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Abstract

The central limit theorem for stationary processes arising from mea-
sure preserving dynamical systems has been reduced in [6] and [7] to the
central limit theorem of martingale difference sequences. In the present
note we discuss the same problem for conditional central limit theorems,
in particular for Markov chains and immersed filtrations.

1 Introduction

Let ((k)kez = ((€k, Mk))kez be a two-component strictly stationary random pro-
cess. Every measurable real-valued function f on the state space of the process
defines another stationary sequence (f(Cx))kez. Various questions in stochastic
control theory, modeling of random environment among many other applica-
tions lead to the study of conditional distributions of the sums ZZ;& F(Ce)
given 7ng, ...,N,—1. In particular, the asymptotic behaviour of these conditional
distributions is of interest, including the case when the limit distribution is
normal.

We shall prove conditional central limit theorems in the slightly more abstract
situation of measure preserving dynamical systems (X, F, P,T'), where (X, F, P)
is a probability space and T : X — X is P-preserving.

Let f be a measurable function and H be a sub-c-algebra. f is said to satisfy
the conditional central limit theorem with respect to H (CCLT(H)), if P a.s.
the conditional distributions of

n—1
1
—= > foT*,
\/—ﬁk=0

given H, converge weakly to a normal distribution with some non-random vari-
ance o2 > 0.

This leads to the identification problem for Lo(P)-subspaces consisting of func-
tions satisfying a CCLT. Following [6], an elegant way to describe such subclasses
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uses T-filtrations, i.e. increasing sequences of o-fields F,, = T~ F,41, n € Z.
Here we need to consider a pair of T-filtrations (F, )nez and (Gn)nez satisfying
Gn C Fy, for every n € Z. For example, in case of a strictly stationary random
process (&x)kez as above the o-field F, (or G,) is generated by ((x)k<n (or
(Mk)k<n, respectively). First of all, the conditional distributions in CCLT(H)

are determined by
H = v gk V \/ fk.
k€EZ k<0

Secondly, a general condition describing the class of functions f for which the
CCLT(H) holds is given by the coboundary equation f =h+g —goT with a
(Fn)nez-martingale difference sequence h o Tk (i.e. h is UrH-measurable and

EMf = E(f[H) =0).

The coboundary equation is implicitely also used in [10] and [9]. In [10], suffi-
cient conditions for CCLT(H) are obtained, when H is replaced by H= Viez Gk,
and our Proposition 3.1 contains this result as a special case. This proposition
also specializes in case of skew products T'(z,y) = (7(z), Tx(y)) as in [9], where
G, is a 7-filtration, and where H is also replaced by H.

It is hardly possible to verify this coboundary condition using properties of
the o-fields (Fp)nez and (Gp)nez without making assumptions about their in-
teraction. It has been noticed in [5] that conditional independence plays a
fundamental role when studying conditional measures and their properties in
connection with thermodynamic formalism. This additional property of con-
ditional independence has been called immersion in [1], and we shall adopt
this terminology. It means that for every n € Z the o-fields F,, and G, are
conditionally independent given G,,. The property of immersion is an essential
simplification, although it seems to be rather strong. However, it looks quite
natural in several situations (see e.g. [5]), in particular, when both ({x)krez and
(nk)kez are Markovian. Indeed, if the sequence (ny)kez models the time evo-
lution of a random environment influencing the process (£x)kez, the condition
just means that there is no interaction between the process (£ )rez and the en-
vironment (7x)kez. The same picture arises when (£x)rez models the outcome
of non-anticipating observations over the process (1 )kecz, mixed with noise. If
the sequence ((x)kez is a Markov chain, there is a natural assumption in terms
of transition probabilities to guarantee that the corresponding filtrations are
immersed (see Section 4).

The notion of immersed filtrations was first recognized as an important concept
in connection with the classification problem of filtrations (see [1] and references
therein). A closely related notion, regular factors, was introduced in [5]. The
latter paper also contains some examples of regular factors originating in two-
dimensional complex dynamics.

In more general situations (like in control theory) some form of the feed-back
between the two processes may be present, and we cannot expect that the
corresponding filtrations are immersed. In this case more general concepts and
results (like Theorem 3.7 of the present paper) have to be developed.

In particular, we study the CCLT-problem for functions of Markov chains. We
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follow the ideas in [7] closely where a rather general and natural condition in
terms of the transition operator was introduced for the CLT-problem. This
condition means that the Poisson equation is solvable, and it avoids mixing as-
sumptions and similar concepts (e.g. [9] contains results in this direction). There
is a natural construction embedding the original Markov chain into another one,
for which the Poisson equation has to be solved. We give some comments how
this verification can be done, in particular, in the context of fibred dynamical
systems [5]. However, we do not go into much of details. As a consequence we
obtain the functional form of the CLT for fluctuations of a random sequence
around the conditional mean.

Finally, we consider the case of immersed Markov chains. This property together
with a solution of the Poisson equations for the original and extended Markov
chains establishes an analogous result for conditional mean values of the original
sequence, in addition to the CLT for fluctuations.

