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COPULAS AND MARKOV OPERATORS

By Eitwoobp T. OLsEN, WILLIAM F. DARSOW AND BAO NGUYEN
Illinois Institute of Technology

For any pair of random variables X and Y with common domain, there is
a function C : [0,1]* — [0,1] such that

Fxy(z,y) = C(Fx(z), Fr(y))-

The function C is called a copula; it is a continuous, monotonic function satis-
fying boundary conditions C(z,0) = C(0,y) =0, C(z,1) = z and C(1,y) = y.
Let Cy = 8C/dz and C, = dC/dy. Then

E(Ix<.|Y) = Ca(Fx(z), Fy(Y)) as.
E(Iy<y| X) = Ca(Fx(X), Fy(y)) as.

Some consequences of these relations are explored. In particular, they allow
the conditional independence condition of a Markov process to be expressed in
terms of the copulas of pairs of random variables in the process. The resulting
conditional independence condition gives a natural product operation on the set
of copulas:

A*B(z,y):/ A2(z,8)B1(s,y) ds.
0

The set of copulas under this product is isomorphic to the set of Markov operators
T on L*[0,1] under composition, via the correspondence

1
(Tcfl(z) = dii— / Ca(z,t)f(t)dt
CT(-Ta’y)-’:/ [TIo,5](s) ds.

This correspondence is discussed.

1. Introduction. A copula is a function C : [0,1]2 — [0, 1] satisfying
Boundary conditions: For all z, y € [0, 1],

C(z,0)=C(0,y)=0
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Cz,1)=1=z
C(Ly)=y.

Monotonicity condition: Whenever z; < x5 and 3, < 93
C(z1,1) — C(z2,11) — C(z1,92) + C(22,72) > 0.

Copulas have several nice properties. Among the properties we shall use
here are:

(a) A copula C is a Lipschitz continuous function satisfying
IC(21,11) — C(22,92)| < |21 — 22| + |y1 — w2l

(b) If C is a copula, then 2 — C(z,y) and y — C(z,y) are nondecreasing
functions.

(c) First partial derivatives of copulas exist almost everywhere, and z —
Ca(z,y) and y — C1(z,y) are almost certainly nondecreasing.

(d) The set C of copulas is a compact subset of L>°([0, 1]?).

Here and elsewhere we use the notation
Cyl(xa y) = aC(:E, y)/az
Co(z,y) = 0C(z,y)/0y.

Note that the Lipschitz property of a copula implies that the sections z —
C(z,y) and y — C(z,y) are absolutely continuous functions, so that C can
be recovered from either of its first partial derivatives by integration, using
the boundary condition of the left boundary (if it is C; which is integrated)
or the lower boundary (if it is C' 5 which is integrated). While the differentia-
bility properties of copulas are well known, they are often not exploited; the
results reported here exploit the differentiability properties. For a discussion
of properties of copulas, see Darsow et al. (1992).

Copulas are of interest because of the following theorem:

THEOREM 1.1 ( Sklar (1959), Sklar (1973)). For any real valued random
variables X and Y with joint distribution Fxy there is a copula C such that

Fxy(z,y) = C(Fx(z), Fr(y))

where Fx and Fy denote the distribution functions of X and Y, respectively.
If X and Y are continuous, the copula C is unique. If not, the values of C' are
uniquely determined at points (Fx(z), Fy(y)) where z is in the range of X
and y is in the range of Y, and the values of C' at other points can be assigned
using bilinear interpolation.
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The proof for the general n—dimensional case is outlined in Appendix A of
Sklar (1995), in this volume.

When we speak of the copula of a pair of random variables X and Y,
we will mean the copula whose existence is guaranteed by the theorem, using
bilinear interpolation, if one or both of the random variables are not contin-
uous (i.e., have discontinuous cumulative distribution functions). When both
are continuous, the copula is uniquely determined without the need of an in-
terpolation convention. We remark that the bilinear interpolation convention
is used in the proofs of both Theorem 1.2 and Theorem 1.3, below, to handle
cases when random variables are not continuous, see Darsow et al. (1992).

