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1. Introduction

Let (X, ®, u) be a totally o-finite measure space and {f(-, w), w € @} a family
of (generalized) density functions relative to (X, ®, u). If a€ Q and b is a
(randomized) decision procedure for the decision space D, we borrow Stein’s [5]
notation and write

(1.1) K(a, b) = / W(a, b(z, di)f(z, a)u(dx),

where W(a, t) is the measure of loss if ¢ € D is decided and a € Q is the case.

In the sequel we will always suppose that € and D are locally compact metric
spaces and will make suitable measurability assumptions about W, b, f. As is
known from the work of Wald [7], under fairly liberal assumptions an admissible
procedure b is Bayes in the wide sense. That is, we may find sequences {b,, n > 1}
and {\,, n > 1} such that if n > 1, b, is Bayes relative to \,, K(a, b,) < K(a, b)
for all @ in the support of \,, and lim,—. [ (K(a, b) — K(a, b.))\.(da) = 0.
Under convexity assumptions on W one may suppose b = weak lim,_,« b,, as
is explained in the appendix.

If D = (—, o) and (8W/3¢) is well-defined, then with suitable hypotheses
the statement, b, is Bayes relative to \,, is equivalent to the statement, for
almost all z, for all ¢, in the support of b,(z, -),

(1.2) 0= / (%) (@, Df(x, w)Na(dw).

If ¢ is vector-valued, (1.2) may be replaced by a system of equations.

Logically, given that b is Bayes in the wide sense relative to {b., n > 1} and
{A\s, n > 1}, one would hope to determine a measure \(-) such that for almost
all z, for all ¢ in the support of b(z, -),

(1.3) 0= / (%) (w0, Oz, o)\ (dw).
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Since not every admissible procedure is Bayes, (1.3) cannot always be solved
using probability measures A(-).

Various people have observed that if )\ is allowed to be o-finite on Q, then
many decision procedures of interest are solutions of equations like (1.3). This
provided the basis for admissibility proofs in Karlin [3]. And it is strongly
suggested that if b = weak lim,—,» b,, b, Bayes relative to A,, then one might
always be able to choose constants {k., n > 1} such that a nonzero s-finite
A = weak lim,—« k7 '\, was defined for which (1.3) holds. Sacks [4] tried to
prove such a result but discovered that it is false.

The arguments used by Sacks required {f(-, w), w € 2} to be an exponential
family of density functions. In particular, if z,y € X and z  y, then
Sz, 0)/f(y, w) is a finite but unbounded function of . It was observed by Sacks
that if one weakened the restrictions to allow f(z, w) = 0 for some (z, w) € X X ,
then one could give counter examples to show no o-finite A could exist.

In this paper we reformulate the problem somewhat and thereby obtain a
theory including many examples not covered by Sacks [4]. In particular, one
can suppose f(z, w) > 0forall z € X, w € @ and make the ratios f(z, w)/f(y, )
very smooth. Yet the result remains false.

In order to consider weak convergence of sequences of measures, one needs
to compactify @ to @* Given a suitable compactification, one then easily finds
examples where mass escapes to the boundary Q* — Q2. The reformulation of
the problem and discussion of such details as escape of mass to the boundary
constitute section 2.

Section 2 is an exposition designed to give a reformulation of the problem,
a compactification of Q, the “right”’ renormalization k; '\, of the measures A,
n 2> 1. Late in section 2 the results are formulated in the theorem of section 2.
Lemmas 2.2 and 2.3 are intended as observations useful in various applications
of the theorem.

Section 3 gives a necessary and sufficient condition for admissibility in certain
estimation problems where strictly convex loss is used. This condition is similar
to a condition used by Blyth [1] and Stein [6] to prove admissibility. Suppose
b is admissible. To obtain a necessary condition, the main problem is to show
that one can pick a compact set E with the following property. Suppose
{bn,n 21}, {As,n 21} are any sequences such that b = weak lim,,« b,
b. Bayes relative to \,. There exists an integer N such that if » > N, then
A(E) > 0, and, for every compact set F such that E C F,

(1.4) lim sup A (F)/A(E) < o,

In lemma 3.2 we state sufficient conditions for such a result to be true. The
hypotheses of lemma 3.2 are satisfied by the examples studied in sections
4 and 5.

Related is the idea of a procedure being admissible outside every compact
parameter set. That is, if £ C Q, E compact, then the procedure is admissible
relative to the parameter space @ — E. Kiefer and Schwartz (to appear) have
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studied examples of Bayes tests for the independence of sets of normal variates.
These tests have the property that given any compact subset E C Q there is
a probability measure supported on @ — E, relative to which the given procedure
is Bayes.

In estimation problems using strictly convex loss, suppose E C @, E is an open
set, and the procedure § is not admissible for the parameter space @ — E.
Suppose f(z, w) > 0 for all (z,w) € X X Q, and for} each z € X, f(z, -) is a
continuous function on Q. Then there is another procedure &* such that
K(w,6*) < K(w,8) for all e @ — E, and if F C 2 — E is any compact set,
inf,er (K(w, 8) — K(w, §*)) > 0 (see lemma 3.1). If & is admissible, then we
may find sequences {5,, n > 1} and {\,, #» > 1} such that §, is Bayes relative
to A,y m 2> 1, and

(L5) Tim ((B) [ B0, 8 — K(o, 8))\(dw) = 0.

This is a consequence of results of Stein [5]. Let F be a compact set, £ C F;
then F — FE is a compact set. Since §* is not Bayes, we find

16)  (EN [ (K(w,9) — K(w, 6))M(de)
2 (B [, (K (0, — K(@, 8)\(dw)

+ OnE) [, (K(w,8) — K(w, 8)\a(de).

The first integral is bounded, provided risk functions are bounded on compact
sets. The integrand of the second integral is strictly positive, and on F — E
is bounded away from zero. We find

a.7 lim sup A (F)/A(E) < 0.

In the sequel we will see that a nonzero s-finite measure
(1.8) N+) = weak lim (\,(E))~\.(+)

is defined, and from the above it follows that
(1.9) L _p K@, 8) = K(w, 8*)\(dw) < .

This shows that the “growth” properties of the measure A at infinity are limited
by the finiteness of these integrals.

The development in sections 2 and 3 depend on the general results of decision
theory. The results as formulated in the appendix have been developed by
Wald [7], Le Cam (unpublished), and others, and are widely known. But in
this case, the literature seems to be lagging badly behind the development of
the subject. It was therefore decided to put a few needed results in an appendix,
along with proofs.
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Details of a number of examples have been worked out when @ = © =
(—oe, ). In section 4 we classify these examples into three groups, and we
work out the details for two groups of examples.

Details for the third group of examples are given in section 5. Herc it will be
seen that in order to obtain the “right” result, the methods of section 2 apply,
but a different functional equation and a different type of normalization are
required.

Section 6 gives the construction of an example of an admissible procedure b,
sequences {b,, n > 1} and {\,, n > 1}, such that b = weak lim,—,» b,, and for
the renormalized sequence of measures some mass does escape to the boundary.

In case W (w, -) is a strictly convex function, w € £, all Bayes procedures and
all admissible procedures are nonrandomized. Further, every admissible pro-
cedure will be a weak limit of Bayes procedures. One can then interpret the
results of section 4 as saying every admissible procedure solves a nondegenerate
functional equation; and the results of section 5 as saying every nonlinear
admissible procedure solves a nondegenerate functional equation.

Using such functional equations and additional smoothness assumptions, one
can infer things about the continuity and differentiability of admissible esti-
mators. We do not pursue this subject here.

2. Formulation of the problem

It is not the primary purpose of this paper to prove complete class theorems.
Consequently, instead of starting by saying ‘“‘Suppose 8 is admissible,” we start
by saying “Suppose § = weak lim, .« 8,.”” Throughout we will suppose {8,, » > 1}
is a sequence of Bayes decision procedures, 8, Bayes relative to {\,, n > 1},
with A, supported on Q. And we shall restrict the study to those é’s which are
weak limits of such sequences. The meaning of weak limit, as explained in the
appendix, is as a sequence of bilinear forms acting on elements of a Banach
space.

Nonetheless, in section 3 we will use the results of this section to obtain a
complete class theorem. The result is about estimation of a vector parameter
using a strictly convex loss function.

The discussion of this section represents as much as anything an exposition
of a method or concept for treating a certain problem. This makes it difficult
to formally state results as theorems. Nonetheless, towards the end of the section
a theorem is stated. The statement assumes the preceding discussion as under-
stood.

Throughout we suppose that © is a locally compact metric space and that
{8a(+, -), n > 1} is a sequence of decision procedures such that for each z € X,
n > 1, 8,(z, -) is a regular Borel probability measure on 9.

