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We propose a natural setting for the simple change-point problem which
is particularly useful for studying almost sure convergence properties of change-
point estimators. It is shown that each member of a class of nonparametric
estimators is within O (1) of the true change-point almost surely if the smaller
of the pre-change and post-change sample sizes is greater than a constant times
log n where 7 is the total sample size. This improves upon the known result
on nonparametric estimators which gives 0( na) almost sure rate of convergence
with @ > 1/2 under the restrictive assumption that the pre-change and post-
change sample sizes are of the same order of magnitude. We also consider the
simple normal mean shift model and show that the finite-sample maximum like-
lihood estimator converges almost surely to the infinite-sample counterpart if the
smaller of the pre-change and post-change sample sizes is greater than a constant
times log n. It is found that the best possible constant equals 26202 where §
is the amount of change in mean and 02 is the common variance.

1. Introduction. Let P and @ be two different unknown probability
distributions on a measurable space E and consider the following array of
random variables. For n = 2,3,..., let Xy ,,X2pn,...,Xnn be independent
random variables such that X; , has distribution P or ) according to whether
it < 1y or i > 1, where 7,(1 < 7, < n) is the unknown time point (change-
point) at which the distribution of the random variables changes from P to Q.
In a parametric setting, Hinkley (1970) showed that the maximum likelihood
estimator (mle) 7, of 7, satisfies 7, — 7, = Op(1). Carlstein (1988) proposed
a class of nonparametric estimators of 7, (denoted by ;) and established
(without specifying the probabilistic relation between the rows of the array)
that 7% — 7, = O(n®) a.s. for any ¢ > 1/2, assuming that 7,/n — 6 € (0,1).
Recently, Diimbgen (1991) considered a more general framework and proposed
a class of nonparametric estimators (including Carlstein’s estimators as special
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cases) and showed that 7} — 7, = Op(1), again assuming 7,/n — 6 € (0,1).
(Diimbgen also obtained weak convergence results for the case that P = P,
and Q = Q,, depend on the sample size n and approach a common distribution
as n — 00.)

By embedding naturally the rows of the array into an infinite sequence
of independent random variables, we show in this note that 7 — 7, = O(1)
a.s. as long as liminf,_[7: A (n — 7,)]/logn > K ( for some large con-
stant K') where a Ab := min{a, b}, and 7, is any one of Diimbgen’s estimators.
Specifically, consider a two-sided infinite sequence of independent random vari-
ables {...,X_1, Xo,X1,...} such that X; has distribution P or @ according
as ¢ < 0or¢ > 0. For each pair of positive integers (k, m), consider the sample
X _k+41y.++yXm (but the values of £ and m are not known). This sample is
equivalent to the sample X 5,..., X, with n = k + m and 7, = k. In other
words, the rows {X1n,...,Xnn},n = 2,3,... are embedded into the infinite
sequence {...,X_1,Xo, X1,...} by aligning the rows with respect to the se-
quence of reference points {7,}. For convenience, we shall treat k¥ and m as
functions of the sample size n, i.e. k = k(n),m = m(n) and n = k + m.

THEOREM 1. There exists a K > 0 (depending only on Cy and D given
below) such that if

lim inf(k A m)/logn > K, (1.1)

then ¥ = O(1) a.s. where 7% = arg max {N,(D)) : -k < j < m} and
N, is a seminorm satisfying condition (A) below and defined on the space

M of all finite signed measures on E and D} := I_){k(n),m(n)) = w((j +

k)/n)(Q3 — Pi) with w(z) = [2(1 - 2)]*/%, P := BI__;,,6x,/(j + k) and
%= X%.,16x,/(m — j) (empirical distributions).

