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1 INTRODUCTION

The aim of these lectures is to give an introduction to the theory of linear
second order elliptic and parabolic partial differential equations. A partial
differential equation of order k is an equation involving an unknown function
u of two or more variables and its derivatives up to order k:

(1.1) F(z,u, Du,---,DFu) = 0.

Here z denotes the independent variables which typically vary over some do-
main in a Euclidean space R™ with n > 2. Equation (1.1) is said to be linear
if the left hand side of (1.1) is an affine function of u and its derivatives. Thus
a general linear second order partial differential equation can be written in the
form . N
(1.2) Lu= Y a“(z)Diju+ > b (z)Diu + c(z)u = f(z).

7,7=1 =1

Here are some important examples of second order linear equations.

Laplace’s equation

(13) Au = ZDH’IL:O.

Poisson’s equation

(1.4) Au = f(z).

Heat equation

Ou
(1.5) -a—t = A’LL .
Wave equation

0u
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In the last two examples the independent variables are the spatial variable
z and the time t; the Laplacian is taken with respect to the spatial variables
only. We can also consider inhomogeneous heat and wave equations which are
obtained by adding a function of z and ¢ to the right hand sides of (1.5) and
(1.6). We may also wish to consider these equations with lower order terms,
or with A replaced by a more general operator of the form (1.2).

These are the most fundamental second order linear partial differential
equations. They occur in mathematical physics and in various branches of
mathematics. Equations (1.3) and (1.4) typically describe an equilibrium sit-
uation, while equations (1.5) and (1.6) describe diffusion and oscillatory phe-
nomena respectively, as their names suggest. Notice also that any solution
of (1.3) is automatically a time independent solution of (1.5) and (1.6). This
suggests that that the theory for the heat and wave equations should be a
generalization of the theory for Laplace’s equation.

It turns out that the behaviour of equation (1.2) is determined primarily
by the highest order or principal part of the equation. We make the following
definitions. Equation (1.2) is said to be elliptic at a point z if the matrix
[a"(z)] is positive definite, i.e.,

n

(1.7) > a¥(2)6; >0 forall (€R™, £#0.

ij=1
Equation (1.2) is said to be elliptic in a region } C R™ if it is elliptic at each
point of €.

The terminology comes from the two variable theory, in which a linear
second order equation such as (1.2) is classified as being elliptic, hyperbolic or
parabolic at a point z according to whether the matrix [¢¥ ()] has two nonzero
eigenvalues of the same sign, of opposite signs, or one zero and one nonzero
eigenvalue. Of course, in higher dimensions there are more possibilities.

Equations (1.3) and (1.4) are clearly elliptic everywhere, while equations
(1.5) and (1.6) are not elliptic. However, they are elliptic in the spatial di-
rections (the meaning of this should be clear). In this sense equation (1.5)
is closer to being elliptic than (1.6), since it is only first order in the time
direction, and can in fact be regarded as a degenerate elliptic equation, while
(1.6) is second order with respect to the time variable, and is fundamentally
different. An equation of the form

(1.8) ?9—7: = > a(z,t)Dyu+ Y b (z,t)Diu + c(z, )u + f(z,1)
1,j=1 =1

is said to be parabolic at (z,t) if

n

(1.9) S d¥(z,t)66; >0 forall E€R™, £#£0.

7,7=1
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It is said to be parabolic on a region ¢ C R™ x IR if it is parabolic at each
(z,t) € Q. Thus the heat equation (1.5) is an example of a parabolic equation.
The wave equation is an example of another class of equations, hyperbolic
equations, which can be defined analogously to parabolic equations.

To conclude this introduction we give a brief outline of the topics we will
cover. In Sections 2 and 3 we will present the classical theory for the Laplace
and Poisson equations. The basic problem we will discuss for equations (1.3)
and (1.4) is the Dirichlet problem: given a bounded (or possibly unbounded)
domain € in IR™, that is, a connected open set in IR”, find a function u which
satisfies the differential equation in © and is equal to a given function ¢ on
0. The kinds of questions we might ask are the following.

(i) Does there exist a solution to the Dirichlet problem?

(ii) If so, is it unique?

(iii)) How does the solution depend on the given functions f and ¢7 If these
functions and the boundary 952 have a certain degree of smoothness, does the
solution u inherit some smoothness? If so, how much?

(iv) Are there explicit formulae for the solution in terms of the data?

We will answer these questions using only very simple tools—essentially
only calculus. .

In the next two sections we will discuss general linear second order elliptic
equations from two points of view. In Section 4 we will desciibe the more
classical Schauder theory, which is essentially a generalization of the the results
of Sections 2 and 3. In Section 5 we will describe a more modern functional
analytic approach. In the final section we will describe how the elliptic theory
can be extended to the more complicated parabolic setting.

Finally, some remarks about references. The standard reference for the
theory of second order elliptic equations is [GT]; in particular, Chapters 2 to
8 contain all the material we will describe in the first four lectures (and much
more as well). Expositions of various parts of the elliptic theory can also be
found in [E] (Sections 2.2 and 6), [F] (Chapters 2 and 6), [J] (Chapters 4 and 6)
and [S]. Some references for the theory of parabolic equations are [E] (Sections

2.3 and 7.1), [F] (Chapter 4), [Fr], [J] (Chapter 7), [LSU] and [S] (Lecture 10).
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2 LAPLACE’S EQUATION

In this section we will develop some of the theory for Laplace’s equation
(2.1) Au=0, |

and its inhomogeneous counterpart Poisson’s equation

(2.2) Au=f.

Results for these special cases are fundamental for the development of the
theory of more general elliptic equations.

Let £ be a domain in IR®. We denote the set of real valued continuous
functions on © by C°(f2). The set of functions in C°(2) having a continuous
extension to the closure of , ), is denoted by C°(Q). For any positive integer
k we denote by C*({2) the set of functions which are k times continuously
differentiable on 2. We denote by C*(Q) the set of functions in C*() all of
whose derivatives of order < k have continuous extensions to (). The spaces
C*(Q)) and C*(Q) are defined in the obvious way.

The spaces C*(f), k < oo, are Banach spaces with norm given by

k
(23) lullosa = lulka = 3 sup sup [DPul.
j=0ll=i
Here 8 = (B4, -+, B,) denotes a multi-index with each f5; a nonnegative integer,
18l
18] = Iy Bi, and DPu = e —.

A function u € C?*(Q) is said to be harmonic (subharmonic, superharmonic)
in § if at each point of @ we have

(2.4) Au=0 (>0, <0).

We now want to derive some properties of harmonic functions. First we
recall the divergence theorem in IR™. If } is a bounded domain in IR™ with C*
boundary 0§ (weaker conditions on 0f) suffice) and outer unit normal v, then
for any vectorfield w € [C*(Q)]" we have

(2.5) /Qdivwd:vz/aﬂw-uds

where ds denotes the (n — 1)-dimensional area element on 9Q. In particular,
if u € C*(Q), we may take w = Du in (2.5) to obtain

Ou
(2.6) /ﬂAuda:— 39Du'l/d5_/m$d$'
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If in addition v € C%((2), then we may take w = vDu in (2.5) to obtain Green’s
first identity

(2.7) /QvAuda:-I—/QDu‘Dvdx—/mv%ds

Interchanging v and v in (2.7) and subtracting, we obtain Green’s second
identity

(2.8) /Q(vAu — uAv)dz = / <v57 - UE) ds.

We can now prove the following mean value inequalities.

Theorem 2.1 Let u € C?(Q) satisfy Au=0 (>0, <0) in Q. Then for any
ball B = Bgr(y) CC Q2 we have

(29) wy) = (£2)—p [ s,

nw, Rr—1
(2.10) uly) (__,_)——R—/Budx‘
Remark Here w, denotes the measure of the unit ball in IR™ and B CC Q0
means that B C .
Proof of Theorem 2.1 Let p € (0, R) and apply the identity (2.6) to the
ball B, = B,(y) to obtain

ou
/33,, oy T B, udz =(2,5)0

Introducing radial and angular coordinates r = |z —y| and w = (z —y)/r, and
writing u(z) = u(y + rw), we see that

Ou Ou
/63,, ) ds = /313,, ar o W T pw)ds
ou

_ n—1
= p /w| 1374(y+ﬂw)d

0
_ n—1
= °f ap V/[UJI=1 U(y + pw) duw

0
n—1 1—n
- f Op (p /;Bpuds) ’

It follows that for any p € (0, R),

1-n d:<>R1—n/ d
P wds = (2R [ s

43



The relation (2.9) follows from this since

ll)i_l;I(l) P /BB,, uds = nwyu(y) .
The solid mean value inequalities (2.10) follow from (2.9) by 1ntegrat1ng with
respect to p from 0 to R.

