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CHAPTER 1V

Theory of Ordinary Differential Equations and Systems

Abstract. This chapter treats the theory of ordinary differential equations, both linear and nonlinear.
Sections 14 establish existence and uniqueness theorems for ordinary differential equations.
The first section gives some examples of first-order equations, mostly nonlinear, to illustrate certain
kinds of behavior of solutions. The second section shows, in the presence of continuity for a vector-
valued F satisfying a “Lipschitz condition,” that the first-order system y’ = F (¢, y) has a unique
local solution satisfying an initial condition y(#)) = yo. Since higher-order equations can always be
reduced to first-order systems, these results address existence and uniqueness for n'"-order equations
as a special case. Section 3 shows that the solutions to a system depend well on the initial condition
and on any parameters that are present in F'. Section 4 applies these results to existence of integral
curves for a vector field and to construction of coordinate systems from families of integral curves.
Sections 5-8 concern linear systems. Section 5 shows that local solutions of linear systems may
be extended to global solutions and that in the homogeneous case the vector space of global solutions
has dimension equal to the size of the system. The method of variation of parameters reduces the
solution of any linear system to the solution of a homogeneous linear system. Sections 67 identify
explicit solutions to n'"-order linear equations and first-order linear systems. The “Jordan canonical
form” of a square matrix plays a role in the case of a system. Section 8 discusses power-series
solutions to second-order homogeneous linear equations whose coefficients are given by convergent
power series, as well as solutions that arise in the case of regular singular points. Two kinds of special
functions are mentioned that result from this study —Legendre polynomials and Bessel functions.

1. Qualitative Features and Examples

To introduce the subject of ordinary differential equations, this section gives
examples of some qualitative features and complicated phenomena that can occur
in such equations.

If F is a complex-valued function of n + 2 variables, a function y(#) is said to
be a solution of the ordinary differential equation

Ft,y,y,y" . ....,y"™)y=0
of m™ order on the open interval (a, b) if

Ft,y®),y'®),....,y™ 1) =0
218



1. Qualitative Features and Examples 219

identically for a < ¢ < b. The equation is “ordinary” in the sense that there is
only one independent variable. The equation is said to be linear if it is of the
form

an(OY™ + a1 (YD + a0y +aot)y = q (1),

and it is homogeneous linear if in addition, g is the O function. A linear ordinary
differential equation has constant coefficients if a,, (), . . . , ap(¢) are all constant
functions.

Let us come to examples, which will point toward the enormous variety of
phenomena that can occur. We stick to the first-order case, and all the examples
will have F real-valued. Let us look only for real-valued solutions. Pictures
indicating the qualitative behavior of the solutions of each of the examples are in
Figure 4.1.

EXAMPLES.

(1) Simple equations can have relatively complicated solutions. This is already
true for the equation

v =1/t on the interval (0, 4+00).

Integration shows that all solutions are of the form logs + ¢; on an interval
of negative t’s, the solutions are of the form log |t| 4+ ¢. The ¢ comes from a
corollary of the Mean Value Theorem that says that a real-valued function on
an open interval with O derivative everywhere is necessarily constant.! Another
example, but with no singularity, is y’ = #y. To solve this equation on intervals
where y(¢) # 0, write y'/y = ¢, so that log|y| = %tz +a and |y| = ee!’/?,
Thus y(¢) = ce’ /2, with ¢ # 0 constant, on any interval where y(¢) is nowhere
0. The function y(¢) = 0 is a solution as well, and all real solutions on an interval
are of the form y(¢) = ce’’/? with ¢ real. See Figures 4.1a and 4.1b.

(2) Solutions may not be defined on obvious intervals. For the equation

ty' +y =sint,
we can recognize the two sides as % (ty)and % (—cost). Thereforety = c—cost.
Dividing by 7, we obtain y(r) = <=%! on any interval that does not contain
0. What about intervals containing ¢+ = 0? If we put + = 0 in the formula
ty = ¢ —cost, we see that c must be 1. In this case we can define y(0) = O there,
and then y’(0) exists. We obtain the additional solution

1 —cost fort 0

. or ,

y(t) = t

0 fort =0,

on any open interval containing 0. Figure 4.1c shows graphs of some solutions.

