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We consider testing a simple hypothesis about the mean vector of an N-variate normal
distribution against shift alternatives in a Bayesian setting specifying a prior distribution
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1 Introduction

We consider testing a simple hypothesis about the mean vector of an N-
variate normal distribution against shift alternatives in a Bayesian setup
specified by a prior distribution of the mean vector under the alternative.
Specifically, based on a single observation of an N-variate normal vector
with identity covariance matrix we test the hypothesis that it has zero mean
vector. We assume that for each N the prior distribution is the product of
symmetric univariate distributions, or, in other words, under this prior the
mean vector has independent symmetrically distributed components. Fur-
thermore, we require these components to be in a certain sense asymptoti-
cally uniformly negligible. The result obtained can be viewed as an asymp-
totically complete class theorem saying that for this kind of alternatives in
large dimension one can restrict oneself to tests with ellipsoidal acceptance
regions. At the end of this section we give an example of a prior distribution
for which our conditions fail.

The normal shift model of fixed dimension arises in asymptotic hypothe-
sis testing problems about a multivariate parameter, the normal vector under
consideration being the limit in distribution of a sequence of (vector-valued)
asymptotically sufficient statistics, see, e.g., Roussas (1972), Chapter 6. (The
general case of a known positive definite covariance matrix treated therein

! Research supported by the INTAS-RFBR grant 95-0099, by DFG-RFBR. grant 98-
01-04108, and by the RFBR Grant 96-15-96033 for Leading Scientific Scools..



Quadratic Statistics 151

reduces to the case of the identity matrix by a linear transformation.) It
is customary for multivariate analysis to use the chi-squared test for this
testing problem. However, the underlying property of rotational invariance
may often be inadequate, and discarding it we are left with a variety of tests
neither of which is intrinsically dominant. Hence we look for a reduction
which could be achieved under some natural additional requirements.

It is well known that the shifts of a normal distribution form an expo-
nential family in which case tests with convex acceptance regions constitute
an essentially complete class of tests; these are Bayes tests and their weak
limits, see, e.g., Roussas (1972), Appendix 4, and references therein. Our
study is motivated by nonparametric goodness of fit and signal detection
problems, see Ingster (1993), Spokoiny (1998), and references therein. In
the former problem the normal shift model again is obtained asymptotically,
for large sample size, while in the latter case, when the signal is observed in
a white Gaussian noise, it is obtained directly by taking the Fourier coefhi-
cients of the observed process with respect to some orthonormal basis on the
observation interval. In both these cases it appears natural to consider prior
distributions rendering the components of the mean vector independent and
symmetrically distributed. (Thus we think, say, of a possible signal as being
composed of random and independent harmonics.) For fixed N these as-
sumptions provide a certain reduction (in particular, the acceptance regions
become symmetric in each coordinate). However, the treatment of this prob-
lem for large dimension (as N — oo) allows for a substantial reduction to
the class of tests of a specific structure, viz., tests with ellipsoidal acceptance
regions, provided the priors satisfy a certain uniform negligibility condition.
To explain the nature of the result we state in this section a corollary to the
main theorem having a more transparent form.

Thus we observe the random vector

(1.1) X = (X1,...,XN)

having normal distribution N (uy, In) with uxy = (un1,-..,unny) € RN and
Iy the N x N identity matrix. We test the hypothesis Hyg : pny = 0 against
Hpq: uny # 0. In the Bayesian setup we assume that yy under Hy; has a
prior distribution 7, which is the product of N coordinate distributions,

N
(1.2) mn(dpn) = X mni(duni),

so that py is a random vector with independent components having distri-
butions 7n1,...,7yN. We assume throughout that nn;, 2 = 1,..., N, are
symmetric about the origin.