The mean value inequalities have a number of useful consequences. The
first of these is the strong mazimum principle for subharmonic functions and
the strong minimum principle for superharmonic functions.

Theorem 2.2 Let u € C*(Q) satisfy Au > 0 (< 0) in Q, and suppose there
is a point y € § such that u(y) = supgu (infqu). Then u is constant. Con-
sequently, a harmonic function cannot assume an interior mazimum or mini-
mum unless it is constant.

Proof Suppose u is subharmonic in €, and let M = supg u and Qp = {z €
Q:u(z) = M}. By assumption ) is not empty, and since u is continuous,
Qpr is closed relative to 2. Now let z be any point of Q3 and apply the
mean value inequality (2.10) to the subharmonic function v — M in a ball
B = Bg(z) CC Q. We obtain

0=u(z)— M < /(u—M)d:vSO,

~ w,R"JB

which implies that v = M in B. Thus Q) is also open relative to £, and
therefore Oy = Q. The result for superharmonic functions follows by replacing
u by —u.

From the strong maximum and minimum principles we immediately obtain
the following weak mazimum and minimum principles.

Theorem 2.3 Let u € C?(Q) N C%Q) satisfy Au > 0 (< 0) in a bounded
domain Q. Then
(2.11) supu =supu (infu=1infu).

Q 0 Q 0

Consequently, if u is harmonic, then

(2.12) infu <u(z) <supu for ze€Q.
N 90

A consequence of this is the following uniqueness result for the Dirichlet
problem for Poisson’s equation on bounded domains.

Theorem 2.4 Let u,v € C*(Q)NC°(N) satisfy Au = Av in Q, u = v on 09,
where Q is a bounded domain. Then u = v in (.
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Proof Let w = u—v. Then Aw = 0 in Q and w = 0 on 91, so by the
previous theorem w = 0 in .
Remarks (i) The conclusions of Theorems 2.3 and 2.4 are generally false if
2 is unbounded. It is easy to construct counterexamples on a halfspace.

(i1) By Theorem 2.3 we also see that if u, v, w are harmonic, subharmonic
and superharmonic functions in a bounded domain 2 which agree on 92, then

v<u<w in .

This explains the terms “subharmonic” and “superharmonic”.

We will see later that harmonic functions are smooth, in fact, analytic.
Assuming this for the moment, we can obtain estimates for their derivatives
from the mean value equality. If u is harmonic on €, then so is each component
of the gradient Du, so for any ball B = Bg(y) CC 2 we have

1
Du(y):wan/BDuda::w R“/aBude’

and hence, letting R — dist (y, 082),

sup |u] .

n
D L o
|Du(y)] < dist (y,00) ¢

By successive application of this result we obtain the following..

Theorem 2.5 Let u be harmonic in Q. Then for any ' CC Q and any
multi-indez a we have

n|o|

o
dist (€, 69)) sup [u.

From Theorem 2.5 and the Arzela-Ascoli theorem we see that harmonic
functions have a strong compactness property.

(2.13) sup |[D%u| < <
QI

Theorem 2.6 Any bounded sequence of harmonic functions on a domain
contains a subsequence which converges uniformly on compact subsets of Q to
a harmonic function.

Another important consequence of the mean value property of harmonic
functions is the Harnack inequality. It tells us that the values of a nonnegative
harmonic function u are comparable on any compact subset of the domain on
which u is defined. The strong maximum principle is a special case of this.

Theorem 2.7 Let u be a nonnegative harmonic function in a domain Q. Then
for any bounded subdomain Q' CC Q there is a constant C' depending only on
n,Q and Q' such that

(2.14) supu < Cinfu.
QI QI
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Proof Let y € Q and choose R > 0 so that Bsgp(y) C Q. Then for any two
points z1,z2 € Br(y) we have, by the mean value inequality,

1 / 1
u(zy) = u < / u,
( 1) wn B™ JBR(51) wn ™ JByr(y)
1 1
u(zx = —— U > —~——————/ U
(22 = SGB Jbunen " 2 nGR Joanis
Consequently
(2.15) sup u < 3" inf u.
Br(v) Br(y)
Now let Q' CC © and choose 21,25 € ' so that u(z;) = supg u, u(zy) =
infg/u. We can join z; and zz by an arc T' such that dist (I',0Q) > 4R for
some positive R. By the Heine-Borel Theorem I' can be covered by a finite
number of balls {B;}}_, (with N depending only on n,{ and ©') of radius R,
such that By = Bg(z1), B~v = Br(zs), and BjN B4 #0forj=1,---,N—1.
Using the estimate (2.15) in each ball B;, we obtain

u(zy) Ssgpu < 3"i§11fu
1
3" inf w
BinB;3
3" sup u
BinB,
3" supu
B2

3 infu.
B>

ININIA

IA

Continuing in the obvious way we finally obtain
u(z1) < 3”Nu(x2) .

Hence the estimate (2.14) holds with C' = 3.

We now turn to the existence of harmonic functions. A simple computation
shows that the only spherically symmetric harmonic function, up to additive
and multiplicative constants, is given by

1

(2.16) T(z) = T(jz|) = { 2= n)wn
gloglxl ifn=2.

lz>™ ifn>2

I' is called the fundamental solution of Laplace’s equation.
Now let uw € C*(2) and y € 2. We want to use Green’s second identity
(2.8) with v(z) = I'(z — y). Since I'(z — y) has a singularity at z = y we

46



cannot use (2.8) directly. Instead we replace 2 by Q@ — B, where B, = B,(y)
for sufficiently small p. From (2.8) we then obtain, since I' is harmonic in

Q_pr

du  or du  or
(2.17) /Q _ Thuda = /m (Tg—u%) dot | <F5;—u8—y) ds .

—5p

We have

o5, Fg—z ds| = |I'(p) /aBp %ds
< nwep™'T(p) sup |Du| — 0as p—0
and
/wpu%g ds = —I"(p) LBpuds
= @%ABpuds — —uy) as p— 0.

Consequently, letting p — 0in (2.17) we obtain Green’s representation formula

(215) o) = [, (s5re - -Te-n3) &
—{—/Ql"‘(x—y)Aud:c, y €.

For harmonic u we obtain the representation

or 0
(2.19) u(y) = / (UE(SU —y)—T(z - y)a—:j> ds, yeQ.
Since the integrand is analytic with respect to y, it follows that harmonic
functions are analytic.
For any function f € L'(f2), the integral [, I'(z — y)f(z)dz is called the
Newtonian potential of f.

We can also obtain a slightly more general representation formula. Suppose
h € C*(Q) N C*(Q) is harmonic. Then, by Green’s second identity (2.8)

Oh  Ou
(2.20) ~ oo (ua - h$> ds = /Q hAudz .

Writing G = I' + h and adding (2.18) and (2.20) we obtain the formula

Ou

(2.21) u(y) = /aQ <u%§(m —y)—G(z — y)ay) ds + /Q Gz —y)Audx.
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If in addition we can choose h so that G = 0 on 912, we have

(2.22) u(y) = /89 ug—f(x —y)ds + /Q Gz —y)Audz.

The function G is called the Green’s function of the first kind for Q. It is
unique, by Theorem 2.4. Its existence is equivalent, by the above, to the
solvability of the Dirichlet problem for Laplace’s equation. It is not possible
to construct the Green’s function explicitly except for special domains such as
the ball. Nevertheless, the representation (2.22) is very useful for studying the
Dirichlet problem for Poisson’s equation. We will return to it later.

Let Br = Bg(0), and for ¢ € Bg, z # 0, let

R2
T=7—=T
|=?
denote its inverse with respect to Br. If © = 0 we take Z = oco. It can then be
verified that the Green’s function for Bp is given by

(e —y)) =T (slle ~ 31/E) , v #0
o) = { 1l o T L
@23) = T(VilP+ P22 -y) -1 (Vilol/B) + B — 20y

for all z,y € Bgr, z # ¥.