Theorem 1.1 states that copulas are related to joint distribution functions.
The derivatives of copulas are directly related to conditional expectations:

TaEOREM 1.2. If X and Y are real valued random variables with distri-
bution functions Fx and Fy and joint distribution function Fxy, and if C is
the copula of X and Y, then

E(IXS,; I Y)= C,Z(Fx((v), Fy(Y)) a.s.
E(Iy<y l X)=Cq1(Fx(X), Fy(y)) as.

Here and elsewhere Ig denotes the characteristic function of a set G.

ProoF. A proof is given in Darsow et al. (1992). A heuristic proof,
which is rigorous when Fx and Fy are continuous and strictly increasing, is
as follows:

C(Fx(2), Fy (y + Ay)) - C(Fx(2), Fy (y))

P(X<z|y<Y<y+Ay) = Fy(y+ Ay) - Fy(y)

Take the limit as Ay — 0 to obtain the first conclusion of the theorem. 1

Now if random variables X, Y and Z are continuous random variables,
and X and Z are conditionally independent given Y, then by definition, for
all real numbers = and z,

B(lIx<alllz<:]|Y) = EUx <o | V)E(Iz. 1Y) as.
Integrate this expression over the common domain of X, Y and Z. The integral

of the left hand side can be replaced by the joint distribution function of X
and Z; substitute the copulas of X and Z, X and Y and Y and Z, using
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Theorems 1.1 and 1.2, to obtain
Cxz(Fx(z), Fz(2))
=/QCXY,z(FX(fv),FY(Y(w)))CYz,l(FY(Y(w))’FZ(Z))dP(w)

= /01 Cxy2(Fx(z),n)Cyz1(n, Fz(2))dn.

The condition that X and Z are conditionally independent given Y implies,
therefore, the following relation among the copulas:

1
CXZ($,2)=/0 Cxvya(z,y)Cyz1(y, z) dy.

This leads to a way to state the conditional independence condition of a real
valued Markov process in terms of the copulas of random variables of the
process. An explicit expression for the finite dimensional distributions of a
Markov process in terms of the copulas pairs of random variables, is given in
Darsow et al. (1992). The content of the Chapman-Kolmogorov equations can
be stated in terms of the copulas of the process in a particularly simple way:

THEOREM 1.3. Let t — X;, t € T, denote a stochastic process. Let
Cst denote the copula of X; and X, s < t. The following statements are
equivalent:

(1) The transition probabilities P(s,z,t,E) = P(X; € E| X, = z) of the
process satisfy the Chapman—Kolmogorov equations

P(s, 2,1, E) = / ” P(w,£,1, E)P(s, z,u,df)

for all Borel sets E, for all s < t in T, for all u € (s,t) N T and for almost all
z € R.

(2) For all s, u,t € T satisfying s < u < t, and for all (z,y) € [0,1]?

1
Cst(x, 3/) = / Csu,Z(xa t)Cut,l(ta y) dt'
0

A proof is given in Darsow et al. (1992). We remark that the theorem is not
restricted to continuous random variables and that the bilinear interpolation
convention mentioned above is used in the proof of the theorem in case not
all of the random variables X; are continuous. Theorem 1.3 says roughly that
copulas capture the dependence structure of real valued Markov processes in
a manner equivalent to that of the Chapman—Kolmogorov equations. Note,
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however, that they do so without any information about the marginal distri-
butions of the process.

Theorem 1.3 motivates the following definition of a product on the set C
of copulas: For copulas A and B define

A+ B(ai)= [ Aale,0Ba(t) . (L1)

The product defined in (1.1) has the following properties:
(a) A* B is a copula.
(b) * is an associative binary operation.
(¢) * is continuous in each place with respect to the uniform topology.

