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Full Abstract. In this paper we study the kernel estimator for the bidi-
mensional extension of Foster, Greer and Thorbecke class of measures by
Duclos et al. (2006a) for the purpose of a dominance approach to multidi-
mensional poverty. The measure they used in their dominance exercise is
essentially a generalization, from one to two dimensions, of the FGT index
separate poverty aversion parameters for each dimension. The asymptotic
normality of the estimator is established. We next indicate how the pro-
posed estimator can generate sequential confidence intervals by a moving
kernel process. Our results are extensions of those of Dia (2009) and of
Ciss et al. (2016) in one dimension.

Résumé. Dans ce papier, nous proposons un estimateur pour la version bidi-
mensionnelle de lindice de pauvreté de Foster, Greer et Thorbecke, introduit
par Duclos et al. (2006a) pour l'étude de pauvreté dans un cadre multidi-
mensionnel grace a la dominance stochastique. La mesure qu’ils utilisent
dans cet exercice est en fait une extension bidimensionnelle de l'indice FGT
avec deux parametres pour Uaversion de la pauvreté, un dans chaque di-
rection. La normalité asymptotique de lUestimateur a Noyau est d’abord
établie. Nous montrons ensuite que lUestimateur proposé génére des inter-
valles de confiance séquentiels construits a Uaide de noyaux mobiles. Nos
résultats constituent aussi une extension au cas bidimensionnel de ceux de
Dia (2009) et de Ciss et al. (2016).

1. Introduction and definition of the estimator

Duclos et al. (2006a) considered a multidimensional extension of the FGT
class of measures, to address robustness analysis of the choice of poverty
indices and poverty lines. They used the dominance approach for poverty
comparisons, as initially developed in Atkinson (1987), in Foster et al.
(1988a), Foster et al. (1988b) and in Foster et al. (1988c). A major ad-
vantage of this approach is its ability in generating poverty orderings that
are robust with respect to the determination of poverty lines. Then the
sensivity of most of poverty measures to the poverty line makes this ap-
proach more important. Besides, it also ensures robustness with respect
to the choice of a multidimensional poverty index over broad classes of
them, as well as robustness over the manner in which multidimensional
indicators interact between them, when describing overall individual well-
being. Duclos et al. (2006b) also used the bivariate stochastic dominance
techniques to investigate the incidence of poverty, measured in terms of
household expenditures per capita and child height-for-age indicators.
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Such important traits of this measure motivated us to have an asymptotic
theory based on estimators constructed on random samples that provide
accurate approximations for small sizes. The results presented below are
extensions of those of Dia (2009), for « = 0 and o« > 1 and of Ciss et al.

(2016), for a €]0, 1] in one dimension. These later have proved that this
kernel estimator introduced par Dia can be used for each value of index
a € [0, 00[, which is important since the FGT measures concerns tests for
poverty ordering or, equivalently, stochastic dominance and also optimal
policy design (or program) for reducing poverty where the case a < 1 is
specific and useful as pointed out in Foster et al. (2010). By the way the
results exposed in these papers (Dia (2009) and Ciss et al. (2016)) will be
particular cases of results of the current paper.

Let  and y be two indicators of individual well-being among, for example,
income, expenditures, caloric consumption, life expectancy, height, body
weight, extent of personal safety and freedom, etc. Throughout this paper
(X,Y) stands for the value of (z,y) for a randomly selected individual of the
population. Then (X,Y) is a random couple of nonnegative real numbers
defined of a given probability space ({2, A, P) whose cumulative distribution
function (cdf) is denoted by F(-, -) and we suppose that it admits a pdf f(,-).

The bi-dimensional extension of the FGT Foster et al. (1984) class of
poverty measures by Duclos et al. (2006a) is denoted by P(z1, 22, aq, )
and is defined as follows, for (a; > 0,y > 0)

z z 21—T a 22— a2 .
(1.1) _ o Joo (12—1> (22—21’) f(z,y)dedy ifz; > 0and 2z, > 0
0 otherwise

where 2z, (resp. z;) represents the poverty line for the dimension = (resp.
y). This index is useful for ordinal robust comparisons of poverty, even
when the measurements are made across the intersection of the two di-
mensions considered.

Now let us consider, for n > 1, a random sample (X;,Y)), ..., (X,,Y,) from
(X,Y), defined of the probability space defined above. The empirical plug-
in estimator of (1.1) is given by

~ 1 o & X\ o1 Yy a2
P. (21, 2, _ = (1—J) (1——J> h _ ).
(21, 22, 1, (2) " ZZ - , Wwhere z, max(0, x)

z
=1 j=1 + 2
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From there, we use the Parzen (1962) kernel estimator of the density f(z, y)

0.2 S ()RR

In a previous work Ciss et al. (2014), combining these two last facts, and
based on Riemann sum, we have proposed the following kernel estimator
of the DSY index (1.1) P, (21, 29, a1, va)

o [ 12]

13 =—Zzz<1—@>“<1—%> (B R()

k=1 i=1 j=1

where [;-] stands for the integer partof ~,i=1,2, o; > 0,h; = hi(n),i = 1,2
are positive nonrandom sequences of real numbers tending to zero as n
tends to infinity, and finally K, a Riemann integrable kernel which satis-

fies the following hypotheses:

(Hy) sup |K(x)] < +oo, (Hs) / K(zx)dx=1,(Hz) lim |z||K(z)|=0.
—oco<r<+00 R (x)—=(£o0)

The rest of the paper is organized as follows. In section 2, we will state

full details of the results. In section 3, as an illustrative example for the

product of Gauss’s kernels, we will determine the confidence intervals gen-

erated by a moving kernel process. The complete proofs are then given in

section 4.

2. Asymptotic Normality

We will need a number of hypotheses and conditions for our theorems.
We need to derive the following one K, from the function K, defined on R?
by K(z,y) = K(x)K(y). This latter inherits from K these two properties :

sup IK(z,y)| < +o0

—oo<x,y<+00

and

/ Ke,y)dedy =1,  lim ||z, 9)] [K(x )| = 0.
- ()]l (200)

Now additional hypotheses on K or K are the following:
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(Hy) K is of bounded variation function V¥, _K on R and we denote
by V(R) be its total variation.
(Hs)  [fgoluv| [K(u,v)| < +o0.

(Hg) There exists a nonincreasing function A such as )\(l !

= h_2) = O(h1hs)
on any bounded rectangle and for two couple of real numbers = = (z;, z5)
and y = (y1,y2)

K(z) —K(y)| < Az —y|| and Xu,v) — 0, (u,v) = (0,0),u > 0,v >0,
where |-|| stands for the Euclidean norm.

|zy| Ty 1 |y
H,) ——2 _ K(—,2) =0, 0 =
(Hr) |h1|1+5|h2|1+5| (h17h2)|_> ) <€<2 as Ioihs
Next, these conditions depend of the pdf f(z,y):
C;: f(z,y) is uniformly continuous.
C,: f(z,y) admits almost everywhere a derivative f'(z,y) € Li(R x R).
Cs: f(z,y) satisfies a C—Lipschitz condition of order ~, 0 < v < 1.

