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1. Introduction and general results

Since the appearance of [6] and [7], the theory of linear filtering has ex-
perienced a renaissance. This theory, although evidently well known to
statisticians in terms of “‘least squares estimates,”” has found many applications
in the early sixties, largely because of the realization and synthesis methods
provided in [6] and [7]. For an indication of some of the aerospace applications
to guidance of spacecraft, the interested reader may find detailed information
in [3]. Although the theory of linear filtering has changed little from that given
in [7] for the continuous time problem, the practical realization of the so-called
“correlated noise problem” as treated mathematically in [6], has recently found
a solution in [4]. The full solution of this discrete time filtering problem and its
meaning is described in detail in [5]. For readers desirous of a survey of recent
results in linear and nonlinear filtering, it is available in [5], while more detailed
information can be found in [3].

In this paper, our interest will center on the discrete matrix Riccati equation
with emphasis on the study of the asymptotic behavior of its covariance matrix
solution. A major tool in this study will be the Duffin parallel resistance of two
nonnegative definite matrices A and B denoted by A4:B. This operation is
described in detail in [1] and provides for us a link between the Riccati equation
and the classical continued fraction theory described in [9] and [10].

We have undertaken to study the discrete Riccati equation from the point of
view of continued fractions because this technique provides considerable
generality in that the nonsingular theory becomes a rather special case (see [3],
Chapter 5) and much deeper results are obtained for singular problems; also
the methods are striking generalizations of classical continued fraction methods.

We will be concerned with the cone C of d x d real entry symmetric non-
negative definite matrices. The cone C induces a natural partial ordering as for
AeCand Be C, 4 =z B when and only when 4 — B € C. The object of study
will be the map of C;
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646 SIXTH BERKELEY SYMPOSIUM: BUCY
(11) tn(A) = d)n ;—I(Hn—lAH:n—I: Rn—l)Hn—ld); + Cm

where with M, , (R) the set of £/ x m real entry matrices.

The matrices A and ¢, belong to M, 4(R), H,_, € M, 4R), R,_, € M, (R),
and R,_, is positive definite. The matrix C,e M, (R) with s = d and
H,_ H,_ ; =1, the d x d identity. We will restrict C, and 4 to be members
of the cone C and will center our attention on iterates of the mapping 7. We will
consider the case where s = d and provide motivation for (1.1) in terms of the
filtering problem in a later section. We recall that (4: B) = A(4 + B)*B (see
[1]), where * denotes the Moore—Penrose pseudoinverse determined by the
axioms:

(a) AA*4 = A,

(b) A*AA* = 4%,

(c) (44%y = 44%,

(d) (4*4) = A*4,
with " denoting transpose.

The following series of lemmas will prove useful in the sequel.

Lemma 1.1. For A;e M, (R),

n n #
(1.2) AiI: Y A}Aj] [ Y A}Aj] = A;
= )
forl <i Zn. ’ ’
Proor. See [8].
LEMMA 1.2. For A and Be C and A = B, 1,(A) = 1,(B), and in particular
7,(C) g C.
Proor. Denoting by |x||% the quadratic form induced by 4 € C, it is quite
easily seen that

(1.3) .o = min {Iénx + H-oel + |elz,-, + ]2},
so that
(14) t,(4) = ¢,(4 — AH,_, (H,~,AH,_, + R,_)*H,_,4)¢, + C,.
In particular, if A = B, then
15) =l
= min {|¢}x + H,_ir5 + vz, + [Ix]z, + [4x + Hinrlli—a}

the result follows. Of course, if S,_,(4) =4 — AH,_,(H,_,AH,_,
R,_,)*H,_,A, then

(16) Hn—ISn—l(A)H;I—l

=H, ,AH,_ (H, AH,_, + R,_)’R,_ = (H,_,AH,_,):R,_,
in view of Lemma. 1.1, or
(1.7) S,_y(4) = H,_(R,-y — R,_y(H,_,AH,_y + R,_,)*R,_1)H,_,

since by our assumption, H,_H,_, = I,.
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We will be concerned with the iterated composition mapping 7,(7,(- - -
(ta(4)) - +). It is clear that 7, T, - - * 7,(0) is monotone increasing in C, while
7, - * T,(00) is monotone decreasing in €. We remark that Riesz has shown
bounded monotone sequences in C converge, thatis,if 4, = 4,_,and 4, < al,
then lim,_, . 4, exists.