These properties are established in Darsow et al. (1992). Using the * product
notation, we can restate Theorem 1.3 in compact form:

THEOREM 1.3. (Restated) A real stochastic process X; satisfies the Chap-
man-Kolmogorov equations if and only if, for s < u < t,

Cst = Csu * Cut (12)

where C; denotes the copula of X, and X;.

To emphasize the content of Theorem 1.3, we indicate how a discrete
time Markov process can be constructed by specifying marginal distributions
and copulas:

Let T = N =natural numbers. The construction is as follows:

(a) Assign copulas Cp;n41 in any manner.

(b) For k > 1 set

C’n;n+k = Cn;n+1 * C'n+1;n+2 *...% Cn+k—l;'n+k~

(c) Assign (continuous) marginal distributions F, in any manner.

(d) Require that the n-dimensional distributions for n > 2 satisfy the condi-
tional independence condition for a Markov process.

(e) Apply Kolmogorov’s fundamental theorem to obtain a stochastic process
X; with the specified finite dimensional distributions.

Observe that the copulas assigned in (a) and (b) are the copulas of a
Markov process, regardless of what distributions are assigned in step (c) of
the construction.
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The integral operators suggested by the Chapman—Kolmogorov equations
are Markov operators; the content of the Chapman-Kolmogorov equations can
be stated as a condition involving the composition of Markov operators. This
implies that there is a natural relation between Markov operators and cop-
ulas. The goal of this paper is to make that relationship explicit and then
to investigate the relationship. In Section 2 of the paper, we define Markov
operators and establish an isomorphism between copulas under the x product
and Markov operators on L*°[0,1] under composition. In Section 3, we inves-
tigate the relationship. In particular, we show how to obtain proofs of some
known properties of Markov operators via the isomorphism theorem and some
known properties of copulas, and we translate some statements about copulas
to Markov operators using the isomorphism. Section 4 contains discussion and
conclusions.

2. An Isomorphism between Markov Operators and Copulas.
Let {Q;0;u} be a measure space. We assume  is a compact set in R*. A
linear operator T : L*(Q) — L*(R) is a Markov operator if

(a) T is positive, that is f > 0 implies T'f > 0;
(b) The constant function f = 1is a fixed point of T'; and

(¢) foTfdu= [ fdu forall fe L™, (2.1)

It follows easily from the defining properties that

1Tl = sup [ITflleo = 1.

o=

It is also not difficult to show that 7" extends to a bounded linear operator on
LP(Q) for p € [1,00) and that the L!(Q) operator norm of T is 1.

We prove the isomorphism theorem by way of some lemmas; we will state
the theorem after proving the lemmas.

LemMMA 2.1. For a copula C, define T¢ via

1
(Te(@) = 77 [ Cale,0f0)dt (22)

Then T¢ is a Markov operator on L*°([0, 1]).
Proor. We show first that if f € L*°([0,1]) then

- /O ' Cala, ) f(t) dt = o(2)
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is Lipschitz continuous with Lipschitz constant || f||o,co. For if 21 < 23 then

9(a2) = g(en)| = | [(Calea,t) = Caler, (1) d
< loee [ 1Cataa,) = Caar, O

= Ifllce [(Caloz,t) ~ Calar, )t
— 1 fllose(Cla2,1) = Cler,1))
= || fllo,00(z2 — 71).

The statement in the third line above makes use of the fact that ¢ — C y(z,1)
is almost surely increasing, the statement in the fourth line makes use of the
fact that C is absolutely continuous in each place, and the last statement
makes use of the boundary conditions satisfied by C.

We show next that the derivative in (2.2) exists. Since ¢ — C(z,1) is
a.s. increasing, the functions

1
z— /0 Ca(@,(If(®)] - FB)dt  and

1
r— /0 Coala, (1 F(0)] + £(1)) dt

are both a.s. increasing and thus have derivatives pointwise a.e. Since

T — /01 Cao(z,t)f(t)dt

is a linear combination of the foregoing functions, it follows that the derivative
in (2.2) exists pointwise a.e.