Hence if u € C?(Bg) N C*(Bg) is harmonic we have the Poisson integral
formula

(2.24) u(y) =

R —yP? u(z) dsg

nwp R /aBR |z —y|*
Notice that for y = 0 this reduces to the mean value equality (2.9). It can
be shown by an approximation argument that this formula remains valid for
u € C*(Br)NC°(Bgr) ([GT], Theorem 2.6). An immediate consequence of this
is the following result on the solvability of the Dirichlet problem for Laplace’s
equation on balls.

Theorem 2.8 Let ¢ be a continuous function on 0Bg. Then the function u
defined by

R? — |$l2 ¢(y) d'sy .
(2.25) u(z) = { non B Jomn 7 — gl if ¢ € Bg
¢(z) if z € Br

is the unique solution in C*(Br) N C°(Bg) of the Dirichlet problem Au = 0 in
BR, U = ¢ on 6BR
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As a consequence of this we see that the mean value property in fact
characterizes harmonic functions.

Theorem 2.9 A function u € C°(Q) is harmonic if and only if it satisfies the
mean value equality

(2.26) u(y) = 1 /aB uds

nw, Rn—1

for every ball B = Br(y) CC Q.

Proof By Theorem 2.8, for any ball B CC 2 there exists a harmonic function
h on B such that » = u on 0B. The difference w = u — h satisfies the
mean value property on any ball contained in B, so w satisfies the maximum
principle, since this was the only property that was used in its proof. Hence
w = 0in B, and u is harmonic.

To prove the existence of solutions of the Dirichlet problem on more general
domains we need to do more work. There are several approaches which can be
used. The one which follows most directly from the theory we have developed
so far is the Perron method. We will describe the main ideas here; details can
be found in [GT], Section 2.8.

First we extend the definition of subharmonic and superharmonic functions
in the following way. A function u € C°(f) is subharmonic in ) if for every
ball B CC Q and every function A which is harmonic in B and satisfies u < h
on 0B we also have u < h in B. This is a natural definition in view of Theorem
2.9. The definition of superharmonic function can be extended similarly.

Now let © be bounded and let ¢ be a bounded function on 0. A subhar-
monic function u € C°(Q) is called a subfunction relative to ¢ if it satisfies
u < ¢ on 9N, The set of subfunctions is denoted by Sy. It is not empty since
any constant function < inf ¢ belongs to Sy. The set of superfunctions may
be defined similarly.

We have the following result ([GT], Theorem 2.12).

Theorem 2.10 The function u(z) = sup,es, v(z) is harmonic in .
The function u is called the Perron solution of the Dirichlet problem
(2.27) Au=0 in Q, u=¢ on ON.

It is a prospective solution of (2.27) in the sense that if (2.27) has a solution
w € C*N) N C°N), then u = w, since w € Sy and w > v for all v € Sy, by
the maximum principle.

The definition of the Perron solution gives us no information about its
boundary behaviour. However, if ¢ is continuous at £ € 910, and if there is a
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superharmonic function w € C°(Q) such that w > 0 in © — {¢} and w(¢) = 0,
then u is also continuous at £. For then, for any € > 0 we can find a positive
number k such that ¢(€) + € + kw and ¢(¢) — € — kw are superfunction and
subfunction respectively relative to ¢, and the assertion follows. w is called a
barrier at £. We say that a boundary point of a domain is regular if there exists
a barrier at that point. The existence of barriers is connected to the geometry
of the domain. For example, in two dimensions a point £ € 9 is regular if it
is the endpoint of a simple arc lying in the exterior of {2; the function

1
log =

(2.28) w = —Re

is a (local) barrier. This covers most reasonable two dimensional domains. On
the other hand, it can be shown that in higher dimensions a domain bounded
by a surface with a sufficiently sharp inward pointing cusp has a nonregular
point at the tip of the cusp. Finally, if there is a ball B = Bg(y) such that
BN Q = {¢} (this is called the exterior sphere condition), then ¢ is a regular
point. A barrier can be constructed from the fundamental solution, namely

R*™™ — |z —y|*™ forn>3
2.29 = —
( ) w(=) log ___Ix yl forn=2.

R
We therefore conclude the following result for the Dirichlet problem.

Theorem 2.11 Let Q) be a bounded domain in R™. _The Dirichlet problem
(2.27) has a unique solution belonging to C*°(2) N C°(Q) for arbitrary contin-
uous boundary data ¢ if and only if every boundary point is regular.

Remark We will see in Sections 4 and 5 that if 9Q and ¢ are sufficiently
smooth, then the solution u has more smoothness up to the boundary. In
particular, if 90 and ¢ are C*, then u € C*().
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3 THE NEWTONIAN POTENTIAL
In this section we investigate Poisson’s equation
(3.1) Au=f

by studying the Newtonian potential of f. Recall from Section 2 that any
C*(2) N CY(Q) solution of (3.1) has the representation

62) )= [ (550 =)~ Ta=0)3e) dsy+ [[Ta =) .

o9
The first integrand is smooth as a function of z, so the smoothness of u is
determined by the last integral. In particular, if u has compact support in £,
then u is given by the Newtonian potential of f.

If feCe(Q) (ie., fis smooth and has compact support in ), then its
Newtonian potential

(33) w(e) = [ T(e—y)f(y)dy.

belongs to C*(f), as can be seen by writing

wi@) = [De-yf)dy= [ Na—y)f@)dy
= /]RnI‘(z)f(ac—z)dz.

More generally, it is reasonable to expect the second derivatives of w to have
the same smoothness as f, since, roughly speaking, solving (3.1) essentially
amounts to integrating f twice. However, Au is only the trace of the second
derivative matrix and some cancellation can occur. In fact, there are examples
showing that u need not have any C? solution if f is only continuous. In this
sense the spaces C¥(§)) are not well suited to the study of partial differential
_equations. As it turns out, we do indeed gain two derivatives if we measure
differentiability in the right kinds of spaces. There are two main kinds of
spaces which are appropriate for this, Holder spaces and Sobolev spaces. In
this section we will use Holder spaces; Sobolev spaces will be introduced in
Section 5.
Let ©2 be a bounded domain in IR, let k be a nonnegative integer and
a € (0,1]. The global Holder space C**(QQ) is defined to be the set of all
functions in C*(Q) for which the quantity

(34) [D*u]aq = sup |DPu(z) — DPu(y)l

z,y€N |$ - yla
|8l=F
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is finite. In this case we say that the k-th order derivatives of u are Holder
continuous on {) with exponent o. We define a norm on C**(Q) by

(35) ]ulk,oz;ﬂ = lu|k;0 + [Dku]a;ﬂ )

where i

(3.6) lulka = > sup |D7u|.
j=0 9

C**(()) is a nonreflexive, nonseparable Banach space. The inclusion C¥*'(Q)
C*k*(Q), k'+a' > k+a, is true for domains with sufficiently smooth boundary,
but is not true in general.

The local Hélder space C¥*(Q) is defined to be the set of functions in C*(£2)
whose derivatives of order k are Holder continuous with exponent o on any
compact subset of Q. We denote by Ca*(Q) the set of functions in Cke ()
having compact support in Q.

It is convenient to introduce nondimensional norms on the spaces C*({)

and C**(Q). Setting d = diam (2, we define

k
(3.7) IU]L;Q = Z d’ sup | Du)
=0 Q2
and
(38) |u|;c,a;0 = ]ulgc,ﬂ + dk+a[Dku]a;Q .

The main results of this section are the following interior and boundary
estimates ([GT], Theorems 4.6 and 4.11).

