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REGULARITY THEOREMS FOR ELLIPTIC EQUATIONS
WITH NON-SMOOTH COEFFICIENTS

Huy-Qui Bui

0. PRELIMINARIES
We are concerned with the elliptic equation

(L) Lu(x) = l % aa(x)Bau(x),
o

=m

where the au's are not infinitely differentiable but merely are locally
in some Besov space B; q or Triebel space F; q Hereafter we assume that
5 s

all functions and distributions are defined on Rp. As

Lu(x) = t(x,D)u(x) = (21) " J T(x,E)eiX'Eﬁ(E)dE, ues

where

(2) 8 = 1 oa e,
o|=m

and

Gy = J ey () dx

is the Fourier transform of u, one is led to study pseudo-differential
operators (Ydos) whosec symbols 0(x,£) (not necessarily of the form (2)) are
not smooth in x. In fact, motivated by applications to equation (1), we

proved in [Bul] the following result.
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THEOREM 0 (cf. [Bul, Theorem 3]). Assume that p > oy (vesp.p,) and

loPoc-.ed ] s g1+ ey~ I8l
B

%, @
for any multi-index B and for all § € R" . Then o(x,D) <8 bounded on
B;’q (resp. F;’q)'

Unfortunately, there is no good symbolic calculus for the type of
symbols in Theorem 0. In fact, Bony [Bo] noted that it is impossible to
include in the same algebra all the differential operators of constant
coefficients as well as the operators of multiplying by functions in Bz,m.
To overcome this difficulty, Bony [Bo] replaced the ordinary multiplication

by an operation he called para-multiplication, a version of which, as

given by Meyer [M], will be presented next.

IA

Let § be a function in § such that supp § = {1/2 = |g| 2}, and

£

Zj=_w @(Z—JE) = 1 for any & # 0. Let wj’ j =0,1,2,..., be such that

~

by = 1@ 7%, 5= 1,2,...,
and

Io® + I 9, =1, ¢er

Let a be a bounded function. Then, the para-multiplication by a is defined

by

m(a,u)

L (by%a) (b wu)
0sjsk-3 Y k

o k-3
L { ! w.*a](wk*u>, u€S.
k=3 ' 3=0 J
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It is easily seen that m(a,¢) is a ydo whose symbol 0, is given by

[

a =k
o (x,8) = ) m x)V(2 €),
a s My

m = { kEB w.}*a.

j=o0

where

-(k-3)

As Z?;g $j(£) = @0(2 £), we see that

o I, = clal,-

Here we adopt the convention that C is a constant which may be different
from one occurrence to the next‘one, and which may depend on the
particular parameters appearing in the context. Noting that

supp ﬁk c{lg| = Zk}, we derive from the above inequality and Bernstein's

theorem (cf. [P, Chap. 3, Lemma 1]) that

o k[ul .

lo"m, I, = c2

Thus, Oa satisfies

€81 * eplel-lBl s em, 6 ew,

In

[N
3 ENCICNCHY

i.e., 0, € It is well-known that Ydos whose symbols are in S? 1 are

not even bounded on Lz. The boundedness property of these operators is

Sl,l'

investigated in the next section.
Next, we define the spaces necessary for our study. Following

Peetre [P] and Triebel [T] (cf. also [Bu2l]), we define
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s . [ (s a|la _
e mwestlil, = 1@ hyerle)t <o,
P-4
s = ' = e is . qll/q o
e m eS| Il = L[ L @ lyny e, <o,
Psq

where =» < § < @, 0 < p, q £ », and p < » for F-space; s, p and q will be
as above unless otherwise indicated.

The above two scales of function spaces contain many function spaces
appearing in the literature, e.g., the generalized Sobolev space, denoted

by Lg by Meyer [M] (1l < p < ), coincides with F; 93 the Hélder-Zygmund
3

space c® = BZ » (@ > 0); the local Hardy space wP = Fg 9
1. OPERATORS WITH SYMBOLS IN SO

Our aim is to prove the following theorem.

THEOREM 1 Assume that o € s? |» Gee., o satisfies (5).

(7) If s > max(0,n(1l-1/p)), then o(x,D) is bounded on B®

»q

(i2) If either

0<ps1l, p<qgs== and s> n(l/p-rp/g),
or
l<p<w, p<qse and s > n(l/p - 1/q),

then o(x,D) 1s bounded on F; q
9

Proof We begin with the proof of (i). We follow the method used to

prove Theorem 0. Assume first that 0 is an elementary symbol, i.e.,
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o(x,8) = jZO m, ()6, (€,

N

supp §y = {]g] = 27}, ¢, €S,

A

supp $j c (23N < |g| < 2, 45 €S 5= 1,2,...
for some positive integer N, and
() 2%, 1, = Cazjlui, j=0,1,2,...