The result of the foregoing paragraph shows that the derivative is bounded
above by || fllo,c0, 50 Tef € L*([0,1]). Positivity of T¢ follows from similar
considerations.

That [Tfdu = [ fdp and that Tcl = 1 are direct calculations. We
indicate the former calculation:

A‘l chdl‘ — /Oldli_/ol 012($at)f(t)dtd:v
:/0 (Ca(1,1) = C2(0,1)) f(2) dt

= /0 1 F(2) dt.
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The statement on the second line uses the fact, proved above, that

z — / 1 Ca(z,0)f(t) dt
0

is Lipschitz continuous, hence absolutely continuous, and the statement in the
third line uses the fact that since C(1,t) = t and C(0,t) = 0, necessarily
Cyg(l,t) =1 and C’Q(O,t) =0. [ |

Conversely, if T is a Markov operator on L*°([0,1]), we may define a
function Cr via

Crtag) = | “[TIo )(5) ds. (23)

LEMMA 2.2. Cr as so defined is a copula, and if we write T¢ = ®(C”) for
the function which maps C into T¢ via (2.2), and Ct = ¥(T) for the map
defined by (2.3), then ® o ¥ and ¥ o ® are identity operators.

Proor. To establish that Cr is a copula, observe first that if z; < z,
and y; < yz then

T3
Cr(z1,1) — C1(z2,11) — C1(21,92) + C1(22,92) = / [Ty, y,)l(s)ds >0
T

using the positivity of T. Hence, C'r is monotonic. As to boundary conditions,
observe that

Cr(z,1) = /0 “[Tho)(s) ds = /0 Tds=s

1 1
Cr(1,y) = / [TTo)(s) ds = / T y(s) ds = v.

The first statement uses the fact that the constant function f = 1 is a fixed
point of T and the second uses the fact that [T fdu = [ fdp.

We turn to the last assertion of the Lemma. Observe that
[V o @(C)(z,y) = Cocy(z,v)
= [otois)ds
T d 1
_ /0 2 /0 Ca(s, )0 (1) dt ds
1
- / C oz, 1) (1) dt
0

= /y Co(z,t)dt
0
= C($ay)
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Observe next that, applying ® o ¥(T') to the characteristic function Ijp ), we
obtain

[@ 0 ¥(T) o y)(2) = [Ty(r)lpy)(z)

1 T
= %A %(/0 [TI[O’t]](S) dS)I[O,y](t) dt

= % /Oy %(Az[TI[O,t]](S) ds) dt

- % /0 “[Tlo )(s) ds

= [TIjo y(2).

It follows that ® o ¥(T') agrees with T on the set of functions which are linear
combinations of characteristic functions of intervals (y1, y2] C [0, 1]; since this
set is dense in L' and both ® o ¥(T) and T are Markov operators, hence
bounded, on L}, they necessarily agree everywhere on L!. Since L? C L! for
p € (1,00], we have the desired result. 1

LemMA 2.3. Let B and C be copulas. Then Tg o Tc = Tg«c-
Proor. Let f € C*°. Then

1
(T80 Tof\e) = g5 [ Bale, DTl &
= %/(; Byg(:z:,t)g-z/(; C2(t,s)f(s)dsdt
i d 1 ,
:%/0 B,z(m,t)—d—t(tf(l)—/o C(t,5)f'(s) ds) dt
d 1o , (2.4)
= 4 er - /0 /O Ba(z,0)Ca(t, s)f'(s) dt ds)
= 2= [ BrC@a()ds)
d
dz

1
= (mf(l)—:vf(l)+/(; (B *C)o(z,8)f(s)ds)

= [TB.«c f](2)-
Since (2.4) holds for a dense set in L', it holds for all f € L' and thus, since
L> C I', for all f € L™. |

It is obvious that the map C — T¢ also preserves convex combinations.
It is also true that transposes are mapped into adjoints: CT — (T¢)t.