— +00.

Finally, we consider a family of kernels K,, v € I' C R, R} being the set of
strictly positive real numbers, about which we made respectively the same
hypotheses.

H,; — H;. Denote by P’ the estimator of P(zy, 22, a1,2) when we replace
K by K, in P,.

We suppose / K2(y1,y2) dyrdys <1 forall veI and
R2

sup | K2(y1,v0) dyrdys = 1. Let N(0,1) be the standardized bivariate nor-
vel' JR2
mal distribution function. We are now able to describe our main results.

THEOREM 17. Assume the hypotheses Cj;, Hg, H; hold and
/ (w1, y2) |7 K2 (y1, y2)| dyrdys < +oo forall v eT.
RQ

If n||/(hy, ko) =0 as n— +oo,

then
P5(2172270517042) - P(217227a17a2)

VVar(Py(z1, 29, a1, ag))
in distribution as n — +o0, provided
(/2 K2 (y1, y2) dyrdys) P(21, 22, 201, 20) — (P21, 22, 01, ) > 0.
R
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THEOREM 18. Assume the hypotheses C,, Hs,H; hold.
If nl|/(h,hs)]|” =0 as n— +oo,
then
P,;L/(Zl, Z9,00, OZQ) — P(Zh 29,001, Oég)
V' Var(Py(z1, 22, 01, 2))
in distribution as n — +oo0, provided

— N(0,1)

(/ K2 (y1, y2) dyrdys) P (21, 22, 201, 200) — (P (21, 22, a1, a2))* > 0.
R?

We establish these two theorems by proving the two following lemmas
which are respectively a generalization in three dimension of the function
K of Lemma 3 Ciss et al. (2014) and Theorem 5 Ciss et al. (2014).

LEmMa 10. Let 0<¢/ <1;i=1,2,3, j=1,2. Then for all z = (zy,z,),
y=(y1,y2), t=(t1,t2) pairwise different we have

lim sup sup ((h1 hy)™?
o0 (g1 o1 01)€[0,1]%[0,1]x[0,1] (62,62,02)€[0,1]x[0,1]x[0,1]

o /+OO ‘K(Ul —x1+01hy uy — x9 + Q%hQ)K(Ul —y1 +03hy us — 1y + 9%2)
oo hy ’ Do hy ’ Do
—t, + 0Lk —ty + 02h
XK(m ;L+ 3 17U2 2+ 3 2)|f(u1,u2)du1du2>20.
1 2

LEMmMA 11. Assume the hypotheses C; or C, holds.

Then under the hypotheses Hg and H; we have for all b= (by,by) > 0,

lim sup Z Z (1 — %)al

"I G l0BIX 0] iy < (21 0inin a<(72]
i hy @1 l1hy\ et o ho\ 2 johg\ @2 loho\ @2
(1 B
21 21 Z9 z9 )
% / K(Ul - i1h1>K(U1 —j1h1K<U1 - l1h1)K<U2 - i2h2>
R2 ]’Ll h1 h1 h2

— j2h —lh
X K(UQ J2 2>K<UQ 2 Qf(ul,ug) duldu2 =0.
ha ha
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REMARK 1. To construct a confidence interval, we proceed as follow:
For 0 < 8 =01 xp <1,let q_s = q, s X q, s be the f—quantile of the
2 2 2

standardized normal bivariate distribution. Since Var(P (2, 22, a1, a2)) > 0
for all (z1, z2) and by the theorems 3 and 4 Ciss et al. (2014)

(2.1) lim nVar(Py(z1, 22, a1, a3)) = ( Ki(yl,yg)dyldyg) P(z1, 29, 2011, 20x9)
RQ

n——+00
- (P(Zb 22,071, aQ))Za

we have lirf nVar(PY(z1, 22,1, 9)) = 0 for all (21, 22) such that
n—-+0oo

< K2 (y1, y2) dy1dy2) P(z1, 29,201, 203) — (P(21, 22, a1, a9))? < 0.
R2

It follows that the asymptotic efficiency e (zy, z, a1, ay) verifies

Var(PY
0 S eKV(Z17227a17a2) = lim " a/r( An(ZI,ZQ,Ofl,OéQ))
n—-+00 nVaT(Pn(zl, 29,01, Oéz))

S/ K2 (y1, y2) dyrdys < 1
R2

for K product of two conventional kernels Parzen (1962) p.1068.

We define 100(1 — 8)% the confidence interval C1, for P(z, 29, a1, as) in the
following form

(2.2)
OIV = Pg(zlaz%aboﬂ) + ql—% X ql—%

X {(/ K2 (y1, y2) dyrdys) P (21, 20, 201, 205) — (PY (21, 29, a1, )2 Y2 /v/n
R2

as long as (/ K?,(yh yg) dyldyg)P;;(Zl, 29, 20&1, 20(2) — (P:(Zl, Z9,Q, 042))2 > 0. De-
R2
note this inequality by (C). If it is not verified, we increase the size of

the sample from n to n + 1. If for all » the inequality (C) is not satis-

fied, we vary v to increase / K2(y1,12) dy1dys. There exists then v € I' and
R2

a integer no from which the interval CI, is defined. Indeed : let v, € T

be a sequence such that / ) Kﬁk(yl,m) dy,dy, converges to 1. Then, since

R
P(z1, 22,201, 2a3) — (P(21, 22, 01, a))* > 0 according to the empirical estima-
tor, we have
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(/ K2 (y1,y2) dyrdya) P(z1, 22, 201, 2002) — (P(21, 22, 01, 02))? > 0
R2

for k large enough greater than or equal to k,. The inequality (C) is then
verified from an integer n, and for v = 14,, under the conditions of the
theorems 3, 4 Ciss et al. (2014) and the convergence in mean square of
PY(z1, 29, a1, ) to P(z1, 22, a1, ) theorems 3, 4 Ciss et al. (2014).

We conclude that, confidence the length of the interval C'I, associated with
our estimator is asymptotically lower than that of the empirical estimator,

the coefficient being { / K2 (y1, y2) dyrdys} 2 < 1.
R2

ReEMARK 2. Consider the inequality (C). The quantity P, = / K2 (y1, y2) dy1dys
R2

may be considered as a weight placed in P(z;, 22, 204, 2a2). Greater weight is
attached to higher poverty line (It is even heavier than the ratio or propor-
: P;L/(Zl7227a17a2>
tlon Qn - P;L’(Zl, 29, 20(17 2@2)
or to construct a confidence interval of P(zy, z2, a1, a2), we must calculate
Qn(z1, 29, v, a1, a2) for a kernel K,,. If P, > Q, (21, 22, a1, a2), we determinate
C1l,, by the equality (2.2), else a greater weight kernel K, is chosen such
that the inequality is verified.

is high. So, in order to perform a normality test

K
ReMARK 3. Consider the following family of kernels K, (21, ) = vy, vs) ,
fR2 K(vr, vrs)
v > 0. We verify that they satisfy the hypotheses H; — H;. Moreover

/ K2 (y1, y2) dyrdys :V/ K*(y1, y2) dy1dys.
R2 R

1
’ fR2 K2(y1, y2) dyrdy; [

Therefore I" can be the interval ] 0
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3. Application
As an illustrative example for the bivariate Gauss’s kernel, let v equal

to U%, then K, (z1,z2) = 2730_26 1+ : . We have / K, (y1, y2)dy1dys =

Pk

k =1,2,..., be any increasing sequence of real numbers, 0 < p, < 1, and
converging to 1. (For example p, = ==,k = 1,...,9 if we are interested in the
deciles or p;, =

k = 1,2,3 for the quartiles). By setting ﬁ = p, for k = 1,2,..., we ob-
tain successive kernels corresponding to o = 2\/%7. Therefore, the test
or the confidence interval will concern all z, quantile of the distribution
F(z1,29) = P(z1,2,0,0) such that p < py, k =1,2,....

