A DECISION APPROACH TO ORDERING STOCHASTIC
DEPENDENCE

By T. BROMEK AND T. KOWALCZYK

Polish Academy of Sciences

Editors’ Note: This paper is being published posthumously and in dedicated
remembrance of Tadeusz Bromek, who died in an automobile accident on August
23, 1988 in Warsaw. He was very active in the Polish statistical community as
well as the international statistical community.

An ordering of global dependence is defined on the basis
of a natural ordering of pairs of distributions describing
two classes of objects. Its properties are investigated; the
links with orderings of multinormal and 2x2 distributions
are shown.

1. Introduction. Traditionally, two types of stochastic dependence of com-
ponents of a vector X have been distinguished in statistical literature, namely
monotone and global dependence. Orderings for monotone dependence were con-
sidered by many authors; an overview was given by Yanagimoto (1990). Kimeldorf
and Sampson (1987) introduced an axiomatic approach to the matter of orders of
monotone dependence. The abundance of formalizations for orderings of monotone
dependence contrasts with the silence concerning orderings of global dependence
(see Dabrowska (1985)). It seems that a good starting point could be two-class
discriminant analysis, with one class reserved for the distribution of the vector X
and the other class reserved for the respective product of marginal distributions
of X. Thus, a natural ordering of pairs of distributions describing two classes of
objects (Niewiadomska-Bugaj (1987)), called prognostic ordering and denoted <,,
may be a base to define an ordering of global dependence, called global ordering
and denoted <,.

In Section 2 we recall the definition of <, and prove some of its new properties.

Section 3 contains the definition and properties of <.

responding to a pair (Zy,Z2) where Z; and Z; are random vectors supported on
Z C R*. Distribution P; of Z; describes the ith class of the considered population
(¢ = 1,2). Let a classification rule for (Z;,Z;) be a Borel measurable function

2. Prognostic Order <,. Consider a two-class discriminant problem cor-
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0: Z — [0,1], where 8(z) is the probability of classifying an object with features
vector z to the 1st class. Performance of J is measured by the error rates a12(0)
and a21(9):

a12(0) = /z (1-8(2))dPy, az(d) = /z 8(z)dP;.

For two pairs of random vectors (Z1, Z2), (Z1, Z3), there is defined an ordering
with respect to their discriminant powers:

(Z1,Z2) <p (Z1,Z2) iff for every decision rule § for (Z1,Z;) there
exists a decision rule d for (Z;,Zz) such that a12(0) < a12(0) and
(121(8) S agl(a).

It is clear that <, is a preorder. Thus, a relation 5 defined by:

(thz);(zl,iz) iff (Z1,22) <p (Z1,Z2) and (Z1,Z2) <, (Z1,Z2)

is an equivalence.

THEOREM 1.

(i). For any Borel measurable function f : Z — R*

1° (f(Z1), £(Z2)) <p (Z1,Z2);

if f is an injection, then
2° (f(zl)a f(ZZ));’(ZI, Z2)a

(7). (Z1,Z2) is a minimal element of <, iff Zy and Z; are distributed identically;

(iii). (Z1,2Z;) is a mazimal element of <, iff there ezist a set A C Z such that
PI(A) =1 and Pz(A) =0.

Proor.

(i). To any classification rule 8 for (f(Z1), f(Z2)) there corresponds a classifi-
cation rule & = 9 o f for (Z;,Z,) with error rates a;5 and ay;, respectively
equal to those of 3. Thus 1° holds. Then, applying to (f(Z), f(Z2)) the
inverse function f~1: f(2) — Z (which is Borel measurable since f is the
injection), we get (Z1, Z2) <, (f(Z1), f(Z2)) which implies equivalence 2°.



Ordering Stochastic Dependence 105

(ii). Obviously, for any pair (Z1,Z2) and any classification rule 9 for that pair,

012(8) + a1(8) = 1 iff /Z 8(z)dP; = /z (z)dPy.

Therefore Z; and Z, are distributed identically iff, for any classification rule 9
applied to (Zy,Z3), a12(0) + a21(8) = 1. On the other hand, for any (Zl, Zg)
and any constant rule 9(z) = £,0< L <1, a12(3) = £ and a2,(9) =1 - L;
hence (Z1,2Z3) <p (Z1,Z2) iff Z; and Z, are distributed identically.

(iii). Let A C Z satisfy Py(A) = 1, P,(A) = 0, and let @ be a rule such that
0(z)=1ifz € A and 3(z) =01if z € Z\ A. Then a12(9) = a21(9) = 0, and
hence (Z,,Z,) is a maximal element of <,.