LemMA 2.4. Extend Tc to LP([0,1]), p € (1,00). Then Tt = (To)t.
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Proor. For all f € L? and for all test functions g € C§°([0,1]) (the set
of infinitely differentiable functions vanishing at 0 and 1), we have

1 1 d 1
/0 9(z)[Tcf)(x) d:c—/o gl(av)%/o1 Co(z,t)f(t)dt dz
o /0 ¢'(z) /0 C (e, ) f(¢) dt dz
- [10(G [ ¢@cE )
1 1
- /0 o /0 9(2)C (3, 1) da) dt
= [[Terasw e

Since the test functions are dense in the dual of LP, we have the desired result.
|

The foregoing lemmas yield the following result:

THEOREM 2.1. (Isomorphism Theorem). The correspondence T — Cr of
(2.3) is an isomorphism of the set of Markov operators on L*([0,1]), under
composition, and the set C of copulas, under the *x product. That is, if we set
®(C) = Tc, then ® is one-to—one and onto and

(a) ®(C1 % Cy) = ®(Cy) 0 ®(C>),

(b) ®(AC1 + (1 = A)C3) = A®(C1) + (1 — A)®(Cy), and

(c) ®(CT) = (Ot

We remark that Ryff (1963), utilizing a prior characterization of L; oper-

ators established by Kantorovich and Vulich (1937), showed that every Markov
operator T on L*°([0, 1]) has the representation

T1l@)= 3 [ K@se)dy

where the kernel K is measurable and satisfies the following six conditions:
(a‘) K(O,y)= 0,0<y<1.

(b) Esssup V[K(-,y)] = C < oo, where by V[K(-,y)] is meant the total
variation of K for fixed y.

(c) z— fol K(z,y)f(y) dy is absolutely continuous for every f € L.
(d) z = [, K(z,y)dyfor all z € [0,1].
(e) z1 < g implies K (z1, -) < K(z9, -).
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(f) K(1,9)=1, 0<y < L.

It is easy to verify that if C' is a copula then C ; possesses these six properties,
and conversely that if K possesses the six properties, then C defined by

Cla,y) = /0 ' K(z,0)dt (2.5)

is a copula (the existence of the integral in (2.5) follows from property (d),
monotonicity follows from (e), and the boundary conditions follow from (a),
(d) and (f)). Thus, Ryff’s characterization plus a few calculations give most
of the results above. We note that Ryff did not obtain (but easily could
have obtained) the law of composition of Markov operators implied by his
characterization; this law does not have a nice form, unless it is formulated in
terms of copulas. We note also that the interpretation of Ryff’s result seems
to demand Theorem 1.2 concerning copulas and conditional expectations, and
hence seems to demand reformulation in terms of copulas.

3. Applications of the Isomorphism Theorem. We address first
some topological issues.

THEOREM 3.1. Let C,, denote a sequence of copulas, and write T, for
®(C,), where ® is the isomorphism of the preceding theorem. T, — T in
the weak operator topology of LP, for p € [1,00), if and only if C,, — Cr
uniformly.

We prove this result by way of two lemmas.

LEMMA 3.1. Let C,, and C be copulas, and let p € (1,00]. The following
statements are equivalent:

(a) [|C = Callo,co — 0.
(b) For all f € L*([0,1]?),

1 1 1 1
/0 /0 £(2,9)Cal, y) dz dy — /0 /O f(2,9)Ca(z, y) de dy.
(c) For all f € LP([0,1]?),

1 1 1 1
/0 / £(2,9)Cna(2, y) de dy — /0 /0 f(z,9)C(z, y) de dy.