ISee Section A2 of Appendix A for further information.
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FIGURE 4.1. Graphs of solutions of some first-order ordinary differential
equations: (a)y’ =1/, (b)y' =1ry, (¢)ty' + y =sint,
@y =y+1L @y =y, Oy=y"

(3) Even if the equation seems nice for all ¢, the solutions may not exist for all
t. An example occurs with

Y=y +1,

which we solve by the steps %(arctan y)=l,arctany =t + ¢, y = tan(¢ + ¢).
The solutions behave badly when ¢ + ¢ is any odd multiple of /2. Solutions
are defined at most on intervals of length ;. Figure 4.1d shows graphs of some
solutions for this example.

(4) Some solutions may look quite different from all the others. For example,
with
y =3y,

1
we solve by —1/y =t 4 ¢ for y # 0, so that y(t) = TIre Also, y(t) =0 is
c
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a solution. Here the solutions of the form y(¢) = — % are not defined for all ¢,

but the solution y(#) = 0 is defined for all . We might think of y(z) = O as the
limiting case with ¢ tending to £00. Figure 4.1e shows graphs of some of the
solutions for this example.

(5) New solutions can sometimes be pieced together from old ones. For
example, the equation 23
/!
y'=y
is solved where y # 0 by the steps y2°y’ = 1, 3y!3 =t + ¢, and y(t) =
2—17(1,‘ +¢)>. Butalso y(t) = 0 is a solution. In fact, we can piece solutions of
these types together. For example, the function

(14 13 fort < —1,
yit)=140 for —1 <t <0,
%ﬁ for0 < ¢,

is a solution on (—oo, +00). Figure 4.1f shows graphs of some of the solutions
for this example.

One thing that stands out in the above examples is that the set of solutions seems
to depend, more or less, on a single parameter c. The inference is that nothing
much worse than the ¢ occurs because somewhere an integration is taking place
and the Mean value Theorem is controlling how many indefinite integrals there
can be. One way of trying to quantify this statement about how the number of
solutions is limited is to say that for any fixed ¢t = 7y and given real number Yy,
there is only one solution y(¢) near #o with y(ty) = yo. This statement is not quite
accurate, however, as Example 5 shows. The uniqueness theorem in Section 2
will give a precise result. The data (¢, yo) are called an initial condition.

Something else that stands out, although perhaps not without the visual aid of
the graphs of solutions as in Figure 4.1, is that the graphed solutions appear to fill
the entire part of the plane corresponding to the #’s under study. In the framework
of the previous paragraph, the statement is that for any fixed + = fy and given
real number yj, there exists a solution y(¢) near fy with y(¢) = yo. The existence
theorem in Section 2 will give a precise result.

WEAK VERSION OF EXISTENCE AND UNIQUENESS THEOREMS. Let D be a
nonempty convex open set in R?, and let (fy, yo) bein E. If F : D — Risa
continuous function such that %F (¢, y) exists and is continuous in D, then for
any sufficiently small open interval of #’s containing 7y, the equation y’ = F' (¢, y)
has a unique solution y(z) with y(ty) = yo such that the graph of t > y(¢) lies
in D.
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An improved theorem, together with a proof, will be given in Section 2. The
proof of existence uses “Picard iterations,” and the idea is as follows. First we
convert the differential equation into an equivalent integral equation

y () :f F(s, y(s))ds + yo.

Second we use the right side as input and the left side as output to define successive
approximations to a solution:

yo(?) = yo,

yl(t)Z/ F(s, yo(s)) ds + yo,

Ya+1(1) :/ F(s, yn(s)) ds + yo.

Third we use the Weierstrass M test to show that the series with partial sums
yw() = yo + Zﬁ/:l (Y (t) — yu—1(2)) is uniformly convergent. If the limiting
function is denoted by y(¢), we check that y(¢) satisfies the integral equation from
which we started. Hence y(#) is a solution of the differential equation.