By saying 8, is Bayes relative to \,, we mean the following. We suppose
given k functions Vi(-, -), ---, Vi(+, -), and that each one is a continuous
real-valued function on © X  in the product topology. Thus, in terms of the
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introduction, k¥ = 1 and Vi(w, t) = (dW/dt)(w, t). We suppose for all z € X,
n > 1, that if ¢ is in the support of the measure 6,(z, -), then

@2.1) 0 = [ Vilw, 0f(, )a(de), i=1, -,k
Basically we wish to prove that if {5,, n > 1} are Bayes and if
(2.2) weak lim 8, = 9,

then the probability measures A, can be renormalized so that the renormalized
sequence converges weakly on compact subsets of Q. This description will prove
to be inadequate, and much of the sequel is about compactification of Q.

In order to compactify @, we assume that there is a positive continuous real
valued function V(-) defined on 2, which we call the normalizing function,
satisfying the following.

(1) If E is a compact subset of D, then

2.3) sup sup |Vi(w, 1)|/V(w) < =, 1<2<k.
wEQ tEE

(i) If E is a compaet subset of D, then V.(w, t)/V(w) is a uniformly contin-
uous funection of (v, t) € 2 X E.

It may be helpful to consider the example @ = D = (—w», ), W(w,t) =
(=212 k=1Vilw—1) = @W/dt)(w — t) = —alw — t)>~L. A suitable choice
of V(-) would be V(-) = || + 1.

In addition we assume

(iii) @ is a locally compact metric space, and

(iv) the topology on Q is such that for all z € X, f(z, -) is a continuous func-
tion of its second variable. Since each f(-, w) is a density function, (iv) implies

(2.4) lim [ |f(z, @) — f(z, o0)lu(d) = 0.

Ww—wg

We find it necessary to assume

(v) forallz € X, w € @ that f(z, w) > 0.

The main reason for this assumption is to ensure that

(vi) forall z, y € X, f(z, w)/f(y, w) is a bounded continuous function on com-
pact o sets.

The basic set of equations studied is

(2.5) 0 = [ Vilw, 0f@, @)hn(de)

= [ [Vilo, 0/ V@IV @)@, &)/ ka(@a(des), 10 <k
We introduce the normalization
2.6) k(o) = [ V@)f@, @)(do), reX, n>1,
and define a sequence of probability measures on Q by

@.7) ko(@)a(z, E) = [E V(w)f(z, ©)(de), ceX, n>1.
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In common examples, to each ¢t € D we may find a compact subset C, C @
such that inf,g¢, W(w, t)/V(w) > 0. When this is the case, for any Bayes pro-
cedure 8, Bayes relative to A, with finite Bayes risk, it follows by Fubini’s
theorem that

2.8) [ V(w)f(z, @)u(dw) < o  for almost all z € X.

Throughout the remainder of this paper, we suppose that these integrals are
finite, this assumption being the analogue of the supposition that a Bayes
procedure has finite Bayes risk.

Then (2.5) may be written as

(2.9) 0= [ [V ilw, £)/V(w)]ra(z, dw), 1<i<k n>L

The problem is now phrased in terms of integration of bounded continuous
functions by probability measures. And we wish to establish results about the
weak convergence of {v.(z, -),n > 1}. To do this we need to have these act
on a compact space. Below we compactify € to @* Then we may compute
weak lim,,» v,(z, ) = »(x, ), x € X. The embedding used is such that @ is
a Borel subset of ©*. In the general case »(z, 2* — @) > 0 is possible, and one
can construct examples where v(z, @* — @) = 1 for all z € X. In the special
case considered by Sacks [4], the only possibility is »(z, @* — @) = 0 for all z.
We will show below that with suitable restrictions,

if ¢ is in the support of 4(z, -), then there are £,,

(2.10) t, is in the support of 3,(z, -), and
t = lim ¢,.
Further,
(2.11) 0= lim | [Viw, t.)/V(w)]v.(z, dow)

[ [Vilw, )/ V() (z, de), 1<i<k

To obtain the compactification of £, we map € into a produet space as follows.
Let p(-, -) be a metric on € which gives the topology of € and which satisfies
plwy, wg) <1 for all w; € Q, w, € Q. Take countable dense subsets {w;, ¢ > 1}
of @ and {t;,7 > 1} of ». Then for each w € Q, we associate the value ¢(w)
given by

(2.12) ¢(w) = {p(w, @), Vi(w, 8,)/V(w), 1 <4,1 <p, 1 <j < k}.

This is a one-to-one continuous mapping into a product space (with a countable
number of coordinates). Therefore, the set ¢(Q) is a Borel subset of the product
space (in the product topology), and the closure Q* is a compact subset of the
product space (see Hausdorff [2]). We may, and do in the sequel, identify @
with ¢(2). The functions V;(-, t,)/V(-), 1 < p, have continuous extensions to
-@* which are coordinate mappings (projections). The assumption (ii) allows us
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to approximate each V;(-,8)/V(:), 1 < j <k, t € D, uniformly by coordinate
mappings, so these functions also have unique continuous extensions. The se-
quences {A,,n > 1} and {w.(z, -), n > 1,z € X} are extended to the Borel
sets of @* by M(E) = M(ENQ), va(z, E) = va(2, ENQ), n 21, z€ X. To
study the question of convergence, the following lemma is basic.

LeEmMA 2.1. Let X — F C X be the set of x such that for every t in the support
of 8(x, +) there is an integer sequence {ni(x,t), <1 > 1} and a real number sequence
{t(z, t, ni(z, t)), 2 > 1} such that i(x, t, ni(z, t)) is in the support of dnzpz, *),
lim;,e ni(z, t) = ©, and lim;—« iz, ¢, ni(z, t)) = t. Then F is a ®B-measurable
set and u(F) = 0.

Proor. Let {U; 7 > 1} be a countable base for the open sets of . Let

(2.13) F(t,m) = {z|o(z, Us) > 0, d.(z, Us) = 0, n > m}.

We will show that F = U$,-1 F(z, m).

Let z € F. Then for some ¢ in the support of é(z, -), ¢ is bounded away from
the support of §,(z, -) for n sufficiently large. That is, there is a U in the count-
able base, and an integer m, such that ¢t € U;, and if n > m, the support of
3.(z, -) is disjoint from U,. Therefore, if n > m, d,(x, U;) = 0.and é(z, U;) > 0.
Thus z € F(z, m).

Conversely, if £ € Ufn-1 F(, m), then z € F(i, m) for some 7, m. Since
é(z, U;) > 0, there is a number ¢ € U, ¢ in the support of 8(z, -). If n > m,
then 8,(x, U;) = 0 so the support of 8,(x, -) is bounded away from ¢ by U..
Hence, ¢ cannot be a limit of a subsequence as described, and z € F follows.

Let U, be given and g;(-) a real valued continuous function on D such that
git) =0if t € Uy, gi(t) > 01if t € U;, 1 < 4. Then, by the meaning of weak
limits (see appendix),

(2.14) 0= lim f ﬁ iy 9108z, )i d)

= [./F(i,m) g:(t)3(z, dt)u(dz).

Since é(z, U;) > 0 for all z € F(3, m), it follows that u(F(7, m)) = 0. Since this
holds for 2 > 1, m > 1, it follows that u(F) = 0. The proof of lemma 2.1 is
complete.

THEOREM. Let § = weak lim,—« 8,. Let {\s, n > 1} be a sequence of regular-
Borel probability measures defined on the subsets of Q. Suppose that of n > 1,
z € X, and if  ¢s in the support of 5.(z, -); then

(2.15) 0= [ Vo, Of (2, o) ha(de), 1<i<k

Let the compactification Q* and the probability measures {v,, n > 1} be as above.
Let {ni, i > 1} be an integer sequence such that for almost all x[u], »(z, -) =
weak lim; .« v,,(z, -). Then there exists a B-measurable set F such that u(F) = 0.
If x ¢ F and t is in the support of é(z, +), then

(2.16) 0= [ [Vi(w, £)/V () (z, di), 1<i<k
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Proor. We will suppose that the subsequence {n; 7 > 1} is the entire se-
quence. This involves no loss of generality. Let F; be a B-measurable set such
that if z ¢ F; then {v.(z, -), n > 1} is weakly convergent. Here u(F;) = 0 and
we write »(z, -) = weak lim,_,» v,(z, ). Choose z ¢ F, and let ¢ be in the sup-
port of §(x, -). Let F» be chosen in accordance with lemma 2.1 relative to the
sequence {d,,n > 1}. Then if F = F; U F, and z ¢ F, there are sequences
{ny ¢ > 1} and {t;, ¢ > 1} such that lim; . n; = ©, lim; e ¢,, = ¢ and &, is in
the support of 8,,(z, -), 7 > 1. Therefore,

(2.17) 0= f [V i, 1)/ V(@) Ionilz, deo), 1<j<k.
Since by (ii)
(2.18) lim Vi(w, t.)/V(w) = Vi(w, 1)/V(w)

uniformly in w € ©, and since weak lim; . v,,(z, -) = »(z, -), it follows that
(2.19) 0 = [ [Vile, 0/ V(@)y(z, do), 1<j<k

That completes the proof of the theorem.

