, § € (0,1), n > 1,
j=1

is the associated sequence of quantile processes.

By passing, we recall that IF(‘nl) (1) is actually the generalized inverse of F(,) ).

In virtue of the representation (1.5), we have the following remarkable re-
lations :

(1.14) Gnm(l)(ﬂj) = Ozny(l)(F(l)(fL’)), reR
and
(115) Qn,(l)(x) = \/ﬁ (F(I)l(vn,(l)<3)) - F(I)l(‘g)) s € (Oa 1)7 n > 17

We also have the following relations between the empirical functions and
quantile functions

(1.16) Fr,)(2) = Upy(Fyy(z)), z € R

and
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(1.17) F_%l)(s) = F(I;(V(n),(l)(s)), s€(0,1), n>1.

n,

As well, the real and functional empirical processes are related as follows

[118) Gnm(l)(l’) = (1‘7717(1)(]‘";)7 an,(l)(s) = Gn,(l)(fs)y S € (O, 1) T € ]R, n > 1,

where for any z € R, f7 = 1j_. 4 is the indicator function of | — oo, x| and for
€ (07 1)’ fs = 1[0,3]-

To finish the description, a result of (See Bahadur (1966)) that says that
the addition of the sequences of uniform empirical processes and uniform
quantile processes (1.8) and (1.9) is asymptotically, and uniformly on [0, 1],
zero in probability, that is

(1.19) 51[1p} ‘am(l)(s) + ’yn,(l)(sﬂ = op(1) as n — +oo.
s€(0,1

This result is a powerful tool to handle the rank statistics when our stud-
ied statistics are L-statistics.

All the needed notation are now complete and will allow the expression of
the asymptotic theory we undertake here.

2. The asymptotic behavior of Takayama'’s statistic

Let us introduce the following notation. The mean value of X is finite
and is denoted by

p=E(X)
For a measurable numerical function f, we set

Py (f) = / F(@)dF ()
and

Po(f) =77 D F(X5).
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Let us define
Hn = Pn(Id)v

where I, is the identity application on R. Fix also, for y € R\ {0},
f(iB) =x ][(ng)a

h(z) = (1 — G(2)) 1<),
g(z) =2 (Px(h)E7*(X) z — E(X) " h(z)),

a(x) = —2B(X)((y)"".
and for all s € [0, 1]

v(s) = q (Fui(s)) 1F)(s) < 2).
and

f& () = fF(l)(S( ) =lacr i) TER

Finally, we suppose that the cdf F{; is increasing so that we have
(2.1) Fay(Foy(z)) = z and Fuy(Fj)(s)) = s, for z € R, s € (0,1).

We have the following results for the asymptotic behavior of Takayama’s
statistic.

THEOREM 29. Let 0 < E(X?) < oco. Suppose that the regularity condition
2.1 holds. Then we have as n — oo

(2.2) Vi(T, = T) = Gy qy(g) + Ba(v) + op(1),

1
- / G 1y (£7)0(5)ds

(2.3) V(T —T) = Guylg) + B(v) + op(1),
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with )
Blv)=— | Gu(f)v(s)ds

In particular, we have
(2.4) Vn(T, = T) = N(0,07),
where
(2.5) 0 =07 + 05 + 201
and .

of = /0 (9(x) = Px(9))* dFuy(x),
(2.6) 02 = /[01}2 v(s)v(t)(min(s,t) — st)dsdt
and

1
2.7) 01,2 :/ v(s) (/ g(z) dF1y(v) — SPX(Q)) ds.
0 (z<F ) (s))

1)

Before we begin the proof of this main theorem, the following lemma will
allow us to make straightforward computations on formulas based on the
functional empirical processes. (See Lo (2016) , Chapter 5, more details
on this lemma and other manipulations on op(c,) with positive sequences
Cns N > 1).

LEmMmAa 17. Let (A,) and (B,) be two sequences of real valued random
variables defined on the same probability space holding the sequence X,
X5, etc.

Let A and B be two real numbers and Let L(x) and H(x) be two real-valued
Junctions of v € R, with (L, H) € F3).