Conversely, if for (Z;,Z2) there exists a rule 9 such that a12(9) = a21(3) = 0,
then for a set A = {z € Z;0(z) > 0} we have P,(A) =0, P;(A) > [,0(z)dP, =
fz 0(z)dPy =1-ay(0)=1. |

It follows from the Neyman-Pearson Lemma that this set consists of threshold
rules based on the likelihood ratio h = f2/ f1, where f; is a density function of Z;
with respect to some measure v (we set h(z) = oo if f;(z) = 0). These rules are
defined by

1 ifh(z) <y
0(z)=( s ifh(z)=4«
0 if h(z) > ¥,

for ¥ > 0 and s € [0,1].
Now, let us extend this set of rules admitting ¥ = 0 and ¥ = +o00, and let

Cz1,2,) = {PAW(z)>7)+ (1-s)Pi(h(z) = 7), Pa(h(z) < 7) + sP2(h(z) = 7);
0<y<00,0<s<1}.

It is easy to see that C(z, z,) is a curve joining points (0,1) and (1,0) which
is continuous, convex, and nonincreasing. It will be called the divergence curve
for (Z1,23). Obviously, C(z, z,) is the set of errors (a;12(9), a21(9)) for threshold
rules from the extended set of rules with minimal error rates.

We will say that C(Zl,Zg) < C(z,,2,) iff for any (z1,22) € C(z,,z,) there exists
(z1,%2) € C(thz) such that z, > Z,.

The following is an equivalent definition of <,:

(Zl,Z2) <p (21,22) iff 0(21’22) < C(Z1,Zz)'

3. Global Dependence Order <,. Given a random vector X, consider
a discriminant problem corresponding to a pair (*X,X), where X is a random
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vector distributed according to the product of marginal distributions of X. For
any pair of random vectors X and Y, we define the following ordering <, of global
dependence:

X< Y ff (1X,X) <, (LY, Y).

THEOREM 2.
(i). <4 is a preorder.

(i1). For any random vectors X(n — dim) and Y (k — dim) supported on X and ),
respectively, 1° for Borel measurable functions f : X — R™, g : Y — RF such

that f(wls ) xn) = (fl(z1)7 ceey fn(xn)); g(yl) ceey yk) = (91(?/1), v ’gk(yk));
where f;, g; are injections,

(1) X < Y iff £(X) < 9(Y),

2° for any n-elements and k-elements permutations II(") and (%)

(2) X < Y iff T0(X) <, mA(Y).
(iii). X is a minimal element of <, iff X = X.

(iv). For X with continuous marginal distribution: if the distribution of X is
degenerate, then X is a mazimal element of the preorder <,.

(v). For normally distributed k-dimensional random vectors X and Y with iden-
tical sets of orthogonal eigenvectors for the correlation matrices of X and Y,
and for each pair of eigenvalues B;, fB; of correlation matrices of X and Y,
respectively:

if Bi>Bi>10r1>6,>8 i=1,....k then X<, Y.

Proor. (ii). It follows from Th.1 (i) that for an injection f : X — R",
we have (-LX,X);(f(J'X),f(X)). On the other hand for a function f : & —

R™ independently transforming vector components, we have f(+X) ~1 f(X).
Therefore, (J'X,X);(‘Lf(X),f(X)). Analogously, ("'Y,Y);(lg(Y),g(Y)). Thus
(1) holds due to the definition and transitivity of <,. The proof of (2) is analogous
since for any n-element permutation II, II(+X) =+ II(X).

Proofs of (iii) and (iv) follow immediately from Th.1 (ii) and (iii), respectively.

(v). By (ii), we may restrict consideration to the vectors with standardized
marginals. We shall show that, under the assumptions of (v), the error rate az;(0)
of any threshold rule @ for (*X,X) would diminish and a;2(8) would not change
when 8 was applied for (1Y,Y).
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Let ¥ and £ denote the correlation matrices for X and Y, respectively. The
likelihood ratio of X against +X is

h(x) =| = |71/ exp((-1/2)x (E7* = I)x).

Let & be a threshold rule such that d(x) = 1 if h(x) < 7y and 9(x) = 0 if
h(x) > 7. Let a;;(9) denote the error rates of d for (+X,X) and @;;(8) be the
error rates of @ for (*Y,Y). Then

a12(0)=1- fD7 oo J(2r) "2 exp((—1/2)x'x)dz; . . .dzk,
a21(8)= Jp, -- J(2r)™™? | £ |71/2 exp((~1/2)x £~ x)dz; . . . dz

and

a12(0)=1- fD., . J@m)n eXP((-1/2)y')’)dy1_- - dyk

a21(9)= Jp, .- f(2r) ™2 | T |72 exp((-1/2)y' T y)dy: . . . dyx,
where

D= {x:| Z |2 exp((-1/2)x'(Z! = I)x < 7}.
Putting
y= S1/25-1/2x%, we get

an(9)= Jp, -- J(@2r)"2 | £ |71/2 exp((—1/2)x =" x)dz; . . . dzk,

where

Dy= {x:| T |  exp((-1/2)x'T-V2ZV} -1 - NT1/?5-1/2x < 4}.
We shall show that D, C D,. Let x!,... ,x¥ be the orthonormal set of eigen-
vectors, common for ¥ and ¥. Substituting x = E§=1C;x' to D, and D., we get:

x€ Dy iff (2r)7"%| 2 | exp((-1/2)Zk (87 - 1)¢E < v,
x€ Dy iff (2m)™"?| T |7 exp((~1/2)Zh, (/BB - 1)¢E < 7.