The discussion so far has not used (v) or (vi). The above theorem is therefore
valid quite generally. In practice the hypothesis that there be a single integer
sequence n > 1 on which {»,(z, -), n > 1} is weakly convergent for almost all «
is difficult to verify. In the examples we explore, (v) and (vi) are used to verify
this hypothesis. It will also appear in the exposition of examples that one will
want the ratios f(z, »)/f(y, ») as functions on @ — (0, ©) to have continuous
extensions to functions on @* — [0, « ]. In order to achieve this, one may have
to modify the construction of @* to have the form

(220)  ¢(w) = {p(w, i), Vi(w, 1,)/V(w), f(zj ©)/f(ys, w),
1<41<p1<j1<k}

taken over suitable countable dense subsets (see (2.12)).

We now prove several lemmas which are useful in verifying the hypotheses
of the theorem.

LemMma 2.2.  Suppose for all z,y € X that sup,co f(y, @)/f(z, w) < © and
that f(y, -)/f(x, ) has a unique continuous extension to Q*. Let zo € X, and let
{nyy 1 > 1} be a sequence of integers such that lim; . n; = © and »(zy, -) =

weak lim, ,« vn, (2o, +) exists. Then v(y, -) = weak lim;,» vn,(y, +) exists for all
y € X. For every Borel set E in Q%,

@21) sy, B) = [, U, &/fa, o) do) / [ 1, 0/ o)z, o).
If for some o € X and for some sequence {n;, 7 > 1},

(2.22) v(zo, +) = weak lim vp,(20, -) and »(zo, 2) = 0,

then T

(2.23) v(y, -) = weak lim v, (y, -)
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exists for all y € X and v(y, Q) = 0. If t is in the support of 8(y, -), then
(2.24) 0 = [ [Vilw, 0/ V(&) s(y, do)

= [ Vito, 07w, &)/ V@, ) lan do), 1S5 <k

Proor. We may consider f(y, -)/f(z, -) as being a continuous function on Q*.
Then

(2.25) lim %.(y)/Kn,(x0)

Jim f [f(y, @)/f (@0, @) Ini(0, dw)

[ U, &)/f@o, &) lo(ao, dw).

If g(-) is a bounded continuous function on Q*,

226)  lim [ (e (y, de)
= lim [k (a0)/kni)] [ [0()f(W, &)/f(@o, @) Jon(zo, do)
= [ @1, &/, i, do) / [ 1, @)/F, ) oz, da).

A standard approximation argument proves (2.21). The proof of the remainder
of the lemma is obvious.
LemMma 2.3.  Given the hypotheses of lemma 2.2, suppose that

(2.27) v(z, -) = weak lim »,(z, -) forall ze X.
Suppose v(z, Q) > 0 for all x. If E C Q is an open set having closure E, and if
ECQand v(x,E — E) = 0 for all x € X, then for each x € X the sequence of
measures A,(+)/kn(x) converges weakly when restricted to E, and if \(x, -) s the
limiting o-finite measure on R,

(2.28) [E V()f(z, o)\ (z, dw) = v(z. E).

Proor. If g(-) is a continuous real-valued function defined on E, we let g*(-)
be a continuous extension of g(-) to all of Q* such that ¢g*(:) has compact
support. (Note that by lemma 2.2, the measures {v(z, ), z € X} are mutually
absolutely continuous with respect to each other.) We have

(220)  lim [} g()hn(de)/knf) = lim [ [9%(@)/V(@)f(z, &) Dol do)
= [ @)/ V@), o)z, do)
= [; 6@)/ V@)@, &)z, do).

This shows that the limit exists for each such g(-), establishing weak con-
vergence. Choose g(w) = V(w)f(z, w) for @ € E. The conclusion of the lemma
follows.
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3. A necessary and sufficient condition for admissibility

In this section we will suppose @ = D is Euclidean n-space and that for each
w € Q, the measure of loss W(w, +) is a strictly convex function, for each t € D,
W(-, t) is a continuous function. We suppose W(w, ) > 0 for all (v, &) € @ X D.
To apply decision theory results we need to assume that if C' is a compact
subset of @, then
3.1) lim inf W(w, ) = «.

t—w wcC
We consider only procedures having bounded risk on compact Q sets.

We shall suppose the hypotheses (i)—(vi) and (2.4)—(2.8) of section 2 hold,
where the V; are the partial derivatives of W, and in particular, we will make
heavy use of (v), that f(x, w) > 0 for all (z, w) € X X Q. We consider a fixed
procedure § and suppose the following can be proven.

Let {8,,n > 1} and {\,, n > 1} be any sequences such that 3, is Bayes rela-
tive to A, n > 1, such that § = weak lim, o 8,, and \,(2) = 1, n > 1. For
every such sequence it must follow that there exists an integer sequence
{ni, 7 2 1} such that for almost all z, y[u],

(3.2) 0 < lim kn(2)/kn(y) < ,
and
(3.3) v(z, -) = weak lim »,,(, -) exists.

We suppose v(z, @) > 0 for almost all z[u] necessarily follows.

The examples considered by Sacks [4] satisfy these hypotheses. Several later
sections of this paper consider examples where these hypotheses are satisfied.
In the sequel we write K(w, 6*) for the risk of §* evaluated at w.

THEOREM 3.1. Suppose the hypotheses made above hold. A necessary and suffi-
ctent condition that a non-Bayes procedure 6 shoula be admissible is that there exist an
open set E with compact closure E and sequences {6,,n > 1}, {\a, n > 1} such that
34) 6 = weak lim §,;

(3.5) 8. s Bayes relative to the probability measure \u(:), n > 1. If C, is the
support of \u(-), then B C C,, C Cpys C Q, n > 1. The sets C, are com-
pact, n > 1;

(3.6) Jor almost all x € X, lim \.(E)/k.(x) exists, finite and positive;

(3.7) lim ((E)) [ (K(w, 8) — K(w, 82))\a(dew) = 0.

We will need the following lemma in the proof of sufficiency. We consider
only nonrandomized procedures.

LemMma 3.1.  Suppose 6* is as good as 8. Let A, = {z|6(x) = 8*(x)}, and suppose
(A1) > 0. Let C be a compact parameter set. Then there exists a real number v > 0
such that if w € C, then



BAYES PROCEDURES 93

(3.8) v + K(w, (6 + 8%)/2) < K(o, 9).
Proor. By hypothesis of this section, if B € ®, then u(B) > 0 if and only if
I8 f(x, w)u(dz) > 0 for all w € Q. We set

(3.9)  As(a) = {z] if w € C, then a + W(w, (5(z) + 8*(z))/2)
< @) W(w 8(@) + Ww, 8%))} -

Since W{w, £) is strictly convex in ¢ and continuous in w, if 6(x) > §*(x), then

310) o0< "éfc W (e, 8(2)) + W(w, 8*(2))) — W(o, () + 6*(2))/2)}.

Therefore, 4, = Un-1 42(1/7n). If n > 1, then A,(1/n) C A2(1/(n + 1)), so it
follows that
(3.11) [, f@ wu(dz) = lim £z, 0)u(dz).

A2(1/n)

By Dini’s theorem this limit is uniform in w € C, since all functions involved
are continuous functions of w. Further, since 0 < inf,e¢ [ 4, f(z, @)u(dz), it fol-
lows that we may find an integer n such that if w € C, then

(3.12) J oy F@ @)u(dz) > 1/n.

If we take v = (1/n)?, the lemma now follows.
Proor or surriciEncy. If §* is as good as 8, then by lemma 3.1 we may
suppose K(w, 8*) + v < K(w, 8) for all w € E where v > 0. Then we must have

(3.13) M(B) < [ (K0, 8) = K(w, 89)a(do)

< / (K(w, 8) — K(w, 82))Aa(des).

Application of (3.7) leads to the contradiction that v = 0.

We will need the following lemma in the proof of necessity.