The present paper arose from an attempt to understand Bezhaeva’s paper [2]
from the viewpoint of martingales. Bezhaeva’s article studies the same problem
as in the present note in the special case of finite state Markov chains. We
do not reproduce these results in detail and formulate the conclusions of our
theorems in a way different from the viewpoint taken in [2]. However, we would
like to sketch the differences in both approaches. There are two results on
the CLT in [2]: Theorem 3 and Theorem 5 (the latter theorem seems to be
the most important result of [2]). Our corresponding results are Theorem 3.7
and Theorem 4.4. Though, we do not verify here that the conditions of our
Theorem 4.4 are satisfied for a class of Markov chains considered in [2] and
arbitrary centered functions: this would be just a reproduction of a part of
[2]. Its proof and the content of our Section 4 clearly show that even for finite
state Markov chain we really deal with continuous state space when considering
a conditional setup. In fact much more general chains than in Theorem 5 in
[2] (for example, geometrically ergodic) can be considered on the basis of our
Theorem 4.4. Our method of proving the CLT is quite different from that of [2]
and, as was remarked above, is based on approximation by martingales.

We assume in this paper that all probability spaces and o-fields satisfy the re-
quirements of Rokhlin’s theory of Lebesgue spaces and measurable partitions.
This does not imply any restriction to the joint distributions of random se-
quences we are considering; hence we may freely use conditional probability
distributions given a o-field. An alternative approach would be to reformulate
the results avoiding conditional distributions. However, we do not think that
the advantages given by such an approach justifies the complexity of such a
description.

2 Immersed Filtrations

Throughout this paper, let (X,F,P) and T : X — X be, respectively, a
probability space and an automorphism of (X, F, P) (that is an invertible P-
preserving measurable transformation). An increasing sequence of o-subfields
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(Fn)nez of F will be called a filtration and a T-filtration if, in addition, T~ (F,) =
Fna1 for every n € Z. Any o-field € C F defines a natural T-filtration (&, )nez =
(T~"E)nez, whenever T~1E D £. A filtration (G, )nez is said to be subordinated
to a filtration (F,)nez, if for every n € Z

Gn C Fa, (21)

and it is called immersed into the filtration (Fy,)nez, if (Gn)nez is subordinated
to (Fn)nez and for every n € Z the o-fields F,, and G,y are conditionally
independent given G,.

We shall always assume that
F=\/ Fa (2.2)
neZ
(Vseg &s denotes the smallest o-field containing all o-fields &, s € S). Setting
g = VnEZ Gy, it follows from the definition of a T-filtration that G is completely
invariant with respect to T (that is T~'(G) = G). Finally, define F_ = (", .5 Fi,
and similarly G_ = ﬂkez Gr.

Throughout this paper (G, )nez always denotes a T-filtration which is subordi-
nated to the T-filtration (Fy)necz. We then set

H, =GV Fp.

The transformation T defines a unitary operator Ur on Ly = Lo(X,F, P) by
Urf = foT, f € Ly. Given a sub-o-field H C F, we denote its conditional
expectation operator (on Lo) by E™ and its conditional probability by P(:|H).
Let || - ||2 denote the Lo-norm.

As mentioned above, the notion of immersed filtrations arises naturally in the
context of Gibbs measures in the thermodynamic formalism (see [5]) and of
Markov chains (see e.g. [2]). In order to simplify our conditions in the CCLT
for these applications we need the following lemma for immersed filtrations.

Lemma 2.1. The T-filtration (G )rez s immersed into the T-filtration (Fi)kez,
if for everyn € Z
E7n o E9ntt = E9n, (2.3)

or, equivalently,

E9n+1 o FFn = 90, (2.4)
Conversely, if (Gk)kez is immersed into (Fi)rez, then the following equalities
hold for everyn € Z and m > 1:

E”r o E9nim = Entm o EFr = E9n. (2.5)

Proof. We first show that (Gi)kez is immersed into (Fg)kez, if (2.3 ) holds. Let
n € Z be fixed and let £ and 1 be bounded functions measurable with respect to
Fr and Gp41, respectively. It follows from (2.3 ) that EZ»n = E9y. Therefore
we have

E%" (&n)

E9E7»(¢n) = B9 (EE7)
E%(¢E%n) = E9 () E" (n),
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which implies the conditional independence of F,, and G,,,1 given G,,. In a sim-
ilar way (replacing F, by Gn4+1) one shows conditional independence assuming

(2)-

Conversely, we first show that conditional independence of F,, and G, 41 given
Gn for some n € Z implies (2.3 ). Indeed, it suffices to verify (2.3 ) for all
bounded F, V G, 1 1-measurable functions of the form £n, where £ and n are F,-
and G,1-measurable, respectively. By conditional independence, for a G, 41-
measurable, bounded function h,

/ h-E9+1gdp = / E9(¢h)dP = / E9¢E9hdP = / hE9¢dP,

whence E9+1¢ = E9¢. Similarly one shows that EFnn = E9n. It follows
that

B B9si(en) = BT (qE% €)= B¥(nE9"¢)
= (B9 (BT = (B%)(ESn)
= E%(¢n).
Since the equation (2.4 ) can be proved similarly, we obtain the equivalence of
(2.3 ) and (2.4 ). Moreover, by induction one easily verifies (2.5 ). O