Theorem 3.1 Let u € C*(Q), f € C*(Q), o € (0,1), satisfy Au = f
in a domain Q@ in R™. Then u € C**(Q) and for any two concentric balls
B, = Bg(zo), B2 = Bar(zo) CC Q we have

(3.9) |uly,0i8, < C(n,a)(lulos, + R?|flo,0m,) -
In the following theorem let B, and B, be concentric balls as above centred
at a point zo € {z, = 0}, let B} = B; N {z, > 0} for j = 1,2, and let

Theorem 3.2 Let u € C*(BF) N C°(BY), fe C%(By), a € (0,1), satisfy
Au=fin Bf,u=0 onT. Then u € C**(B;) and

(3.10) [uly iz < O, @)(lulogy + RSl py) -
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To prove these results it suffices to establish the corresponding assertions
for the Newtonian potential of f, since u differs from w by a harmonic function
h, for which the required estimate (in the interior case) follows from Theorem
2.5. In the case of Theorem 3.2 we can reduce to a similar situation as in
Theorem 3.1 by some extension and reflection procedures. Proving the result
for w is simply a matter of computation. The singularity of I' prevents us
from differentiating directly under the integal, so we proceed by considering
a modified function w, obtained by replacing I'(z — y) in equation (3.3) by
n(lz — y|/e)T(z — y) for a smooth function n such that 0 < p < 1, n = 0
for t <1 and n =1 for t > 2, and letting ¢ — 0. Assuming without loss of
generality that 0§ is smooth enough for the divergence theorem to hold, we

find that
(3.11) Diw(e) = [ DM@ —y)f(@)dy, i=1,,n,

and
(312) Dyu(e) = [ DuT(e=y)(fv) - f(z)) dy
—f(w)/agDiI‘(x —y)(y)dsy, 45=1,---,n.

The Holder continuity of D?w follows from (3.12) after some messy but straight-
forward computation. 4

To prove the boundary estimate for w we observe that the representation
(3.12) holds with §2 replaced by By . In addition, the portion of the boundary
integral

(3.13) /w Dil(z — y)v;(y) dsy

over T is zero if either 7 or j # n, so we can proceed exactly as in the interior
case if ¢ or j # n. Finally, D,,w can be estimated directly from the equation
Aw = f once we have estimated Dyw for k=1,---,n— 1.

We can extend Theorems 3.1 and 3.2 to obtain the following global Holder
estimate in balls.

Theorem 3.3 Let B = Bg(z,) be a ball in R". Let u € C*(B) N C°(B),
f€C*(B), ac(0,1), satisfy Au= f in B,u =0 on dB. Thenu € C**(B)
and we have

(3.14) ltl20 < C(n, @)(lulos + B*|flonm) -

Proof We may assume that 0B passes through the origin. The inversion
mapping = +— z* = z/|z|? is a smooth, bicontinuous mapping of R — {0} onto
itself which maps B onto a halfspace B*. Furthermore, the Kelvin transform
of u, defined by

(3.15) v(z) = |z|*"u <|—;£ls>
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belongs to C%(B*) N C°(B*) and satisfies

(3.16) Ago(z*) = |2*|7"*Au(z), z*€ B*, z€ B,
m*

= e () wen

We now apply Theorem 3.2 to the Kelvin transform v, noting that any point
of 0B may be taken as the origin.

Remark The term |u|o,s can be dropped from the right hand side of (3.14),
since the functions v¥(z) = £ K(|z — z¢|> — R?).are sub- and supersolution
respectively of the Dirichlet problem Au = fin B, u = 0 on 0B, if K >
o supg |f| . The maximum principle then implies

R2
(3.17) sup |u| < —sup|f].
B 2n B

We can now obtain the following extension of Theorem 2.9.

Theorem 3.4 Let f € C%*(B), a € (0,1), and ¢ € C°(B). Then the Dirich-
let problem .
(3.18) Au=fin B, u=¢ ondB,

has a unique solution u belonging to C**(B)NC°(B). If ¢ € C**(B), then u
belongs to C**(B).

Proof Set v = u—w where w is the Newtonian potential of f. Then problem
(3.18) is equivalent to the problem Av = 0in B, v = ¢ — w on 9B, which has
a unique solution belonging to C*(B) N C°(B), by Theorem 2.9. Hence (3.18)
has a unique solution u belonging to C*(B)NC°(B). The regularity assertions
follow from Theorems 3.1 and 3.3, the second of these applied to & = u — ¢
rather than to u itself.

Remarks (i) All the results above require o € (0,1); they are false in the
cases « = 0 and o = 1.

(i1) The conclusion of Theorem 3.4 is true not just for balls but for any
bounded domain with sufficiently smooth boundary (92 € C** is sufficient).
The main goal of the next two sections is to prove this result and an analogous
result for more general second order linear elliptic equations.
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4 SCHAUDER THEORY

The aim of this section is to extend the results of the previous sections on Pois-
son’s equation to general second order linear elliptic equations. We will obtain
a result analogous to Theorem 3.4 for general linear equations on arbitrary
bounded domains subject to certain smoothness assumptions.

We will consider equations of the form

(4.1) Lu= 3" a(z)Diju+ > b (z)Diu+ c(z)u = f(z),
1,7=1 i=1
with @¥ = a/'. Usually we will write (4.1) without the summation signs;

summation over repeated indices is understood. We will assume that the
equation is elliptic, i.e., the coefficient matrix [a* ()] is positive definite at
each point . We denote the maximum and minimum eigenvalues of [a"/(z)]
by A(z) and A(z) respectively, so that

(4.2) 0 < M(2)lE]* < a”(2)&€; < Alw)EP?

forallz € Qand £ € R"—{0}. Wesay (4.1) is strictly ellipticin Qif XA > Xg > 0

for some constant Ag, and uniformly elliptic in Q if A/) is bounded in .
Results for elliptic equations of the form (4.1) usually require additional

assumptions on the coeflicients. We shall assume throughout this section that

|6°(=)
A=)

(4.3) <by fori=1,---,n,z €N,
for some constant by < co. Conditions on ¢ will also be necessary, but these
will be stated as needed.

Our first aim is to prove the weak mazimum principle for solutions of (4.1).

Theorem 4.1 Let L be an elliptic operator of the form (4.1), and suppose
u € C*HQ) N C°D) satisfies

(4.4) Lu>0(<0)inf, c¢=0inQ,

in a bounded domain Q. Then u achieves its mazimum (minimum) on 0,
€.,

(4.5) SUp U = Sup u (1%fu = 1anﬂf u) .

Proof At an interior maximum point zo we have Du = 0 and D?u < 0 in the
sense of matrices, so that a”(z¢)D;;u(z¢) < 0. Consequently, if we have the
strict inequality Lu > 0 in §, we immediately obtain a contradiction. Using
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(4.3) we may now fix a constant k& > 0 such that Le*” > 0. Then for any
¢ > 0 we have L(u + ee**) > 0 in §, so that

k:vl ) kzl ) X

sup(u + ee™™) = sup(u + ee
Q 20

We now obtain (4.5) by letting € — 0.

We can generalize this result to the case ¢ < 0 in 2. We have Lou =
aDiju+bDiu> —cu > 0in QF = {z € Q: u(z) > 0} if Lu > 0in £, so the
maximum of v on O must be achieved on 9Q*. Thus we have

Theorem 4.2 Let L be elliptic in a bounded domain 2, and suppose that
u € C%(Q) N C%QN) satisfies

(4.6) Lu>0(£0)inQ, ¢c<0imn.
Then

+ . . -—
(4.7) sup u < sup u (I?qu > %’qu ) .

If Lu =0 in Q, then
(4.8) sup |u| = sup |ul.
Q 2Q

As with Poisson’s equation this leads to a uniqueness result for the Dirichlet

problem
(4.9) Lu=finQ, u=¢ondf.

Theorem 4.3 Let L be elliptic in a bounded domain ) with ¢ < 0. Suppose
that u,v € C*(Q)NC°RN) satisfy Lu = Lv in Q, u =v on IN. Then u = v in
Q. If Lu> Lv in Q and u < v on 09, then u < v in Q.

The following strong mazimum principle generalizes Theorem 2.2.

Theorem 4.4 Let L be uniformly elliptic, ¢ = 0 and Lu > 0 (< 0) in a
(possibly unbounded) domain Q. If u attains its mazimum (minimum) at an
interior point, then u is constant in Q. If ¢ < 0 and ¢/ is bounded, then u
cannot achieve a nonnegative mazimum (nonpositive minimum) in the interior
unless it is constant.

We omit the proof since we will not need this result. See [GT], Chapter 4,
for a proof.

In the remainder of this section we want to explain how to prove the ex-
istence of solutions for the Dirichlet problem (4.9). First we give a notion of
smoothness for boundaries of domains.