Then

o(x,D)f = ) m,(¢.,*%f), £ € S.
j= J j

and for each k = 0,1,2,...,

(5) BroGLDIE = L AL X ) ]

3>t

2 yoxf. .
it k73,8

By considering the supports of wk and %j o0 We derive that there exists
H]

a positive integer m such that wk*fj
E]

2
satisfying
6) 053js (k-m), =k*and k* S 25k +mN,
(7 02 =k* and k¥ £ j = k + mN,
or
(8) 3.2 2 k* and |j-2| € mN + 2.

= 0 except for those j and %
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Denote the corresponding sum in the right-hand side of (5) by Si, Sﬁ and

Si, respectively. We shall give the ‘estimates for k # 0, as the case

k = 0 can be similarly handled. For each & as in (6),

1 Kt
S, 900 = jzo loxfy @
e -k &
1 [lvollegreaez™nllypm o2 lay
3=0
k#*
< C(w,x){ jzo le*mﬁlg¢§xf(x)}, A > n/p,

where ¢§Af is defined as in [Bu2, p.587]. Now, it is easily seen that

o

=22h ), h
o gm, 1, < c27" o m, |

2(j-2)h

sC2 (by (4)),

and thus,

k& 2(3-2)h

1
9) 5y, (%) 5 C SRIOR

j=0
If 0 < p < 1, then, choosing 2h > s, we derive from the above inequality
(9) that

sz"Si lnp < C {sup 22(j—k+k—2)h+(kvj)s} N

0sjsk*
k#*<g<k+mN

T (s p|1/p
: {jgo @3 loy, 1,7}

kel
P>P
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by a maximal inequality (cf. [Bu2, Theorem 2.2]). As a similar estimate

holds for k = 0, we obtain

A

ks .1
(10) sup 2 Is, I, = cle IIBS »0<p< L.

PSP

On the other hand, if 1 = p £ =, then with h as above, we see that

_ -
ks 1 2(j-2)h+(k-j)s,js
2%0s, Gl sc 12 2% ox £
j=0
sclel -
Bp,1
and thus, P
(1) sup 2°[sl [ s cle| . 1sps e
k B
ps1

Next, we turn to the estimate for Si. For each j as in (7),

k*
a2 JLZO wk*fj,l(x)‘
k¥ - K
= H wm[[l wg]*mj(x—Z y):[(¢j*f)(x-2 y)dy
2=0
k*
scf jzo 0yl g 0%, £ Go)
= C¢§Af(x)

% A N k%
by (4) and the fact that E? 0 wl(g) = ¢0(2 k £). Thus, it is obvious that

Si satisfies inequalities similar to (10) and (11).

Finally, as,
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3.5 ¥
(13) s> = " *[:[[ Y ]*m.](¢.*f{J,
e s LU g S Y077

- . . 2
an argument similar to that used in the estimate for Sk shows that

@,

N

"Si"p sc ¥ H¢j*fﬂp, 1<p

j=k*
and thus,
(13)° sup ZkSHSiH < C(sup Z(k-j)s)uf“ s
k P j2k* B
ps1
< c|f] s o lspse,
B
ps1

as s > 0 and j 2z k* = (k-—mN)+. To estimate S3

X in the case 0 < p < 1,

note that

supp @k < {lg] = Ity

supp[,,,]h [t {lgl < 2j+mN+4}.

Hence, it follows from a convolution lemma [P, Chap.ll, Lemma 8] that

; P . o,in(l-p) P P i
st 1B = c2 oy 1z, wydm, Bl uc I

< codn@-p)Hen(p=1) )y s P
< el -

Thus,

A

c[ ; 2(k-j)(SP-n(l-p))2j8p||¢_*fnp]l/p
. i

ks|.3
2% |s2 |l
k'p J=k_*

IA

clel

B
PsP
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as sp -n(l-p) > 0 and k-j £ mN. Consequently, Si also satisfies

inequalities similar to (10) and (11).