3 A Conditional Central Limit Theorem

Let (vx)x>1 be a sequence of real-valued random variables. For every n € Z;
define a random function with values in the Skorokhod space D([0,1]) (]3], [8])
in the standard way: it is piecewise constant, right continuous, equals 0 in the
interval [0,1/n) and equals n~1/2 > i<m<nt Vm for a point t € [1/n,1]. This
random function will be denoted by R, (v1,...,v,) and has a distribution on
D([0,1]), denoted by Py (v1,...,vn). We write w, for the Brownian motion on
[0,1] with variance 02 of w,(1) (we need not exclude o2 = 0 since wy is the
process which identically vanishes). The distribution of w, in C([0,1]) will be
denoted by W,.

Remark 3.1. In the sequel we deal with convergence in probability of a se-
quence of random probability distributions in D(]0, 1]) to a non-random proba-
bility distribution. It is assumed here that the set of all probability distributions
in D([0,1]) is endowed with the weak topology. It is well known that the piece-
wise constant random functions (in D([0,1])) can be replaced by piecewise linear
functions (in C([0,1])) without changing the essence of the results formulated
below.

3.1 A general CCLT

As mentioned in the introduction the conditional central limit theorems in [9]
and [10] are proved using some martingale approximation. There are different
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versions of a martingale central limit theorem which may be used in the present
context. They all are versions and extensions of Brown’s martingale central
limit theorem. It has been used in [10] directly, and is used in [9] and here in
a modified form. We apply a corollary of Theorem 8.3.33 in [8] to obtain the
following CLT for arrays of martingale difference sequences.

Lemma 3.1. Forn € Z, let (O™, F", (Fk.n)k>0, P™) be a probability space with
filtration Fi , C F™ (k > 0), and let (vg n)k>1 be a square integrable martingale
difference sequence with respect to ((Fi.n)k>0, P™). If for every e >0 andt >0
we have

> BP0 se) — 0 (3.6)
1<k<nt
and
Z ETsrnp? | to? (3.1
1<k<nt
in probability as n — oo then {P,(v1,...,v,) : n > 1}, converges weakly to
W,2.

The following proposition is the key result in the martingale approximation
method for the CCLT. Implicitly it also appears in [10], and its proof is analo-
gous to that for the central limit theorem in [6] or [7].

Proposition 3.1. Let T be an ergodic automorphism and (Hp)nez be a T-
filtration. Assume that g,h € Ly and

EM™ip = h, EMop =0. (3.8)

If f is defined by
f=h+g-Urg, (3.9)

then, with probability 1, the conditional distributions P,(f,Urf,...,Ur"" f|Ho)
given Hy of the random functions Ry, (f,Urf, ..., U?ilf) converge weakly to the
(non-random,) probability distribution W, where o = ||h|]2 > 0.

Remark 3.2. The equations in (3.8 ) say that the sequence (UZh)nez is a
stationary martingale difference sequence with respect to the filtration (H,)nez.

Remark 3.3. The conclusion of Proposition 3.1 remains true if the o-field
Hp in the statement is changed to any coarser one. This follows easily from the
definition of weak convergence and the non-randomness of the limit distribution.

Proof of Proposition 3.1. By remark 3.2 the sequence of finite series vy, =
n~12UE" h, (1 < k < n), form a martingale difference sequence with respect
to the filtrations (Hy)o<k<n. Assume first that ¢ > 0. We show that the
sequence {v |1 < k < n, n € Z} with probability 1 satisfies the conditions
3.6 and 3.7 of Lemma 3.1 with respect to the conditional distribution given
‘Ho. Relative to this conditional distribution with probability 1 the sequence
(URh)nez is a (non-stationary) sequence of martingale differences with finite
second moments. The ergodic theorem implies that with P-probability 1

1 n—1 1 n—1
= Y B (UER)? = — S UR(ER?) — b3
k=0 k=0
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as n — oo. It follows that with probability 1 the same relation holds almost
surely with respect to the conditional probability given Hy, establishing (3.7 ).
We need to check (3.6 ). By the ergodic theorem again, for every ¢ > 0 and
A > 0 we have with P-probability 1

lim sup Z EMr— (Vg,nl{ll’k,n|>5})

N0 ) <k<nt

= limsup n~! Z EHk((Uéc«h)Ql{'Ujlghbenl/z})

nmee 0<k<(n—1)t

limsup n~! Z EHk((Uéc“h)zlﬂUith})

nmee 0<k<(n—1)t

= limsup n! Z EHk(U%thik‘l{lth})
nee 0<k<(n—1)t

= limsup ™' > UR(E™(h®1(p>a)))
nmee 0<k<(n—1)t

= EEHO(h21{|h|>A}) = E(h21{|h|>A})’

IN

and, choosing A large enough, the latter expression can be made arbitrarily
small. Thus for every € > 0 with P-probability 1

Z EHk_l(Vlg,nl{luk’npe}) -0
1<k<nt

as n — oo. This implies that with probability 1 the same expression tends to
zero with respect to the conditional probability given Hg, proving (3.6 ).