We will say that a domain Q in IR™ has boundary of class C* for a
nonnegative integer k and a € [0,1] if for each point zo € O} there is a ball
B = B(xo) and a one to one mapping 9 of B onto a domain D C IR™ such
that
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(i) BN CcR, ={zeR":z, >0}
(i) (BN Q) C IR™,;
(iii) ¥ € C**(B), ¥~ e Ch(D).

We will say that a domain 2 has a boundary portion 7' C 99 of class C%2 if
for each zg € T there is a ball B = B(zo) in which the above conditions are
satisfied and such that BNoQ C T.

We can now state the fundamental results for linear elliptic equations of
the form (4.1).

Theorem 4.5 Let Q) be a bounded domain in R™ with 0 € C** for some
a € (0,1), and let L be as above with

(4.10) a’(z)&&; > MEP forall z€Q, E€R™,
and 3 '
(4.11) |a”|0,a;0 ) WIO,a;Q > ICIOYOI;Q <A,

where A and A are positive constants. B B
(i) If ¢ <0, then for any f € C**(Q) and any ¢ € C**(Q) the Dirichlet
problem

(4.12) Lu=f i Q, u=¢ on 090

has a unique solution u € C**(f).
(i) If u € C*Q) N C°(Q) is any solution of (4.12) (not necessarily with
¢<0), then u € C**(Q) and

(4.13) [u]2,050 < C (Julog + [Bla,esn + [flo,ma)

where C depends only on n, A\, A, and Q. If in addition 09, ¢ € C**+2* qnd
(4.14) |07l [0 ]kt leleasa < A,

then u € C*+2%(Q)) and

(4.15) [uler2,m0 < C (Julog + [Dlkr2,cs0 + [ Flrma)

where C' depends only on n,k, A\, A, o and €.

Remarks (i) It is essential that o € (0,1) in the above theorem—the con-
clusions are false in the cases « =0 and a = 1.

(ii) As well as the above global regularity assertions and estimates there
are completely interior and partially interior (i.e., in a neighbourhood of a
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boundary point) versions of these results. The global result is obtained by
patching together these local results. ‘
(iii) If ¢ <0, then |ulo.q can be estimated in terms of f and ¢. In fact,

(4.16) sup [u| < sup [¢| + C'sup |f]/A
Q a0 Q

where C' depends only on diam 2 and supg |b|/A (see [GT], Theorem 3.7, and
also the remark following Theorem 3.3).

(iv) The existence assertion of Theorem 4.5 is generally false if we do not
assume ¢ < 0. However, the following is true regardless of the sign of c¢: the
problem (4.12) has a unique solution in C*%(Q) for any f € C%*(Q) and any
¢ € C**(Q) if and only if the homogeneous problem

(4.17) Lu=0 in @, u=0 on 00

has only the trivial solution v = 0 (see [GT], Theorem 6.15).

We will sketch the main ideas in the proof of Theorem 4.5. First, Theorem
4.5 has two main parts—an assertion about the existence of a solution and an
assertion that any solution satisfies certain estimates. The estimates play a
key role in the proof of existence, so let’s assume that we have already proved
these and concentrate on the existence problem for the moment.

First, we can simplify things by assuming zero boundary values—this can
be achieved by replacing u by u — ¢. Next, in place of the problem (4.12) let’s
consider a family of problems

(4.18) Lv=tlu+(1-t)Au=f in £, u=0 on 9N,

where ¢ € [0,1]. Notice that Ly = A and L; = L, and that the coefficients of
L, satisfy the conditions (4.10) and (4.11) with

A =min{l,A}, A, = max{1l,A}.

The operator L; is a bounded linear operator from the Banach space B; =
{u € C**(Q) : u = 0 on HQ} into the Banach space B, = C%*(Q). The
solvability of the Dirichlet problem (4.18) is equivalent to the invertibility of
the mapping L;. Let u; denote the solution of (4.18), assuming that there is
one. Then, by the estimates (4.13) and (4.16), we have

(419) IUtIZ,a;Q < C‘f’o,a;ﬂ )

for a constant C' depending only on n, A, A and diam 2, but not on ¢. In other

words,
(4.20) lulls, < CllLeulls, -
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Now suppose that (4.18) is solvable for some s € [0,1], i.e., L, is onto. By
(4.20) L is one to one and hence the inverse L;! exists. Furthermore, L} is
a bounded linear operator with ||L;!|| < C, by (4.19). The equation L,u = f
is equivalent to the equation

Liu = f+4(Ls— Lu
= f+(t—s)Lo—(t—3)Ly,

which in turn is equivalent to
u=L7'f+(t—s)L; (Lo — L)u.

The mapping T from B; to itself given by
Tu=L7'f+(t—s)L7 (Lo — L1)u

is is clearly a contraction mapping (and hence has a fixed point) if
|s —t] < 6= [C(I Lol + IL1I)] 7" -

It follows that L; is onto for all ¢ € [0,1] with |s—t| < é. By repeatedly applying
this argument on subintervals of [0, 1] of length less than § we conclude that
L, is onto for all t € [0,1] if it is onto for any fixed ¢ € [0,1], in particular, for
t=0.

To summarize, to prove the solvability in C**() of the Dirichlet problem
(4.12) it is sufficent to prove the estimate (4.19) for any solution of (4.18) for
any t € [0,1], and to prove the solvability in C?%(f)) of the Dirichlet problem
for the special case of Poisson’s equation. In particular, by Theorem 3.4 we
can solve the Dirichlet problem (4.12) in C%*((2) in the special case that
is a ball, assuming of course that the coefficients and the data satisfy the
hypotheses of Theorem 4.5. But once we have this we can solve the Dirichlet
problem (4.12) on a ball for continuous boundary data ¢, obtaining a solution
u € C**(B)NC°(B). We do this by approximating ¢ by a sequence of smooth
functions {¢;}, solving the Dirichlet problem on B with boundary data ¢;, and
passing to a limit with the help of the interior version of the estimate (4.13)
and a suitable barrier argument. We can then adapt the Perron method to
obtain a Perron solution of (4.12) on any bounded domain (2, and, using (4.13),
this solution can be shown to belong to C?*(Q) if 8Q € C** and ¢ € C**(Q).

We now turn to the estimate (4.13). As mentioned above, the estimate
(4.13) is a consequence of interior and partially interior estimates similar to
those derived for solutions of Poisson’s equation in the previous section. In
fact, they are derived from these by a perturbation argument, which we now
describe.
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Let zo be a point of ). By making a linear transformation of coordinates
we may assume that a'/(zy) = 6. We now write equation (4.1) in the form

(4.21) Au = (a (o) — a”(z))Diju — b'(2)Diu — c(z)u + f(z) = f(z)
and apply Theorem 3.1 to get

R2+Q[D2u]01331 < C(naa)(IuIO;Bz + R2|.ﬂ6,a;B2) .
(4.22) < C’(n,a,A) {|U|O;Bz + RZ(RGID2U|O;Bz + | Dulo;s, + |ulo;s,)
+R2+Q(RQ[D2u]a;Bz + |D2ul0;Bz + [Du]u;,
+Dulos, + [Wess, + lulo,) + oz, §
for any two concentric balls By = Bg(zo) and B, = Byg(zo) CC Q; to keep
the dependence on R a little simpler we have assumed that R < 1. Here
we have also used the easily verified inequalities [f + gla < [fla + [9]a and
[f9]a < |flolgla + [flalglo- We now use the following interpolation inequality:

for each € > 0 and any integers k > [ > 1 there is a constant C = C(€, a,n, k)
such that for any u € C**(Bg) we have

(4.23) " R!|D'o,p, < eR¥[DFu)ypy, + Clulosy -

Using this and the inequality

(4.24) [D¥u]a.p, < R D" ulo.p,

in (4.22) we obtain

(425)  [D*ulaip, < C (R[D*ulais, + B~ Julos, + B floi,))

where C' depends on n,a and A. The important point here is that the coef-
ficient of [D?ul4,p, can be made small by making R small. This alone is not
sufficient to absorb the term C'R*[D?u],., into the left hand side of the in-
equality, since the seminorm on the left is taken over a smaller ball. However,
this can be achieved with the help of a somewhat technical covering argu-
ment (see [S], Lecture 6, Lemma 2). Alternatively, it is possible to work with
weighted Holder spaces and use an interpolation inequality similar to (4.23)
in these spaces. In any case, we finally conclude that

(426) |u|12,oz;B1 S C(|u|0;32 + R2|fl€),a;B2) )

where C depends on n,« and A.
A similar argument can be used to get the boundary estimate

(4.27) [ul2,0:8.00 < C([ulopang + [9l2.0:800 + B Fl6,0:8,00)

60



for any two concentric balls By = Bg(zo) and B, = Byg(zo) of sufficiently
small radius centred at a point zq € JQ2. The constant C' depends on n,a, A, R
and 0N). The details are a little more complicated, since we first need to flatten
09 in a neighbourhood of z.