Proor. We will show that statement (a) implies statement (b) and that
statement (b) implies statement (a). The arguments that statement (a) implies
statement (c) and that statement (c) implies statement (a) are similar.
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Suppose statement (a) holds. We will show that every subsequence of
Ch,2 possesses a subsubsequence converging weakly to C 3. Let Cy, 2 be a
subsequence; relabel: Cj 2. Since the unit ball in L?, ¢ € (1,00), is weakly
sequentially compact, there is a subsubsequence Cy; o (relabel: Cj2) and a
function g € L? such that

/01 /01 f(z,y)Cj2(z,y)dz dy — /01 /01 f(z,y)9(z,y)dzdy  (3.1)

for all f € LP, where 1/p + 1/q = 1; in particular, (3.1) holds for all test
functions f € C§°. But for any such test function, we have

1 1 1 1
/ / f(2,9)Cya(z,y) do dy = — / / fa(z,9)Cy(z, y) d dy
0 0 0 (1]

1 (3.2)
- _/ / f,Z(x’y)C(zay) dz dy'
0 JO

Comparing (3.1) and (3.2), we conclude that necessarily g = C 5. This implies
the desired result.

Conversely, suppose statement (b) holds. We will show that every subse-
quence of C,, possesses a subsubsequence converging uniformly to C. Let Cp,
be a subsequence; relabel: Cj. Since the set of all copulas C is compact in the
uniform topology, there is a subsubsequence Cj, (relabel: C;) and a copula
B € C such that ||B — Cj||o,co — 0. But then for all test functions f, we have

1 1 1 1
/ / £(2,9)C;a(z,y) do dy = — / / fa(e,y)Cy(z, y) dz dy
0 0 0 0
1 1
—*—/ / fa(z,y)B(z,y)dz dy.
0 0

Compare this with statement (b) and conclude that B, = C 3 a.s., so that
necessarily B = C. 1

LEmMMA 3.2. Let T, = T¢, and T = T¢. T, — T in the weak operator
topology of L?, for p € (1,00), if and only if for all f € LP,

/01 /01 £(2,9)Crn2(z,y) dz dy — /01 /01 f(z,y)Ca(z,y)dedy.  (3.3)
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ProoF. Let ¢, ¥ € C*([0,1]). Then

/1 /I(C,z(w, y) — Cna(z,y))d(z)P(y) dz dy
o (3.4)

. /O 3(2)(T - To)](2) da

where @ is an antiderivative of ¢. If T,, — T in the weak operator topology,
then the right hand side of (3.4) goes to zero for all ¢ and %, so that (3.3)
holds whenever f(z,y) = ¢(z)¥(y). But linear combinations of functions of
this form are dense in LP, so (3.3) holds for all f € L?. On the other hand, if
(3.3) holds, then the left hand side of (3.4) goes to zero for all ¢ and . Since
functions ® and ¢ are dense in L? and L9, respectively, where 1/p + 1/¢ =1,
and T'— T, is a bounded operator, it follows that T,, — T in the weak operator
topology of LP. ]

It is known that Markov operators form a compact set under the weak
operator topology, Brown (1965). This is a corollary of the foregoing theorem
and the fact that the copulas are a compact set in the uniform topology.

Define three norms on span C, the linear span of the set of copulas:

(a) Set B = co {CU(-C)}, where co denotes convex hull, and define a
Minkowski functional via

| Alla = inf{t > 0| A € tB}.

(b) Extend the isomorphism & to span C and define

1Allop = I2(A)]l.

(c) Let A € span C, let ps = p}; — p; be the Jordan decomposition of the
finite signed measure induced by A. Set A*(z,y) = pi([0,2]x [0,9]),
and A7 (z,y) = p4([0,2] X [0,y]). Define

[Alls = max{||A5( -, Dlloo, 1451, oo}
+max{[|A5( -, 1lloos [[A (L, - o}

where || - ||co denotes the L°°([0, 1]) norm.
THEOREM 3.2. ||A|lm = ||A||s for all A € spanC.