It follows from Lemma 3.1 that P,(h,..., U;_1h|H0) converges weakly to W,
P-a.s. The same conclusion also holds if ¢ = 0 (h = 0 in this case).

Finally we need to show that the sequences (ULh)ncz and (UZ f)nez are stochas-
tically equivalent. We have

R,(n~Y2f, .. ,n7Y2UR" f) — Ry(n™Y2h, ... 072U R) =
Ry (nY*(Urg — g),n""*(Utg — Urg),...,n "*(Upg — U} g)).

It is easy to see that the maximum (over the interval [0,1]) of the modulus
of the latter random function equals n~'/2 max;<x<, |Ukg — g| and does not
exceed n~1/2(|g| + max; <<, |[Ukg|). Since by the ergodic theorem n='Ufg? —
0, this expression tends to zero P-a.s. Thus we see that P-a.s. the distance
in D([0,1]) between Ry (h,...,Ur"'h) and R,(f,...,Up""f) tends to zero as
n — oo. This implies that, with probability 1, the conditional distributions
Pu(f,...,U¥" ' f)[Ho) in D([0,1]) have the same weak limit as

Py (h, ..., U "hHo).



140 On Conditional Central Limit Theorems For Stationary Processes

3.2 On Rubshtein’s CCLT

Proposition 3.1 is in fact a general result which can be seen when compared to
other theorems in the literature. We begin recalling Rubshtein’s result in [10].

Theorem 3.4. Let (£, M )nez be an ergodic stationary process with § € Ly and

EY9,=0. If
n 2
sup E | EMo < 00, 3.10
e (7 () o
then, with probability 1, the conditional distributions P, (&1, &, ..., €n|G) of
R, (&1, &, ..., &) converge weakly to the non-random probability W, where

lim lE(§1 + ..+ &) =02

n—oo n

The proof of this result can be reduced to Proposition 3.1 observing that (3.10 )
implies a representation as in (3.9 ). The result in [9], Theorem 2.3 is of the
same nature, but in the special situation of a skew product. Another special
case of Proposition 3.1 is the following theorem, which is also a generalization
of Theorem 2 in [6], when p = 2.

Theorem 3.5. Let T be an ergodic automorphism and (Hy,)nez be a T-filtration.
If f € Ly is a real-valued function satisfying

Y (If = B™ flla + | E™-* £|l2) < oo, (3.11)

k=0

then Proposition 3.1 applies to f. In particular, there exists o > 0 such that with
probability 1 the conditional distributions P,(f,Urf,.. .,U}L_l f| Ho) converge
weakly to the probability distribution W,,.

Proof. The following explicit formula defines a function g which permits a
representation as in (3.9 ), where weset h = f —goT + g:

9= Up*(f = E™f) = > UK(E"+f)
k=1

k=0

(here and below the series are Ls-norm convergent due to the assumption
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(3.11)). It follows that
h = f- UTg +9
- f Z U k+1 E'Hk f) 4 Z Ujkw—i_l(EH—kf)

k=0

o
._n

Up(E"*f)

M8

Ugpk(f — EM* f) —

Mg

_|_

e
Il
—
>
Il

0

U(E-++1 )

Mg

UrH(f - B f) +
0 k

I
Mg

1

+) URF(f = E™™ f) =Y UR(E™-*f)

MW
Mg

£
-
=
Il

0

= f—(f—E"f)+> UpF(EM"+§ - E™f)
k=1

—EM0f + ) JUNE™-tf — BTk )
k=1
= D UR(E™-r — EMon)f
keZ
= lim (E™ - E™) Y ULf.

n—00
k=—n

This representation clearly shows that h satisfies (3.8 ) and the theorem follows
from Proposition 3.1. a

3.3 The CCLT for subordinated filtrations

Let (Gn)nez and (Fp)nez be two subordinated T-filtrations as explained in sec-
tion 2 on filtrations. We shall use Proposition 3.1 to obtain sufficient conditions
that the CCLT holds together with the CLT for the conditional mean. We begin
with the following reformulation of Proposition 3.1.

Proposition 3.2. Let T be an ergodic automorphism, (Gn)nez and (Fp)necz be
a pair of T ﬁltratwns such that (Gn)nez is subordmated to (Fn)nez. For f € Ly
define f EY9f and f f— f Assume that f and f admit representations

F=h+3-Urg, (3.12)

and L
f=h+g-"Urg, (3.13)

where §,q € Lo, IR N
E%h=h, E9h=0

EM™h =h and E™h = 0;
then
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i) the djstriliytions Pn(f:,\ UT_]?, ,U,}hl f) of the random functions
R, (f,Urf,..., U;“l f) converge weakly to the probability distribution W,
where ¢ = ||h]l2 > 0.

i) with probability 1, the conditional distributions Po(f,Urf,...,Ur™! fiHo)
given Ho of the random functions Ry (f,Urf,...,Up"" f) converge weakly
to the (non-random) probability distribution Wz, where & = ||h||2 > 0.