4ro?

10’

This just described process can be thought of as a test or confidence in-
tervals generated by a moving kernel process.**

4. Details of the Proofs

Proof of Lemma 10. We assume C; holds. Let ¢ = (01,02) > 0.
Note that the notations 6} and 6; ¢ = 1,2 represent indices and not

powers.
Define
B Foo Uy — 1 + 0 hy us — xo + 620
favzs, ) = (uha) > [ [ (= T e e TR
—00 1 2
up —y1 + 03hy uz — ya + O30
K
>< ( hl Y h2 )
—t; + 03h ty + 620
K<UI 1+ I,U2 2+ 3 2)|f(U1,U2)dU1dU2
hq ho
oo v+ a1 — 0] —y1 + 03h
=[] e G (ahe) R (R,
]’Ll h2 hl
_ _ _nlt _ 1
<UQ+Z/U2 9 y2+9 h2>)((h1h2)_1K(U1+$1 0; t1—|—93h1)
h2 hl
+ 9 —t —1—0 h
x (22T T 2 IR f () vy — O hy, 2+ vy — 02hy) duydus

/|;)1|<61 /;]2<62 A}l>51 /1}2|>(52 /|;]1<61 /|;)2|>52 /;)1|>61 /|;}2|<52
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Since f is continuous, it is so bounded on

I x Iy = [z1 — 01,1 + 81| X [x9 — 02, 22 + d2]. We assume n large enough such
that (7 + v, £ 01hy, 79 + vy £ 07hy) € 1) x I,. Therefore

4.1)

/|;)1§51 /|1)1|S52

< sup sup f(x1 +v1 — 0ihy, 2o + v2 — O3 hy)

[v1|<81 Jv2|<d2

_flp. — 1 _02h. 2
% |K(£I31 91h1 Y1 + 02}11 Fouy, To thg Yo + 92h2
hl h2
% K<ZE1 — Q%hl - tl + 9%]11 4 s, Lo — Q%hg — tQ + 9§h2
hl h2
(4.1) = sup sup f(z1+ vy —01hy, 20+ vo — 02ho)

|v1|<81 v2|<d2

+oo
X//_Oo Xt cun e8I X 2 < 82 (u2) (K (i, o)

—0ihy — 0in — 0%hy — 05h
(I ST, e Ot T
% K($1 — H%hlh— tl +9§h1 +u17 Tog — H%hgh— t2 +(9§h2

1 2

+ ug) (hihg) ™

+ U2)<h1h2)71| duldu2.

+ UQ)(hlhg)il

+ UQ)(hlhz)_1| duldu2.
For all (uy,us)

lim |K<$1 — 01hy — y1 + O3y +oug, Ty — 03hg — yo + 035y

—1 __
e h1 U1 h2 +UQ)(h1h2> ’ =0.
Write
—0lhy —y, + 6ih — 0%hy — yo + 620
|K(x1 ! lh & 2 +U1,x2 - 2h v 22 +U2)(h1h2)71|
1 2
—0hy —y; +03h — 0%hy —yo + 0%
:|(a:1 1 1h U1 2 1+u1)(:v2 1 2h Y2 2 2+u2)
1 2
— 9 — 0h —9? — 02h
(RO A Bl )
1 2
1 1
X |

X .
1 — Q%hl — U + Q%hl + h1u1 To — 9%]12 — Y2 + 9%]12 + h2U2|
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We have

1 1
x; — Oih; — yi + 04h; + hiui‘ N 2 — |1 — 91*9_2*“m|

Ti—Yi

i=1,2.

)

Since |u;| < A we may choose ¢; small enough such that for n > ny

we have
0; — 05 — u; By +
B 2 uhi‘ﬁ?)()o—i_ =n < 1.
Ti—Yi |z — yil
Therefore
1 1
4.2)

- - <
Ixi — 01hi — yi + 05h; + hiui| Tz =yl (L —m)
since Hj implies there exists a constant B such as
X1 —G%hi—yﬁr@%hl l’g—@%hg—yz—i—e%hz
+ u1)(
hl h2

x1 — 0 hy —y; + 03h
1 1 1h1y1 2 l—i—ul)K(

It

+ Ug)

To — Q%hg — Y2 + thg
hs

x K( +ug)| < B.
Then, we have

xy — 0thy — y1 + 031 Ly

X,%Sulg%(UI)X,%SUQS%(UQHK( hy 1)
— 0?hy — 02h
xK(x2 12 — Y2 + 05 2 1 uy)(hahs) Y|

hea
2B

< .
“zr = w1 = m)]ze — g2l (1 —n2)

Similarly, there exists a constant C such that
x1 — 01hy — ty + 03h Ty — 03hy — ty + 02N
|( 1 1741 1 3 1+u1)( 2 1762 2 32+u2>
hl hQ
xr1 — G}hl - tl + Géhl Lo — e%hg - tQ + 9§h2
+
hl h2
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and

X_

xy —0ihy —t; + 0ih
;Tl(ul)x 2 <up< 2 (u2)|K( — 1h1 = )|

— 0%hy — ty + 02h
x | K( S th 2132 4 wp) (hahe) ™Y

< 2C
o = t|(1 = ms)|wa — tof (1 —n4)

91
}T<<

Therefore, if ¢; is small enough and n sufficiently large we have,
J; 0 .
for _h_ <u; < E,Z = ]_,2

1K (1, u;)\ being lintegrable, by dominated convergence theorem, the inte-
gral in the right-hand side of 4.1 tends to zero as n — +oo, uniformly
with respect to ((01,60%), (6},03), (61,60%)). Hence we have

/ / —0 as n — +oo uniformly with respect to
‘U1|<61 |U1|<(52

((61,61), (62, 03), (65, 65)).