The global Schauder estimate (4.13) follows by combining (4.26) and (4.27)
and using a covering argument. The higher order estimates follow by succes-
sively applying (4.13) to the elliptic equation satisfied by each derivative of u.
Some care is needed here since u is not a prior: sufficiently smooth to differ-
entiate equation (4.1) the required number of times, but this difficulty can be
overcome by approximating derivatives of u by difference quotients.
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5 SOBOLEV THEORY

In this section our aim is to develop the theory of linear elliptic equations in a
class of spaces known as Sobolev spaces. The Holder spaces are suited to the
theory of classical solutions, i.e., solutions which are (at least) twice continu-
ously differentiable. However, these spaces are neither reflexive nor separable,
which precludes the application of certain techniques of functional analysis,
especially Hilbert space methods, to the proof of existence of solutions. In the
Sobolev space theory we weaken the notion of solution so that we can solve
the Dirichlet problem in a separable Hilbert space. This requires much less
work than the procedure described in the previous three sections. The price
we pay for this is that we need to do further work to show that the solution
we obtain is in fact a classical solution.

We begin with the definitions of Sobolev spaces. For 1 < p < oo the space
of measurable functions whose p-th power is integrable on {1 is denoted by
LP(Q) (with the usual convention that functions which agree almost every-
where are regarded as the same). The norm on L?({) is given by

(5.1) Nl = e = ([ 1uP de)” .

For p = co L*(Q) denotes the space of bounded measurable functions with
the norm
(5-2) el (@) = llulloci = sup ful

with the supremum understood to be the essential supremum.

The LP spaces are Banach spaces. They are separable for 1 < p < co and
reflexive for 1 < p < oco. Furthermore, L%({2) is a Hilbert space under the
inner product

(5.3) (u,v) =/qudx.

The space of functions which are locally p-integrable on ) is denoted by
L?OC(Q)'

Let u be locally integrable on  and let o be any multi-index. Then a
locally integrable function v is said to be the a-th weak derivative of u if it

satisfies

(5.4) /Qqﬁv dz = (—1)""'/QuD"¢dm for all ¢ € C}',a‘(ﬂ).

It is clear from the definition that the a-th weak derivative is unique if it ex-
ists. Furthermore, if u € C'*/(Q), then the weak a-th derivative of u coincides
with the classical derivative D%u, by integration by parts. Thus weak differ-
entiability is an extension of the classical concept. We denote the a-th weak
derivative of u by D%u.
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Many properties of classical derivatives remain true for weak derivatives,
for example, the usual Leibniz rule for differentiating products is valid, as is a
form of the chain rule (see [GT], Chapter 7). We will not explicitly use these
here, although these properties are used in proving some of the results we will
state.

We can now define the Sobolev spaces. For p > 1 and any nonnegative
integer k we define

(5.5) Wk?(Q) = {u € L,(Q) : D*u € LP(Q) for all |a| < k}.

W*P(Q) is a Banach space under the norm

(5.6) lullkpn = llullwee@) = (/ > D |”d$)

la|<k

if 1 <p < oco. Whke(Q) is also a Banach space if the norm is defined in the
obvious way. W*P(Q) is separable for 1 < p < oo and reflexive for 1 < p < oco.
Furthermore, W*?2(Q) is a Hilbert space under the inner product

(5.7) (u,v) / > D*uD®vdz.

la|<k

We denote by W,2P() the space of functions belonging to W*?({) for any
Qcca.

An important result is the following.

Theorem 5.1 ([GT], Theorem 7.9) The subspace W*P(Q) N C*(Q) is dense
in WhP(Q).

The closure of Cg°(Q) in W*?(Q) is denoted by Wg*(£2). It is also a Banach

space. An equivalent norm on Wy P() is given by

1

(5.8) [ —— ( / ) |D“u|l’da;) .

lol=F

This is a consequence of the following Sobolev embedding theorem. It is a
fundamental tool in the theory of partial differential equations.

Theorem 5.2 ([GT], Theorems 7.10, 7.17) Let Q be a bounded domain in

R™.
(i) If p < n, the space Wy*(Q) is continuously embedded in LP"(Q), p
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np/(n — p), and compactly embedded in LI(Q) for any g < p*. Furthermore,
we have

(5.9) [ullnp/a-p) = C s p)][ Dull -

(i) If p > n, the space Wy*(Q) is continuously embedded in C**(Q) for
a =1—n/p, and compactly embedded in COP(Q) for any B < a. Furthermore,
we have

(5.10) |uloase < C(n,p)[L + (diam 2)°|| Dul, -
To see why Sobolev spaces are useful let’s return to Poisson’s equation
(5.11) Au=f.

Suppose u € C%(Q) is a solution of (5.11). Then, by integration by parts we
have

(5.12) —/QDu -Dvdz = /va dz for any v € C3(Q).

But (5.12) makes sense even if u belongs only to W'%(Q) rather than to C?().
Thus we define a function u € W'?(2) to be a weak or generalized solution of
(5.11) if it satisfies (5.12) for all v € C3(Q2).

We now turn our attention to the Dirichlet problem

(5.13) Au=finQ, u=d¢ondfd.

A generalized solution of (5.11) is not necessarily continuous, so it is not clear
whether the boundary condition in (5.13) has any meaning for such solutions.
However, we can give a weak notion of this as well: if u,¢ € W'?(Q), we say
u=¢on ONif u—¢ € Wy*(Q). A weak definition of inequality on dQ can
also be given. In particular, u < 0 on 9 if u* = max{u,0} € Wy'*(Q).

Once we have these notions we can prove a weak mazimum principle for
W12 solutions.

Theorem 5.3 ([GT], Theorem 8.1) Let u € W2?(Q) satisfy Au > 0(< 0) in
a bounded domain Q. Then

(5.14) supu < suput (infu > inf u’) .
Q 90 Q N

Proof By approximation and Theorem 5.1, (5.12) is valid for any v € Wy*(9).
Therefore we may choose v = max{u — [,0} where | = supyq u™, in the weak
form of Au > 0, namely

/QDU -Dvdz <0 for all nonnegative v € W, (),
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to obtain

/ |[Dul*dz < 0.
{u>l}

This implies (5.14).

As a corollary of this we see that generalized solutions of the Dirichlet
problem (5.12) are unique.

We now turn to the existence question. Here the fact that Wy*(Q) is a
Hilbert space makes this relatively easy. As in the classical case we can reduce
to the case of zero boundary values by replacing u by u — . We must then
replace f by f = f — A¢. Notice that this is not a function in general, since
# belongs only to W12(Q). Set fi = —D;¢. Then the equation

(5.15) Au= f+ D;f
can be interpreted in weak form, namely
(5.16) — /Q Du - Dvdz = /Q(fv — f'D;v)dz  for any v € Wy*(Q).

In view of this it is reasonable to assume that f, f; € L*(12).
Now consider the Hilbert space H = Wy*(Q) equipped with the inner
product

(5.17) (u,v)HzfﬂDu-Dvd:c.

We denote the corresponding norm by || - ||%. As noted above, it is equivalent
to the usual W12 norm, so that H is indeed a Hilbert space. If we now define

(5.18) Fv) = — /Q(fv — fiDw)dz,

for v € H, then by Holder’s inequality and (5.9) we have

(5.19) |F(v)|

IN

(IIfHLz(n) + llf’llmm) [v]lw2)

i=1

IA

% (Ilﬂlwm .S uf"nm(m) ol
=1

so that F' is a bounded linear functional on H. It follows from the Riesz
representation theorem for Hilbert spaces that there is a unique element u € H
such that

(5.20) F(v) = (u,v)y forallveH.

