
iv Contents

6.4 Proof of Claim 5.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

Appendix 193
A.1 Several facts from probability theory . . . . . . . . . . . . . . . . . . . . 193

A.1.1 Convergence of probability measures . . . . . . . . . . . . . . . 193
A.1.2 Characteristic functions . . . . . . . . . . . . . . . . . . . . . . 194
A.1.3 Kolmogorov’s extension theorem . . . . . . . . . . . . . . . . . 195
A.1.4 Almost sure convergence theorem for independent random variables195
A.1.5 Lindeberg’s central limit theorem . . . . . . . . . . . . . . . . . 196

A.2 Gauss’s product formula of the gamma function . . . . . . . . . . . . . . 196
A.3 A proof of �.2/ D �2

6
. . . . . . . . . . . . . . . . . . . . . . . . . . . . 202

A.4 The second mean value theorem for integrals . . . . . . . . . . . . . . . 205

Bibliography 209

Index of theorem 213

Index 215

Notations and symbols

Here are notations and symbols frequently used in this monograph.

� N D the set of all natural numbers. In this monograph, natural number means positive
integer. Thus 0 62 N.

ZD the set of all integers.

QD the set of all rational numbers.

RD the set of all real numbers.

CD the set of all complex numbers.

� B.Rn/D the Borel �-algebra of Rn, B.C/D the Borel �-algebra of C.

� We denote the imaginary unit by
p
�1. The letter ‘i ’ is not used for the imaginary unit,

because we wish to use this as an index. For ´ 2 C, let

Re ´ D the real part of ´;

Im ´ D the imaginary part of ´;

´ D the conjugate of ´:

� �D the 1-dimensional Lebesgue measure.

� For a, b 2 R, let

a _ b D maxfa; bg; a ^ b D minfa; bg;

aC
D a _ 0; a�

D .�a/C D .�a/ _ 0:

� For A � X where X is a universal set,

1A.x/ D

(
1; x 2 A;

0; x 2 X n A;

A{
D X n A

D fx 2 X I x 62 Ag:

1A is called the defining function (or indicator function) of A, and A{ the complement
of A.

� For a set A, cardA D the cardinality of A. Let @0 D card N and @ D card R. @0 is
called the countable infinite cardinality and @ the cardinality of the continuum. When
cardA � @0, i.e., A is at most countable, this is written as #A. #A is the number of
elements of A.
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vi Notations and symbols

� For a 2 R, let

bac D max
˚
n 2 ZIn � a

�
;

dae D min
˚
n 2 ZI a � n

�
:

b � c W R ! Z and d � e W R ! Z are called the floor function and ceiling function,
respectively. Also let

fag D a � bac 2 Œ0; 1/:

fag and bac are called the fractional part and integral part of a, respectively.

� The letter ‘p’ is mainly used for prime numbers. Sometimes so is the letter ‘q’. Ar-
ranging prime numbers in ascending order, we denote the i th prime number by pi .

� We denote the inverse functions of cos W Œ0; ��! Œ�1; 1�, tan W
�
�
�
2
; �
2

�
! .�1;1/,

cot W .0; �/! .�1;1/ by cos�1, tan�1, cot�1, respectively.

� We use the following abbreviations:

a.e. D almost every, almost everywhere,
a.s. D almost sure, almost surely,
defD definition,
i.e. D id est (in Latin)D that is (in English),
iffD if and only if,
i.p. D in probability,
L.H.S.D (the) left-hand side,
R.H.S.D (the) right-hand side,
s.t. D such that.

Introduction

We would describe more explicitly what was stated in Preface.
The Riemann zeta function �.�/ is defined on the half-plane Re s > 1 by the Dirichlet

series
P1

nD1
1
ns where ns D es logn. This function is holomorphic there and is also ex-

pressed by the Euler product
Q
pWprime

1

1� 1
ps

. Moreover �.�/ is analytically continuable to

a meromorphic function on the whole complex plane C that is holomorphic except s D 1
and has a simple pole at s D 1 with residue 1. Let us denote this meromorphic function
by the same �.�/.

By the Euler product above, �.s/ 6D 0 for Re s > 1. It is shown that �.s/ 6D 0 on the
line Re s D 1, and thus there are no zeros of �.�/ in the closed half-plane Re s � 1. From
the functional equation of �.�/, it is seen that its zeros in the closed half-plane Re s � 0 are
negative even integers �2;�4;�6; : : :, which are called the trivial zeros. The Riemann
hypothesis is concerned with non-trivial zeros, namely the zeros in the strip 0 < Re s < 1,
and states that all non-trivial zeros are on the line Re s D 1

2
. Since �.s/ 6D 0 for Re s > 1

2

under this hypothesis, the log zeta function log � can be defined as a holomorphic function
on the domain G 0, the half-plane Re s > 1

2
excluding the line segment .1

2
; 1� with the

derivative � 0.s/

�.s/
and the value log �2

6
at s D 2. In other words, log � is a primitive function

of � 0

�
on G 0 with the value log �2

6
at s D 2. Unfortunately, the Riemann hypothesis is

not yet proved to hold valid at the moment, so that a modification of this definition is
necessary. In fact, in place of G 0, we have only to take a simply connected domain G of
C such that G contains the half-plane Re s > 1 but no zeros of �.�/.

When � > 1, it is easily seen from the Dirichlet series expression of �.�/ that j�.� Cp
�1t/j � �.�/ for all t 2 R. Thus �.� C

p
�1t/ takes the value in the closed disc with

center at origin and radius �.�/. Then how is the case when � � 1 ? Since, by the func-
tional equation of �.�/, the value of �.1 � s/ is computed from that of �.s/ immediately,
we may restrict ourselves to the case when 1

2
� � � 1. In the early 1910s, H. Bohr

obtained many results about the behavior of �.�/ on the strip 1
2
< Re s � 1. Among them,

the following is an answer of the question above
�
cf. Bohr [2]

�
:

Theorem 1 For 1
2
< � � 1, the set

˚
log �.� C

p
�1t/I t 2 R with � C

p
�1t 2 G

�
is

dense in C.

In fact, since �.� C
p
�1t/ D elog �.�C

p
�1t/, it is seen from the theorem that the set˚

�.� C
p
�1t/I t 2 R

�
is dense in C

�
cf. Bohr-Courant [4]

�
. According as � > 1 or

� � 1, the behavior of �.� C
p
�1�/, i.e., �.�/ on the line Re s D � changes drastically.

Bohr much studied about the value-distribution of �.�/, which motivated him to de-
velop the theory of almost periodic functions. It was in the 1930s that he, together with
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