Let / / write in the form:
|v1\>61 |”U1|>52

[ o= poalhahe) KGR ) (k)
[v1|>01 J|va|>d2 [v1—01h1|>61 J [va—02ha|>d2 1 he

v+ 21 — 9 1+9h1

x K( b ((hihe)™
1
XK(U1+$1 —6’% _t1+9§h1’U2+x2_0%_t2+6§h2))
hy hs
% f([L"l + v — e%hl,ﬂfz + Vg — e%hg) | dvldvg.
V1V2

SPAS EDITIONS (SPAS-EDS). www.statpas.org/spaseds/. In Euclid
(www.projecteuclid.org). Page - 86



A Collection of Papers in Mathematics and Related Sciences, a festschrift in honour of
the late Galaye Dia. Ciss Y. and Diakhaby A.(2018). Bidimensional Asymptotic
Normality of the Moving Kernel Poverty Index Estimate. Pages 75 — 112.

We obtain
(4.3)
2 2 V1V2 V1 Vg
< —X— sup sup | (=)l
Alm AQNQ 01 02 juy |6, [va|>6: Mh2  hi ha
X

[y
|v1|>61 J |vi]|>d2

XK(U1+-’E1—9%—y1+Q%h1 U2+$2—9%—y2+92h2

2 hih —1
hl ) h/Q ))(( 1 2)
XK(”1+x1_0i_tl+9§hl 02+x2—9f—t2+0§h2))
hy ’ ha

X |f($1 + v — Hihl, To + Vg — Q%hgﬂ dUld’UQ.
Making the change of variable:

Then
/|vl|>51 /112>52
2 2 VU2 ., V1 U2
< sup su K(—, —
~ 0 — 91h1 0o — O3 hy |v1|>%1 |v2|>%2 |h1h2 (h1 h2)|

// [(hih) 1Kh i ) (hihy) ™!

K(U1+x1 —t + 171}2—1-3:'2 h 2+ 03 2))|f(u1,uz)duldu2
2

U2

< [ [ It 1K<}jl ) (k)

V1 + T — 9 t1+(9h1 Vg + Tg — 9%—t2+9§h2

x K( I ) Iy DI f (1, u2) dusdug

and this quantity in right-side tends to zero as n — +oo uniformly with
respect to  ((63,65), (03,03)) according to the Lemma 3 Ciss et al. (2014)
and the Remark 1 Ciss et al. (2014) (when we replace K by |K|) and
(Hs) (valid under assumption C; or C,). Since

V102 (Ul Uz)
sup sup
[v1]>61 |v2|>d2 hlh‘Q hl h2
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we have

]/ / | -0 as n— +oo
"U1|>(51 |’U2|>52

and in this case we have the uniform convergence .

Consider the case f <61 f o> 5,(")(-) according to Fubini theorem we ob-

tain
/|vl<‘51 A’”W "= A}lsa(.) /m>52(.)'

Using the two unidimensional cases (Lemma 2.3) Dia (2008) we obtain

/ —0 and/ —0 as n— +oo
|’Ul‘§51 |1)2|>52

/ / -0 as n— +oo.
|v1|<01 J |v2|>d2

Consider the case [, s [,,<;()() similarly by the Fubini’s theorem we

obtain
[ [ oo=[ o o
[v1]>61 J|v2|<d2 [v1|>81 |v2| <2
/ / —0 as n— +oo.
‘U1|>51 |’U2‘§(52

The proof of the Lemma 10 is complete.

Therefore

Therefore
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Proof of Lemma 11. We Suppose condition C; verified.
Let Al = [O, bl] X [O,bl] X [O,bl], AQ = [0, bg] X [O,bg] X [O,bQ]
We can write for all (2, z2) € [0, b1] x [0, by]

> (it

z Z z
0<ir i #h#i <[7L] ' ' '
iohg\ @2 joho \ @2 loho @2
y Z (1_22) (1_]2 2) (1_22>
2 zZ9 z9 zZ9
0S¢27’£12#2#2§[%]

wy — t1hy ur — jiha, ug — igho up — joho

K K
[ [ e I et e et
uy — lihy ug — lohs

hy 7 hy

N /// q)”(xh yb tl) dxldyldtl
{(@1y1t)) €A |z —yallz1—ta[[tr —y1[>0}

X/// D, (22, Y2, t2) duadysdts,
{(w2,y2,t2)EA2:|x2—y2||r2—t2|[t2—Yy2| >0}

x K( ) f(ur, ug) duydus)

where

1 Z
CI)n<I17 Y1, tl) - F XAhlvil <II)XA’11»J'1 (yl)XAhlvll <t1>
b o<iiAn Al A <[2]

—i1h — j1ih — l1ih

IR R R () ) du
R hl hl hl

and we obtain &, (xs,9,%2) by changing 1 by 2.

Note (I)n12($1,y1,t1,]32,y2,t2) = @n(xl,yl,tl)q)n(xz,yg,tg). Therefore

(4.4)

1
(bnm (Zl'fl, Y1, tl) x2,Y2, t2) = h3

Z XAn, iy ($1)Xﬁh1,j1 (yl)XAhl,ll (tl)
1

OSh#ﬁ#ll#hS[%]

% Z XAy i (lTQ)XAhW-Q (y2)XAh2,12 (tQ)
0<injaloia<[72]

uy —i1thy up — Jihy, us —i2hy up — jaho
R2 1 1 2 2
wy — lihy us — lhh
. - 1, 2 2 2)|f(“1,u2)duldu2-
hq ho
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Let  (z1,y1,t1) € Appiy X Bpygy X Bpyyy @1 # 1 # h # iy (w2,Y2,t2) €
Apgio X Dpyjy X Dpyty 12 # Jo # lo # 19 With the representations:

z1 = hyiy +01hy, yi=hyji+0,h ti=hli+03h 0<6; <1, i=1,2,3
and
To — hgiz + 9%]12, Yo = h2j2 + eghz t2 = hglg + thg 0 S ‘912 < 17 1= 1, 2,3

4.4
becomes

1 uy —irhy uy — j1h
h3h3/ IK( 1h11, 1h11)
1% R2 1 1

Us — 1ohy Uz — Joho

hy 7 hy

Uy — llhl Ug — lghg

K
x K( T

JK(

)|f<u17 UQ) duydus.

i = Yil T =] [t — Y
P e e
2 2 2

v; =u; —x; — 0h;, i=1,2 we obtain

i = 1,2. With the change of variable

h31h3 / |K %7 %>K(Z’1 — e%hlh— Y1 + 9%}11’ To — 9% —hy2 + eghg)
R2 1 1 2

—elh ty + 03hy to — O0Fhy — ty + 03h
X K( L h 1 2 2 —lat 2)]f(u1, UQ) duldu2

/ .
A)l|<51 /;;2|<62 /|;11>51 /1)2|>§2 /|;11<61 |'U2|>52 \U1|>51 |’U2|<(52
Then we have

/// (I)n(xl,yhtl)dxld%dtl/// P, (22, y2, ta) drodysdts
Dl DQ
/// XAhlviIXAhl’jIXAhlvll<x1’y17t1)
D

! 0<l1¢]1¢11¢11<[;1 ]

/// XAhg,iQXAhQ,jQXAhQ,ZQ (x27y27t2)
D

% 0<io#ja 7’512 #i2<[72]

[v1|<81 J |v2| <2 |v1|>61 J |va|>02 [v1|<81 J |va|>02 [v1|>81 J |va|<d2
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The proof is conducted as follow : First consider