Suppose that
A, = A+ 012G, 0)(L) + op(n™"?)
and

A, = B+ 026G, ) (H) + op(n~/?).
Then, we have
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A+ B, = A+ B+n2G, o) (L+ H) + op(n™/?),
and

A,B, = AB+n""2G, 1)(BL + AH) + op(n™/?)

and if B # 0, we also have

A, A _ 1 A _
B_ - E +n I/ZGny(l)(EL — ﬁH) + O[P(n 1/2)

Proof of Theorem 29. Let us begin by recalling that

1 2 o
(2.8) Ty=1+=— > (n—j+1) X

2
n n
pnn® =

Let us denote
1 & ,
j=1
Also, let R, = (Ri,,..., R,,) be the rank statistic based on Xi,..., X,. We
have

1 — j 1 &
A, = E (1—5) Xjn][(XJn<Z)+$Z Xin ][(X]n<Z)
j=1 j=1
1 — R 1
= — 1——22) X, 1 P, (¢

o2 (1775 it R0,
Let us define

* 1 g
(2.9) Balq) = 7 > (G (X)) = Fuy(X;)) a(X;).

This process has been introduced by Lo et al. (2010). It may be directly
related to the functional empirical process by using the Bahadur theorem
(Bahadur (1966)) as explained below. Let us use the representations given
Subsection 1.2 of Section 1.

Now since Px (/) is finite, we have n~'P,(¢) = op(n~') and then,
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Ay = %Z (1 =G (y(X;)) €(X;) +0p(n7)

== %Z (1 — F(l)(XJ)) g(XJ) + % Z (F(l)(XJ) — Gn,r,(1)<Xj>) K(XJ) + Op(n_l)
= Pu(h)+ 201 () + orln)

Next, we obtain

(2.10) Vi (A = Py () = Gy (B) + B (€) + 0p(n112).

Finally the Takayama index can be written as

T, =1+ % _ ﬁ (]P’n (h) + %5:; 0 + op(n—l)) |

Let us go further. We recall that 7' =1 — ;%PX (h). We have

fin 14 i
But we also have /n (1, — 1) = Gy, 1) (I5). From Equation (2.10), we get

VAT -T) = -2 (Gn,u)(h) £ B(0) + op(n™12)

n

Px (h)

6.0 <fd>) +o,(1)

By applying the last conclusion in Lemma 17, we arrive at
VT, —T) = =2{Gpq) (0 " h=Px (h) w2 Ls) + =" B85 (0)} + 0,(1).

By using the definitions given above, in particular the definition of the
function ¢, we may write

(2.11) Vi (T, = T) =Gy, q) (9) + B (q) + 0p(1).

By (1.13), we have
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Bia) = == (Cur(Xjn) = Fiy(X;0))

Now, by (1.17), and next by (1.16) and by Assumption 2.1, we have

g = —\/ﬁ/1 GW,m(FIl(Vn,(l)(S)))—Fu)(F(I)l(V(n),(l)(S)))) a(Fyy (Viny,0)(s)))ds
= Vi [ (U F G o)) = Fy (il V6D i )
= —\/ﬁ/o (Un1y (Va0 (8)) = Vi (8)) a(Fy () ds
= [ VG o) o (A5} (nas) ds

[ VA W () = 5) 0 (F] (V) s
From Shorack et al. (1986), page 511, we have for any n > 1,
1
U, (V, — sl < —.
S Uny (Ve (s)) = s <

Thus, for n > 1,
1
== [ Vs = Vo (5) U (Vi (5)): s+ 0x(1)

- / o0 ($)a(F ) (Vi) (5))) + 08(1).

Here, we may use the Bahadur property (See (1.19) in Subsection 1.2,
Section 1). We recall that by (2.1) and (1.18) in 1.2, Section 1, we have

Ot (1) (8) = G 1) (F(;;(s)) and that v(s) = ¢(F,;} (s)). Next, we have
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Gn,r,(l) (F(I)l (S>) - Gn,(l)(f;‘&)l(s)) = Gn,(l)(f:*)>

where, accordingly to the notation before Theorem 29, we simplified and
wrote

We get
2.12) Buw) = | Gy (£7) v(Viu () ds + 0p(1).