By (1.1) for a given un the distribution of X has Lebesgue density

(1.3) PN (X — pN) H<P — BNi),
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where () denotes the density of the standard normal distribution. We de-
note this distribution by P, and the corresponding expectation by Ey ;. In
particular, the distribution of X under Hng has density @x (x) = [TV, o(z:).
This distribution will be denoted by P and the corresponding expectation
by E N,0-

The power of a test with test function ¢ (x) against a particular alter-
native uy equals

(1.4) BN (un;¥n) = Enpn (X).

In the Bayesian setup, (1.3) is a conditional density of X given uy, and
the marginal distribution of X has density

(1.5) o) = [ onlx - uw)mnldun).

Then the power of the test ¥y is

(1.6) BN (TN YN) = /¢N(X)PN(X)dX = /ﬂN(MN;¢N)WN(dNN)-

We will refer to Bn (un;¥n) given by (1.4) as the power function of the test
¥ and to By (mN;¥N) given by (1.6) as the average power.

For a preassigned size «, the Bayes test maximizing Oy (7n;¥n) over
size o tests Y rejects Hyg for large values of the likelihood ratio (LR)

pn(x)
1.7 hy(x) = .
(1.7) (x) on (%)
More precisely, the level a Bayes test has critical function
1, hn(x)>cn
1.8 M) =47 ’
(18) v ={y pr o

with ¢y and Yy (x) on {x: hy(x) = cy} defined so that

Eno¥n(X) = / Y (X)pn (x)dx = a.

The level a > 0 will be kept fixed as N — oc.

In Theorem 2.4 we state conditions on the priors my under which the
LR hy is asymptotically approximated by

(19) on() = exp[3 3 bwi (27~ 1) - 3B,

where by; > 0 are certain characteristics of wn; and By = Eb%,i (which
is assumed to be bounded as N — oo). Namely, gy approximates hy in
Li-norm w.r.t. Py, i.e.,

(1.10) EN,()‘hN - gN| -0 as N — oo.
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It follows from (1.10) that the test %% (x) defined for gy similarly to (1.8)
has asymptotically the same average power as the Bayes test ¢ (x), i.e.,

B (nn; %) — Bn(nwsvhy) >0 as N — oo

To illustrate Theorem 2.4 we state here a special case. Suppose that the
distributions 7py; in (1.2) are scale transforms of one and the same distribu-
tion m on R with scale factors by1,...,bnn, i€,

Oyi(p) =M(p/bn:),  i=1,...,N,

where IIy;(p) and II(u), p € R, denote the distribution functions corre-
sponding to my; and 7. Let m and {by;} satisfy the following conditions:

(I11) 7 is symmetric, i.e., II(p) =1 —II(—p), u € R;

(M2) [ pPr(dp) =1, [p*n(dp) < oo;
(B1) bni >0, bN max := maxi<i<n by; = 0 as N — oo;
(B2) YN b4, 5> B>0 as N - o.

Note that the first condition in (II2) is merely a normalization of m, under
which b%, is the variance of ;.

Corollary 1.1 Let Conditions (I11), (I12), (B1), (B2) be fulfilled and let
gn be defined by (1.9) with By = B. Then (1.10) holds.

Consider the particular case where by; = ... = byy. Obviously, (B1),
(B2) are satisfied for by; = (B/N)Y, i = 1,...,N. Then Corollary 1.1
says that, under the independence assumption on the components of up,
Conditions (I11) and (I12) are sufficient for the Bayes test to be asymptoti-
cally chi-squared. It is well known that for any spherically symmetric prior
distribution the Bayes test is exactly chi-squared. Under the independence
assumption spherical symmetry holds only for 7 normal. Corollary 1.1 says,
however, that Bayes tests become approximately chi-squared for large di-
mension under arbitrary symmetric 7 unless 7 is heavy-tailed (the second
condition in (I12)).

Note that in the setup of Corollary 1.1, when the prior distribution has
independent symmetric components differing only by scale factors, (I12),
(B1), and (B2) are exactly conditions for asymptotic normality of

E (M%w - b%w) .

The same is true in the general case (see Remark 2.2).