Remark 3.6. The same proof as for Proposition 3.2 shows that the joint distri-
bution of the partial sums of ( f f ) converge to aGaussian law with covariance
matrix (o;;), where 0% = ||h||2, o2 = ||h||2 and 012 =021 = fhhdu. One easily
deduces from this that also f is asymptotically normal with variance “Tl + EH%

Proof. The assertion ii) is a direct consequence of Proposition 3.1. The assertion
i) also follows from the Proposition 3.1 (applied to the filtration (G, )necz) and
Remark 3.3. O

Corollary 3.1. Under the assumptions of Proposition 3.2, with probability
1, the conditional distributions P,(f,Urf,...,Up~ 1f|f UTf,.. Ur~ 1f) con-

verge weakly to Ws, where ¢ = |lf~l||2 > 0.

Proof. This follows from Remark 3.3, because the functions f, UTﬁ e Ug_lf
are G-measurable and G C H,. O

Theorem 3.7. Let T be an ergodic automorphism, and let (Gp)nez and (Fp)nez
be a pair of T-filtrations such that (Gp)nez is subordinated to (Fp)nez. Let
f € Lo be a real-valued function satisfying

D= E™ f|l2 < oo, (3.14)
k=0
D IEf - B+ flla < 00 (3.15)
k=0
STIESf — E% f]l2 < 0o (3.16)
k=0
and -
Z 1E9=* fll2 < oo. (3.17)
k=0
Setting

F=E9f and f=f-Ef,
then f and f admit, respectively, the representations
f=h+3-Urg

and o
f=h+g-"Urg,
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where
E9h =h,E%h =0,E"h=h,E"h=0,5,§€ Ly, E9G =7.

Moreover,

i) the distributions Pn(f, UTf, ey U}‘_lf) of the random functions
R,( f,Urf,...,U¥f) converge weakly to the probability distribution
W3, where & = ||h]j2 > 0.

ii) with probability 1, the conditional distributions P, (f,Urf,.. ., upt ﬂHo)
given Ho of the random functions R, (f,Urf,..., U;_l f) converge weakly
to the (non-random) probability distribution W5, where o = ||h|j2 > 0.

Remark 3.8. (1) Instead of (3.17 ) it is sometimes more convenient to verify
the stronger condition

oo
> IEF*fll2 < co.
k=0
(2) If
H_ =G,
then the class of functions satisfying the assumptions of Theorem 3.7 is dense in

the subspace of the functions f € L, satisfying E9- f = 0. A sufficient condition
for this can be found in subsection 4.4.

Proof of Theorem 3.7. We apply Theorem 3.5 twice. Let us show first that f
and (Hp)nez satisfy the assumptions of Theorem 3.5. We have by (3.14 ) and
(3.15)

S Nf—E9f —E" f+ E"E9f|,

STIF - E™ fle
k=0

x>
Il
=]

I1f — E™ fll2

e 048

IA

If = B fll2 < o0

>
Il
=)

and

STIE"*flla = Y _|E™*f - E"*E9f
k=0

k=0

= Y |E9f — E™*f|y < oo

k=0

By (3.16 ) and (3.17 ) we can also apply Theorem 3.5 to f and (Gp)nez (instead
of f and (Hy)nez), since

STIESflla =Y E9*E9flla =) B9+ flls < oo
k=0 k=0

k=0
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and

S F—Eflla=>_IIE9f — E% 5 < oc.

4

Corollary 3.2. Let T be an ergodic automorphism, (Gn)nez and (Fp)nez be a
pair of T-filtrations such that (Gn)nez is immersed into (Fp)nez. Assume that

F_cg, (3.18)

and that f € Ly is a real-valued function satisfying

SNf = BT fll2 < o0, (3.19)

k=0

STIESf — B+ fl2 < o0

k=0

and

o

Z |E9* fll2 < oo.

k=0
Set

F=ESf and f=f-E,

then (3.14 )-(3.17 ) of Theorem 3.7 are satisfied and its conclusion applies to
f and f Moreover, the class of functions satisfying the assumptions (3.14 )-
(3.17 ) is dense in {f € Ly : E9- f = 0}.

Remark 3.9. In many applications we have 7. = A where N is the trivial
o-subfield. This obviously implies (3.18 ).

" Proof of Corollary 3.2. We only need to verify (3.16 ). This can be deduced
from (2.5 ) in the statement of Lemma 2.1 as follows:

1BSf —E%fla = ESf = B9 (B™ )]
IES(f — B7*£)ll2
< |f = E"*fla,
and (3.16 ) follows from (3.19 ). By (3.18 ) Remark 3.8 (2) applies and the set
of functions satisfying (3.14 )-(3.17 ) is dense in {f € Ly : E9- f = 0}. d

4 Markov chains

4.1 A general result

Let (»,)nez be a stationary Markov chain with state space (S,., A4,,) (where S,,
is a non-empty set and A, a o-field in S,,), transition probability @,, : S,. x
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A,. — [0,1] and stationary probability measure yu,, on A,,. We assume that the
random sequence () xez is defined on some fixed sample space (X, F, P) where
the probability measure P is the distribution of the Markov chain with initial
distribution p,., the stationary distribution. Then every s maps (X, F, P)
onto (S, A, i4;.) in a measurable and measure preserving way. For every n € Z
denote by K,, the o-field in X generated by s, and by H,, the o-field generated
by {54 : k < n},ie. Hp, =V, Ki. The shift transformation T in X preserves
P and operates on the Markov chain by 3,1 = s, o T for every n € Z.