This says exactly that the Dirichlet problem

(5.21) Au=f+D;finQ, u=0o0ndN,
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is uniquely solvable in Wy*(Q) for any f, fi € L*(Q). Furthermore, for the
particular choice v = u in (5.19) and (5.20) we obtain the estimate

(5.22) llullwrz@) < C (Ilfllm(n) +> Ilfille(fz)) :
=1

Returning to the original boundary condition in the usual way we see that we
have proved the following.

Theorem 5.4 Let §) be a bounded domain in IR™. Then the Dirichlet problem
(5.23) Au=f+D;f inQ, u=¢ ondQ,

has a unique generalized solution in WY2(Q) for any f, f' € L*(Q) and ¢ €
Wh2(Q). Furthermore, we have

(5.24) lullwiz@ < C (Hf”mm + 3 2y + H¢Hw1.2(n)) :
=1

We can extend all of these ideas to more general second order elliptic
equations. The notion of generalized solution is based on integration by parts,
so it is natural to require that the equation be written in a form suitable for
this procedure. Thus we assume now that L has the form

(5.25) Lu = Di(a"(2)Dju 4 b'(z)u) + ¢ (z) Diu + d(z)u,

where the coefficients are measurable functions on 2. We also need to assume
the ellipticity condition

(5.26) a“(z)&6; > MNE)P forallz € Q, € € R™,

where A is a positive constant. We also assume that the coeflicients are
bounded: B ‘ .
(5.27) la¥ (2)],16'(z)], |¢(2)],|d(z)] < A forallz € Q

for another positive constant A. Finally, corresponding to the nonpositivity of
the coefficient of u for an equation of the form (4.1), we assume

(5.28) /(dv — b Dw)dz <0 for all nonnegative v € Wy*(Q).
Q
Proceeding essentially as before, we can prove the following.

Theorem 5.5 ([GT], Theorem 8.3) Let O be a bounded domain in IR"™, and
suppose the operator L given by (5.25) satisfies conditions (5.26), (5.27) and
(5.28). Then for any f,f* € L*(Q) and ¢ € WH3(Q) the Dirichlet problem
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Lu = f4+ Dift in Q, u = ¢ on N has a unique generalized solution in
W2(Q), and we have

(529)  lullwiz@ <C (”f”L?(n) + 1 ) + ”¢”W1v2(0)> ;
=1

where C depends on n, A\, A and Q.

The final question we will consider in this section is the regularity of the
solutions obtained in Theorems 5.4 and 5.5. The following theorem answers
this.

Theorem 5.6 ([GT], Theorems 8.8, 8.10, 8.12, 8.13) (i) Let u € W %(Q) be
a weak solution of the equation Lu = f in ) where L is strictly elliptic in Q,
the coefficients al, b € C*1(Q), the coefficients ¢¢,d € C*11(Q) (L®(Q) if
k =0), and f € W*2(Q), where k is a nonnegative integer. Then for any
subdomain Q' CC Q we have u € W*22(Q)') and

(5.30) fullwesaaq@y < Cllllwragay + 1 lweaqe)
where C' depends only on n, A, k,dist (',0Q) and K, where
K = ma,x{||aij, bi“C’c»l(ﬁy ”Ci, d”ck-—l,l(ﬁ)}.

In particular, if a”, b ¢, d, f € C®(Q), then u belongs to C*°(f).
(i3) Suppose in addition that 0 € C**? and that there exists a function ¢ €
W 22 such that u — ¢ € Wo*(Q). Then u € W*22(Q) and

(531)  lullwrezz@) < Clllullwrz@) + | fllwea(@) + | ¢llwrezz(@))

where C depends only on n, \, k, K and Q. In particular, if a” b',¢',d, f, ¢ €
C=(Q) and 0Q € C™, then u belongs to C*(Q).

This is proved by applying the estimate (5.29) to the derivatives of u, or

more precisely, to suitable difference quotients of u, since we do not know a
priori that u is sufficiently smooth to differentiate directly.
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6 PARABOLIC EQUATIONS

In this section we will describe some results for parabolic equations. A parabolic
equation is one of the form
_ Ou

(6.1) ut——E:Lu on Qx(0,7),

where (2 is a domain in IR™ and L is an elliptic operator for each time ¢t € (0,7").
Thus the general linear second order parabolic equation has the form

(6.2) % = Y a¥(z,t)Dyu + > b (z,t)Diu + c(z, t)u + f(z,t)
7,j=1 =1

where N

(6.3) 3 a(z, 1), >0 forall € R, E#0
7,7=1

for each (z,t) € (0,7).

The simplest example of a parabolic equation is the heat equation

We will restrict our attention to this model equation in this lecture. However,
the theory of much more general parabolic equations can be developed very
much along the lines of elliptic theory, with the heat operator playing the
central role in place of the Laplacian. Roughly speaking, there is a parabolic
version of most results of the elliptic theory. Thus there are mean value equal-
ities for solutions of the heat equation, parabolic weak and strong maximum
principles, and parabolic versions of the Schauder and Sobolev theories. Of
course, there are also aspects which have no elliptic analogues, such as the
asymptotic behaviour of solutions as ¢ — oo, but even these may have close
connections to the elliptic theory. k

The basic boundary value problem for the heat equation, and also for gen-
eral second order parabolic equations, is to prescribe the value of the solution
on the parabolic boundary of @ = Q x (0,T) (we always take T' > 0), which is
given by 9'Q = ({0} x Q) U (99 x [0,T]). This is known as the first initial-
boundary value problem. It is called the Cauchy problem in the special case
Q=1R"

We begin with the weak mazimum principle for the heat equation.

Theorem 6.1 Let  be a bounded domain in R™ and let Q = Q x (0,T).
Suppose that u € C*(Q) N C°(Q) satisfies u; — Au <0 in Q. Then

(6.5) SUpU = SUpu.
Q@ o'Q

68



Proof Let ¢ > 0 and set v = u — €t, so that
(6.6) v —Av <0 in Q.

Let 7" € (0,T) and set Q' = Q x (0,7"). If v attains its maximum over Q' at
an interior point, then v; = 0 and D?» < 0 at that point, which contradicts
(6.6). If v has its maximum over @)’ at a point of € x {I"}, then v; > 0 and
D%y < 0 at that point, which also contradicts (6.6). It follows that v attains
its maximum on 0'Q)’, and hence, letting 7" — T and € — 0, that u attains its
maximum on 0'Q.
Remark It is clear that this argument generalizes to more general parabolic
equations. However, there is also a mean value equality for solutions of the
heat equation from which we may obtain the maximum principle, as we did in
Section 2 for harmonic functions. There is also a strong mazimum principle for
solutions of (6.4) (which can also be deduced from the mean value equality)
which states that if u attains its maximum at a point of Q — 8'Q, then u is
constant in Q).

From Theorem 6.1 we immediately obtain the following uniqueness result
for the first initial-boundary problem.

Theorem 6.2 Let Q) be a bounded domain in R™. Then there is at most one
solution u € C*(Q) N C°(Q) of the problem

(6.7) w—Au=finQ, u=d¢ ondQ.

Next we find an analogue of the fundamental solution and a related repre-
sentation formula for solutions of the Cauchy problem

(6.8) u; — Au=01in R™ x (0,00), u = ¢ on R™

The quickest way to do this is to take the Fourier transform of the heat equa-
tion. But the following method (taken from [E]) is more elementary. First, if
u solves the heat equation (6.4) on R™ x (0, 00), then so does the function w
given by

uy(z,t) = u(dz, \*t)
for any A € IR. This scaling property suggests that we look for a solution of

the form )

u(m,t):v(%) r=lz|, t>0,

where v is to be determined. This eventually leads to what we want, but it
turns out to be simpler to look for solutions of the form

r

(6.9) u(z,t) = w(t) (;) ,
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where both v and w are to be determined. After a little computation we find
that

Consequently, if u is to solve (6.4), we require

2 2 2 2\ .2 2
(6.10) w'(t)v (%) - }—Ugl [v” (%—) 4:— + o' (%) %— + ' <%—> 2n] =0.
If we choose
(6.11) v(z) = e™*/*]

then 4v"(z) + v'(z) = 0, so the first two terms inside the brackets cancel.
Consequently, (6.10) reduces to

which has the solution
(6.12) w(t) =2,

Combining (6.9), (6.11) and (6.12) we see that

1 2
= e lelP/4t
(6.13) u(z,t) = L ,

up to additive and multiplicative constants. The function

~|zf? /4t

(6.14) K(z,t) =

(4mt)n/?

is called the fundamental solution of the heat equation or the heat kernel.
Remark The normalization factor (47)~"/? is introduced so that

(6.15) /an K(z,t)de =1 foreacht > 0.