Lemma 3.2.  There exists an open subset U of Q having compact closure (in Q)
with the following property. Suppose {8,, n > 1} is a sequence of decision proce-
dures, 6. is Bayes relative to \,, n 2> 1, and M\(Q) = 1, n > 1. Suppose
8 = weak lim, .« 8., and k.(z), n > 1, is defined as in (2.6) for the sequence
{Anyn > 1}. Then

(3.14) 0 < lim inf M\ (U)/kn(z) < lim sup A (U)/k.(z) < .

(The given open set U is to have this property for all choices of sequences {6,, n > 1},
{Anym > 1})

Proor. If the lemma is false, let {U,., » > 1} be an increasing sequence of
open sets with compact closure, @ = Uy~ U,. Corresponding to each U, there
are sequences {6m,», m > 1} and {Am,», m > 1} such that the hypotheses of the
lemma are satisfied, yet limm—w Am,n(Un)/km.a(x) = 0. On the basis of the
assumptions made in section 2, limpy—w Am,n(Un)/km.n(x) = © is impossible.

We take countable dense subsets {fi, ¢ > 1} of L,(X, ®, ) and {gi, ¢ > 1}
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of C(D*). Choose zo € X. For each n > 1 we may choose an integer N, such
that if m > N,, then forall 1 <4,j < n,

3.18) [ fi@)gs03(z, du(da) — [ Fi2)gs(Oom (e, dYu(dm)| < 1/,
and
(3.16) Amna(Un) /o n(20) < 1/7.

If we interpret 8., as a bilinear form (-, -)m.n, then |(f, @)m..| < [|f]l l|gll for all
fe Li(X, ®, u), g € C(D*). Using this it is easy to show

(3.17) § = weak lim dy, ,.

n—roo

If we choose a subsequence {n;, 7 > 1} on which for almost all z, y € X,

(318) 0< 11m an..nx‘(x)/an_,m(y) < o,

which is possible by hypothesis, and such that for almost all z,
(3.19) v(z, -) = weak lim vy, (2, -),

then for every g(-) continuous on € with compact support,
(3.20) lim [ g(@)ow, n(y, de) = [ gla)r(y, do)
exists for all y. Our construction is such that if N, > m, then,
(3.21) ANwn(Um) /knon(®0) < 1/No.

Consequently, if g(w) = 0 outside of U.,, it follows that [ g(w)v(y, dw) = 0 for
almost all ¥ € X. Since we may take m large enough that the support of g(-)
is contained in U, it follows that [ g(w)»(y, dw) = 0 for all g(-) having compact
support contained in . Since we suppose @ is open in Q* Q = Up=1 U,, it
follows that »(y, @) = 0 for almost all y € X. This contradicts the basic hypoth-
esis of section 3 that »(y, ) > 0 for almost all y € X. This contradiction shows
that the lemma must be correct.

PROOF OF NECESSITY. In view of the lemma, we may suppose an open set U
is given having compact closure such that U has the property stated in lemma 3.2
relative to the admissible procedure 5. We now apply a theorem on admissibility
due to Stein [5]. To adapt Stein’s notation, if ¢ € 2 and b is a decision procedure,
we set

(3.22) K(a,b) = / W (a, Hb(z, dt)f(z, a)u(dx).

With a minor modification of Stein’s proofs and results, we may prove the
following. Let £ be a probability measure supported on U. Relative to v > 0
and the risk function

(3.23) [ (K(a, b) — K(a, 8))&(da) + v(K(a, b) — K(a, ),

let b, be a minimax procedure. Let
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629 —e = suw{[ (Kl b) — Kla, 9)e(da) +1(K(e,b) — K(a, ) |

be the minimax risk of b,. Then Stein shows lim,—, e, = 0. The weak compact-
ness condition used by Stein is satisfied in our problem. See theorem 2A of the
appendix.

Since b, is minimax, for all a € Q,
(3.25) [ K(a, 9)t(da) + vK(a,8) = [ K(a, by)e(da) + vK(a, b,).

If we divide by v and let vy — «, we find
(3.26) lim sup K(a, b,) < K(a, 9).

y—®
For each v we choose a compact parameter set C,, satisfying the following.
If y1 < 79, then C,, C C,,, and U, 50 Cy = Q. If b} is minimax for a € C, rela-
tive to the risk
(3.27) | (K(a,b) = K(a, 8)(da) + 7(K(a, b) — K(a,8)),
and Bayes relative to £, then the minimax risk of b% is > —2e¢,. We are using
here theorem A4 of the appendix. We find that if a € C,, then

328) 02 f (K(a, b3) — K(a, 8))é(da) + v(K(a, b)) — K(a, 9)),

so that as above, if ¢ € Q,
(3.29) lim sup K(a, b%) < K(a, §).

b and

If we write the above as follows,

330) 02+ {[ K@ beda/a +2) + v [ Kl be)/a +v)

— [ K(a,)xtda)/ (1 + ) = v [ K(@, 08(da/0 + )}
> —257;

then we find b% to be Bayes relative to the risk K(a, b) and the probability
/A +7) +8/QA+ ) =&

Since we assume strictly convex loss, and since we suppose é is admissibles
it follows from (3.29) and theorem A3 of the appendix that

(3.31) 5 = weak lim b¥.

y—®o

Thus (3.4) and (3.5) hold. Equation (3.7) follows from (3.30). If E is the closure
of an open subset E of Q, and if U C E, then

(3.32) &(E) > £U) 21/ + 7).
Therefore, by (3.30),
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(3.33) lim (& (@) [ (K(a, b%) — K(a, 8))&,(da) = 0.
We will complete the proof of the theorem by verifying (3.6). Take vy = n;

where {n;, 7 > 1} is an integer sequence on which for almost all z,
(3.34) v(x, -) = weak lim v, (z, -).

We take E to be an open subset of @ with closure E C Q, such that U CE
and such that »(zo, E — E) = 0. This implies »(z, E — E) = 0 for almost all
z € X. Then it follows that for almost all z,

(3.35) lim A (E)/kni(2)

exists. We use here (2.26). By lemma 3.2, this limit must be positive. It follows
from the construction of section 2 that the limit is finite.
The proof of the theorem is complete.

4. Estimation of a real parameter

We suppose & = D = (—, ©) and examine some of the common examples.
We will restrict the discussion to functions Vi(-, -) and V(-) satisfying
4.1) lim Vi(w, t)/V(w) = 1, lim Vi{w, 8)/V(w) = —1.

Many typical loss functions W(w,t) = w(w — t) have this property, where
Vi(w, t) = —(dw/dz)zm0—s

As was suggested in section 2, the analysis depends on the ratios
(42) {f(x: )/f(y) -),xe X,ye X}

We define sets
(43) Az = {ol lim f(@@)/f0, @) = & lim f@, 0)/(y, &) = B}.
We consider in this section the following cases.

Case Ia. For all y, u(X — A1) = 0.
Case Ib. For all y,

(4.4) X= U AL,
a>0,8>0
and
(4.5) u({a] lim f(z, 0)/fy, @) # lm f(z, 0)/fly, @)}) > 0.
Case II. Torally, X = A}. U AL, and
(4.6) r(48) > 0, u(d%o) > 0.

Case II includes the examples considered by Sacks [4], as well as including
mcany examples of monotone likelihood ratios. The family of Cauchy densities
falls in case Ia.

In terms of the construction of section 2, the compactification Q* = [—e, 0 ].
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Consequently, if a limit measure » puts mass on the boundary, we have only
P, (z) = v(z, {»}) and P_(z) = »(z, {—=}) to consider.
Suppose § is given, {§,,n > 1} and {\,, » > 1} are given, and

“.7 6 = weak lim §,.

n—ro

In case I, we may use lemma 2.2. According to this lemma, we may pick an
integer sequence {n; ¢ > 1} such that for all z € X, weak lim;—,. »..(z, -) =
v(z, -) exists. Consequently, we may apply the theorem of section 2. If ¢ is in
the support of §(z, -) (except for x € F, an exceptional set, u(F) = 0),

(48) 0= [, Vi, )/ V(@) (s, da)

= P_() = P4(@) + [, [Valo, 1)/ V() (2, do).
By lemma 2.2,
4.9)

P.(y)/P-(y)

Jiu, U@ /1@, b, d0) [ [ U, 0)/f(@, o)z, do)

lim f(y, «)/f(z, &)
hm f(y w)/f(x w) (P+(x)/P_(x))

Therefore, in case Ia, P.(y)/P_(y) = P.(x)/P_(z), except for a set of measure
zero, whereas in case Ib, P,(y)/P_(y) # P.(z)/P_(z) on a set of positive
measure.

If (4.8) holds and »(x, @) = 0, then we find P, (z) = P_(z) = . By lemma 2.2,
if v(z, @) = 0 for a single z, then »(z, @) = 0 for all z, implying P, (z) = P_(z) =
% for all .