Now, we have

with

/0 G (17%) (v (V1) (3)) — w(s)) ds

< X el [ Wt = vis)] ds

s€[0,1]

Since C,, = sup,(o 1) |Gn,1)(fs)| weakly converges to sup,c(; |G)(fs)|, which
is an a.s. finite random variable (the supremum of the Brownian bridge on
[0, 1] is bounded in probability), we have that the sequence C,, is bounded in
probability (See lemma 8, Chapter 5, Lo (2016), page 120). Next D, (s) =
}u (Vo y(s)) — V(s)| almost-surely converges to zero form the a.s. conver-
gence of sup,c( 11 |Vn,1)(s) — s to zero. Since

F1y(2)

Px (1)
we may apply the Lebesgue Convergence Theorem to have, as n — +oo,
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( sup} ‘Gn,(l)(fs)o /0 v (Vo,1)(s)) — v(s)| ds —p 0.

s€[0,1

Finally, by putting together the previous facts, we have
1
VAT = 1) = G (9) + | G (£ v(s) ds + oe(1).
0
This is the representation (2.2).

A simple argument based on Riemann sums along with weak law criteria
using characteristic functions yields

VAT, — T) = Gaylg) + / Gy (f27) v(s) ds + 0p(1).

It is clear that \/n(7T,, —T) is asymptotically Gaussian N (0, o') since the cou-
ple (G(9), fol Gy (fy*) v(s)ds) is normal. The computation of the variance-
covariance of this vector is straightforward and is given below. We have

o> = E (G(l)(g)2) +E (5(’/)2) +2E (G(l)(g) 5(”))
= ol+toi+ 201 9.

where =: stands for the definition of the three terms of the left-hand mem-
ber in the latter equality as o7, 03 and 20, . We easily find that

o = / " (g(@) — Px(9))? dF (@),

Next, by a well-known formula, we have

(2.13) o2 =E(B()B()) = /(0 . v(s)v(t)(min(s,t) — st) dsdt.

Concerning o, 5, we have

E (Guy(g) B(v)) = E (Gm (9) /[ Bolfr e ds) |

Fubini’s theorem implies that
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But, we remark that

E (Guy(9)Ga)(f) ds =Px (9 1) — Px(9) Px(f7),

Px (g f57) = /R* ][(ng@)l(s))g(x) dF)(x)
+

We finally get

012 :/0 v(s) (/( . ))g(m) dFqy(z) — SIP’X(g)> ds.

)
This completes the proof of the Theorem 29. K.

3. Statistical estimation of the default of decomposability

3.1. Introduction. In this section, we are concerned with the statisti-
cal estimation of the decomposability gap of the Takayama statistic. This
statistic is surely non decomposable in the classical definition of Welfare
analysts. This study comes as a continuation of the works of Haidara and
Lo who first considered such an estimation. The reader is then referred to
Haidara et al. (2012) for a general introduction on this topic.

It is remarkable that the results of Haidara and Lo extend to Takayama’s
statistic although they used indices based on the relative poverty gaps.
The reason is that they derived their estimation from the representation
(2.2). This means that such results hold whenever that representation
holds.

In that sense, the coming theorem is a consequence of Formula (2.2) and
Theorem 1 in Haidara et al. (2012).

As a result, we will focus on the data driven applications and on compar-
ison results with the Sen measure. In this context, we will rephrase the
statistical decomposability gap problem. We did this in the introduction
with the deterministic index. We are going to describe it with the random
index.
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Now, suppose that the population is divided into K subgroups Si,..., Sk
and for each i € {1,..., K}, let us denote the subset of the random sam-
ple {Xi,..., X, } coming from S, by & = {X;1, ..., Xi,,} and then put 7,,(i) =
T(Xi1,..., Xin,) the Takayama statistics on the " subgroup. The decom-
posability gap is defined by

1 K
d =T, — = T ().
g ”Zln (1)

At this step, we have to precise our random drawing. We are going to use
a probability space in the form (2; x 23, 4; ® Ay, P; ® Py) with P = P; ® Ps.
We draw the observations in the following way. In each trial, we draw a
subgroup, the ith subgroup (&;) having the occurring probability p;. We
define

T (wl) = 1(the ith subgroup is drawn at the jth trial) (w1)7

where, 1 < i < K,1 < j < n. Now, given that the " subgroup is drawn
at the ;™ trial, we pick one individual in this subgroup and observe its
income X;(w;,w;). We then have the observations

{Xj(w17w2)7 1 S ,] S TL}
We have these simple facts. First, for 1 <i < K,

(3.1) ny =Y mij
j=1

Let us denote the distribution of X; given (7;; = 1), by F; ;) that is
P(X; <y /m;=1)=Fau().