In the literature Bayes tests in the normal shift model of increasing di-
mension are used in asymptotically minimax nonparametric hypothesis test-
ing, see Ingster (1993), (1997), and Spokoiny (1998), where further references
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can be found. In these studies the original problem of signal detection or
goodness of fit reduces by a suitable orthogonal decomposition to a testing
problem in the normal shift model (possibly, infinite-dimensional). Typically
in the minimax setting this is the problem of testing for zero mean against
the set of alternatives specified by a ”big” ball or ellipsoid in a certain norm,
say, lg-norm, with a "small” ball or ellipsoid in, say, [,-norm around the
origin removed. The problem is treated asymptotically as the size of these
domains varies and/or the common variance of the X;’s tends to zero. For
some particular prior distributions used in those papers the asymptotically
ellipsoidal form of the Bayes tests was established directly. For example, In-
gster (1993) uses ”Bernoulli priors” specified by symmetric two-point prior
distibutions of components. These distibutions obviously satisfy conditions
(I11) and (I12).

The choice of the prior distribution depends on the shape of the param-
eter set, specifically, on the degrees p and q of the norms. If the normal shift
model originates from, say, a signal detection problem, these degrees are
related, qualitatively, to smoothness properties of the least favorable signals
and restrictions on their "energy”. In this respect Spokoiny (1998) distin-
guishes four types of alternative sets. Apparently the type of alternatives
treated here fits in one of those classes, viz., that of "smooth” signals. An-
other type of prior distributions used by Ingster (1993) and Spokoiny (1998)
for other types of alternatives has three-point component distributions 7 y;
with masses py at points £1 (up to scale factors) and mass 1 — 2py at O
with py — 0 as N — oo. Note that the ratio of the fourth moment to
the squared variance equals here 1/py — oco. For this prior distribution the
conditions and the conclusion of Theorem 2.4 fail.

We state the main Theorem 2.4 in Section 2 and give its proof in Sec-
tion 3. Section 4 contains the proofs of auxiliary results and Corollary 1.1.

2 Main Theorem

Recall that we consider testing the hypothesis Hy : uy = 0 based on the ob-
served N-variate random vector X = (X1,..., X) with normal distribution
N(un,In). Under the alternative uy has prior distribution (cf. (1.2))

N
X

=1

an(dpn) = X 7ni(dpn:).

Thus under this prior {gn;} form a triangular array of r.v.’s independent
within each row (for each N) with corresponding distributions my;, ¢ =
1,...,N.

Assumption (A1l). The distributions nn;, 2 = 1,...,N, N € N =
{1,2,...}, are symmetric, i.e., mn;(A) = mn;(—A) for any Borel set A.
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In terms of the corresponding distribution functions this assumption
means that IIy;(u) =1 — Ini(—p), p € R (cf. (II1) in Section 1).
For a > 0, denote

(2.1) yni(a) =1 — wni([—a, a]) = 27Ni((a, 00)).

Assumption (A2). For any a > 0,
N
Z’)’N,’(a) — 0.
i=1

For a measure @) and a measurable function f (on the same space) we
will write

(22) QU = [ £(=)Q(da).
(a )

For a > 0, denote by 7y the measure my; restricted to the interval [—a, a,

(2.3) (A4) = ryi(AN[~a,a]).

Define the corresponding truncated moments as

(2.4) veni(a) = 1S (uky), k=0,1,2,...

Note that due to symmetry of 7r§f;3 (see (Al) and (2.3)), vg,n,i(a) = O for
odd k. Obviously, vk, n,i(a) for any even k is a nondecreasing function of a.

Lemma 2.1 Under Assumptions (Al), (A2),

(2.5) ZVk ni(az2) ka ni(a1) =0

=1

for any fixed a1,a2 > 0 and any even k > 0.