We can now use the heat kernel to obtain a representation formula for
solutions of the Cauchy problem (6.8). To do this we observe that the heat
equation is translation invariant, so K(z — y,t) is a solution for each fixed
y € IR™*. In addition, the sum of finitely many solutions is also a solution.
This suggests that

(6.16) ua,t) = [ K(e—y,06(s)dy

should also be a solution.
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Theorem 6.3 Suppose ¢ € C°(IR*)NL>(IR™), and let u be defined by (6.16).
Then

(1) u belongs to C=(IR™ x (0,00));

(i1) u satisfies the heat equation in R™ x (0, 00);

(1ii) imyg 4y (00,0) u(Z, 1) = ¢(20) for each zo € R™.

Proof (i) and (ii) follow from the fact that ¢="/2e~1P/4 j5 0> with deriva-
tives of all orders uniformly bounded on IR™ X [§, o) for each § > 0; this allows
us to differentiate under the integral. To prove (iii) let zo € R™ and € > 0.
By continuity of ¢ there is a ¢ > 0 such that

(6.17) |6(y) — d(zo)| <€ if [y — 0| <4, y € R™
For |z — zo| < §/2 we have
ju(e,t) = d(eo)] = | [ Ko = 5,0)(6(0) - 8(z0) dy
Loy K@= 9:0)16(0) = 6(z0)] dy
o e K@ =9 119(0) = b(ao)] dy.

IN

The first integral is less than €, by (6.15), and the second can easily be shown
to go to zero as t — 0, since ¢ is bounded. Thus we obtain |u(z,t)—¢(zo)| < 2¢
if |z — 20| < 6/2 and ¢t > 0 is small enough.

Remarks (i) Since we are not on a bounded domain, the weak maximum
principle cannot be used as before to deduce the uniqueness of solutions of the
Cauchy problem. In fact, uniqueness does not hold in general, but it can be
shown that for any given positive constants A and « there is only one solution
which satisfies the bound |u(z,t)| < Ae*k.

(ii) Theorem 6.3 can be generalized to yield a representation formula for
solutions of the Cauchy problem for the inhomogeneous heat equation wu; —
Au = f.

The next result we will derive is a representation formula for solutions of
the inhomogeneous heat equation

(6.18) uy—Au=f in@Q=0x(0,00),

where () is bounded with dQ € C!, which is analogous to the representation
formula (2.18). Suppose that u,v € C?(Q) and u solves (6.19). By integration
by parts we find that

/Qvfda:dt = /Qv(ut—Au)dxdt
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(6.19) = —/ u(vt+Av)dxdt+/ uvd;r—‘/n {}uvdw
x{0

‘/ /em( a >d3dt

We now fix y € Q, let € > 0 and choose v(z,t) = K(z —y,T + € —t); then v
belongs to C*°(IR™ % [0,7]) and solves the backward heat equation v;+Av = 0.
By the proof of Theorem 6.3 (iii) we have

(6.20) AX{T} wder = /{; K(z —y,e)u(z,T) dz

— u(y,T) ase—0.

Since K(z — y,T + € — t) is uniformly continuous with respect to €,z,t for
€>0,z€00,t€[0,T] and for z € Q, t = 0, we see from (6.19) that

(6.21) u(y,T) = /Q K(z—y, T —1t)f(z,t)dzdt + /ﬂ K(z —y,T)u(z,0)dz

! du 0K
+/O /m (K(w =9, T =)z (z,1) —u(z,t) 5 ~(z =y, T - t)> ds dt .

It follows from this that if u solves the heat equation on @, then u € C*(Q).
The integral

(6.22) /Q K(z -y, T —t)f(z,t) dz dt

is called the heat potential of the function f. It plays a similar role in the theory
of parabolic equations as the Newtonian potential plays in the elliptic theory.
In particular, the representation formula (6.21) can be used in a similar way to
(2.18) to obtain estimates for solutions of (6.18), which can then be extended
to more general parabolic equations by a perturbation argument similar to the
one used in Section 4.

Finally, we give a brief description of one method of proving the existence
of a solution of the first initial-boundary problem

u = Auin Q% (0,00),
0 on 09 x (0,00),
= ¢onx{0}.

(6.23)

For details see [F], Chapter 4, [Fr], [LSU], Section II1.17 and [S], Lecture 12.
Other methods of proving the existence of solutions are also discussed in [LSU]J.
For simplicity we consider only the homogeneous heat equation with zero data
on the lateral boundary, but much more general problems can be treated by
similar techniques.
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First we look for solutions of the heat equation of the form

(6.24) u(z,t) = (1 ().
Clearly, for such solutions we must have

7 AY
6.25 —=—==)
(6.25) poln
wherever u # 0 where A is a constant. It follows that
(6.26) () = 7(0)e™,

and that ¢ must be a nontrivial solution of
(6.27) AP+ Ap=0in Q,  =0o0n 0.

The boundary condition on % is imposed to make u = 0 on 90 x (0, 0).
From the maximum principle for elliptic equations we that (6.27) can have
a nontrivial solution only if A > 0. The existence theory for (6.27) in the case
A > 0 is not covered by the results in Sections 4 and 5, but we may proceed
as follows (see [GT], Section 8.12, or [S], Lecture 9).
Let H = W,(Q) and define

Ay = Ja ID“|2
1= 1 .
weH—{0}  fo |ul?

It can be shown that this infimum is achieved and that the minimizing function
¢1 is a generalized solution of (6.27) with A = X;. We normalize ¢, so that
Jo ¢3 = 1. By a similar argument it can be shown that there is a ¢, € H which
is orthogonal to ¢; in L?(2) (and also in H) such that [, ¢2 =1,

Jo |Dul?
D> =Xy =
./Q| ¢ 2 {ueﬂ—l{%}:ultﬁl} Jao lul? ,

and ¢, is a generalized solution of (6.27) with A = A,. Continuing inductively
we obtain a sequence {¢;} C H with ¢; L ¢ if j # k, such that ||¢;||z2q) = 1

for each j, . |Dup
o |Du

= 1
(weH— {0}l mdis} Jo uf?

JALIEPY

and each ¢; is a generalized solution of (6.27) with A = A;. In fact, by elliptic
regularity theory (Theorem 5.6) each ¢; belongs to C*°(f2), and to C=(Q) if
o0} € C=.

The numbers {);} are called the eigenvalues of A and {¢;} are the corre-
sponding eigenfunctions. It can also be shown that each eigenvalue has finite
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multiplicity (i.e., is repeated at most finitely many times), the first eigenvalue
A1 has multiplicity one, and A\; — oo as § — oo. Furthermore, {¢;} is a
complete orthonormal set in L2().

Returning now to the initial-boundary problem (6.23), we see that if ¢ €
L*(§2), then ¢ has an expansion

$(z) =3 a;¢;(x),
=1
and at least formally the solution of (6.23) should be given by
(6.28) u(z,t) =y aje”'¢;(x).
=1

This turns out to be the case: the series converges in L*(Q x (0,7')) for any
T > 0, and converges in W%(Q) for any fixed ¢ > 0. Furthermore, this
convergence is uniform for ¢ > € for any € > 0. The limit function u given
by (6.28) is therefore a generalized solution of (6.23). Better regularity of u
can then be deduced by applying a parabolic analogue of Theorem 5.6. In
particular, u € C%( x (0,00)), and if dQ € C*, then u € C®(Q x (0,00)).
If also ¢ € C®(Q), then u € C=((Q x (0,00)) U (2 x {0})). However, it is
not generally true that u € C®(Q) if ¢ € C®(Q); further conditions on ¢ are
needed to conclude this.
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