For a direct generalization of the scalar continued fraction theory see Wall

[1('};‘}'[EOREM 11. Lett(d) =D, + Aifi=1, and
(1.8) t(A) = —¢i_Hi_ 2R _,(H;_2(A + D)H;_, + R;_,)*R;_,H;_,¢;_,,
otherwise then
(1.9) TyTy "+ Tu(4)

=t t(-¢,H,_ R, (H, AH,_, + R,_)*R,_H,_,4,),
where D; = C; + ¢;H;_,R;_H; ;.

Proor. An induction proof will be used to establish (1.9). For n = 1, it
follows that,

(1.10) 1,(4) = D, — ¢, HoRo(HoAHy + Ro)* RoHo)
= t;(— ¢ HoRo(HoAHy + Ro)*RoH, ).
Now assume (1.9) is true for all » < k, then
(L11) 7y 7heq(4)
=Ty 1k(Tk+1(A))
=t tk(—d’kH;c—1Rk—1(Hk—1Tk+1(A)H§c-1 + Rk—l)#Rk—lHk—ld);c)a

in view of the induction hypothesis. Now by the definition of ¢; , 4, (1.11) is equal
to tl ttt tk+ l(rk+ 1 (A) - Dk+ 1); however,

(112)  7yy(A4) — Dyyy = —ps HiRy(Hi AH, + R)*R.H iy,

in view of the proof of Lemma 1.2, so that the assertion follows.
CoroLLARY 1.1. For AeC,

(113) Ty Tn(O) =1 tn(_d)nH:l—an—lHn—ld):l)
é Tl"‘tn(A) é tltn(O) =T ”'Tn(w)'

Proor. The proof is immediate.

CoRrOLLARY 1.2. Let t¥(4) = D; + A. The limits V; = lim,_, o, t¥t;1 - £,(0)
and Ly = lim, , , t¥t;yy -+~ ty(—pHy— By H, -1 $,) exist and L; = V.

ProoF. The map ¢f¢;,, ** ¢,(00) = limy;, 7; - * 7,(4) is monotone non-
increasing in # and bounded above by D, and below by 0 and hence converges.
A similar argument demonstrates the existence of the other limit.

REMARK 1.1. Notice that V; and L; are equilibrium solutions in that from
the relation

(1.14) TiTivr " Tu(4) = Ti('fi+1 "'Tn(A))
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and as 7; preserves order in C, it follows that V; = 7;(V;,+,) and L; = 1;(L;4,)
when L; € C, C the interior of C. Further, when 7, is autonomous, L; and V; are
constant.

CorOLLARY 1.3. Suppose [T} pj ;4 JID, — C,| tends to zero as n — oo,
where

(115) p?,i+l = ||¢iH£—lRi—l[(Hi—lLi+1,nHi—1 + Ri—l)#]zRi—lHi—l¢:'"
and L; , = 1; " - - 7,(0), then
(1.16) L;=lim ;- 1,(00) = lim 7;---7,(4) = lim ;- 1,(0) =V}

forall 4 e C.
Proor. Let E,,, =71, T,(0) — 7; " 7,(0); then with E,, = D, — C
and with L; , = 1; 7,(0)
(117)  Eip= ¢:Hi {(Hi 1 [Eiv 1w + Lis1,a] Hi-1: Rioy)
— (Hi-1Liy1,nfi- 1 B )} H, @)

n

or in view of Lemma 27 in [1]
(118) Ei,n = ¢iH;—1Ri-10ifn(Ei+l,n: Ci,n)CfnRi—lHi—ld);’

where C;, = H;_ L+, ,Hi-y + R;_,. Hence, if ¢, = ||E;,||, then ¢, <
Pii+18i+1,n, Where

(1.19)  piivy = ”¢ng—lRi—l[(Hi—lLi+1,nH;—1 + Ri—1)#]2Ri—1Hi—1¢§
so that

(120) ln = [n pJ 1+1] "D ”

by Corollary 1.1.
ExampLE 1.1. Consider the scalar Riccati equation

2,2

anpn—l
1.21 ,,=ocf,,_ -+ q,,
(1.21) P Pn-1 L+ P Qn

where g, 2 0 and 7, = 0. The associated continued fraction is

ay| s
1.22) bo + 4 22l
( 0 6, " Tb
where bo = qo + 37—y,
(1.23) by =q; + airi_y + iy,

— N2 2
& = ®i—17i-3.