/// XAhlﬁliXAhlﬂleAhlﬂll (x].?y].?tl)
D

! 0<“¢]1¢11¢“<[;1]

/ / / XAhzﬂé XAhy o X Ahy 29 (.732, Y2, tg)

D
L 0<io#jo 7512 F#ia<| }? ]

X(/msal /|vz§52>

Dy = {(z1,y1,t1) € Ayt |21 — |z — ta|ts — 1| > 0}

where

and

Dy = {(w2,Y2,t2) € gt |12 — ya||T9 — ta|[t2 — 32| > O}
Let A = sup(,,)ep..1)x[0.20) f (¥, ¥). The notations being as in the proof of
Lemma 10 and we suppose h; < % with § = %, i = 1,2. We have,
following inequality (4.1)

(4.5)

/1)1|S51 /|vz|§52

400 400
S A/ X*Z—l<u1<i—l / X,él<u2<5l’K<ulau2)|
_ 1 1= -

xy — O hy —y, + 03h Ty — 0?hy — yo + 035h i
x [K(—— 1h NTRM Ly, 2 2h EARe 2+ up) (hiha) 7|
1 2
—0thy —t1 + 610 — 0%hy — ty + O2h
X ‘K(xl ! lh s s +U1;x2 1 2h 2 372 +uQ)(h1h2)*1|du1du2.
1 2

For all (Ul, UQ)

T — ‘9 h1 Y1 + thl To — e%hz — Y2 + Qghg
+ U,
n—+00 hl hg

+ UQ)(hlhg)_1’ =0.

Let us write
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— 0 h, — 0lh — 0%hy — 02h
1 1hi =y + 05 1+u1’I2 1he — Y2 + 05 2+u2)(h1h2)71\
hl h2
x1 — 0thy — y1 + 030y Ty — Othy — yo + 03Dy
+U17
hl h2
2b1—|—x1—0}—y1+0;h1+u1’b2+x2—0f—y2+0§h2+u2)
hq ho
+K<2b1+x1—9§—y1—|—9§h1+u1,b2+x2—9i—y2+9§h2
1 2
2b1 2by
< (AM—,—
< 2
2b1+x1—0}h1—y1+9§h1+u bg+$2—9%—y2+9%h2
hl 1, h2

= |K( + ug)

+ up)|(hihy) !

+[K( + ug)|)(hahs) "

Moreover

251+x1—9}—y1+95h1 52+$2—9%—y2+9§h2
+U1,
hl h2
2b1 + 1 — Y1 + h1u1 2[)2 + Ty — Y2 + h2u2
| |
hl h2
2b1+x1—0}—y1+9§h1 b2+x2—9f—y2~|—9§h2
+U1,
hy h
o 1
221 + 21 — y1 + hawn 220 + 22 — yo + houa|

+ up)|(hyhg) !

[K(

—|—u2)|

x| K(
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We have

T

Let B =sup|y||K
yeR

2b1 + 1 — U1 + h1u1

IN

IN

‘2b1+l‘1 —y1+h1u1‘|2()g+x2—y2+h2u2|
hl h2

|2b1 +x1— Y1+ h1u1 — H}hl + Q%hl + Gihl — 05h1|
hl hl

‘2b2 + 29 — Y2 + thQ - Q%hg + Qghg i ‘gghg — 9%]]2'
heo hs

|2b1 +x1— Y1+ h1u1 — G%hl + 9%h1| i |9%h1 — 9%h1|
hl hl

‘2b2 + 29 — Y2 + thQ — Q%hg + Qghg‘ i ‘Q%hg — 9%h2)|
h2 h2

|2b1 +x1— Y1+ h1u1 — G%hl + Q%hl |
ha

‘2b2 + 2o — Y2 + thQ - Q%hg + Qghg‘
ho

|2b1 +x1— Y1+ h1u1 — G%hl + Q%hl |
ha

2b2 + 2o — Y2 + thQ - Q%hg + Qghg

\ h |+ 1.

2

(y)| and C =sup|K(y)
yeR

, then we have

2by + w2 — Y2 + hous 2z1+x1—9%—y1+9%h1+

| »

Hence, we have

K

2z1+x1—9%—y1~|—9§h1+

h

K
I . I i ur)
— 92 — 62,
e R
2
< B>+ 2BC + C.
2 2
2
B2+ 2BC +C

< .
- ‘2[)1 +x1 — Y1 + h1U1H2b2 + 29 — Y2 + h2u2|
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Therefore
_0'h, — 6ih — 03hy — O3h
|K(I1 1l —y1 + 030 —i—ul,xz the — Y2 + 05 2+U2)(h1h2)71|
I hs
< 2 B?+2BC +C
- hi’ hy 1261 + 21 — Y1 + haua |20y + 22 — g + haus|
Similarly
— 0hy — t, + 0Lk — 62hy — ty + O2h
|K(x1 : 1h 1+ % +U1,x2 . 2h 215 2—|—u2)(h1h2)_1|
1 2

S(A(Q—bl,Q—[b) B*+2BC+C ‘
hy' he 12b1 + 21 — t1 + hyug||2b2 4+ zo — to + hous

We may conclude that for h; i=1,2 small enough
Jociden™ T
wrl<r Jusj<ss 1201 + 21 — Y1 + hau||200 + 29 — Y2 + houg|

X / |K(U1, U2)|(32 + 2BC + C) duldu2
R2

- AD
1201 4+ 21 — Y1 + hawy||222 + 22 — Y2 + hous|

< AD
T |20y + 21 — y1 + haua||202 + 22 — Yo + hous|

AD

< )
- <2b1 +x1 — Y1 + hlul)(2z2 + 2o — Y2 + hg’dg)

D being the finite of / IK(uy, up)|(B? + 2BC + 4C) duy dus.
Then, we have o
/ / < AD
w11<01 Jjosl<s, (201 + 21— y1 + haun ) (2bg + T2 — Yo + houg)
Since —9; < hyu; < 6; we have

bi bi :

Hence p
16AD
[v1]| <61 J |v2|<d2 b1b2

This inequality is true for all
(@i, yi, i) € {(iyyi ti) € Ayt |y — yillws — il |t — ws| > 0 i =1,2.
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For all (uy,us) we have from the proof of the Lemma 10

—+o0
sup sup / X_ 51
(01,04,03)€[0,1)3 (02,02,02)€[0,1]3 J —c0 b

—0th) — 0

+o0
alo) [ X goen ()

o0

— 0?hy — 02h
) 172 y2+ 2 2+u2>(h]1h2)71’

ha

Uy,
ha

ry — G%hl - tl + 9§h1 To — Q%hg - t2 + 0§h2
Uy,
hl h2

tends to zero as n — +oo except on the complementin A = A; x A, of

(@1, y1,t0), (2,92, t2)) € Ay X Do,y #y; # i1 = 1,2},
which is dzdydt-measure null.
Therefore, by Lebesgue -dominated convergence theorem

o wm fff 5

! O§i17éj17é117éi1§[,%]