Condition (A): (i) There is a Vapnik-Cervonenkis class D of measurable
subsets of E such that

No(v) < |lv|| :=sup{|v(D)|: D € D}  forallv € M. (1.2)
(ii) There is a constant Cy > 0 such that

liminf No(Q — P) > Co  as. (1.3)

The reader may consult Pollard (1984) for the definition and properties
of a Vapnik-Cervonenkis class. Note that if N, = || - || with || - || as defined
in (i), then (ii) is automatically satisfied. We refer the reader to Diimbgen
(1991) for more details concerning this class of nonparametric estimators and

various special cases including Carlstein’s (1988) and Darkhovskhi’s (1976)
estimators.
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The proof of Theorem 1 is given in Section 3. In Section 2, a similar result
is given for the mle of the change-point in the normal mean shift model. More
precisely, it is shown that the mle converges a.s. to a random variable which
is the mle based on the entire (infinite) sample if lim inf,, (kK A m)/logn >
26~20% where o? is the (common) variance and § is the amount of change in
mean (See Theorem 2 below). Finally, some concluding remarks are contained
in Section 4.

2. The Normal Mean Shift Model. In this section, we prove the
following theorem concerning the behavior of the mle 7, of the change-point
(which is 0) based on the sample X;,i = —k(n) 4+ 1,...,m(n) under the as-
sumption that P = N(p,0?) and Q = N(p+6,0?) with pu and § # 0 unknown
but 02 known.

THEOREM 2. If there exist an € > 0 and an increasing subsequence {n(l) :
1 =1,2,...} such that limsup,_,., k(n(l))/logn(l) < 2(1 - €)6~20? and n(l +
1) = n(l) = O({n(1)}) as | — oo, then 7, # O(1) a.s. If liminf, (kA
m)/logn > 26~20%, then 7, — 7o a.s. where 7o, is the mle of the change-
point based on the entire (infinite) sample with p and é known. In particular,
Tn = O(1) a.s.

Since we may rescale the X; to have variance 1, we shall assume, without
loss of generality, that 02 = 1. For -k < j < m, let

Ln(]) = [2{=-k+1 (Xi - Xv—k,j)2 + z3z'=j+1 (Xi - X’,m)2]
+ (B (Xi = Xk 0)* + B2 (Xi — Xom)’]
where X;; = X;; = (Xip1 + -+ X;)/(j — i) for i < j. Then 7, =
arg max{L,(j) : =k < j < m}. Define Z; = X; — p — 6 for all 4, and
e;=X;—pfori<0ande = X;—pu—46fori> 0. Then the e; are iid N(0,1)
and Z; = e; — 61{,~50} where 1g denotes the indicator of the set S. Now we
have

Lﬂ(]) = (k + j)ZEk,j + (m - J)Z]Z,m - kZEk,O - mZg,m
= (k+ )" [ke—ko + jE0; — (k+ 3 7)8) + (m — §) " [meom ~ jeo,; + 6]’
— k& o — mé} , + 2kbE_y 0 — kb* (2.1)

where 2~ := zl(;<q}- So,

L.(j) = —kj(k+ j)" (6 + é*’;k,(, — 20&_p0 + 2680, — 2€_kpE0,;) (2.2)
+ 7%k + )€} + (m - 5)e m — meg m for 7 >0,
La(j) = jm(m — 5)7(6% + &, + 26€0,m — 28&;,0 — 280,mEj0) (2.3)

+i2(m— )0 + (k+5)e%; — ke, for j<O.
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LEmMA 1. For fixed € > 0, with probability 1,

max (n — 4)&2,, < (24 €)logn for large n.
0<ikn !

Proor. Using a boundary crossing argument for standard Brownian mo-
tion {W,} along the lines of the proof of Lemma 3.1 of Venkatraman (1992),
it can be shown that for b > 0,

Pr(lrg%)% W /t12 > b) < 2(1 — ®(b)) + (7/2)/2p(b) + 27 'bp(b) logn  (2.4)

where ® and ¢ denote the standard normal distribution and density, respec-
tively. It follows that Pr(maxo<i<n(n — i)é?,n > (2 + €)logn) is bounded by
twice the right hand side of (2.4) with b = [(2 + €) log n]'/2, which along with
the Borel-Cantelli Lemma yields the desired result.

LEMMA 2. If there exist an € > 0 and an increasing subsequence {n(l) :
[ =1,2,...} such that limsup;_,., k(n(l))/logn(l) < 2(1 — €)6=% and n(l +
1) = n(l) = O({n(1)}*) as |l — oo, then 7, # O(1) a.s.

Proor. We first assume that k(n(l)) — oo as I — co. Choose €; > €3 > €
and ez > 0 such that

k(n(l)) < 2(1 — )62 logn(l) for large I

and
-2(1-€e)14+e)/(1-€)+2—€>0.