We shall show in section 5 that in case Ia this is indeed possible. We have
already seen that in case Ib this is not possible.

LemMma 4.1. Incase Ib,if 8 = weak lim, .« 85, 8, 25 Bayes relatwe or,n 2> 1,
then there exists an integer sequence {n; ¢ > 1} such that
(4.10) v(z, -) = weak lim v,(z, ) for all z and »(z, @) > 0 for all .

I—»

Using lemma 4.1 and lemma 2.3 one can prove at once the following theorem.

TuaroreEM 4.1. In case Ib, if 6 = weak lim, .« 85, 8, Bayes relative to Ao, n > 1,
then there exists a nonzero a-finite regular Borel measure \(-) defined on the real
line and a real-valued function p(-) such that for almost all x[u], if { is in the support
of &(zx, -), then

(4.11) = 0@ + [ Vio, 0f(z, )A(dw).

In section 6 we give an example of an admissible estimator & for which (4.10)
holds and p(x) = 0.
The main result in case II is as follows.
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TraEOREM 4.2. Suppose in case IT that 8 = weak lim,—« 8,, 8, Bayes relative
to Mu. Then for all x, y, lim inf,—,» k,(x)/ka(y) > 0. There exists an integer sequence
{ni, ¢ > 1} such that for all x € X,

(4.12) v(z, -) = weak lim v, (z, -)

exists. v(z, Q) = 1 for all x. There exists a nonzero o-finite reqular Borel measure
A(-) such that for almost all x[u), if t is in the support of 8(zx, -), then

(4.13) 0= L Vo, Df (x, w)\(de).

The proof of this theorem involves considerable detail. This is broken down
into several lemmas.

LeMMA 4.2.  Given the hypotheses of theorem 4.2, for all x, y,
4.14) lim inf k.(z)/k.(y) > O.

Proor. We suppose to the contrary that for some x,, o, and sequence
{ni, ¢ > 1}, that lim; .« kn.(20)/kn:(y0) = 0. That is,

(4.15) 0 = lim [ [f(ao, )/f (Yo &) on (gt do).
Under the conditions of case IT we must have either subcase 4:
(4.16) lim f(xo, w)/f(yo, w) = 0,

or subcase B:

(4.17) lim f(xo, @)/f(yo, w) = 0.

Subcase A. Let 2’ be such that lim,—. f(z', w)/f(yo, w) = . We will show
that v, (2, -) — »(2’, -) satisfying »(2’, {}) = 1.

In subcase A, lim,—, — « f(xo, w)/f(yo, @) = . Therefore, for every integer N,
1 = lim;w v, (Yo, [N, ©1). We use this in the calculation.

Let g1, g2 be nonnegative real-valued continuous functions on Q* satisfying
the following. For some integer n, if w > n, then gy(w) =0, and if w < n
g1(w) = 0. If w > n, then gi(w) > 0 and g1() = 1.

Let {m;, ¢ > 1} be a subsequence of {n;, ¢ > 1} on which

(4.18) Weg_lf lim vy, (2’, ) = (2, -)

exists. Then
@19) [ p@r@,dw) / [ gl do)

L U@ [ 6@V @@ o)
== [em(2)]™ [ (@) V@', 0N (o)
[ U 0l ) or)om o de)

i / (s )/F o, )o@y, d)

@,
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Since [ gi(w)v(z’, dw) < =, this can happen only if [ g:(w)r(x’, dw) = 0. Since
the choice of g.(-) is arbitrary subject to g.(w) = 0 if w > n, n arbitrary,
v(z/, {}) = 1 follows. This argument shows that every limit point of the
sequence {v, (2, -)} is the same. Therefore, weak lim; . v, (2/, ) = »(z’, -)
where v(z/, {0}) = 1.

By definition of case II,

(4.20) o = {.’EI ‘.l,l_.n:, f(x, ) /f(yo, w) = °°}

has positive u measure. Suppose z € A¥. and ¢ is in the support of é(z, -).
By lemma 2.1, for almost all such z we may find a subsequence (depending on z)
{mq, 1 > 1} of {n;, 7 > 1} and real numbers ¢, in the support of §,,(z, :),7 > 1,
such that ¢ = lim;—« ¢,,. Then we obtain

(4.21) 0 = lim [ [Va(0, tu)/ V(@) Pz, do)

= [ Vi, 0/ V(@) iz, da) = —1.

This contradiction shows that subcase A cannot happen.

Subcase B is dual to subcase A, and similar arguments lead to a similar
contradiction. That proves lemma 4.2.

LemMA 4.3. Suppose for some x € X and integer sequence {mi, ¢ > 1} that
weak lim;— e vy (2, <) = v(x, -). Then v(z, {—o} U {x}) = 0.

Proor. Suppose v(z, {}) > 0. Choose y such that lim,—,. f(y, w)/f(z, w) =
o, Then

#22)  lm b @)/kn(@) = m [ [0, 0)/f@ 0)ala, o) = =
Contradiction. The supposition »(z, {—=}) > 0 leads to a similar contra-
diction of lemma 4.2.

LEmMMA 4.4. Choose zo € X and an integer sequence {mi,t > 1} such that
lim;—. n; = « and for every continuous function g having compact support,

(4.23) tim [ g(w)hu(de)/kn(z)

exists. Then the weak lim;« Ai(+)/kni(xo) = N(+) 18 a nonzero o-finite measure.
Further, weak im;_,o v,,(xo, -) = v(xo, -) exists, and for every integrable real-valued
SJunction g(+),

(4.24) [ 9@as, do) = [ 9(@)V @)z, @)N(dw).

Proor. Let g(-) be continuous with compact support. Then if E is the sup-
port of g(-), inf,cg V (w)f(xo, w) > 0. This implies

(4.25) sup [ g(aha(do)/kn(z) < .

By considering a countable subset of ¢’s (dense in the continuous functions
vanishing at £« ) with compact support, we may choose an integer sequence
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{ni, 7 > 1} such that for every continuous function with compact support,
(4.26) fim [ g(w)hni(de)/fn ()

exists. Use a diagonalization argument. Let A(-) be the limiting o-finite measure
determined by these limits.
If g(-) is a continuous function with compact support, then so is

(4.27) : C gV (), -
We find

(428)  lim [ g(w)rmeo do) = lim [ () V(@)f(@t, 6)ho.(de)/ I (z0)

= [ g V@)@ N da).

If we choose from {n; 7 > 1} a subsequence {m;, ¢ > 1} such that »(zy, -) =
weak lim;_,» v, (2o, ) exists, then for every compact set £ C @, (4.28) uniquely
determines »(xo, E). By lemma 4.3, »(xo, {c} U {—x}) = 0. Therefore, »(zo, -)
is uniquely determined by (4.28), which proves that weak lim;—« v,,(zo, -) =
v(xo, -) exists. By lemma 4.3, (4.28), and a standard approximation argument,
(4.24) follows. :

LemMa 4.5. Let 2o, {ni, ¢ > 1} and \(-) be as in lemma 4.4. Then for every
ye X,

(4.29) v(y, -) = weak lim »,,(y, -) exists.

In addition,
(4.30) Jim Fen,(y)/Fni(o) = ﬁ,f(y, @) V(w)\(dw),

and for every v integrable Q* measurable g,
@3) [ gry, do) = [ 9@, DV@NW) / [ 14, &)V @Nde).

Proor. Let {m; i > 1} be a subsequence of {n; ¢ > 1} such that »(-) =
weak lim;—« vm,(y, -) exists. If g(-) is a function having compact support, then

(4.32)
[ 9(@(de) = lim [ gw)rm(y, de)
= lim [ [ 9@ [/, &)/1(@o, &) (20, do) | Ueman)/ B (0)]:
= [ 91w, &)V (@)N(de) ] Uim k(o) B 0)].

By lemma 4.3, »(?) = 1. Using a standard approximation argument, we obtain

(4.33) Jim o)/ Fomi(0) = fnf(y, @) V(w)\(dw).
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Since this holds on every subsequence {m;, z > 1} for which {v, 7 > 1} has a
weak limit, (4.30) follows.

Since the value of the limit in (4.32) is independent of the subsequence
used, (4.31) follows. For continuous ¢(:) having compact support, since
v(y, {—»} U {»}) = 0, these functions are dense in the L, space of »(y, ),
which proves (4.31).

Proor or THEOREM 4.2. We may pick an integer sequence {n;, ¢ > 1} with
lim;,» n; = © such that for every z € X, weak lim; ,» vn,(z, -) exists. There-
fore, the theorem of section 2 applies. For almost all z, if ¢ is in the support
of §(x, -), then

(4.34) 0= [ [Vao, 0/ V@), do)

= [ Vale, iz, )N (de).
Thus (4.13) is proven and the proof is complete.

b. Estimation in case Ia

We will suppose that for all z,  in X,
(5.1) ‘,.EIP,, J(@, &)/f(y, w) = lim f(z, 0)/f(y, 0) = 1.