Proof For 0 < a; < ag the left-hand side of (2.5) is nonnegative and
bounded by a% 3~ yni(a1), which tends to zero by (A2). =

Assumption (A3). For any a > 0,
N
lim sup Z vy N,ia) <

N—oo i=1

By Lemma 2.1 the requirement "for any a > 0” can be equivalently
reduced to the requirement ”for some a > 0”.
Since v3 y ;(a) < v4,n,i(a), Assumption (A.3) implies
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Corollary 2.2 Under Assumption (A3),

(2.6) limsup By (a) < oo,

N-—oo
for any a > 0, where

N
(2.7) By(a) =) v} n(a).
=1

14V

Lemma 2.3 Under Assumptions (A1)-(A3), for any fixed a1,a3 > 0
AN = BN(OQ)—BN(CH)—)O as N — oc.
The proof of this lemma will be given in Section 4.

Theorem 2.4 Under Assumptions (A1)-(A3)
(2.8) Elhn(X) —gn(X;a)] 20 as N o

for any a > 0, where (see (2.4), (2.7))

N
29 gmboa) =ep(3 Y mila)a ~ 1) - ;Bx(e)).
i=1

Remark 2.1 The relation (2.8) implies, in particular, that the functions
gn (-, a) for different choices of a approach each other in L; norm. This can
also be verified directly by using Lemmas 2.1 and 2.3.

Remark 2.2 Assumptions (A1)-(A3) imply asymptotic normality of the
sequence Y; u%; with mean By(a) and variance ¥ (u4, Ni(a) — Vg’ N,i(a))
for any a > 0, see Loéve (1960), Section 22.5. In this respect Corollary 1.1
relates to Theorem 2.4 in the same way as Theorem V.1.2 in Hajek and
Sidak (1967) to the general normal convergence theorem in Loéve (1960)
mentioned above.

3 Proof of Theorem 2.4

Take an a > 0. Without loss of generality we will assume that there exists
the limit B(a) := imy_y0 By (a). (Otherwise assume that (2.8) fails, select
a subsequence where the left-hand side of (2.8) stays bounded away from zero
and find by (2.6) a further subsequence where By (a) converges.) The proof
relies on the following one-sided version of Scheffé’s Lemma (see Chibisov
(1992), Lemma 3.1).
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Lemma 3.1 Let for each N € N the random variables Uy > 0 and Viy > 0
be defined on a probability space (Xn, An,Pn). Assume: (i) ExUny — 1,
EnVN — 1; (ii) Vi are uniformly integrable w.r.t. Py, or, equivalently,

EN[VN;AN] :=A VN dPN — 0 whenever PN(AN) — 0;
N

(i) PN(Ux < VN —€) = 0 for any € > 0. Then
ENlUN - VNI — 0.

We will apply this lemma with Py := Py o = N(0,In), Uy := hy, and
VN := gn(:,a). Condition (i) for hy holds by definition (see (1.5), (1.7)),
since Exyohny = 1. The following lemma will be used to verify Condition (i)
for gn.

Lemma 3.2 For any even k > 0 and any a > 0

12?1(\7 vk, N,i(a) = 0.

Proof For an arbitrary € > 0,

i . < ek li ) _ ] '
imsup max veni(a) <e¥ + im sup zi:[uk,Nﬁ(a) vk v.i(€)]

By Lemma 2.1, the latter term equals 0. Hence the lemma follows. =

To check Condition (i) for gy = gn(-,a), we use the formula: for a r.v.
X with standard normal distribution and any b < 1,

Eexp(%bxﬁ) =(1-b)"12
When applied to (2.9), this yields (with dependence on a suppressed)

N 1 1

Enogn = H(l - Vz,N,i)"l/2 eXP(—§V2,N,z‘ - ng,N,i)-
1

By Taylor we have with some 0 < f0y; <1

N 3
1 Va,N,i max; VaN,i
log E = - > < .
& N’OgN 6 ; (1 — 0NiV2,N,i)3 6(1 — max; 1/2,1\{,1')3
which tends to zero by (2.6) and Lemma 3.2.
To verify condition (ii), assume the contrary. Then there exist € > 0, a
subsequence {N'} C {N}, and sets Ays C RV with Pysg(An’) — 0 such

that

BN7

(3.1) EN/,o[gN'; Ayl > € for all N’
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Recall that we assume the limit B(a) = limpyr_o Bnr(a) to exist. Let
B(a) > 0. Then