In view of Corollary 1.3, it suffices that

- 2 2
(1.24) [ l—[ ———2] o2r, -,

(gj+1 + 1)
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tends to zero as n — o0. Notice this result is far stronger than those of [2]. In
the autonomous case the associated continued fraction is

a*|  o*
(1.25) y=p+—+ =+ -,
VAT
where 8§ = f* — r = q¢ + a®r and o* = —a?r? and it is well known that the

continued fraction converges to y = x — r with x the positive root of
x* — B*x — a* = 0. For detailed information see [10], problem 1.4, page 23.
Explicitly, y is given by

(1.26)  y = 3(qg + (& + 1) + [(qg + (& + 1)r)* — 40*r]"?) — 1.
Further, if « = e/, r = r*/A, and q = ¢*A, it is easily verified that as A — 0
(1.27) YO L + (f20%) + r*q*)'2,

the equilibrium solution of the analogous continuous time Riccati equation
(see Example 1, p. 98, [7]).

CoroLLARY 14. Forn=z1,C; =1, -1,4) = Dy.

Turorem 1.2. If 87 ={deC|t,(A) =2 A for all n 2o} and S; =
{d e C|t,(A) £ A for all n 2 a}, then 1, - 1,(A) is monotone nondecreasing
for A € 8* and monotone nonincreasing for A € S™. Further, if there exist real
v, and B, such that D, < y I, C, = B,I, for all n = a, then

S 2{deC|4 £ B0},
S; 2{deC|4 zy,1}.

[V}

(1.28)

Proor. Since t, preserves the ordering of C, if 7,(4) = 4, thent,_7,(4) =
7,_1(4). and so forth, so that 7, ---1,(4) = 7, 7,-,(4) for 4 € S;. The
other assertions are obvious.

REMARK 1.2. In view of the double argument convexity of (4: B), 8, is
convex (see [1], Theorem 24).

We will now specialize further and assume that ¢;, C;, and R; are invertible
foralli; in view of Corollary 1.4, it suffices to consider 7,(4) for 4 € C the interior
of C.

Now

(1.29) T,(4) = .47 + 0,17, + C,
= ¢,(4: 0,)¢, + C,

with O, = (H,_,R; ! H,_;)”'. This relation follows since

(1.30) (H,-AH,_,:R,_,)

=H, AH,_(H,_,AH,_; + R, ;) 'R, ,
H, \AH,_, —H, (AH,_(H,_ ;AH,_ | +R, )" '(H, ,AH,_,),
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so that
(1.31) H,_ (H,.,AH,_,:R, ,)H,_,
=4 - AH,_(H,_,AH,_, + Rn—l)-lHn—lA
= (A '+ 0,97 = (4:0,)
by the Schur lemma (see [3], Theorem (8.6)). Hence, (1.1) demonstrates (1.29)
in view of (1.30). Again, it is of interest to study 7, - - - 7,(4), however, now for
A=zCy>0.
In order to simplify this study, we introduce the following transformation
of(d) = +4 + 8;,
0(d) = —¢;-10;_1(4 + S; + 0;_1)7'0;_1¢;_,
It will be convenient to rewrite (1.29) as

(1.32)

(1.33) Tn(A) = Sn - ¢n0n(0n + A)_lon‘bn'
THEOREM 1.3. Ford e C,
(134) a?6i+l e an(_d)non(on + A)_lon(i);) = Ti e T"(A).