S, x

? 0Zin# jalain<[72]
X (/ / )dl’ldyldtld.il?gdygdtg
[v1]<61 J |v2]<d2

:/// /// fim (/ / ) dxydy ddtdxsysdty = 0.
Ay Ay 0 or[<61 J jva|<6s

Then consider

X |K( + Uz)(hth)_1| duldu2

XAhlﬁil XAthl XAhl!ll (SE17 y17 tl)

XAy ig XAy iy X Ay 1 (22,2, t2)

(4.7) / >

D . . . z
! 0S11¢J1¢11¢11S[ﬁ]

x/ 3

D "y . z
? 0<infaAla#in<[72]

XAhlvil XAhl’jl XAhlvll (xlﬂ y17 tl)

XAhQﬂ'Q XApy,jo XAhy,24 (an Y2, t2)

<[ [
|’U1|>51 |v2\>62

D1 = {(z1,y1,t1) € Ay = |z — |z — t1|[t1 — w1 > 0}

where

and
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D, = {(x27y27752) AV ’1’2 ?/2||$2 - t2Ht2 - y2| > O}‘

We use expression (3) in the second part of the proof of Lemma 10 by
analogous reasoning we obtain

Al|>51 /;)2|>52

11 V1 U2
< —— sup sup |——||K( // / |(h1hg)™
01 02 [v)|>6, [va|>2 111 P2 h1 h2 01| >61 |v2\>52

(48) XK(U1+I1—Q%h1—y1+Q2h1 U2+[E2—61h2—y2+9§h2)
hy ’ ha
vl+x1—9%h1—t1+9§h1 02+$2—9%h2—t2+9§h2

x (hihy) 7'K(

hl ’ h?
X |f($1 + v — Hihl, To + Vg — e%hg) duldug.

Making the change of variable wu; = x; +v; — 0.h;,i = 1,2, the integral of the
right-hand side of (4.9) does not exceed

— g1 — 05y s — yo + O2h
[ eyt e et B
R2 1 2
—t, +0ih — ty + 62h
X (hyhy) RO M2 TR TR e duydus,
hy ha
1
Let 6, > h;,0<e< 5 we have
(4.9)
A)1>(51 |’U2|>52
[v1| |vo] —1
< sup sup . -|K ( )| sup sup |(h1h2)
[v1]>hT |v2|>h5 hﬁ h§+ hi’ hy (63,64)€[0,1]2 (62,02)€[0,1]2 JR2
—6h — 02h
XK(UI Y1 2 17U2 Yo + 05 2)(h1h2)71
hq ho
—t, +0ih —ty + 020
XK(ul ;L_‘_ 3 1,U2 2+ 3 2|f(u1,u2)du1du2.
1 2
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When writing
— 1 — O3hy ug — Yo + O3ho
hiho) 1K Uy — Y1 2/l U2 2 2
/ . |(hihe) K( I , I )
— 1t + 0ih — ty + 02h
(h1h2) K( ! + ! y Y 2 + 2 \f(ul, UQ) duldUQ

A}l<51 /|1)2|<52 /;11|>61 /|;)2|>52 /;11|<61 A}z>(52 /|;)1|>51 /|;]2<52

|t — vl

with the change of variable v; = u; —t; + th and ¢; = ,i=1,2 we

proved by the proof of Theorem 5 Ciss et al. (2014) that , for §; > h¢

16AD
I/ / < +O(hihy),  yi #t
|v1|<81 J |va| <82 vblbz ( ! 2>

and

|v1] !sz v
/ / Sup - sup hIFe h1+s h h )| |(haha)™
lv1]|>81 |v2|>52 |’v1|>h [va|>h5 2 R2

(%1
K
X(hh

Since under the hypothesis C; or C,

)’f(ul +y1 — 9 hl, U + Yo — eghQ) duldu2.

v U
/ |(h1h2)‘1K(h—1, —h2 N (uy + 1 — O5hy, ug + yo — 62hy) dusdus
R2 1 2

is bounded, we deduce that the right-hand side of 4.9 is bounded except
over the two-dimensional rectangle §; =0; ¢=1,2. Hence

/|v1|>51 A)Q>(52

is bounded except on {((z1,v1,t1), (z2,92,t2)) € Ay X Ay : 6; = 0} which is
(dz1dy, dty ) (dzodyqdts)-measure nul.

A;,i = 1,2 being bounded, hypothesis H; implies that the integral in
(4.7) tends to zero as n — +oo.

Consider / / (1) by Fubini’s theorem, we obtain
[v1]<é1 ‘1}2|>(52

/ / ()Z/ ()/ ()=>0%x0=0, n—+c0
[v1]<81 J|v2|>d2 [v1]<d1 |v2|>02
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according the Theorem 2.3 in the unidimensional case Dia (2009).

Similarly, we have

/ / ():/ ()/ () =>0%x0=0, n— +oco.
[v1]|>61 / |v2|<d2 |v1|>d1 |va|<d2
Consequently
lim // // / —0, n—+o0
n—-+4oo Ay Ao R2

since A; and A, are bounded. The proof of the lemma is complete.

Proof of Theorem 17. For of simplicity in the notations, K stands
for K, and P, for P’.

It is sufficient to prove:

On the one hand
1) Vn(E(P,(21, 22, a1, a0) — P21, 20, 1,0)) = @S n — 400

and on the other hand

9 Pn(zla Z2, 01, a2) - E<Pn(217 22,01, 052))
)
\/V 21,2’2,0[1,()(2))
Let (z0,70) the 1nﬁnum of the support of f.
Let’s firstly observe that
F(Zl,ZQ)—F(Zl,O) F(O ZQ)‘FF(O 0)
(#1,22)—(0,0) 2129

F(Zl, 22)

2122

— N(0,1) as n — +oo.

= f(0,0) for (zo,y0) = (0,0)

Therefore is bounded.

Let Ay, ;= Ap, N0, 21];  Ap,j = Ay, ;N[0,2] and xp theindicator function
of the two-dimensional rectangle B = B; x B,. Let (z1,29) € [0,b1] x [0, bs].
We have

2] (22

E(Pn(zl7227a17a2 Z (]- - &>a1 (1 - j_h2>a2 K(UhUQ)
R2

22
=1 j=1
X f(u1h1 — ihl,ulhg — jhg) duldu2;
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which can be written in the following form:

(4.10) / / ZXAW ZXA,W (1—&) (1_@>

21 Z9

+oo
X / K(uy, ug) f(urhy — ihy, ughy — jhy) duidusdzdy

Z1

(hl([hl] +1) —zl)<h2([h2] +1) _Z2)<1 - M)al (1 ) %)a

21 Z9
+o0 hy B[22
/ K Ul,UQ (U1h1+ [ ] u2h2 2[h2])duldu2.
22
We have
4.11)
hl[;—l] o hQ[Z—Q] o2
1) — —]+1) - 1-— L 1-—=
s (G D = ) a2+ 1) -2 (1= =50 (1 =)
+00 |2 hol22
/ Kul,UQ (U1h1+ [h] U2h2 2[ ])duldu2|

+oo
< hihy sup f(z,y) // K(uy, ug)| duydus.