By (2.2), w.p.1, for large n,
Lo(m—1)> —k(1 + €3)8% + €2, — O(loglog n).

For each r = 1,2,..., let I(r) := max{l : n(l) < r'/(1=<)}, Then for large r,
n(I(r + 1)) — n(l(r)) > (n(I(r + 1)))c. To see this, note that

n(I(r)) < r/0=92) < n(l(r) + 1),

n(I(r 4+ 1)) < (r+ DY) < n(i(r + 1) 4 1),

and so for large r,

n(I(r + 1)) = n(I(r)) > {(r + 1)/(0-) _ p1/(1-a)}
= {n(l(r+ 1)+ 1) = n(I(r + 1))}
> (1= &) 7r2/=9) — C(n(i(r + 1))
> (n((r + 1))
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where C' > 0 is a constant. Since k+m = n and k(n(l)) < 2(1—¢€ )6~ 2log n(l)
(for large 1), m(n(I(r))) must be all distinct for large r. Write ny(r) =
n(l(r)), k1(r) = k(n1(r)) and mq(r) = m(ny(r)). By the Borel-Cantelli Lemma
and a simple bound on the standard normal tail probability, it follows that
Pr(e;"nl(,r) > (2 — e3)logr i.0.) = 1. Fix a sample path for which efnl(r) >
(2 — e3)logr i.0. Suppose 7, = O(1). Choose a C; > 0 so that |#,| < Cj.
Then max; Ly(j) = maxjj<c, Ln(j) is bounded from above. But the following
inequalities occur infinitely often:

L, (my — 1) > —k1(1 + €3)62 4 (2 — €3) logr — O(loglog r'/(1<2))
> —2(1 —€)(1 + €3) log r/(1=2) 4 (2 — &3) logr — O(loglog 1)
={-21-€)1+e€)/(1—€2)+2—e3}logr — O(loglogr)
> eqlogr

for some ¢4 > 0. This contradiction completes the proof for the case that
lim;_, k(n(l)) = co. In case k is bounded on some sub-subsequence, it is easy
to show that along this sub-subsequence, 7, # O(1) a.s., completing the proof
of Lemma 2.

REMARK. It might be tempting to conjecture that 7, # O(1) a.s. whenever
liminf,_ . (k A m)/logn < 262 (assuming o = 1). This is not true as the
following example shows. Fix 0 < ¢; < € < 1 and set €3 = ¢/(1 — €). Consider
the subsequence n(l) = [I**%2] and k(n(!)) = [2(1 — €)% log n(l)]. Note that
n(l + 1) - (1) = O((n(1))). By (24),

00 — 7)e? -
E,zlPr{OSrjnjﬂ)f(l)(m 7)€ m > 2(1 — €3)logm(l)} < oo

for any €3 < €. By the Borel-Cantelli Lemma, w.p.1, for large [

- 22
0SI;1<a7§(l)(m = 7)€ m < 2(1 — €3)log m(1).
With this fact, it can be shown, along the lines of the proof of Lemma 3 below,
that 7,,;) = O(1) as.

LEmMA 3. Ifliminf,_ (kA m)/logn > 262, then 7, = O(1) a.s.

Proor. Since we may consider separately the two subsequences {n'} and
{n"} with k(n’) < n’/2 and k(n") > n”/2, we shall assume without loss of
generality that k(n) < n/2 for all n.

Choose 0 < € < 1 in such a way that & > (2 + €)6~2logn for large n.
Since L,(0) = 0, it suffices to show that w.p.1 there exists a positive integer d
(depending on the sample path) such that for large n L,(j) < 0 for all j with
—k < j < m and |j| > d. We break up the proof into several cases.



364 CHANGE-POINT ESTIMATORS

Case 1: Czlogn < j < m with C3 = €7 1672(4 + €)(2 + €¢/2). By (2.2) and the
law of the iterated logarithm, w.p.1 for Cylogn < j < m and for large n,

Ln(§) = —kj(k + )7 (6% + o(1)) + O(loglog n) + (m — j)é2,,, + O(loglogn).