Under the assumptions of (v), Dy C Dy and @21(8) < a21(8). Thus, (*X,X) <,
(J"Y,Y) since 612(6) = an((‘)). "

CoOROLLARY 1. Let X,Y be k — dim normally distributed random vectors and
let {;; and (;; be the elements of the correlation matrices of X and Y.

(2) Fork = 2, X Sg Y ‘Lﬁ I 612 |S| 4—.12 I

(ii). For k =3, if (12(23(a1 = 0 and (;; = n¢ij, for 1 < 9 < (G + 5 + ¢&)1/2,
i#34,4,5=1,2,3, then X <, Y.

Now, we will consider pairs of binary random variables X = (X(1), X(2), A
2 x 2 distribution of X is specified by P = (pi;), pij being the probability that
XMW =4 X@ = j (i, = 1,2). The set of 2 x 2 distributions will be denoted Pays.

A distribution P € Pax2 is either positive dependent (p11p22 > pi2p21) or
negative dependent (p11p22 < p12p21)- A natural monotone ordering <,, of Pax2
is given by:
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', ' ' ' '
P <, P if p11 < py1,y P22 < Pagy P12 2> P12y P21 2 P21

and P is positive dependent, or

! s 1 !
P11 2 P11, P22 2 P22, P12 < P12y P21 < Py

and P is negative dependent.
We shall show that P <,, P’ implies P <y P (but the opposite implication is not
true).

LEMMA 1. Let Q = (gij), R = (ri;) belong to Pyx2 and let £; = ri; — qi; for
1=1,2, & =qij —rij fori # 5,1, =1,2.

If 11q22 2 q12021 (q11922 < Q12921); &5 2 0, 4,5 = 1,2 (&5 £ 0, 4,5 = 1,2);
and min(&;;1,j = 1,2) = 0 (max(&;j54,5 = 1,2) = 0), then

Tij Qij T @Gi ., ...
3 LU J > 1 i,7=1,2.
3) Ty T Qs TiTi  ¢idi #ahi=1

PRrooF. Replacing in (3) ri; by ¢ij — &; for ¢ # 7, 4,5 = 1,2, and r;; by
gii + & for 1 = 1,2, and taking into account that £;1 + £22 = €12 + &21, we obtain
inequalities equivalent to (3), which obviously hold. ||

THEOREM 3. If P <,, P’ then P <, P'.

ProoF. Let X ~ P € Pjxz. Instead of C(ux x) we will write C(p). Then
the divergence curve C(p) is convex and piece-wise linear; it joins points (0,1)
and (1,0) and consists of four segments with slopes equal to (—p;;/pi.p.;), ordered
nondecreasingly.

Let P, P' € Pyx2 and let ag, a;, k = 1,...,4, be the slopes of consecutive
segments of C(p) and C( P')- Clearly, C( Py < Cp) if

(4) ap < ai for k=1,2, ap > a for k=34

If P is positive dependent then

—ay = max(p11/p1.pa, P22/P2.P.2),
—ag = min(p11/p1.p.1, P22/P2.0.2),
—a3 = max(p12/p1.p.2, P21/P2.P.1),
—a4 = min(p12/p1.p.2, P21/P2.p1),

and a;c are expressed analogously. To prove (4), it suffices to show that

P o P P 5 Pi i1

(5) T S 7 7 2 T
DD Pip; p;D; Dip.
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Denote &;; =| P:‘j -pij |, 4,5 = 1,2, & = min(&;34,5 = 1,2), pf = pi + &o,
p% = pij — oy 1 # §, 4,5 = 1,2, P° = (pf;). Then

p=( P +&1, p2—&2 \ _ [ Pt (11— &), p32— (12— &) .
P21 — &21, P22+ &2 P51 — (€21 = &), Doy + (E22—&o)

Since P <,, P° and p§ = pi1., p% = P.1, we see that for P and P° the inequalities in
(5) hold with (P, P') replaced by (P, P°). By Lemma 1, since min{&;; — £;1,j =
1,2} = 0, inequalities (5) hold with (P, P’) replaced by (P°,P'). But P° was
constructed so that P <,, P° <,, P'. Thus, inequalities (5) hold.

The proof for negative dependent distribution can be easily reduced to that for
positive dependent one. ||
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