2. Existence and Uniqueness

In this section we state and prove the main existence and uniqueness theorems for
solutions of ordinary differential equations. First let us establish an appropriate
setting more general than the one in Section 1.

The examples in Section 1 were all of the first order. They could all have
been written in the form y = F (¢, y) with F real-valued, and we considered
real-valued solutions y (7). From equations as simple as y” + y" + y = 0, whose
real-valued solutions are

y(t) = aje”'? cos(tx/§/2) + are™'? sin(t«/§/2),
we know that it can be easier to work, at least initially, with complex-valued

solutions. In this particular case, it is easier as a first step to find all complex-
valued solutions, namely

y(t) = crexp (3(—1 -I—i\/g)t) + caexp (5(—1 —i\/g)t),
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and then to extract the real-valued solutions from them. The solution method,
which will be discussed in more detail in Section 6 below, involves finding all
complex solutions of a certain polynomial equation with real coefficients, and the
method is more natural if the coefficients of the polynomial equation are allowed
to be complex.

Thus right away, it is natural to consider first-order equations y’ = F (¢, y)
with F complex-valued and to look for complex-valued solutions. The theory in
Chapter III avoided working with functions of several variables in which some of
the variables are complex, and we can update the theory of Chapter III here. The
technique, which is to consider the complex variable y as two real variables Re y
andIm y, is again applicable. Thus we have only to think of F (¢, y) as a function of
three real variables, even if we do not separate y into its two components in writing
F(t,y), and the theory of Chapter III applies directly. In adopting the point of
view that y is actually two real variables, we need to apply the same consideration
to y’, and we are led to view y' = F(¢, y) as a system of two simultaneous
equations, namely Re y’ = Re F (¢, y) and Imy’ = Im F (¢, y). This viewpoint
merely makes our functions conform to the prescriptions of Chapter III. It is not
necessary to work with the expanded notation; all we have to remember is that in
this part of the theory we never differentiate a function with respect to a complex
variable.

The utility of allowing y' = F(¢, y) to represent a system of ordinary dif-
ferential equations has, in any event, been thrust upon us. Let us consider the
notion of a system a bit more. With a little trick the second-order equation
y"+ ¥ +y = 0 can itself be transformed into a system, quite apart from the issue
of real vs. complex variables. The trick is to introduce two unknown functions
uy and uy to play the roles of y and y’. Then u; and u, satisfy u» = u) and

wy =uy{ =y" = —y —y = —up —uy. Inother words, u; and u, satisfy the
system
i
ul = U,
uy = —uy — up.

Conversely if u)(¢) and u;,(¢) satisfy this system of equations, then y(¢) = u(¢)
is a solution of y” + y’ + y = 0. In this way, the given second-order equation is
completely equivalent to a certain system of two first-order equations with two
unknown functions.

Let F be a function defined on an open set D of R x C*” and taking values
in Ck. A C*-valued function y(z) = (y1(¢), ..., y(2)) is said to be a solution
of the system F(¢,y,y’,...,y"™) = 0 of k ordinary differential equations of
order m in the open interval (a, b) if F(t, y(t), Y (1), ..., y"™) = 0 identically
fora <t <b.

We saw that the single second-order equation y” + y’ + y = 0 is equivalent to
a certain first-order system of two equations, and the technique for exhibiting this
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equivalence works more generally: a system of k equations of order m that has
been solved for the m™-order derivatives is equivalent to a system of km equations
of first order.