By Lemma 1, w.p.1 (m —j)&, < (2+¢/5)logn for Czlogn < j < m and for
large n. But,
kj(k+ j)7'6% >kCzlog n(k + Cylogn) 162
€(4 + €)71Cy(logn)é%, if k > 471eC;logn,
2
4(4 + €)71k6?, if k < 471eC; log n.

In either case, we get kj(k + j)~16%2 > (2 + ¢/4)logn. This proves that w.p.1
L,(j) < 0 for C3logn < j < m and for large n.

Case 2: 0 < j < Czlogn. Note that k(k + j)~' > C3 for large n where
Cs = 6742+ €)/{67%(2 + €) + C2}. By (2.2), w.p.1 there exists d; > 0
(depending on the sample path) such that for large n for d; < j < C;logn,

Ln(j) € —C3j8%/2 + m(E2,,, — & ).

But,
2

M(E m ~ & m) = M(Ejm + E0,m)i(m — §) " (Eo,m — &o,5)
< jC36%/4
for j > d, for some (sample-path-dependent) d2. So, L,(j) < 0 for d; V d; <
j < Czlogn for large n.

Case 3: —k < j < —C4logn where Cy = 3(2+ €)6~2. By Lemma 1 and (2.3),
w.p.1, for large n, for —k < j < —Cy4logn,

L.(5) < j6%/3 + (2+ €)logn < 0.

Case 4: —C4logn < j < —Cslogn where Cs = (2 + ¢/2)672. By Lemma
1 (applied to (k + j)é2, ; in (2.3)), w.p.1 for large n, for —C4logn < j <
—Cslogn,

Ln(3) < j(1—€/8)6% + (2 +¢/8)logn < 0.

Case 5: —Cslogn < j < 0. We have k + j > 2716~ 2logn. By (2.3), w.p.1
there exists d3 > 0 such that

Ln(5) < §27%6% + k(€% ; — €240)
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for —Cslogn < j < —d3 for large n. But,

k(&2 ; — €x0) = —ki(k +3) " (e-k; + e-k0)(e-k0 — Ejp)
< —j47 162

for j < —d4 for large n (for some sample-path-dependent dy > 0). This
completes Case 5 and completes the proof.

ProoOF oF THEOREM 2. By Lemmas 2 and 3, it remains to show that #, —
oo a.8. if iminf, oo (K Am)/logn > 262, Note that 7o, = arg max{L.(5):
—00 < j < 00} where

(X —p— 62— (Xi—p)?, forj>0,

Loo(j) =
v { B il(Xi = p)? = (Xi = p = 6)?], for j <0.

Since for each j, L,(j) = Loo(j) as n — oo a.s. and since 7, = O(1) a.s., it
follows that 7, — 7o a.s.

REMARK. The mle based on the infinite sample has a simple minimax
property with respect to the 0 — 1 loss. Suppose that X;,—00 < ¢ < oo are
independent and X; has distribution P or ¢ according to whether ¢ < 7 or
¢t > 7 where P and @ are known and the change-point 7 is unknown. Let 7
denote the mle. Then max, Pr, (7' # 7) > max, Pr,(# # 7) for any estimator
7/. Note that Pr,(7 # 7) is independent of 7 (an equalizer rule). However,
the mle based on a finite sample is not minimax in general since it is not an
equalizer rule.

3. Proof of Theorem 1. The following notation is adopted in this
section: £(X) denotes the distribution of X; For r < s define

5(r,8) = =5(s,) 1= Tisppa [6x: — L(Xi)]

and set
t:=t(4,n) := (4, k(n), m(n)) := (j + k)/n
0 :=t(0,k,m)=k/n
pa(t) = {(1 = 6a)[t/(1 = O1/?} A {8a[(1~ 8)/4]"/?}
Al = pa(4(7,n))(@ — P)  (note that DJ estimates Af)
Bl :=Di - A}
= [t/(1 = )P0 (G, m) - [(L - O)/4] />0 S(=k, 5).
Note that (1.1) implies

60, A(1-86,)> Klogn/n  forlargen. (3.1)
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LEMMA 4. There exists a K1 > 0 (depending only on D) such that w.p.1

sup [|n18(0,5)|| < K1(loglogn/n)'/?  for large n;
—k<j<m
IB2|| < Ki(loglogn/n)!/?  for largen;

ksup |(m — j)_1/2S(j, m)|| < Ky(log 'n)ll2 for large n;
—k<y<m

sup |I(5 + k)_llzs(—k,j)ll < Ki(log n)l/2 for large n.
—k<j<m

This lemma can be easily established along the lines of the proof of
Lemma 2 of Diimbgen (1991).