Now, combining the above estimates for Sé, Sﬁ and Si, we derive that

o(x,D) is bounded from B; b into B; o if0<p<1lands>n(l/p~-1), and

s

0(x,D) is bounded from B; 1 into BS w if 1 £ ps®and s> 0. Hence,
9 L]

0(x,D) is bounded on BS q if s > max(0,n(1/p -1)) by real interpolation
(cf. [Bu2, Theorem 3.3(i)]). The proof of (i) for elementary symbols is
thus complete.

We now turn to the proof of (ii) in the case when ¢ is elementary.

First, observe that (9) implies

(14) sup ZkS|Si(x)| < C sup 29%% £(x).
k20 320 A

Next, by (10) we see that Sﬁ

Finally, it follows from (13) that

also satisfies an inequality similar to (14).

) J PO, by )em =271 x

zkslsi(x)} = ok
j=k*

X (py5) —2"ky>dy|

JogxE 27|

ks v i~k
<2 7 | (@, v, le(y)l<1-+2 lyD* ————
jzk* A 23 |27 )
< c[ ) ZkSZ(j_k)A¢#Af(x)]
y=k= J

17N

C[ I 2(j'km's)](sup 23 42 £G0)
j=k* 320 J

IA

C sup ZJS¢#Af(x) for A > s >n/p .
320 4
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Hence, it follows from a maximal inequality (cf. [Bu2, Theorem 2.2]) that

o(x,D) is bounded on F; L if s > n/p: Now, if p, q and s satisfy the
3

assumptions of (ii) of the theorem, then we can choose 8g» S1s Pgs Pqps 0
such that
SO < 8 < Sls PO <p< Pls 0<06<1,
So > max(O,n(l-—l/pO)), 51 > n/Pl’
S:(l_e)so-fesl’l:l:_S.]._e_’ i:ﬁ.
p Py 1 4 Py
Part (i) of the theorem implies that o(x,D) is bounded on
s s
F 0 =B 0 )s while the above implies that o(x,D) is bounded on
Pospo Pospo
s
Fpl w°® Thus, the desired result (ii) follows from complex interpolation
13

([T, Theorem 2.4.7 (ii)]).
The conclusion of the theorem for general symbols follows from that
for elementary symbols by a standard method (c¢f. [C-F] or [Bul, Proof of

Theorem 3]).

2  REGULARITY THEOREMS FOR DIFFERENTIAL EQUATIONS

We return to equation (1l). Assume that Lu = f, and that

the aa's, u and f are locally
s, where

s s
15 in B resp. F at x
(15) 554 (resp P,q) 0

S
s >m+n/p (resp. s >m+ n/p, 0 < p < g s «),

As our aim is to show that u is locally in B§+§ (resp. FS+2) at Xq2
9 Ed

A

by multiplying by appropriate Cg-functions, we may assume that the a,'s, u

and f are in B; (reep. F; q). We shall give details only for the B-space
9 s
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case, because the other case can be similarly handled. By the Sobolev

embedding theorem,

s-|a] c BSR c Bs—m——n/p _ af

(16) u = 3% € B
a P’q p’q OO’OO 00’00

(r=s-m-n/p > 0),

so that Lu is defined pointwise. Now,

a7n Lu = Z a 3% = z n(aa,ua) + Z ﬁ(ua,aa) + Z R(aa,ua).
o o o o

As each U, €1’ by (16), ﬂ(uu,-) is a Ydo with symbol in Sg 1’ and thus,

S
(18) g m(u,.a ) € Bp’q

by Theorem 1. On the other hand, for each o,

R(a,,u,) = ljgk o W yxa,) (¥ vu,)
b k+2
=1 [ ! wj*aa](wk*ua),

k=0 j=(k-—2)+

and hence, R(aa,-) is a Ydo whose symbol is given by

0, (x,8) = ] m G (),
k=0
where
k§2
= (W.%a ).
Yoo T gy, O3
s mr . P
As a € BP q < B_ _ (cf. (16)), we derive from Bernstein's theorem that
E] k)
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Y, I, = ca¢lvl-mn,

Consequently,

|3Y3 0 (x, E:')l CY B(l + |€|)‘<Mr)_lsl+|Y|’

i.e.s O € Slmir. Therefore, it follows from Theorem 1 that
9
s=— |a|+m+r s+r
19 R a N €B < B .
(1%) (830y) € By g psq

Combining (17), (18) and (19), we obtain

z ﬂ(aa,ua) f - 2 ﬂ(ua’au) - g R(aa, ua)

o
s
=g €B
& P:q
Letting v = A)m/2 € Bsuz, we derive the following pseudo-

differential equation

av = § nGa,,)00% -0 = g

¢}

Assume now that (xo,go) is non-characteristic with respect to L, i.e.,

(20) I a,(xg) (g™ # 0.

o =m

Then, as the symbol of A is given by

o (x.8) = ] z w}*au(xﬂx(i@“(lﬂclz ™o,
|o]|<m k 3 ’
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it follows from (20) that
(21) lim inf |0, (x5:2Eq) | > O.
A0

Also, it is easy to verify that

lofo, Coed | . s cB(1~+|a|)‘|B|,
B

B

and for each fixed &,

supp 3A(n,£) c{|n| = %lil}.