N
(3.2) (2B(a) %> vani(a)(X? — 1) =4 N(0,1)
=1

because Lemma 3.2 implies the Lindeberg condition (see Theorem V.1.2
in H4jek and Siddk (1967)). Hence gn'(-;a) converges in distribution to
g = exp[3Y — 1B(a)], where Y ~ N(0,2B(a)). If B(a) = 0, one checks
directly that gn(-;a) converges in distribution to ¢ = 1. In both cases
Eg = 1. Therefore gy are uniformly integrable (see Loéve (1960), 9.4.e and
11.4.A), which contradicts (3.1).

Thus it remains to prove that
(3.3) Pno(hny < gn(a) —e) =+ 0 forany e>0.

If B(a) = 0, one can check directly that both hx and gy (a) converge to 1 in
probability, which implies (3.3). So, assuming B(a) > 0 we will prove that

(3.4) Pno(loghy <loggn(a) —€) >0 for any € >0.

It is readily shown that (3.4) implies (3.3). Indeed, the inequality in (3.4) en-
tails an inequality as in (3.3) unless gy takes large values, which occurs with
a small probability by an argument similar to the one used when check-
ing condition (ii). Thus having shown (3.4) we will have established the
conditions of Lemma 3.1, which then implies the theorem.
Now we proceed to the proof of (3.4). By (1.2), (1.3), (1.5), and (1.7),
N 1
hy(x) = [[ mnilexp(zipn: — ilﬁw)],
1

where 7y;[. ..] means the integral w.r.t. uy; as in (2.2). Obviously,

N
(3.5) hn(x) > HhNi(:ci,a),
1
where
(3.6) hi(z,a) = ) [exp(zpni — %lﬁw)]
(see (2.3)).

Now we use the fact that for odd m € N

zk

m
6221+1521E for any z €R.
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Applying this inequality with m =5 to (3.5) we obtain
(3.7) hni(z,a) > 1+ fNi(.’E, a),

where, using the notation (2.1) and the abbreviation v = v ni(a),

o 1 17, 1 103 , 1
(3.8) &nile,a) = —ila) = sre + 5 (ePve + jua) — ¢ (527w + gve)

+ — L (a: Vs + 3:1: Vg + —1—1/3) (59341/6 + 5;1; vg + ium)
24 2 16 5! 4 32
To complete the proof, we need the following two lemmas. Their proofs
will be given in Section 4.

Lemma 3.3 Under Assumptions (A1)-(A3), for any § > 0,
(3.9) PN,O(m_in§N,-(X,~,a) < —5) — 0.

Lemma 3.4 Under Assumptions (A1)-(A3)

(3.10) Z&Nz Xi,a) — ZVz Ni(a)(Xi —1) =py, 0.

By Taylor, for any € > 0 there exists § = d(¢) > 0 such that
1
log(l1+z)>z— 5(1 +e)z? for > 4.
Hence by (3.5), (3.6), and (3.7), Lemma 3.3 implies that

(3.11) PN,O(log hN(X) > fN(X)) — 1,
where
(3.12) ZﬁN:(wz - 1+8 ZéN'z(zt

Lemma 3.4 and (3.2) imply that (2/BN(a))1/ Y- éni(X;) is asymptoti-
cally normal N(0,1). Therefore

2 e X; 1
mgﬁm( i) PPy,

(see Gnedenko and Kolmogorov (1949), Section 28, Theorem 4). Hence
comparing (2.9) and (3.12) we obtain by Lemma 3.4
€
(3.13) IN(X) —loggn(X,a) + ZBN(a) Py, 0.
Since {Bn(a)} is bounded, (3.11) and (3.13) imply (3.4) and hence the

theorem.