Proor oF THEOREM 1. Without loss of generality, we assume that 6, <
1/2. The first part of the proof follows closely that of Proposition 1 of
Diimbgen (1991). By (1.2) and Lemma 4, w.p.1 for large n,

|Na(D) = w(6n)Na(Q — P)| < ||BR| < K1(loglog n/n)!/2.

Since by (1.3) and (3.1), w.p.1 there is a sample-path-dependent ¢ > 0 such
that for large n, w(0,)N,(Q — P) > 2‘1/20,1,/2(C0 +€) > (loglogn/n)'/2, we
have

N, (D2) > 271/2C,91/ for large n a.s. (3.2)
Next, we show that w.p.1 for large n for all —k < j < m,

Np(Di) = No(D3) < ||B — B3|l = Colpn(6n) — pa(t)]. (3.3)
Since
Nn(D}) = No(Bj — BY + B + pa(t)w(8,) " A2)

= n(ij; — By + [pn(6) = pu()]w(8,) ' By, + pa(t)w(6,) 71 DY)
<||B; - Bg” + [pn(6n) — Pn(t)]W("n)"llleill + Pn(t)w(en)_an(Dg),
we have w.p.1 for large n for all —k < j <m
< IIB{; — Boll = [0n(85) — £a(1)][w(6n) ™ N (DY) — w(8,) || BY|l]
< I1B;, = Ball = [pn(62) = pu()][Na(Q — P) — 2w(6,)™*|| BY|].

Now, (3.3) follows from (1.3) and the fact that ||B2||/w(6,) = o(1) a.s. (by
(1.1) and Lemma 4).



Y.-C. YAO, D. HUANG, and R. DAVIS 367

By (3.3), the theorem will be proved if we can show that w.p.1 there
exists a d > 0 such that for large n for all j with —k < j < m and |j| > d,

1B ~ BRIl < Colpn(6a) - pu(2)]- (34)

For t > 0, (i.e. j > 0),

Pr(0n) = pa(t) = 0 {[(1 — 6)/6,]"% — [(1 — 1) /9]"/?} (3.5)
> 0,(1 — 6,)/2(71/2 — =1/
= 6;/3(1 = 0,)' /272t — 6,) /(8112 + 61/%)
> 273/291/2(¢ — 9,)/1.

Fort < 6, <1/2,

Pu(6n) = pu(t) = (1= 0:){[6a/(1 = 6:)'/2 = [t/(1 - )]'/?}  (3.6)
> (1= 0)(1 = t)7V/%(6;/2 - ¢/?)
> 2718, — 1)/(82 + 817)
> 471971%(9, — 1),
We now prove (3.4) under the assumption that 37! < 6,, < 21, For [t—27| >
471, pn(6n) — pn(t) > Cg for some constant C¢ > 0. But by Lemma 4,
|Bi|l < 2K1(log n/n)/? for large n a.s. So, ||Bj — BY|| << pn(6s) — pa(t) for
all |t — 271 > 47! for large n a.s. For 1/4 < t < 3/4, write
B — By = {[t/(1 - )]/ = [6,/(1 - 6,)]"/*}n"1S(0, m) (3.7)
+{[(1 - 62)/6:)'72 = [(1 - 1)/1]"/*}n~ S (~k,0)
+[w(®)™! = w(6a) 70754, 0) + w(Ba) a7 S (5, 0).