We simply put F; 4(z) = F;, y € R, to keep the notation simple. Then we
have

K
VweR),PX;<y) = Y P(m;=0PX; <y /m,;=1)
=1

= szFz(x)

We conclude that {X;, ..., X, } is an independent sample drawn from F{;)(z)
= Zfi piFi(x), which is the mixture of the distribution functions of the
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subgroups incomes.

Finally, we readily see that conditionally on n* = (n},n, ..., n}) = (n1,ns, ..., ng)
nwith ny +ne+...+ng =n, {X;;, 1 <j <n!} are independent random vari-
ables with distribution function F,.

3.2. Notation. Given all the previous preliminaries, we are able to state
similar results of Haidara et al. (2012). Denote for each subgroup i
(1<i<K)

gi(x) = 2E7*(X") Lz — 2E7"(X") (1 — Fi(2)) 21 (4 2)
and '
vi(r) = _QE_l(XZ)x][(x<Z)
Finally introduce as in Haidara et al. (2012),
K

4 =3p { / (g — g (F ()it ( / - gz-><F;1<t>>dt)2} ,

=1

Ay = Z;pi/o /0 (s At —st)(piv — v)(F7H(8)) (pav — vi) (B 1 (t))dsdt,

An =Y m [ [ RO A R 0)

i=1  h#i

— (B () En (B (1)) w(F () (E (8))dsdt,

A= "piYy pi Y ph/ / [FWu(F7 () A Fu(F; (1))
=1 j#i  heligy 70 70
—FW(F7 () Fa (51 (1) v(F7H(s))w(FH(t))dsdt,

J K

K

B=3n [ { [ o-s o

i=1

=5 [a= a0 G = )9,

Ba=m 3o [ [ lsn RE @) = RO

Jj=1 i#]j
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x (piv — vi) (F; (8))w(Fy ™ (t))dsdt,

Ry (s))
P ) _pi (g — g:) (F7 (1))t
e A
) % [ (o= @) 0o 9)as,

K K
9d =T(Fu) — ZpiT(Fi); gdon = T(F)) Z ni/n)T

=1
3.3. The theoretical result. We have the following result.
THEOREM 30. Let EX? < 0o and for eachic 1,..., K,

0< /x dFy(x) de < 400
and, I,y and each F;, 1 <i < K are increasing so that they are invertible.

Then we have
gd:;,o = \/ﬁ(gdn - ng) ~ N(Oa 19% + 79?’))

and

gdi, = \/n(gd, — gd) ~ N (0,97 + 93)
with

92 = Ay + Ay + A3+ 2(By + By + Bs)
and

K K 2
= Zthph - (Z FhPh)
h=1 h=1
Jor B, = Eg(X") — J(F}) + K | pEF,(X)v(X?), and
K K 2
h=1 h=1

Jor My, = Eg(X") + 3K piEE,(X))w(XY).
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Proof. Based on Formula (2.2), the proof of Theorem 1 in Haidara et al.
(2012) applies line by line. M.

4. Data-driven applications
A - ESAM 1 Database, 1996.

We consider the Senegalese database ESAM 1 of 1996 which includes 3278
households. We first consider the geographical decomposition into the ar-
eas (Dakar is the Capital). We have the Takayama measure values for the
whole Senegal and for its ten sub-areas. The FAO scale has been used to
obtain the equivalence-adult income for the households and poverty line
has been taken equal to 143080 local monetary units (CFA franc CFA).