Proor. We prove this by induction. For n = 1,
(1.35)  o¥(—,0,(0; + 4)7'0;¢7) = 8; — $,0,(0; + 4)7'0,¢; = 7,(4)
in view of (1.33). Suppose (1.34) is valid for all n £ k, then
(1.36) T Teer(4) = Ti"‘Tk(TkH(A)),
which equals by the induction hypothesis
(137 af--- O'k(_d’kok(ok + Tk+1(A))_10k¢;c)
= 0f0;41 " 0k+1(7k+1(A) - Sk+l)
= 680141 Oks1(— Dk 1044 1(Osr + A) 'O i1Bicsn)s
demgqnstrating the assertion for invertible 4. Since (1.33) holds for all 4 € C,
the theorem is valid.
CoroLLARY 1.5. The maps 6 and t satisfy the relations
(1.38)  atoy 6,(—0,0,(0, + Cpiy)”'10,4})
Ty Tal(Cps1) = 717" Tp14(0)
ST Tee1(d) ST Tuaq(00) = Tyt T (Spey)
= 0*%d, " 04(—$40,(0, + 8p41)710,9}).

Proor. Since 7, - 7,.1(0) £ 7, - Tp4e1(4) £ Ty " - Tpe1(00), the result

follows from the theorem and the obvious relations

Tyt tn+1(0) =Ty """ rn(0n+1)’

(1.39)
Ty Tpe1(00) = Ty " T(Spt )
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Now for n = 1, it is clear that
(1.40) 010, """ Opsy(0) = 0f0, " 0,(0) = 4,B, 1,
so that we will suppose that
(141)  ofo, - 0,4 i(T) = (Apsy + A,K,T)(Bysy + B,K, 1)1
In fact, if the following relations are satisfied
K, = ¢,7'0,",

(1.42) Apsy = A,Ky(Spey + 0,) — 4,-,K,-10,0,,

B,+1 = B,K,(84+1 + 0,) — B,_1K,_1¢,0,,
with 4, = Kg!, 4, = 8,, B, = O, B, = I, the relationship (1.41) can be
proved by induction. The only point here to be verified is that B,,, + B,K,T
is invertible, and this follows by a simple disconjugacy argument analogous to

that given in [3], Theorem (5.1).
REMARK 1.3. Equation (1.41) is the analogy of the symplectic system

x,] [e7  ¢0; X,
(1.43) [Y] = [C..rbi.“ bn — 0,4:';‘0;1] [Y..-,]

associated with the mapping 7,(I') given by (1.29) as t,(T') = Y, X, ! with
X, y=IandY,_, =T.

Another point of interest is that of investigation of the equilibrium solutions
of (1.33). Previously, we have shown the existence of two equilibrium solutions
L; and V;. Let E; denote general equilibrium solution, then if Z; = E; + O;_,
it follows from (1.33) that

(1.44) =8+ 0;_; — $;0,(Zi4,)"10;¢;
and in the autonomous case
(1.45) T=8+40 - ¢0(Z)"'0¢'

These equations generalize the quadratic fixed points of scalar continued
fractions.
ExampLE 1.2. If ® = [ in (1.45), then

(1.46) [0-12507Y2] = 0~ Y2C0~Y? + 2I — [0~'*z0~ V2]~
and
(147) O '2PO7'2 = —I + T{1 + 4 + [ + Gu)*]"3}T
C =T+ I+ )]V,
where 7"0O~Y2CO0~ 2T = {u,;}, the notation {4;} denotes the diagonal matrix

[,11 0
(1.48) . .
.



652 SIXTH BERKELEY SYMPOSIUM: BUCY

The equilibrium solution of 7(4) is unique and equals P with P = L = V, if
O and C are positive definite.
Explicitly, in terms of the unique positive semidefinite square root, we obtain

(149) P =1C + 0Y2(0'2C0~1CO~'2 4+ O~ 1200~ 12)12Q12,

The continuous version of (1.49) when C = AA and O = B(1/A) and A tends
to zero is

(1.49') P = BU2(B-1124B~1/2)1/2p1/2,

This equilibrium solution of 7 = —PB~'P + A has been obtained by Reid,
Bellman, and others and has lead to the comment that in this particular case
the Riccati equation is a continuous ‘‘square rooter.”
We rewrite (1.29) in the more convenient form for L; and V; as
(1.50) Li = ¢FLis1 0 + di(Lisy: 0))07 Y(Lyyy: 00y + C,
with ¢} = (L;1; + 0,)7'0,¢; and
(1.51) Vi= @¥*Vis10** + ¢y(Viey: 0)07 H(Viyy: 008 + C;
with ¢F* = (Vi + 0))7'0;¢;.
It also follows easily that E; = V; — L, satisfies
(1.52) E; = ¢¥E; . F*

(see [1], Lemma 27). Now the following theorem establishes the asymptotic
theory for iterates of ;.