A proof of this result can be found in Darsow and Olsen (1995). We
conjecture that || - ||ar and || - || Op 2re equivalent norms on span C. It is easy
to see that || - ||p dominates || - ”Op' It would be of interest to establish
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equivalence, since the linear span of the copulas is a (real) Banach algebra
under || - ||, see Darsow and Olsen (1995).

We turn now to some other results for Markov operators which are ob-
tained easily via the isomorphism theorem by translating known results for
copulas to the Markov operator setting.

We will say f:[0,1] — [0,1] is measure preserving if for any Borel set E,
f~Y(E) is a Lebesgue measurable set, and A\(f~1(E)) = A(E) where ) denotes
Lebesgue measure. Set

F={f:[0,1] - [0,1] | f is measure preserving },
and for f, g € F, define a function Cy,, : [0,1]? — [0,1] via

Crig(z,y) = A(1([0,2]) n g™ 1([0,9]) ) (3:5)

THEOREM 3.3. (Representation Theorem). The function Cy,4 of (3.5) is
a copula. Furthermore, for any copula C there exist functions f, g € F such
that
C=Cryg.

For a proof, see Darsow and Olsen (1993) or Vitale (1995).

Set M(z,y) = min{z,y}, then M is a copula, and is a unit for the
* product. The corresponding Markov operator Ths is the identity map on
L*([0,1]). We say a copula A is left (right) invertible if there is a copula B
such that Bx A = M (Ax B = M), and we say an operator T is left (right)
invertible if there is an operator § such that SoT (T 0 5) is the identity. We
shall use the isomorphism theorem to translate known facts about left and
right invertible copulas to the Markov operator setting.

First, it is known that if a copula is left (right) invertible, its left (right)
inverse is its transpose, Darsow et al. (1992). We then have the following
result, via the isomorphism theorem:

THEOREM 3.4. If a Markov operator on L*([0,1)]) is invertible, its exten-
sion to L%([0,1]) is necessarily unitary.

Second, there exist copulas which are invertible on one side but not both,
Darsow et al. (1992), so there exist Markov operators on L*([0, 1]) which are
invertible on one side but not both.

Third, using the representation theorem stated above and related re-
sults, we can prove a curious representation theorem for Markov operators on
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L>([0,1]). Let e denote the identity map on [0,1]. It is easy to see that for
any f, g € F

Crig = Cie * Ceyq- (3.6)
It is also easy to see that for any f € F, Cy,y = M, Darsow and Olsen (1993).
It follows that for any f € F, Cy, is right invertible and C.y is left invertible.
Thus, using the representation theorem and (3.6), every copula is the product
of a right invertible copula and a left invertible copula. It then follows via the
isomorphism theorem that:

THEOREM 3.5. Every Markov operator T on L*([0,1]) can be factored
as a right invertible Markov operator composed with a left invertible Markov
operator.

4. Discussion and Conclusions. We have used the fact that the con-
ditions Cy; = Cyy % Cy; are equivalent to the Chapman—Kolmogorov equations,
together with the fact that the composition of Markov operators follows the
Chapman—Kolmogorov equations, to formulate and prove an isomorphism be-
tween the set C of copulas under the * product and the set of Markov operators
on L*([0,1]) under composition. We have also shown how the resulting char-
acterization of Markov operators fits with work done by J. V. Ryff some thirty
years ago, and we have explored some of the consequences of the isomorphism.

The relation of copulas under the * product and Markov operators under
composition is like the relation of matrices under matrix multiplication and
linear operators on finite dimensional vector spaces under composition.

The work described here exploits well known but, to our knowledge, sel-
dom exploited, differentiability properties of copulas. It has been our experi-
ence that confusing issues in stochastic processes can often be reduced to clear
issues in real analysis by reformulation in terms of copulas and further that,
because of the nice properties of copulas and their first partial derivatives,
the resulting issues can often be addressed and answered by simple classical
arguments.
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