Thus, OA is in the class Br+m defined by Meyer. This fact, (21) and

-m-r o€ Coo,

> P €Sy 0

[M, Proposition 4] imply that there exist T € Sg 1

u € Cw such that

0(xg) = 1, u(gy) # 0

0)

W(AE) = u(g) for [g| z Ry and A 2 1,

and

T(x,D)0A = 6(x)u(d) + p(x,D).

As t(x,D)Av € Bg q and p(x,D)v € B;+z by Theorem 1, it follows that

s . . . s
] D i.e. is micro-locally in B at . Further
)u@d)v € Bp,q’ i.e., Vv m y s (XO,EO) u B
if L is elliptic at Xg» then we can repeat the above argument for every

direction EO’ and conclude that v is locally in Bs at Xgs which implies

that u is locally in B§+$ at x,. Thus, we have proved the following
5

theorem.
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THEOREM 2 Assume that L is elliptic at xps Lu = f, and the assumptions

(15) at the beginning of §2 are satisfied. Then the solution u is locally

s+m

. s+m
in B (resp. Fp’q) at x.

Psq

3 REMARKS AND FURTHER RESULTS
REMARK 1 Some cases of Theorem 2 have been known. In [B-R, Theorem

2.2], the result is proved for the space B = 1% by the use of

S S
2,2 G Fy 9
S
2,2°

Bi ., and F; 9 (1 < p < ®») are implicit in the works of Bony [Bo] and
9 E

a different class of symbols. On the other hand, Theorem 2 for B

Meyer [M]. As seen from the proof of Theorem 2, the main tool, besides

the symbolic calculus developed by Meyer, is Theorem 1, and in [M] Meyer

showed that Ydos with symbols in S? | are bounded on FE 2 (= Lz in his
E ] 9
notation), 1 < p < », s > 0, and thus Theorem 2 is valid for F; 20

1 <p<w, s>n/p, without the restriction p £ 2. Meyer's proof of the
boundedness of ydos relied on an inequality due to Paley (randomization)
[M, Lemma 4], and it seems not possible to extend his arguments to the
case g # 2. By complex interpolation of his result and ours (Theorem 1),
one can remove the restriction p £ q in Theorem 1 in some cases, and
hence, Theorem 2 is true on any resulting space obtained by such

interpolation.

REMARK 2 It is also a routine matter to extend the result of Bony and

Meyer (cf. [M, Théoréme 6]) on non-linear equations to our space BE q and
H

FS
Psq

result, Theorem 1(i) and the application to non-linear equations, has been

> because the key tool is again Theorem 1. In fact, part of our

also given in the author's talk [Bu3].
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REMARK 3 This remark concerns with the extension of the results to weighted
spaces. Theorem O has been extended to weighted spaces, where the weight
function is in the class A of Muckenhoupt (cf. [Bu 2, Remark 3.4(c)]).

The proof of Theorem 1 has been done in a way that it can be extended to
some weighted spaces. In fact, the estimates for Si and Si are based on
maximal inequalities and hence are readily extended to weighted spaces

via the results in [Bu2]. As for S, if 1 < p < » and w € A» then (13)

implies that

oo

jzk* (PP

N

521,

A

¢ T ..l

j=k* p>w

by the weighted estimate for the Hardy maximal function. (Here M denotes
the Hardy maximal function.) Thus, (13)' holds also for the weighted

case and hence, it follows that the weighted version of Theorem 1(i) is
valid if 1 < p <, 0 < q £ » and w € Ap (by the interpolation theorem

in [Bu2]). Consequently, we see that Theorem 2 is true for Bs:w if
furthermore w € Md and s > m + d/p (the last two assumptions are made to
ensure that we still have Sobolev embedding theorem (cf. [Bu2, Theorem

2.6 (v)]), so that Lu = £ is defined pointwise). It remains an open

question to extend Theorems 1 and 2 to other cases (e.g., w € A_,

0 <p&s 1, etc.).
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