Clearly, there exists a constant C7 > 0 such that the norm of the sum of the
first three terms on the right hand side of (3.7) is bounded by

Calt — O |n={[|S(0, m)[| + 1S (=K, 0)|| + [|15(4, 0)II}
< Cr|t — 0,| 3K, (loglog n/n)'/?
< 2~lco(pn(0n) - pn(t))

for all 1/4 <t < 3/4 for large n a.s. The norm of the last term is bounded for
some constant Cg > 0 by

Cs|t — 6| [17725(4,0)|| < Célt — 65| K1(loglog j/5)"/? (3.8)

for all |j| > d; (for some sample-path-dependent d; > 0) for large n a.s.
The right hand side of (3.8) is bounded by 27'Co(pn(6,) — pn(?)) if dy is
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chosen sufficiently large. This completes the proof of (3.4) for the case that
1/3 <6, <1/2 for all n.

Therefore, it suffices to consider the case that 6, < 1/3 for all n. We
consider the following cases separately.

Case 1: t > 1/2. We have
Bj — BY =[t/(1 - )]'2n71S(j,m) — [(1 - 1) /4]0~ S(~k, )
— [6a/(1 = 8)]'20715(0, m) + [(1 — 6,)/8,)/*n " S(~k, 0).
By Lemma 4, w.p.1 for large n for all ¢ > 1/2,

111 = 0)/0*n72 S (=k, )| < In~2 S(=F, 0)]| + [|n~*S(0, 7))

< 2K (loglog n/n)'/?,

116n/(1 - 6,)]'/*2715(0,m)|| < K1(loglog n/n)"/?,

(L = 02)/6] 202 S(=E, 0)]| < []n=2k=1/25(~k, )]
< Ky (loglog n/n)'/2,
I[t/(1 = 013G, m)|| < [|]n= 2 (m — 5)7/25(j,m)|
< Ky (logn/n)*/2.
But by (3.5),
Pr(0n) — pu(t) > 273/ (K log n/n)/2(t — 6,) > 273/*(K log n/n)'/26™1.

Thus, if K is sufficiently large, then (3.4) holds for all ¢ > 1/2 for large n a.s.
Case 2: 0, <t < 1/2. Write
Bj — By = {[t/(1 = t)]'/* = [6a /(1 - 6,)]"*}n""5(0,m) (3.9)
+{[(1 - 2)/6,]'/% — [(1 = )/8)*}n1 S (=, 0) - [t(1 — )]~/ *n725(0, 5).
Since 0 < [t/(1 — t)]/2 = [t/(1 — 6,)]"/2 < Cot'/*(t — 6,,) for some constant
Cgy > 0, we have
I[t/(1 = )]/ — [6n/(1 - 6:)]*/2] < |[t/(1 - 6,))/?
— [62/(1 = 8)]'/%] + Cot'/*(t ~ 6,)
< (8= 6a)/1(1 = 0)"2(8"/% + 63/%)] + Cot'2(t - 6,)
< Cio(t — 6) /212

for some C1o > 0. Thus, w.p.1 for large n for 6, < t < 1/2, the norm of the
first term on the right hand side of (3.9) is bounded by

CroK1(t — 8,)t™ /% (loglog n/n)/2, (3.10)
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The ratio of (3.10) to the right-most side of (3.5) is bounded by a constant
times

(t/65)"/*(loglog n/n)'/? = [(j + k)/k]"/*(loglog n/n)!/? = o(1).
Next, since
I[(1 - 6,)/6a]"/% - [(1 - 1)/1)/?|

S (1 — on)1/2lo;1/2 - t“1/2l + t—1/2|(1 - t)l/2 _ (1 _ 0n)1/2|
< Cua(t - 6,)0; /%71

for some C7; > 0, the norm of the second term on the right hand side of (3.9)
is bounded by

Cui(t — 8,)0, ¢ ||k~ S(=F, 0))|
< Ci Ky (t — 6,)6%/%t~ (loglog k/ k)'/?

which is much smaller than the right-most side of (3.5) when n (and hence k)
is large. The norm of the last term on the right hand side of (3.9) equals

(1 = )]71/2(t ~ 82)i S (0, 4)l| < Crat™/2(t ~ bn)(loglog j/5)'/*  (3.11)

for j > dy (for some sample-path-dependent d;) for large n a.s. where Cj2 is a
constant. For j > dj, the ratio of the right hand side of (3.11) to that of (3.5)
is bounded by a constant times

(t/8.)*(loglog j/)*/* = [(k + 5)/k]"/*(log log 5 /5)*/*
< 2{1 + (j/k)/*}(loglog j /5)*/?

which can be made arbitrarily small by choosing a sufficiently large dz. This
completes Case 2.