In keeping with section 4, we suppose @ = D = (—, ). The results of this
section depend on assuming X is Euclidean p space.

In case Ia one can give examples of sequences {6,, n > 1} which converge
weakly, §, Bayes relative to \,, » > 1, and such that weak lim,—,. v.(z, -) =
v(z, -) exists for all z, yet v(z, @) = 0 for all . We give such an example, where
X = (—00, oo)

Let W(w, t) = (w — 1), —0 < t,w < »,and f(z, w) = ¢/(1 + (x — w)?), the
constant ¢ being appropriately chosen. Let A\,(:) put mass 3 at n and mass %
at —n. A direct calculation shows that the (nonrandomized) Bayes estimator is

8z*n + 8xnt .
2 + 2zt + 122202 4 2nt

For given x, lim,—. 8.(x) = 4x, which implies weak lim,_. §,(x) = 4z. For
given n, lim,—« §,(x) = 0 and lim,—,—» 8,(z) = 0.

The parameter v is a location parameter. An easy direct calculation shows
that estimators 6(z) = ax are inadmissible estimators of a location parameter
if « > 1. In particular, §(x) = 4x is not admissible.

The limiting procedure in case Ia depends on the asymptotic behavior of the
first and second partial derivatives of W (-, -) on its second variable and upon
the asymptotic behavior of the first partial derivatives of f(-, -) with respect
to its first variable z. We suppose for w € X that W(w, -) is a strictly convex
function. In the sequel we write W, and Wy, for the first and second partial
derivatives of W on its second variable. Further, if x = (zy, - -+ , ), then we

(5.2) dn() =
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write fi(z, w) for the partial derivative of f with respect to z; evaluated at
(z,0),1 <1< 0p.
The “right” normalization in case Ia is not the normalization discussed in
section 2. Instead, one wants a normalizing function V(-) satisfying the following.
If E is a compact D set, then

sup | Wa(w, t)|/V(ew) < »;
tEE,wER
(53)  lim Wa(w,1)/V(e) = 6> 0 uniformlyin ¢e E;

Waa(w, 1)/ V(w) 1is uniformly continuous in (w, ) € @ X E.
We then define

(5.4) k@) = [ V@)f@, oalde), zeX, n>1,
and
(5.5) (@, F) = [, V@)@, oa(de)/kia)

for Borel subsets of Q.

THaEOREM 5.1.  Given the regularity conditions stated below there exist constants

D, - .-, B, Bs with the following property. Let {n; i > 1} be an integer sequence

for which ¥'(z, -) = weak lim;_,« vn, (2, -) exists for all x € X (see lemma 2.2).
Then v'(z, ) = 0 for all x or v'(z, @) > 0 for all x € X.

If V(z,Q =0 for all z €X, then 8(x) = (—Bs/B1) Xi-1 B xi, where
= (21, -, Tp).

If vV'(z,@2) > 0 for all z € X, let @ = (e, - - , ap) be any p dimensional row
vector of Euclidean p-space. The pair 6(x), 6(x + «) satisfies the functional equation

(56) 0= f Wi, 8(z + ))[f(z + o, ©) — f(z, )]/ [V(0)f(z, 0)]'(z, dw)

+ [ (W3, 5 + @) = Wale, 8@)/ V(@) (2, de).

We first define the constants 5°, 1 < ¢ < p, Bs, and give the regularity condi-
tions needed. We suppose

o il e) . efilt ) g -
D R L O R t=isw

uniformly in ¢ in compact subsets of X, and

of; (t; w)

5. , 1<i<p,
&8 o ) | < sisp
for every compact subset K of X. We suppose for compact subsets K of D that
(5.9) lllim (sgn @) Wa(w, )/(1 + || V(w)) = B: > 0,

uniformly in ¢t € K, and
(5.10) sup [Walw, 8)|/(1 + |w|V(w)) < «.
. oCQtEK
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We suppose for compact subsets K of D that

(5.11) sup f(t, )/f(ty w) <
h,t:&K
wEQ
and
(5.12) Il%m ft, @) /f(te, w) = 1 uniformly in &, % € K.

The theorem is proven from the relation, for all z, a in p-space,
(5.13) 0= [ Wa(w, 8a(z + @))f(@ + &, w)\a(dw),
= [ Wi, 8a( + @) [f@ + @, ) — Sz, &) ]ha(dw)
+ [ W2, 80z + @) = Wale, 8.D)]f(@, Dha(de).

In case »'(z, Q) > 0 for all z, the final part of the theorem is simply the result
of taking weak limits. We note that if weak lim,—. [(.) V(w)f(z, @)A.(dw)/kx(z)
does not exist for all z, then by lemma 2.2, we may find a subsequence on which
this limit does exist for all z. We therefore suppose, without loss of generality,
that this is the entire integer sequence. Using lemma 2.1, given z and «, we
choose a subsequence on which

(5.14) lim 8,,(z) = 8(z), limdn(z + a) = 8z + @)

The argument will not be affected by supposing this is the entire sequence.

On the assumption that »'(x, 2) = 0 for all z € X, using (5.4) and (5.5),
the mean value theorem, and (5.3), we find for the third integral in (5.13), after
normalization by (k.(z))~!, and after letting m» — », the limiting value
Bi(d(x + a) — 8(x)).

To evaluate the second integral in (5.13), write
(5.15)  (ka(2)) " We(w, 8a(z + ) [f(z + @, @) — f(z, @) ]A1(dw)

= G | ) o 4 ava)

2 fi(ni(xy ‘-'-’); w)f('”i(x: w)’ w)
(&) o o)
The numbers n((z, w), - - - , 7,(z, ») are determined by the use of the mean value
theorem, and 7;(z, w) lies in value between x; and z; + a;, 1 < ¢ < p. Use of the
given regularity conditions and passage to the limit gives for the limiting value
33 Zip=1 e & g).
From the two limiting results obtained, the first part of the theorem follows.
In order to get some feeling about sizes, we consider location parameters,
and p = 1. Suppose

(5.16) fl@— o) =¢/Q+ |z — o), By < 0.
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Then (8f/9z)(x — w)/f(x — w) ~ B a8 w — . We take W(w, t) = |0 — t|* and
V(w) =14 o — t|>2 Then 8; = a(e — 1) and 8; = a.

In order that é(z) = [(—B:)/(a — 1)]x have finite risk, we require 1 > a + B,
It is therefore not possible to attain —B,8;/8; = 1 and have an estimator with
finite risk. As previously observed, estimators of a location parameter with
—B:/a — 1 > 1 are not admissible.

6. An example in which some mass escapes to the boundary

By taking examples in which X, @, D are compact, and W(-, -), f(-, -) are
jointly continuous, it is easy to construct examples, by removing a point from
©, in which a sequence of probability measures on Q in the limit puts mass on
the boundary, and yet the Bayes procedures converge to an admissible procedure.

We now consider an example for which W(-, -) is unbounded, @ = (0, »),
and in the limit mass is placed at 4+« in the sense of section 2. We suppose
X is compact, u(:) is a probability measure defined on the Borel subsets of X,
{f(-, w), w € @} is a family of generalized probability measures relative to u(-).
If 2, € X, we suppose for all z € X that f(z, w)/f(x,, ©) is a bounded uniformly
continuous function of z € X, v € @, and lim,—,. f(x, w)/f(xs, w) = 1, uniformly
in z.

We suppose W(-, -) is a strictly convex function of its second variable and
write Wa(:, -) for the partial derivative of W (-, -) on its second variable. We
want W(i,t) = Oforallt > 0, lim e Walw, ) > 0, and —1 = lim,— Wa(o, t),
t >0, o> 0. For example, Wy(w, t) = ¢(t — w) for suitable ¢. We take the
normalizing function V(w) = 1,0 < w < «.

In order that mass move to +«, let {a,, » > 1} be a nonnegative real number
sequence such that lim,—.. a,f(zo, n) = 1. In view of our assumption about
FCy 2), limpye anf(z, n) = 1forall z € X.

Let A(-) be a probability measure on the Borel sets of . We will need to
assume A\, W satisfy (6.5) given below. Define {\.(-), n > 1} by M\.(E) = ME)
if n¢E, \i(E) = NE)+ a, if n€E, n>1. Let 5,(-) solve the equation

6.1) 0 = [ Wa(o, u(@))f(@, @I\(dw) + Waln, 3a(2))f @, W)

In the sequel we prove that lim,—. 8,(x) = 6(x), where 8(z) solves (6.6), uni-
formly in z € X and that 6(-) is admissible.