Area Senegal Kolda Dakar Diourbel St-Louis Louga

Takayama (%) 93.14 78.57 96.51 86.65 93.92 88.59

Size 3278 198 1122 231 314 174
Area Tambacounda Kaolack Thies Fatick Ziguinchor
Takayama (%) 80.81 89.10 88.24 87.37 94.60
Size 126 316 401 180 216

Let us compute the different variances 9%, 95 and 9% of Theorem 30 with
the empirical estimations p; ~ n;/n, . We obtain for the geographical de-
composability in Senegal : 93 + 9% = 0.0891; 92 + 9% = 0.0891 and gd,, = 0.0203.
This gives the 95% -confidence interval :

k

n<
dg € [0.0101;0.0305], -7, (G;) = 0.9111,
gel 2 RTE)
that is
4.1) T(Fny) = 0.9314 € [0.9009; 0.9416].
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Now for a decomposition with respect to the household chief gender, we
get the Takayama measure values.

Gender Senegal Male female

Takayama Index 93.14% 93.66% 90.73%

size 3278 2559 719

We get here 9% + 9% = 2,4147.107* 92 + 92 = 2,4147.107*, gd,, = 0.0124 This gives
the 95% -confidence interval :

k
dg € [~0.0008031, 0.0033020], )

=1

T, (G;) = 0.9302

K3

3|3

and
4.2) T(Fy) = 0.9314 € [0.9310; 0.9335].

We get the conclusion that, in this case, the gap of decomposability is not
that low. Rather, it is statistically significant.

B - EPVC Database, 2004.

We consider the Mauritanian database EPCV of 2004 which includes 9360
households. We first consider the geographical decomposition into the ar-
eas, Nouakchott (Nktt) is the Capital. We have the Takayama measure
values for the whole Mauritania and for its thirteen sub-areas. The Ox-
ford scale has been used to obtain the equivalence-adult income for the
households and poverty line has been taken equal to 94600 local mone-
tary units (ougiya)

Area Mauritania | Hod el Charghy | Hod el Gharby | Assaba
Takayama (%) 87.49 85.40 85.83 91.78
Size 9360 1211 469 514
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Area Gorgol | Brakna | Trarza | Adrar | Dakhlet Nouadhibou
Takayama (%) | 75.76 | 77.93 | 84.01 | 88.82 98.79

Size 796 1190 | 1217 | 568 585

Area Tagant | Guidimagha | Tiris Zemmour | Inchiri | Nktt

Takayama (%) | 71.89 77.91 93.00 83.37 | 95.16
Size 490 234 284 205 | 1597

We obtain for the geographical decomposability in Mauritania: 92 + 93 =
0.0357908 ¥2 4192 = 0.0357908 and gd,, = 0.0167. This gives the 95% -confidence
interval :

k
dg € [0.0128;0.0205], )

i=1

LT, (Gy) = 0.8582

3

3|3

and

(4.3) T(Fy) = 0.8749 € [0.8453, 0.8787).

We get the conclusion that, in thees cases, the decomposability gap is not
significantly low.

C - Analysis and comparisons.

(@) In Haidara et al. (2008), we have seen that decomposability gaps for
the Sen index, have been estimated with confidence intervals with extreme
lower and upper points not more far from zero that 1 to 9 per thousand,
both for the gender and for the areas decompositions. We seize this oppor-
tunity to correct that paper and to say that there is no percentage in any
confidence interval concerning the decomposability gap (dg). Instead, we
have absolute numbers therein.

This conclusion is backed the empirical research in Haidara et al. (2008),
where the Sen index index has been observed as decomposable on the
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ESAM data.

(b) Compared to these indices, the Takayama index seems much less de-
composable, from the statistical point of view. The gap of decomposability
is statistically significant and are estimated at least at 0.7%. But com-
pared to the values of the Takayama’s index, which turn around 80%, the
gaps are still relatively low.

And, in this case of significant lack of decomposition, our results may be
used to recompose the global index in (4.1), (4.2) and (4.3). And we see that
decomposability gaps are low with respect to the values of the Takayama
index values. We conclude that, based on the Senegal and Mauritania
date, we may recommend to use the Takayama index as a decomposable
one, at a statistical level.

5. conclusion

As in Haidara et al. (2012), the Takayama’s index which is theoretically
non-decomposable has been observed as practically a decomposable one,
based on the available data. But more importantly, the asymptotic law
decomposability gap has been entirely described and the decomposabil-
ity gap has been confined in 95%-confidence intervals. This was possible
because of the asymptotic representation of the Takayama’s with respect
to the functional empirical process and the Lo and Sall residual empirical
process. The conclusions obtained in this paper are recommendable to
other databases studies.
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