We use the same notation for a transition probability @) and for the correspond-
ing transition operator Qf(z) = [ f(y)Q(z,dy) (f bounded, measurable). Re-
call that a transition operator @ with a specified stationary probability measure
Ais ergodic if QF = F for F' € Ly()) implies that F' is constant. For an ergodic
Q@ the shift transformation in the path space of the corresponding stationary
Markov chain is ergodic [4], Ch.4, Lemma 7.1.

The following result on the CLT for Markov chains is well known (see [4], in a
weaker form also [7]).

Proposition 4.1. Let (3t,)nez be an ergodic stationary Markov chain with
stationary probability measure u,, and transition operator Q,.. If F € La(u,,)
has the representation

F=G-Q.,G (4.20)
for some G € La(u,.), then, with probability 1, the conditional distributions
P, (Fosy, Fos,...,Fos, 1|Hy) given Ho of the random functions R, (F o
o, F os,...,F o, 1) converge weakly to the (non-random) probability dis-
tribution W,, where o2 = ||G||3 — |Q,.G||% > 0.

Proof. We apply Proposition 3.1 to F o 3. Indeed, the representation (3.9 )
has now the form
Fosxy = (Gosx —(Q,G)osp) —Goisy+Goisng
= H+Gosx—Up(Go i),

where H = G o 51 — (Q,.G) o 3 satisfies (3.8 ). To complete the proof it is
sufficient to notice that

113
Ep|Gosal* —2Ep(((Gosa) - (QxG) 0 7)) + Ep|(QxG) 0 ol
= |Gz - 1QxGll3. U

4.2 Markov chains fibred over invertible transformations

We keep the notation as in the previous subsection. In addition, let (Sr, Ax) be
a measurable space and v : S,, — S; a measurable map. 1 defines a stationary
sequence T, = 1 o x, (n € Z) with one-dimensional marginal i, = pi,, 0¥,
the image of p1,. under ). We assume that there exists an invertible measurable
transformation V of S, onto itself such that

B(tnr1) = V(@(m)), ne€Z. (4.21)
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Since (3¢,)nez is a stationary sequence with one-dimensional distribution p,., it
follows from (4.21 ) that V preserves u,. Next, consider the following identity
for the transition operator @,,, for all bounded, A,.-measurable functions F' on
S,. and all bounded, A,-measurable functions G on S,

(@ ((Gop)F))(-) = GV ()@ F)(:)- (4.22)

If S,.. = ¥ *(2) denotes the fibre over z € Sy, then property (4.22 ) means
that the transition probability for an initial point € S,, is concentrated on
the fibre S, v (y(z))- In this case the transition operator @, is fibred over the
transformation V, and (Sy, Ax, ur) and V are called the base probability space
and the base transformation, respectively.

Fix some z € S,,. We are interested in the distribution of (5¢,),>0 conditioned
by the constraints s = x,%(3,) = V™*(¢(z)),n € Z. In order to describe this
behaviour let C be a o-field generated by some fixed random variables ;. The
following observation follows from Propsition 4.1 by passing from the o-field Hq
to the coarser o-field C.

Proposition 4.2. Let Q,, be an ergodic transition probability with stationary
probability measure p,., and assume that Q,, is fibred over a transformation V
with base probability space (Sx, Ar, tix).

If F € Ly(u,) has a representation (4.20 )
F=G-Q.G

for some G € La(u,.), then, with probability 1, the conditional distributions
P,(F o 59,F 0 31,...,F 0 3%, 1|C) of the random functions R,(F o s, F o
..., F o3,_1) converge weakly to the (non-random) probability distribution
W, where 0* = ||G[3 - [|QxG[3 > 0.

The same conclusion holds for F = F — EAF, where Al = ¢~ (Ay).

Proof. First note that the first claim follows from Proposition 4.1. By the
assumptions we have the identity

QB = E*%Q,,
which implies that both functions F and F defined by
F=FE*F F=F-F (4.23)
also satisfy (4.20 ), because EA= (G — Q,.G) = EA=G — Q,.EA+G. a

Remark 4.1. Only F defines a statlonary process f 03 (n > 0) with a possibly
non-generate CLT, while F has the form F = GoV — G hence is a coboundary
and defines a stationary process with a degenerate limit in the CLT. For a
function F' with decomposition (4.23 ), we can always assume that the function
G in a representation (4.20 ) has a decomposition of the form (4.23 ) as well,
ie.

F=E*G-QxE4~G=G-Q,G
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and

F=G-G-Q,.G-G) =G-Q,G.
Under this condition (4.20 ) admits at most one solution.