THEOREM 1.4. Suppose ¢;, R; and, O; are invertible and further that there
exist o and f real positive numbers such that

@) 0<a <0,

i) v, < BI,
and that ||¢; — I|| < C,, then V; = L, = P, and
(1.53) lim 7, 7,(4) = P,

the convergence being exponential.

Further (1.44) has a unique supnorm bound solution with ; = O;_, given by
5, =P + 0;,,and P,eC.

Proor. From (1.50) and (1.51) and our assumptions, it is easily checked that
the quadratic forms ||x||?, and |x||}, are Liapounov functions for x4 =
@F'x; and y.1) = @F*'y;, respectively. In particular, this implies

(1.54) lpF - - DX < cy exp {—74(n — i)}

for n = i for some c, and y, positive and analogous relations for ¢#* hold
with parameters c,, and y,,. But since V; — L, satisfies (1.52), it follows that
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(1.55) E; = ¢F - QB 198> - o1,
and hence,
(1.56) HEtHZ S CyCyy €XP {_(V* + Veu) (K — i)}”Ek+1”2'

However, as k is arbitrary and || £, . ||? is uniformly bounded, E; must be zero.
The validity of equation (1.53) follows as L; , < 1, 1,(4) £ V,; ,, since L; ,
and V;, converge to P, = V; = L;, as E; = 0. Now suppose (1.44) has two
solutions X; and 7}, then x; = Z£; — O;_; and y; = T; — O,_, are equilibrium
solutions of (1.29) both supnorm bounded and members of.C. Now

Tt Tn(xn+1) = Xy,
T T(Yne1) = Ui
and hence, as x,,, and ¥y, are members of C,

Li n é X é Vx n>
(1.58) : :
Li,n é Yi é V

i,n>

(1.57)

but the last equation implies z; = y; = P..
REMARK 1.4. Theorem 1.4 is essentially unchanged when RE; is singular and
provides stability and a unique equilibrium solution for (1.1) when L; is
uniformly positive definite and V; is uniformly bounded in C.
ReEMARK 1.5. Notice that conditions (i) and (ii) of the theorem depend in
general on the existence of uniform a priori bounds, which we developed

previously.

2. Applications to the theory of filtering

In order to apply the theory of iterates of the mapping t,(4) of the last section
to problems in linear filtering theory, we must study the mapping

(21) An(A) = ¢nA¢:t - Kn(Hn—lAH;l—l + Rn-l)#K:l + GIIG:I
with K, = ¢, 4H,_ + Q,L, R,_, =2 L, L, ; for 4 € C. This mapping

n—1>
is similar to 7, except that H € M, 4(R) and G € M, ,(R) with r and s for many
problems less than d. Note also the more general nonlinear term which arises
from the observation noise being correlated with the signal process. Iterates of
A determine the error covariance matrix of the optimal filter (see [3], Chapters
4 and 9). The following lemma relates A,(4) to the simpler Riccati mapping 7,,.

LemMma 2.1. For Ae C, A (4) = T,(4), where
(2.2) Ty(4) = Y, Sy AW, + Gl — Ly, R} L, 1)@,
and
S.(4) = A — AH,_(H,AH,_, + R, )*H,_,A,

(2:3) Vo = b — GoLy_ RE \H,_,.
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Proor. From the definition, A,(4) can be written as

(24) An(A) = ¢nsn(A)¢:l - GnL;l—l(Hn—lAHn—l + Rn—l)#Hn~1A¢:x
+@G,L,_H, AH,_, + R,_,)*L,_,@,
- ¢,4H,_,(H,_,AH,_, + R,_)*L,_,G, + G,G,.