(z,y)ER?

Since we have ]hz([%] +1)—z|<h, 1=1,2.

Because of H, we can write
(4.12)

P(z1, 29, 01, (o) / / 1 - = (1 — £>QQK(u1, ug) duydug f(z,y) dedy.

zZ2
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Let (z,y) € Ay, X Ap, ;. By considering the terms (4.10) and (4.12) we get
(4.13)

|<1 — ﬁ) (1 — J& / +OOK (w1, u2) f(urhy — ihy, urhy — jho) dujdus
<1 — £> (1 — £>QQK(u1, ug) duydus f(z,y)|

|// 1_ _1 (1_ J_Q> flughy — ihy, ughy — jhy)

22

<1 - —> (1 - z_g)a f($,y>i|K(’U/1,U2> duydus|

<[]0y
22

<1 - —) (1 — %)M\f(x,yﬂK(ul, us)| duydus

+00 Zhl [e%1 ]h2 s
ARICE RGN
|f Ulhl - Zhl, Ulhg - ]hg) f(.T, y)HK(U,l, U2)| duldu2
Let (z,y) € Ap,; X Ay, ; by the first order Taylor formula applied to the

function we have
T\ o1 Y\ @2
21 Z9

for ¢, €lhi,z[ and ¢, €]hoj,y|

(-2 (-2 (-5)" (- 2)"
-J0-2) S -2) ()
(1——)m%(l—i—i)arl(ﬂ'hry)!

aqhy 042h2
=9 .
+ ) = (e

Therefore, denoting by I;7(z,y) the first 1ntegral of the right hand-side of
(4.13) and

_|_

2( ZgOélhl + Z1a2h2

2
Ty) =Y Xa,,.(® ZX%J z,y),
=1

SPAS EDITIONS (SPAS-EDS). Www.statpas.org/ spaseds/. In Euclid
(www.projecteuclid.org). Page - 100




A Collection of Papers in Mathematics and Related Sciences, a festschrift in honour of
the late Galaye Dia. Ciss Y. and Diakhaby A.(2018). Bidimensional Asymptotic
Normality of the Moving Kernel Poverty Index Estimate. Pages 75 — 112.

we have

(4.14)

21 22
/ / I (z,y) dedy
0 0

2(0[122 + a2z1 hl, hz ‘ +o0
< / / // fz,y)|K(ug, ug)| duydusg) dedy

21%2

= 2(a122 + anzy) H (hl, h2 H (/ /_:0 IK (uq,us)] dulduQ)M.

2122

Denoting by I,7(z,y) the second integral of (4.13) and

we have
I (2, y) < / / ks — ik, ushs — jh) — f(ihy, ho)||K (s, uz)]| duydus

400
+//_Oo ’f(lhl,jhg)—f(l',y)HK(ul,UQ)lduldUQ

Therefore

(4.15)

/ / Ly(z,y) dedy

<ZZh1h2//+w

=1 j=1

X | f(uthy + @ — 0thy, usho +y — 05hs) — f(2, y)|[K(ur, uz)| duydus
“+o0
+6// 1K (1, ug)| dug dugdzdy

< C || hl,hg || 2122/ / / || Uq,UQ)H’y + 1)|K(U1,’U/2)‘ duldqu:L’dy
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Because of C3 we have, on the one hand

| furhy — ihy, ughy — jha) — f(ih1, jha)| < C'|[(ha(ug — 01), ha(ug — 62))|
< C'||(hyuy, houg) — (h161, habs)]]”
< C|[(hyur, byuy) = (ha, ho) ||
< Cl[(hrur, haua) || + [[(ha, ho) )
= C[[(he, h2) || (Il (1, ua) || + 1)7
since

[(haur, hous)[| < [|(ha, ha)] [|(ur, us)]
and on the other hand, the inequality (4.11) is bounded by

+oo
I, )2 sup F) / / K (ur, u3)]| durdus

(z,y)ER?
since h? + h3 > 2hyhs.
Moreover
21 29
/ / Ii(e, ) dudy < 2||(h, ho)l| (o2 + aszn)( / K (ur, us)| durdus)
0 0 R2

Since h; < ||(h1, ho)]|,i = 1,2. Consequently, we get
VI(E(P, (21, 22, a1, ) — P(21, 22, 01, ) < |[ (B, ho)||” v/

fome [ [0 Q)+ 01K, )] dndu)dzdy
0 R2

F(Zl, ZQ)
2179 ’

+oo
0, B[P supfry) // K (ur, us)| durdus

xyE

- i F(z, 2
+2|[(h1, B! 7(04122+04221)(// |K(u1,U2)|duldU2)_( 1 2)}.

2122
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The integrals in the braces exist. Hence the first part is proved. For the
second part, define

i=1.n, w=EU) and §; =E(|U; — u]°).

Let B, = (>, 3;)5. We shall obtain the second statememt 2) if, by
Liapounov’s theorem, we prove

B,

VVar(P,(z1, 22, o1, ag))
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Now in the following of the proof, consider n3E(U?). If we develop it, we
have

n*E(U?)
l1hy X, — L1y lohe Y, — lrhe
:E|: 1— ar gt 3 1 — 22yee 1t 3]
(3 A=ZHmKEEIN 3 (1 T K )
UShS[;Tl} OSlzﬁ[g
l1hy 30, 73, Xi — 1l
:EH Y oa- P ()
0<l <[7L]
lihy 2 2 Xi—lh i1hy Xi—i1hy
1— UK 1— K
D DI e e e e [ A e
0§11¢11§[ﬁ]
llhl XZ - llhl Z-lhl
] —)"K(—————)(1 — — )™
D D e e (b
Oéll#ll#Jl#llﬁ[ﬁ]
X ) X _ i
% K( i hlhhl)(l_ ]lzflll)allq i h£71h1)}
l2h2 o X'—l2h2
{0 TR
22 2
0<I><[72]
lohg o 5, Y — lahy tohs Y —ishs
1 - =2y K 1-— 2 K
b (TR (1 R ()
0<la#i2<[72]
_ lahy Y — lahy iohs

D D e

.y . <2 22
0<laFia#jaAl2<[7Z]

Y; —i2ho Jaho Y — 7aho
K(=—22)1 - 22K
X K(F ) (1= 2Ry R (2 )}

=E [m1m4 + mims + mimg + MaMmy + Mams + MaoMmg + M3Mmy + Mm3ms + mBmG] .

with
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X —
Z (1- @)3111[(3(1—11}“)

21 hy
0<h<[3H]

X; — ' X, — i
S e e Kby g B e Xty

<1 hy <1 hy
0<h##i1<[;}]

l1h X, — Lk i h
D [
0<hiir i1 #h <[] 1 1 21

Xi — i1l Jiha X; — jiha
RSy g ey e i Z
Kz iy e o Xz,
> 1 e g R Bl
- zZ9 o
0<l><[2]
laha 90, .0, Yi — laho ioho Y, — i2ho
| 220 g Ti T N2y g PR yag g i T Pl
PRI S DAY s

D B

= o 2o ho 29
0<laFio#jo#l2< [E]

Y; — ighg jghg Y; - j2h2
Sr Tete 1 _Js e OlQK - =

K( ).
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We have
E 3 Uy — llhl 3, U2 — l2h2
(mama) < Y > \K — K (——)If (w1, u2) dusdus

0<ll<[zl]0<z <[ Z2
— (/ IK* (1, y0)| dyrdys) F(21,22) as  n — +oo,
RrR2

because of the Corollary 1 Ciss et al. (2014) (with (ay,az) = (0,0), K3
replace by |K3|).