4 Proofs of auxiliary results
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4.1 Proof of Lemma 2.3
Assume 0 < a; < ag. Then, obviously, Ay > 0. By (2.7),

(4.1) Ay = Z(Vz Nz(a2 -, Nz(al))

Z

z_: vo,N,i(a2) — v2,ni(a1)) (ve,n,i(az) + vo,N,i(a1)).

For each i = 1,..., N, when the inequality

vo,N,i(a2) — o Ni(a1) < eva v i(az)
holds, we have
(4.2) Vi nilaz) — v3 yi(ar) < 2ev3  ;(az).
Otherwise,

vaN,i(az) + van,i(a1) < 2va N,i(a2) < 267 (v N i(az) — vo v i(a1)).
Hence in this latter case
(4.3) Vg,N,i(GZ) - V%,N,i(al) < 25_1(V2,N,i(‘12) - V2,N,i(al))2
< 2e7 (va,n,i(a2) — vanii(a1)).

Therefore (4.1), (4.2), and (4.3) show that

N N
(4.4) AN <2 V3 ni(a2) + 2671 [vani(az) — vani(ar)).
i=1 i=1

The second term in (4.4) tends to 0 as N — oo by Lemma 2.1, while the

sum in the first term is bounded by Corollary 2.2. Hence limsupy Ax can
be made arbitrarily small by the choice of €.

4.2 Proof of Lemma 3.3
Rewrite (3.8) as
(4.5) éni(a) = —yni(a) + (a) + (a) +1(a),
where n(J) (a) = n%i(Xi,a) with

1
(4.6) 1 (z,a) = 5@ = Drai(a),

@) 1

(4.7) Ny (z,a) = 24(:1: — 622 + 3) vy v,i(a),

(4.8) 1) (z, a) =Y cikzlve N,i(a).
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The sum in (4.8) contains a finite number of terms (actually, six) with even
j>0andk > 6.

For the proof of Lemma 3.3 it suffices to establish the correspondin,
assertions for each term in the RHS of (4.5). The ones for yn;, 775\}2 , and n§3,.
follow from Assumption (A2) and Lemma 3.2 (notice that the polynomials
in (4.6) and (4.7) are bounded from below). The counterpart of (3.9) for

n 13,. is obtained from the following two lemmas.

Lemma 4.1 For any a > 0 and any even k > 4

N
(4.9) Z Vk,N’,-(a) — 0.
=1

Proof By Lemma 2.1, for an arbitrary € > 0,

N N
lim sup Z vk, N,i(a) = limsup Z vk N,i(€)
N
< eF*limsup Z vsNi(e) = Cek—4
N—oo

=1
with C < oo by Assumption (A3). Hence (4.9) follows. =

Lemma 4.2 Let Y1,Ys,... beiid. r.v.’s with E|Y1| < oo, and let {cni,i =

1,...,N}, N € N, be a triangular array of nonnegative numbers such that
N

(4.10) > eni = 0.
=1

Then max;<i<n cni|Yi| =p 0.

Proof For an arbitrary € > 0 we have, using the Markov inequality,

N N v
P(maxeni¥i| > ¢) < Y P(¥il > =) <3 By -0,

i=1 i = &
which proves the lemma. =

Now the counterpart of (3.9) for each term of n§33 (Xi,a) (see (4.8))
follows by Lemma 4.2, with condition (4.10) for cn; := vk n,i(a) fulfilled by
Lemma 4.1.
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4.3 Proof of Lemma 3.4

Comparing (3.10) with (4.5) and taking into account Assumption (A2), we
see that it remains to show

N
(4.11) £p =Y 1) (a) +py, 0
i=1
and
Y3
(4.12) 3= Zﬂgvg(a) —Pno 0.
i=1

It is directly verified that E(X{—6X2+3) = 0, so that EXy = 0; further,
var Yo = const Z ViN’i(CL) < const max vaNi(a) - Z vy Ni(a) =0

by Assumption (A3) and Lemma 3.2. This implies equation (4.11). Next,
by Lemma 4.1, E|¥3| — 0, which proves (4.12).