Functions satisfying (4.20 ) form a dense subset in Lo(p,.). This follows from
the fact that their orthogonal complement in Lg(u,.) is the space of Q* -invariant
functions, whence are constant by ergodicity of @,,. They are also dense in the
subspace of functions F, satisfying

EA-F = 0. (4.24)

Remark 4.2. There are different strategies to obtain (4.20 ) for a given func-
tion. If @,. is a normal operator (in the sense that it commutes with its con-
jugate), very precise conditions for (4.20 ) to hold can be given in terms of the
spectral decomposition of F relative to Q,. ([4]).

For a function F' a solution G to the equation (4.20 ) can be written down as a
formal power series:

G=)> QLF. (4.25)
n=0

In some cases this series converges with respect to an appropriate norm.

Remark 4.3. Fibration over the base space is of particular interest for fibred
dynamical systems (see [5]). The fibres are given by S, . = ¥ ~!(z) and the
measure [, has a disintegration into probability measures u,, . which are sup-
ported on the fibres S,. .. Under (4.22 ) fibrewise transition probabilities are
defined by

Qg{z’n) : S5,z X A(V"(2)) — [0,1],

QUM (w, A) = Qhlx,4), T €Sz, A€ AV™(2)),

where z € Sy and A(z) is the restriction of the o-field A,. to the fibre S,, .. The

family (ng’n))zes,,,nzo is measurable in z and satisfies the cocycle identity in
n, i.e.

/ QY M (u, A)QEM (z,du) = QEHFHD (=, 4), (4.26)
S

2, VE(2)
for 2 € Sy, * € S,y A € AVF(2)), k,1 > 0. The transition probabil-

ity Qs ) transports the conditional measure H(s,z) ON the fibre S, , to the
conditional measure fi(, yn(z)) on S, yn(;). The condition (4.24 ) means that
F has vanishing integrals with respect to each fibre probability measure p,, .,
thus defining the family of function spaces on fibres S,, . given by functions
of vanishing integral with respect to pi(,,,). The family Qﬁf’") also defines a
family of operators between these function spaces with the cocycle property
(4.26 ) (the operator ng‘") maps functions on the fibre S, yn(;) to those on
S..z). They also preserve integrals with respect to the conditional measures, in
particular, the set of function with integral 0 is invariant with respect to these
operators. Various conditions are known in the literature ensuring that this
family of operators, restricted to spaces of functions with vanishing integrals
over all fibres, are contractions with respect to an appropriate norm (provided
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n is sufficiently large). For example, in the case of immersed finite state Markov
chains considered in Theorem 5 of [2] (we shall treat the immersed case in the
next section avoiding such considerations) there are only finitely many types of
finite fibres with finitely many types of transition probabilities between them.
Under some additional assumptions the contraction property is ensured in the
uniform norm. Alternatively, assuming that S,, is a metric space, we can use
Holder norms to achieve the contraction property. This technique is often used
in connection with thermodynamic formalism and its relativized version (see [5]
and references therein). The transfer operator considered there is a generaliza-
tion of the transition operator, because it does not need to preserve the space
of constant functions; however, it is a specialization at the same time, because
the "reversed process” is deterministic. Notice, that there is no need to apply
the Hilbert projective norm technique because we assume the existence of a
stationary probability measure (though this technique is very helpful in proving
the existence of these measures).

4.3 Reduction of conditional Markov chains to chains with
deterministic base

In this section we sketch the application of subsection 4.2 to the general problem

mentioned in the introduction. Recall that we are interested in the asymptotic
. . . -1 . -

distribution of Y 7_, f((k) given no, ..., Mn—1, where (i = (€&, Mk) is a two com-

ponent strictly stationary homogeneous Markov chain.

Let (Ck)kez be a stationary homogeneous Markov chain. Its state space is
denoted by (S¢, A¢) (where S¢ is a set and A¢ is a o-field in S¢), its transition
probability by Q, : S¢ x A; — [0,1] and its stationary probability measure
by pe on A¢, ie. E(F((nt1)|Ch k < n) = (QcF)(¢,). We assume that the
random sequence ((x)rez is defined on some fixed probability space (X, F, P)
where the probability measure P is derived from the stationary distribution g
(as in subsection 4.2). Then every (; maps (X,F,P) onto (S¢, A¢c,p¢) in a
measurable and measure preserving way. For every n € Z denote by A, the
o-field in X generated by (,, and by F, the o-field generated by {(x : k < n},
ie. Fn = Vi<n Ak The shift transformation T : X — X preserves P and
Cni1 = CpoT for every n € Z.

The process (1, )nez as above can be described by a measurable map ¢ from
(S¢, A¢) to a measurable space (Sp,Ay,). We set for every n € Z 1, = ¢((n),
B, =( A (= n;l-An), Gn = ngn By, A’ = ‘P—lA’n and G = VkeZ By.

The Markov chain has a representation as in subsection 4.2 as follows.