But by the definition of S,(4) and Lemma 1.1, it follows that

(25) Sn(A)H:l—lRf— an—lG;l
= AH, ,(H,_,AH,_, + R,_)*R, R} L, ,G,
= AHn—l(Hn—lAH;l—l + Rn—l)#Ln—IG:n

and hence,
(26) GnL;l—lR:— lHn—lSn(A)H:x—erf— an—IG;
= @,L, R} L,_\G, — G,L,_,(H, AH,_, + R,_)*L,_,@,.

In view of the above equalities and (2.4), the lemma follows.

REMARK 2.1. Lemma 2.1 is the discrete time generalization of continuous
time equivalence of Riccati equations (see [3], especially page 90).

ReEmMarRk 2.2. Notice that if B,_; > 0, then @ controllability and R
observability of (2.1) hold when and only when (2.2) is @* controllable and R*
observable. In fact, in the general case, it seems appropriate to call (2.1) con-
trollable and observable when these conditions hold for (2.2).

In order to overcome difficulty that H has in general less sensors than the
state dimension, we process the observations in blocks of k corresponding to
k sequential time observations. In other words, if n(n, I, ny) represents solution
of the Riccati equation, we find the recursion for n(ny + kv, T, ny) in terms of
n(no + k(v — 1), T, ny). This recursion equation is of the general form of (2.1)
with H, € M,, 4(R), and hence for sk = d using Lemma 2.1, the results of Section
1 are applicable.

As an example, we consider the mapping

(2.7) T4) = d’*{A - AH;{H*AH; + R*}#H*A}¢:k + G*G;'

Then T*(4) = ¢*{4 — (AH' + ¢ "*GL)(HAH' + R + LL)*(HA + L@'¢ o™
+ GG, where

(0 0 c. )
Ug 0
N Ug 0 .
(2.8) L= Uy *y u, O & U = H*¢'G*,
| Yk-2 ¥k-3 "7 Uo o - ]
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(R, 0 0 o0
0 R, 0
(2.9) R=|0 o R, 0|,
i OR,
H, l
H,$
(2.10) H=| "7 | e=[6,,,6,]
H, ¢}

If ¢, is invertible, define M via the equation He, *@ = M + L, using pro-
perties of the pseudoinverse

@11) x|y = min {lv'x + Hy|Z+ [ylRere + 16207 vmeren e}

for all 2 € RY.

An interesting problem is that of characterizing J, = {g e R¢ | T (A x = T¢ (0)z,
all AeC,all j=/¢ } This problem has been solved for H, a vector and
R, = 0 (see [4]). In [5], the general solution has been given for R = 0. From
(2.11) the following theorem determines J; in general.

THEOREM 2.1.  With matrices given by (2.8), (2.9), and (2.10),

(2.12) J, = {xe R*|THA)x = T*0)x, forall AeC}
= {XG Rdl!//,X = H’(, { € RS’ ||(“(2R+LL') = 0}.

Proor. It is clear that {x € R¢|T*(4)x = T*(0)x, for all 4 € C} 2 J,. Since
for A = T%(B) and x such that T%(0)x = T%(4)x, it follows that T*(0)x =
T**?(B)x for arbitrary B € C, so that first set equality is valid. The second set
equality follows from (2.11) by considering 7%(0) and 7*(A4) for 4 € C.

REMARK 2.3. Notice that the invertibility of ¢ is unnecessary for the validity
of Theorem 2.1.

The general technique of enlarging the sensor by block processing is valid in
the time dependent case and leads to a structure analogous to (2.8), (2.9), and
(2.10). Because of this the a priori bounds of Section 1 as well as the asymptotic
results apply in general with the only restriction being that there exists a k such
that rank [H, , - - - ¢'(ng, no + k)H,,+,] = d for all n.

3. Conclusions

We have shown that the theory of the Riccati equation which arises in the
discrete time linear filtering problem can be easily obtained by considering the
temporal evolution of k fold iterates. A generalized theory of continued
fractions in semidefinite matrices has been given, which provides best possible
upper and lower a priori bounds for the Riccati equation solutions. It would
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seem that the upper and lower approximates would provide interesting ways to
compute suboptimal filters in environments where the prior variance is unknown.
In a future paper, we will study the analogous continuous time situation.
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