Case 3: logn/n <t < 0,. Again, we bound each of the three terms on the
right hand side of (3.9). The norm of the first term is bounded by a constant
times

It = 6, t™/2||n"15(0, m)|| < Kyt — 0,]t~/*(loglog n/n)/? (3.12)

for logn/n < t < @, for large n a.s. The ratio of the right hand side of (3.12)
to that of (3.6) is o(1) since (8,/t)/2 = O((n/logn)!/2). The norm of the
second term is bounded by a constant times

(0, — )t 2||k~1S(=,0)]| < K1(6, — t)t™/?(loglog k/k)'/?



370 CHANGE-POINT ESTIMATORS

which is again dominated by the right hand side of (3.6), since
(6/1)"/*(loglog k/k)'/? = (loglog k/(nt))"/? = o(1).
The norm of the last term is bounded by a constant times
1728, = )17, 0)ll < Kn67/%(8, — 1)(8a /1) *(loglog |1/ 1i)'/* (3.13)

for j < —d3 (for some d3 > 0) for large n a.s. Noting that |j| = n(6, — t) and
considering the two cases t < 6, /2 (implying that |j| > n6,/2) and t > 6,/2,
it can be shown that for j < —ds, the ratio of the right hand side of (3.13) to
that of (3.6) can be made arbitrarily small by choosing a large d3. Therefore
it follows that (3.4) holds for all ¢ with logn/n <t < 6, and j < —d3, for
large n a.s.

Case 4: t < logn/n. We assume that K > 2 so that t < 6,/2. By (3.6),
pn(6) — pa(t) > 8716%/% > 87! (K log n/n)'/?

for large n. The norm of the first term on the right hand side of (3.9) is
bounded by a constant times 0,11/2||n‘15(0,m)|| = 0(0,11/2) for large n. The

sum of the last two terms equals

[(1 = 62)/6,]"/*n7" S(~, 0) + [w(t) ™!

(3.14)
— (1= t)/)Y 018 (=k,0) — w(t) *n~18(~k, )

The norm of the first term of (3.14) is bounded by 0}/2||k_15(—k, 0)| = 0(03/2)
for large n. The norm of the second term is bounded by a constant times
£1/2||n=18(~k,0)|| = o(6%/?) for large n a.s. The norm of the last term is
bounded by a constant times n=1/2||(j + k)~1/25(~k, j)|| < K1n~1/?*(log n)/?
for large n a.s. So if K is sufficiently large, (3.4) holds for all ¢t < logn/n for
large n a.s. The proof is complete.

4. Some Concluding Remarks. We have proved that 7; = O(1) a.s.
if liminf, . (k A m)/logn > K for a large constant K (depending only on
Co and D in Condition (A)) where 7 is an estimator of Diimbgen’s (1991).
It would be interesting to characterize the best possible K as we did for the
mle in the normal case. It would also be interesting to know whether 7
actually converges a.s. to a random variable (which may be regarded as an
infinite-sample estimator of the change-point). Diimbgen (1991) obtained the
limiting distribution of 7;; for some particular seminorms with £ = R (the
real line). It seems that the almost sure limit of 7} can be obtained in these
cases (perhaps under a stronger condition than lim inf,_,.,(kAm)/logn > K).
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Another interesting question is to find a necessary and sufficient condition on
the growth rate of kK A m as n — oo under which there exists a nonparametric
estimator which is within O(1) of the change-point a.s.

Diimbgen also studied Bayes estimators (for the case E = R only) and
obtained their limiting distributions. While we have not investigated their
behavior, it appears that these estimators should have essentially the same
almost sure convergence properties as those considered in Theorem 1.

Finally, we mention a recent result of Ferger and Stute (1992), who proved
(without specifying the probabilistic relation between the rows of the array of
random variables) that 7, — 7, = O(logn) almost surely where 7, = [nf]
for some 0 < # < 1 and 7, belongs to a class of variants of Darkhovskhi’s
(1976) estimator. Clearly, O(logn) can be improved to O(1) by embedding
the rows of the array into an infinite sequence of independent random variables
as discussed in Section 1.
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