By Fubini, we have
uy — L h
E(m1m5 /|K3 1h—1)|f1(u1)du1}

Z /|K2 U2 l2h2)K( hi2h2)|f2(u2) du2}

2
0<12¢22<[Z2]

<{/ m%mwl)dul}
Lo o)l Y [ IR (T ) )
{ / >

R
y2€ 0<b#ir<[2]

X

Yet
up — lih
/|K3(%)\fl(u1)du1—> (/\K3(y1)\dy1)F1(zl) as n — +o00
R 1 R

and because of Theorem 2.5 Dia (2008) in the unidimensional we have

sup [K () / KK (P22 () duy — 0

R ha
y2€ 0<127é12<

as n — +oo.

Still, by Fubini, we have
E(mims) < > /|K3 (- l1h1)|f1(ul)dul}

O<l17$7,1<[ =3

< | J e e e [TAtA)

0<lz¢z2¢32¢lz< [72]
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and by Theorem 2.3 Dia (2009), we have

— sk ioh us — Joh
[ IR (P (T ) > 0

0<la#iz 7'5]2 #la<[72]

as n — +oo.

Similarly we have

B(mymy) < { sup | (3 I K )

R hy
ne o<y ¢11<[ 4

[ |K3<W;—f’”>|fz<m>du2},

—lih U1 — i1h
E(moms) < sup  [Knwo)l 3 /|K et =y

2 hy
(yl,yz)ER 0<l17£11<[z1]

—lh oh
x>, /|K 2K (22 hzg ) f (s, uz) dudus,
2

0<laia<[72]

which tends to zero as n — +oo according to the Theorem 5 Ciss et al.
(2014) in the two-dimensional case,

E(mamg) < { sup [K()] Y / KR )}

R p
ne 0<tiin<[71]

X [y <“2‘hf’”‘2>f<< 222 )}

0<la i #la<[2]

which tends to zero as n — +oo according to Theorem 2.5 Dia (2008)
and Theorem 2.3 Dia (2009) unidimensional case,

E(mymi) < | J IR R (K (2 )}

a1 hy
0<1175217é]17'511< )

{/ |K3<W;—f’”>|f2<uz>du2},

SPAS EDITIONS (SPAS-EDS). www.statpas.org/spaseds/. In Euclid
(www.projecteuclid.org). Page - 107




A Collection of Papers in Mathematics and Related Sciences, a festschrift in honour of
the late Galaye Dia. Ciss Y. and Diakhaby A.(2018). Bidimensional Asymptotic
Normality of the Moving Kernel Poverty Index Estimate. Pages 75 — 112.

which tends to zero as n — +o0 by Theorem 2.3 Dia (2009),

E(msms) < { / |K l1h1 (Ul — ilhl)K( h]lhl)lfl(ul)}

hy
0<l17£117é]17£51< ,Tl

X > /|K lth K(* h;2h2)|f(u2)du2},

0<l27£12<

E(mams) < { / |K l1h1 (Ul — ilhl)K( jlh1)|f1(u1)}

hy
O<l17£1176317él1< }Tl

< {swp K@) Y / R (M0 )

R ha
v2€ 0<br#ir<[72]

which tends to zero as n — +oo according to Theorem 2.5 Dia (2008)
and Theorem 2.3 Dia (2009) unidimensional case,

E(mgmeg) < { Z / ‘K l1h1 (U1 — i1h1)K<U1 — j1h1)|}

h h
0<ll7’5@175]17511<[ ! !
l2h2 Uy — iaho Ug — j2h2
< { LG K K ( )
ho ho
0<1275127é]27él2< h—2

X f(ul, 'LLQ) duldu2,

which tends to zero as n — +oo according to Lemma 2 bidimensional case
Ciss et al. (2014). We have

E(|U; — 155) <E{UU] + |1])’} = E{U + |l + 31Ul il + 3|Us i}
Therefore
E(|U; — 1) <E(UP) + |wal® + 3E(UI) || + 3E(U; )| sl
Yet

D /|K —th, (Q;jh2)|f(u1,u2)du1du2

2
0<7,<[Zl ] 0<]<[;2]

which tends to (/ IK(y1,y2)| dyrdys) F(z1,22) as n— 4oo with a; =0, i=
]RZ
1,2.
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We also have
U zh U ih
B Y % [ IRt s ) dundus

O<z<[z1]0<]< Z2]

+ Y 3 /|K “’“)

0<in#1 <[54 0<ing2 <[72]

u; — jih Ug — tgh us — Jah
x K ( 1= 1)K( 2 — b2 Q)K( 2 J2 2)|f(u1,u2)du1du2
hy ha ha
up —i1h
{ X [ ) du)
0<i1 <[Zl]

X IR R ue) dus

0<127’5]2<[22 ]

+{ X /IK “’“) (I;lehl)]fl(ul)dul}

0<Z1¢J1<[Zl ]

{ X [ ) dus)

0<ig <[z2]

The first term of the right hand-side of this inequality tends to
(/ ‘K2(y1, y2>| dy1dy2)F(z1, ZQ) as n — +oo with Q; = O,Z = 1, 2.
R2

The second term of the right hand-side of this inequality tends to zero as
n — +oo according to Therem 5 bidimensional case Ciss et al. (2014).

The two latter terms of the right hand-side of this inequality tends to zero

as n — +oo according to Fubini’s theorem, Theorem 2.5 and Corollary
2.1 Dia (2008) unidimensional case.
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Therefore the limits of these terms exist. Hence the condition of Lyapounov
holds.

We have

n’E(|U; — pul))> < +o0 and B, = (i W E(U; — )
n

Let cst be the constant that dominates »’E(|U; — p,|))® therefore

B, (L E(U — )
\/VCW 2’1,22,041>a2)) n\/Var 21,22,a1,a2))
n/3est

n\/Var (21, 22, 1, ()

we have 1
VCLT(Pn(Zla 22, O, Ckg)) = O(g) > 0.
Hence 1/3 1/3
B, n ~ N
= O( 1 ) = ( 1 )
VVar(P,(z1, 22, o1, ag)) no(;;) n2

which tends to zero as n — +o00. This completes the proof.
Proof of Theorem 18. We have

ﬂ(]E(P;(zl,zg,al,QQ)) — P(zl,zg,al,a2)> —0 as n— +o0

by Lemma 2 Ciss et al. (2014) bidimensional case. The second part re-
mains unchanged. The proof is complete.
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