First, we show (6.1) is solvable. Since W2(w, -) is strictly increasing, by the
monotone convergence theorem,

(62) lim [ [ Welw, f(z, @)Mdw) + Weln, )f(z, n)an:l
t—0
= [ Walw, 0)f(z, w)A(dw) + Waln, 0)f(z, n)an < 0,

whereas
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63)  lim [ [ Wa(o, 05z, WIA(d) + Waln, Df(z, m)an ]

= [ Wale, )1z, 9INde) + Waln, )f(z, an > 0.

Therefore, (6.1) is solvable for each z € X, n > 1.

To prove lim,—« §,(z) = 8(z) uniformly in z, suppose {z.,n > 1} and
{t., n > 1} are sequences such that if n > 1, then z, € X, t, > 0, {, = 8,(z.),
lim, e 2, = z (recall that X is compact) and lim,—« t, = ¢ (we allow { = +=).

Case I. Limit,—. ¢, = © and ¢, > n infinitely often, say on the sequence
{tn;, © > 1}. Since Wa(n;, t,) > 0, and since (using the bounded convergence
theorem)

(6.4) 11m f Wa(w, tn.’)f(xn'i; w)A(dw)
= lim [ Walo, t) [ @y )/fCan, @)}, )N ()

= [ Wi, ©)f(@, )\de) > 0,

equation (6.1) is not solvable for large values of n;.

Case II. Limit,e ¢, = « and ¢, < n except for a finite number of
values of n. Note that 0 > Wa(n, t.,) > Wi(n, 0). Our hypothesis was that
limg—e Wa(n, 0) = —1. Therefore, lim inf,—,» Wa(n, t,)f(zs, w)a, > —1. Since
limy—e [ Walw, ta)f(@n, w)A(dw) = [ Wa(w, ®)f(x, w)A\(dw), (6.1) will be unsolv-
able for large values of n if we assume

(6.5) f Walw, ©)f(z, @)\(dew) > 1, zeX.
Case III (t < «). Using the bounded convergence theorem
(6.6) 0= f Wales, Of @ny @)Ades) + L W, £)f (En n)atn

= f Walo, Of (z, @)\(dw) — 1.

This equation has a unique solution. Therefore §(z) = limy—,» 8.(2,) as was to
be shown.
We now prove that the risks converge. That is,

(6.7) 0 = lim f [W(w, 8(z)) — W(w, 8a())]f(z, @)n(dz)Mdw)

+ lim a, [ [W(n, 5(2)) = W(n, 8Dz, mu(do).

The limit §(z) solves (6.6). From this it follows at once that sup. [§(z)| < .
Since lim,— 8,(x) = 8(x) uniformly in z, there is a K > 0 such that
supzex.n>1 [8.(2)| < K. Since sup,,; |Wa(w, )] < , it follows that

(6.8) sup [ (o, 8)) = W (v, 0,(&)| <
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and
(6.9) lim |W(w, 8(z)) — W(w, 8.(z))| = 0.

Therefore, using the bounded convergence theorem,
(6.10) 0 = lim [ [(W(w, 8(x)) — W(w, 6.(x))]f(z, w)A(dw).

Since sup,,o f(x, w)/f(zo, w) < 0, and limp—w a.f(xo, n) < «, it follows that
SUPp >1z€x anf(x, 1) < . Since lim, |W(n, §(z)) — W(n, d,(z))| = 0 uni-
formly in z, and since u(X) < «,

(611) 0= lim a, [ [W(n,5@)) — W(n, 8.(2))1f(z, u(da) = 0.

That proves (6.7).

To prove that §(-) is admissible, suppose 8'(-) is as good as &(-). Let K(w, 8),
K(w, §"), and K(w, §,) be the risks of §, 8, and §, evaluated at w. Since 3, is a
Bayes procedure,

©12)  0< [ (K8 — Ko )M[e) < [ (K8) — Ko, )\(da)

+ o [ (K(@,0) = K(w,8.).

As n — o, the right-hand side of (6.12) tends to zero. Since the loss function
is strictly convex, using lemma 3.1 of section 3, the admissibility of & follows.

I R ¢

APPENDIX. DECISION THEORY

Parts of this paper lean heavily on the interpretation of statistical decision
procedures as continuous bilinear forms on certain pairs of Banach spaces. This
interpretation is well known, but necessary details do not seem to be available
anywhere. We will first discuss bilinear forms abstractly and then discuss
statistical procedures.

Let F,, F, be Banach spaces. Given are norms ||z]; of z € F; and [ly|. of
y € F.. A bilinear form (-, -) on F; X F, is a real-valued function of two var-
iables such that to each =z € Fy, (z, -) is a linear functional on F,, to each
y € Fy, (-, y) is a linear functional on F,.

If a bilinear form is continuous in each variable, then using the uniform
boundedness theorem one easily shows there is a constant K satisfying

(A1) K= |G, I/ ll=[lsllyll2-

The constant K is the norm of the bilinear form. Conversely, if a bilinear form
satisfies an inequality of the form

(A2) |z, »)| < Kllzluliyll

sup
z &P,y EF:
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for all z € F,, y € F,, then the bilinear form is a continuous linear functional
in each variable.

The space F; of continuous bilinear forms on F; X F, is a Banach space under
the norm defined above. The weak topology in F; is the weakest topology such
that for each pair (z, y) € F1 X F,, the mapping (-, -) — (z, y) defined on Fy,
to the real line is a continuous mapping. A standard argument of embedding
Fy; in a product space will show the unit ball of Fy; is compact in the weak
topology.

Generally, in most decision theory discussions, the assertion that a set of
decision procedures is compact is the assertion that a set of bilinear forms is
weakly compact. We develop this idea here.

In the context of this paper, D is the set of decisions, and we assume that D is
a locally compact Hausdorff space and that D* is the one point compactification
of D. We suppose F; = C(D*), the set of bounded continuous real-valued func-
tions on D*. We take F; = Li(X, ®, u). If 8(-, ) is a statistical decision pro-
cedure, then for every Borel subset A of D* §(-, A) is a bounded measurable
function, and, if 2 € X, then 4(x, -) is a probability measure on the Borel
subsets of D*. We now state and prove a converse to this.

TueoreM Al. Suppose Fy = Li(X, ®, u) and (X, B, u) is a totally o-finile
measure space. Suppose D* is a compact metric space. Let Fs = C(D*). If (-, -)
1s a continuous bilinear form on Fy X Fy of norm K, then there exists 6(-, -) satis-
Jying the following:

(i) to each x € X, §(z, ) 18 a countably additive finite measure on the Borel
subsets of D*;
(ii) to each Borel set E C D*, 6(-, E) is a bounded ®-measurable function;

(i) if f(-) € Ln(X, &, ) and g(-) € C(D*), then

0 9) = [[ 1@, du(d);

(iv) for all x € X and Borel subsets E of D*, |3(z, E)| < K.

This theorem is known. An unpublished proof, different from the proof given
below, has been given by Le Cam.

Proor. The space C(D*) is a separable metric space. We take a countable
dense subset {gi(-),n > 1} of C(D*). By discarding some of these functions,
we may find a subset {g.(-),n > 1} which are linearly independent over the
rational numbers, and such that every gx(-) is a linear combination of functions
in {ga(-),n 21}, n 2 1.

Since (-, g) is a continuous linear functional on Ll(X ®, 1), and since (X, ®, u)
is a totally o-finite measure space, we may find a bounded ®-measurable func-

tion 6(-, g») satisfying

(A3) (f, 9 = [ 1@)d(x, g)u(de)
for all f € Ly(X, ®, ), and

(A4) sup [8(z, gn)| < Kllgall
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Let Cr(D*) be the linear span of {g,, n > 1} over the rational numbers. I
g € Cr(D*), we represent g(-) uniquely as a finite sum

(A.5) g(-) = 2 rigi(+),
and define for all z € X,
(A.6) 8z, 9) = X rd(, g).

Then if f € Li(X, @, u),

A7 [ 1@, Qulds) = Trilt, 99 = () < Kllflllgll
Since this holds for all f € Li(X, ®, u),
(A.8) ess sup |8(z, 9)| < K||glls, for all g € Cr(D*).

We may then find a set N € ®, u(N) = 0, such that if g € Cr(D*), then
supzgn |8(z, g)| < K||g|l.. This is possible since Cr(D*) is countable.