4.4 Proof of Corollary 1.1

We have (a) to check that (II1), (I12), (B1), and (B2) imply Assumptions
(A1)-(A3) and (b) to show that the truncated moments vo v i(a) and the
quantity By(a) can be asymptotically replaced by b%,; and B respectively.

Assumption (Al) obviously follows from (II1). The 4th moment as-
sumption in (I12) implies

4

bt .
(4.13) yni(a) = m(bniluni| > a) < 2 |u|*(dp).
a* Jlu|>a/bn;

The last integral tends to zero uniformly in 1 <7 < N by (B1) and (II2), so
(A2) follows from (B2).
To check Assumption (A3), note that

4 4
vy Ni(a) = bNi/ prdr.
|e|<bnia

Hence (A3) follows from (B2) and (T12).
For (b) we have to show that for any a > 0

N
(4'14) Z(V2,N,i(a) - b?Vz) (Xz2 - 1) —Pno 0

=1

and

(4.15) By(a) - B.
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We establish (4.14) by showing that the 2nd moment of the LHS tends
to 0, which amounts to

N
(4.16) 3 (va,v,i(a) — b3i)? — 0.

=1

Observe that
va,n,i(a) = bR / pldn,
|u|<a/bn;

hence

(0% — V2,N,i(a))2 = bk, (/

2
udr)” < b, / |l * 7 (dpe).
||>a/bn;

|uI>a/bn;
Thus (4.16) is obtained by (B2) and the argument following (4.13).

Now (4.15) follows from (4.16) by the triangle inequality.

It remains to show that under the assumptions of Corollary 1.1 gy (x, a)
given by (2.16) is approximated in L;-norm by gn(x) given by (1.9) with
B ~N=2hB y i.e.,

Elgn (- a) —gn(-)| = 0.
This follows from Lemma 3.1. Conditions (i) and (ii) of this lemma for
gn(-,a) were established in the proof of Theorem 2.4, condition (i) for gn

is verified in a similar manner, and the two-sided version of condition (iii)
follows from (4.14) and (4.15) since they imply that

gn(X,a) — gn(X) —py, O.

Acknowledgements The author thanks the referees and editors for sug-
gestions that helped to improve the presentation.

REFERENCES

Chibisov, D.M. (1992). Asymptotic optimality of the chi-square test with
large number of degrees of freedom within the class of symmetric
tests. Mathematical Methods of Statistics 1, 55-82.

Gnedenko, B.V. and Kolmogorov, A.N. (1949). Limit Distributions for
Sums of Independent Random Variables. Gostekhizdat, Moscow—
Leningrad (Russian). English translation: Addison-Wesley, Read-
ing, MA, 1954.



164 D.M. Chibisov

Héjek, J. and Sidék, Z. (1967). Theory of Rank Tests. Academia, Prague.

Ingster, Yu.l. (1993). Asymptotically minimax hypothesis testing for non-
parametric alternatives. I, II, ITI. Mathematical Methods of Statistics
2, 85-114, 171-189, 249-268.

Ingster, Yu.l. (1997). Some problems of hypothesis testing leading to in-
finitely divisible distributions. Mathematical Methods of Statistics 6,
47-69.

Loeve, M. (1960). Probability Theory, 2nd edition. Van Nostrand, Princeton,
NJ.

Spokoiny, V.G. (1998). Adaptive and spatially adaptive testing of a nonpara-
metric hypothesis. Mathematical Methods of Statistics 7, 245-273.

STEKLOV MATHEMATICAL INSTITUTE
GUBKINA STR. 8

GSP-1 117966 Moscow

Russia

chibisov@mi.ras.ru