Take S, to be the set S% formed by two sided inifinite sequences of elements
of Sy. Denote by S, the set of all left-infinite sequences of the elements in
X = SCZ. We define the shift transformation V' on S% by V(...,2-1, 20,21,
...) = (-..,20,21,22,...). The set S, consists of those pairs (x,z) € S x
Sy with x = (...,z_1,20), 2 = (...,2-1,20,21,-..) which satisfy (,0(:1:03 =
zo. Then we set ¥((x,2z)) = z. The random sequence (3¢,)ncz can be de-
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fined on the same probability space (X,F,P) as ((u)nez by setting s, =
((-+y¢n=1,¢n)s (- - -y M1, Dy Mnt1, - - - )), M € Z, where 7,, in the second coordi-
nate marks the position 0 in the infinite string. It is obvious that 3¢, 0T = 3,41
and that (¢, )nez generates F. Therefore (X, F, P) can be also considered as the
path space of (3¢, )nez. Note that (3¢,)nez is a Markov chain, because (3¢, )nez
is a random sequence for which the past can be reconstructed from the present.
Now we see that we are essentially in the situation of subsection 4.2. The op-
erator @, can be defined correctly at least as an operator on La(S,., A,., tts),
and Proposition 4.2 applies. Given a function F' on S¢, the problem remains to
check (4.20 ) for the function F” defined on S, by

F/((...,.’L'_l,.’[,‘o),(...,2_1,20,21,...)) = F(xo)

First we need to subtract from F’ the function z — [ F’(u)u, ,(du), the condi-
tional expectation with respect to the base. Then we may prove, for example,
convergence of the series (4.25 ) for the function F' — [ F'(u)p,. 5(du). As to
the behavior of the random sequence (E(F o (Cn)|{nk}rez)nez related to the
function z — [ F'(u)p, z(du), it requires some estimates showing that p,, , is
mainly determined by the finite part of the sequence z. In Bezhaeva [2] this is
assured by condition (A).

4.4 Immersed Markov chains

We keep the notation of the previous subsection.

Let Q be a transition probability on Sx.A and A’ be a o-subfield of A. Then Q is
said to be A’-compatible if the transition probability Q(-, A) is a A’-measurable
function for every A € A'.

Let (¢n)nez be a stationary Markov chain and (7, )ncz be a random sequence
defined by 7, = ¢((n),n € Z. We say that (n,)nez is immersed into (Cp)nez, if
Q¢ is ¢~ (A,)-compatible. Under this condition a straight forward calculation
shows that the sequence (n,)necz is a Markov chain, and that the filtration
Gn = Vi<p Aj is immersed into 7, = \/, ., Ax. There are two main properties
which specifically hold in the immersed case, but not in the general situation of
the previous subsection:

i) the fibrewise transition probability Q™Y depends on zy only where z =
(...,Z_l,ZO,Zl,...);

ii) the conditional measure p, is a function of zp,z_1,... (here again z =
(...,Z_l,Zo,Zl,...)).

Recall that G is the o-field generated by (7,)nez and AL = ¥~ 1(A;) is the
o-field on the state space of the Markov chain (3¢,),cz generated by the map 2.
In other words it is generated by the map (x,z) + z, where x = (...,2_1, %)
and z = (...,2_1,20,21,...). Let A be the map sending (x,z) to zo. In the
following theorem we use the notations introduced above.
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Theorem 4.4. Let (¢,)nez be a Markov chain and n, = ¢(¢,),n € Z. Assume,
that (nn)nez is immersed into ((n)nez. Let (3¢n)nez denote the Markov chain
associated to ((n)nez as in subsection 4.8. For a function F' = F o A on S,
define R ) B R
F'=FE*F and F'=F —F'.
If the functions F' and F' admit representations
F=G-QG

and _ B ~

Fl — GI _ Q;{Gl7
where G € La(u¢) and G' € La(ps.), then f = F' o 3 and f = F' o satisfy
the assumptions of Proposition 3.2. Thus,

i) the distributions Pn(f, Urf,..., U}’_lf) of the random functions
R.(f,Urf,..., U}"lf) converge weakly to the probability distribution W3,
where % = [|G||3 — [|QclI3 > 0;

ii) with probability 1, the conditional distributions Pn(f, Uva, R U}’_l ﬂHO)
given Ho of the random functions Ry(f,Urf,...,Ur"' f) converge weakly

to the (non-random) probability distribution W5, where 52 = ||G'|2 —
1QxG"[13 > 0.

Proof. We apply Proposition 3.2 to the functions f and f

It is clear from the proof of Proposition 4.1 that fsatisﬁes the condition (3.13 )
of Proposition 3.2 with § = G’ o .

Setting pn, = (-..,Mn—1,Mn) we introduce a stationary Markov chain (pn)nez
with state space S,, transition operator @, and stationary measure p,. Let x :
S, — S, be the map sending ((...,z—-1,20), (..., 2-1,20, 21,-..)) to (..., 21, 20)
and by A" the o-field in S, generated by x. Then by immersion it follows that
E*=(G o A) is A”-measurable. Therefore, it can be written in the form G o A
with an appropriate function G on S,, and, applying the immersion property
again, we obtain

E4%(Q¢G) o A) = (Q,G) o x.

This implies the representation
F'(5) = G(pn) = (QC)(pn),
whence (3.12 ) holds for f with § = G(pn).

It follows that Proposition 3.2 applies to the function f = f+ f O
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