If z ¢ N, then 8(z, -) is a continuous linear functional defined on Cgr(D*).
It has a unique continuous extension to C(D*). So, if x ¢ N, g € C(D*), we
write 8(z, g) for the extension and have |3(z, g)| < K||gl2. ‘

Now if g € C(D*), we may find a subsequence {g.,¢ > 1} in Cr(D*) such
that lim;—,. supiep+ [gn:(8) — g(¢)] = 0. Then if x ¢ N, é(z, g) = lim;,e 8(z, gr.).
Therefore, 6(-, g) is a ®-measurable function.

By the Riesz representation theorem, the continuous linear functional é(z, -)
is representable by a countably additive measure. For Borel sets E of D*, we
write 8 (x, E) for the value of the measure. Then if z & N, for all Borel subsets £
of D*, |3(z, E)| < K.

We now show that for each Borel set E, §(-, E) is a ®-measurable function.
Let @ be the set of all Borel subsets of ©* for which this is true. The set € is
clearly a monotone class, and by considering monotone sequences of continuous
functions, one easily shows @ to contain all compact sets. Therefore, € contains
all Borel sets. (This type of argument works even if the measures are signed
measures.)

One may show at once, using the bounded convergence theorem, that in
extending & from Cz(D*) to C(D*), we have for all f € Li(X, ®, u), g € C(DY),
6 g) = ff(x)a(xy g)l"(dx)'

From the form of the Riesz representation,

(A.9) U 9) = [[ /@@, duda).

The integral is absolutely convergent. That completes the proof.

A statistical decision procedure is a bilinear form satisfying (v) if
feLi(X,®,u), f(x) 20 for all z € X, g € C(D*), g(t) = 0 for all ¢ € D*,
then (f,g) > 0; (vi) if fe Li(X, ®, p), then (f,1) = [ f(z)u(dx). It is easily
checked that the set of bilinear forms satisfying these conditions is a weakly
closed subset of the unit ball of Fi,.

CoroLLARY. Let (X, ®, p) be totally o-finite, let L(X, ®, ) be a separable
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Banach space, and suppose D* is a compact metric space. Then the set of statistical
decision procedures is sequentially compact.

In the usual statistical problem a set Q of density functions is given, if f € Q
then fe Li(X, ®, u). The set of decisions © need not be compact, but we
suppose D has a compactification D* containing © as a Borel set. For each
feQ te D we suppose a measure of loss W(f,t) > 0 is given. We assume
W(f, -) has an extension to D* such that for each f € @, the extended function
is lower semicontinuous.

THEOREM A2. Suppose {6, n > 1} is a sequence of statistical decision pro-
cedures. There exists a subsequence {8,,1 > 1} and a procedure & such that for
allfe Q,

(A10) [ W, Dey@ps) < limint [ W, 0z, dbf@ulda).

It may be that é(x, D* — D) > 0 for some z.

Proor. Extend 8, to D* by 8,(z, D* — D) = 0 for all z € X, n > 1. Choose
a subsequence such that § = weak lim;,» 8,,. Let Wx(f, -) be an increasing
sequence of continuous functions on H* satisfying limy—. Wx(f, ) = W({, 1)
for all f € @, t € D*. Then

A1) limint [ W, Do, df@u(dz) 2 lim [ Walf, 0o, df@)u(da)

= [ Walf, 5(z, d)f @)u(da).

Let N — « and apply the monotone convergence theorem. The result follows.
In some applications ® is a finite dimensional space, and for each fe€ Q,
W({, -) is a strictly convex function. If lim,—,. W(J, t) = «, then we obtain the
following result.
TuEOREM A3. Let {8,, n 2> 1} be a sequence of decision procedures; let 6 be an
admissible procedure, and

(A12)  lim sup f W (J, D8a(z, di)f (c)u(dz) < f W(f, )é(z, dt)f (z)u(dz)

for all fe& Q. Let 6* be a weak limit point of {8,,n > 1}. Then for all z,
o*(x, D* — D) = 0, and if A = {z|é(z, -) = 6*(z, -)}, then [4 f(x)u(dz) = O for
allfe Q.

Proor. Let 6* = weak lim;—« 8,, for some subsequence. By theorem A2,

A13) [ W, 6%, df@u(da) < [ W, 08, Of @u(da).

Since & is admissible, 8 must be nonrandomized; therefore, we write

(A14) [ W, 0o, )5@uda) = [ W, s@) @u(da).

Further, we set §*(z) = [ t6*(z, df) and obtain by Jensen’s inequality that
(A.15) [ W, #@)i@nidz) < [ W, s@)f@mda).
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Since 8(-) is admissible, if f € @, this must be equality. Let
(A.16) Ay = {z|o*(x, {6*(x)}) = 1}.

Since W is a strictly convex function, [4, f(x)u(dz) = 0 for all f € Q. Again,
since W is a strictly convex function, if 4 = {z|8(z) # §*(z)}, then

(A.17) [, J@n(da) = 0

for all f € Q. That completes the proof.

We consider here the minimax theorem in the context needed for section 3.
We suppose W( , -) is bounded on compact @ X D subsets, W(w, -) is lower
semicontinuous for each w € @, and W (-, t) is continuous for each ¢ € D. We
assume that W(w,t) > 0 for all (v,t) € 2 X D, and if C C 2 is a compact
set, then
(A.18) lim inf W(w, ) = .

t—o w&C
We suppose that we are given a family {f(-, w), w € @} of density functions
relative to the o-finite measure space (X, ®, u), and to each z € X, f(z, -) is a
continuous function on Q.

TueorEM A4. Let v(-) be a nonnegative lower semicontinuous function on L,
and C a compact parameler set. Assume sup,ecc¢ r{w) < «. Relative to the measure
of loss W(w, t) — r(w) there exists a minimax procedure & (w is restricted to C)
which is Bayes relative to \ supported on C and

(A.19) minimax risk = f f (W (w, t) — r(w))d(z, d)f(z, w)u(dz)\(dw).

Proor. If § is an admissible procedure for w € C, then the values of § lie
in a compact subset of . Indeed, take a; € D. By hypothesis we can find a
compact subset E of D such that ay € E, and if a ¢ E, then sup.cc W(w, as) <
inf,cc W(w, a). Therefore, one always does better to decide a, than a.

Consequently, we may suppose there is a constant K such that for allw € C,
all z € X, and all ¢ in the support of 8(x, -), W(w, t) < K. It follows that

(A.20) K(,8) = [[ W, 08, d)f @, »)u(dz)

is continuous in » and that K(-, 8) — 8(-) is upper semicontinuous.

We let R, be the set of real-valued upper semicontinuous functions on € such
that if ¢ € Ry, then for some 8, g(w) = K(w, 8) — r(w) for allw € C. Then R, is
a convex set of functions. We let R, be the set of real-valued continuous func-
tions such that if g € Rs, thereisa g; € R such that forall w € C, gi(w) < ga(w).
Then R, is a convex set of continuous functions, and each g, € R, is the limit
of a monotone decreasing sequence of functions in R,.

We apply the now classical construction. Let R(e) be the set of all real-valued
continuous functions on C such that if g € R(e), then sup,ec g(w) < e. Then
for each ¢, R(e) is a convex subset of the continuous functions on C, and R(e)
has an interior point in the sup topology. Further, if sup,cc r(w) < «, there
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exist e such that R(e) and R, are disjoint. We consider the functions in R, as
restricted to C. Since R(e) = U.<e R(€), there is a largest e such that R(e)
and R, are disjoint.

The convex sets R(e) and R, may be separated by a hyperplane. By the Riesz
representation theorem there is a finite countably additive measure ¢ on the
Borel subsets of C and a number « such that if ¢ € R(e), then [ g(w)é(dw) < «;
if g € Ry, then { g(w)t(dw) > . For integer N > 1, if ¢’ C C is a compact
subset of C, we may approximate —Nx¢ by monotone limits of functions in
le| + R(e). This implies — N£(C') < a + |¢|£(Q2). Let N — « and obtain £(C") > 0
for every compact subset of C. Since ¢ # 0, we may suppose £ is normalized to
be a probability measure.

Sinee functions in R; may be approximated from above by functions in R,
it follows that the hyperplane determined by £, a separates By and R(e). Further
if 8 > 0 and (e + B)1 is the constant function of value ¢ + 3, then R, contains
a function ¢ satisfying ¢(w) < e + 8 for w € C.

Since R, has the weak compactness property of theorem A2, R, contains the
risk function of a minimax procedure satisfying

(A21) sup g@) S ¢ [ g@)E(de) =
w&C

Since every procedure § which is Bayes with respect to £ gives rise to a risk func-
tion in R;, and since every such procedure must therefore have Bayes risk >e
relative to &, it follows that g is Bayes relative to £ and the class of all procedures 5.

That completes the proof.
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