We shall consider first-order systems of the form y’ = F(z, y), where F is
continuous on an open subset D of R x C" and takes values in C". The example
y’ = y*3 in Section 1 fits these hypotheses, and we saw that the hoped-for
uniqueness fails for this equation. In the weak theorem stated at the end of
Section 1, an additional hypothesis was imposed in order to address this problem:
for y/ = F(¢, y) with only real-valued solutions of interest, the hypothesis is
that 0 F/dy exists and is continuous on the domain D of F. Generalizing this
condition presumably means saying something about partial derivatives in each
of the directions y; for 1 < j < n. In addition, we must remember the injunction
against differentiating with respect to complex variables. Thus we really expect
a condition concerning 2n first-order derivatives. Fortunately there is an easily
stated less-stringent condition that is nevertheless good enough. The condition is
that F' satisfy a Lipschitz condition in its y variable, i.e., that there exist a real
number k such that

|F(t, y1) — F(t, y2)| < kly1 — y2I

for all pairs of points (¢, y;) and (¢, y,) in the domain D of F.
If F is areal-valued continuous function of two real variables with a continuous
partial derivative in the second variable, then the Mean Value Theorem gives

oF
F(t,y1) — F(t, y2) = (1 — y2) 5(1,5)

with £ between y; and y,, provided the line segment from (¢, y;) to (¢, y;) lies in
the domain D of F. The partial derivative is bounded on any compact subset of
D, and thus F satisfies, on any compact convex subset of D, a Lipschitz condition
in the second variable.

Theorem 4.1 (Picard-Lindelof Existence Theorem). Let D be a nonempty
open set in R! x C", let (f, yo) be in D, and suppose that F : D — C" is
a continuous function such that F (¢, y) satisfies a Lipschitz condition in the y
variable and has |F (¢, y)| < M on D. Let R be a compact set in R' x C" of the
form

R={t,y)]|lt —t| <aand|y — yo| < b},

and suppose that R is contained in D. Put @’ = min{a, b/M}. Then there exists
a solution y(z) of the system
Y =F(ty)

on the open interval |t — #y| < @’ satisfying the initial condition

y(to) = yo.
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REMARKS. A variant of Theorem 4.1 takes D to be in R! x C”" but insists
only on continuity of F, not on the Lipschitz condition. Then a local solution still
exists for |t —fy| < a@’. This better result, known as the “Cauchy—Peano Existence
Theorem,” appears in Problems 20-25 at the end of the chapter and is proved by
an argument using Ascoli’s Theorem. However, Example 5 in Section 1 shows
that there is no corresponding uniqueness theorem, and within the text we omit the
proof of the better existence theorem. Another variant of Theorem 4.1 assumes
that the domain D of a given Fy lies in R! x R", Fy takes values in R”, and yy is
inR". Then y’ = Fg(¢, y) has a solution y(¢) such that y(fy) = yo and the range
of y is R". In fact, when Fy satisfies a Lipschitz condition in the y variable, this
variant is a consequence of Theorem 4.1 as stated. To derive this variant, one
extends the given function Fr from the subset of R! x R” to a subset of R! x C”
by making it constant in Im y. Specifically the new system is y' = F (¢, y) with
F(t,y) = Fr(z,Rey), and the initial condition remains as y(#) = yo. The part
of the system corresponding to equations for Im y’ is just Imy’ = 0, since F is
real-valued, and therefore Im y(¢) is constant. Since yy is real, Im y(¢) must be
0. Thus Theorem 4.1 yields a solution y(#) with range R" under these special
hypotheses.

PROOF. The first step is to see that the set of differentiable functions ¢ — y(t)
on |t — ty] < a’ satisfying y’ = F(¢, y) and y(fy) = y is the same as the set of
continuous functions ¢ > y(¢) on |t — 15| < a’ satisfying the integral equation
y(0) = [y F(s.y(5))ds + yo.

If y is differentiable and satisfies the differential equation and the initial con-
dition, then y is certainly continuous and hence s — F (s, y(s)) is continuous.
Then ft:) F (s, y(s)) ds is differentiable by the Fundamental Theorem of Calculus

(Theorem 1.32), and the differential equation shows that y(¢) and ft:) F(s,y(s))ds
have the same derivative for |t — 7| < a’. Thus they differ by a constant. The
constant is checked by putting ¢ = fy, and indeed y satisfies the integral equation.

Conversely if y is continuous and satisfies the integral equation, then
s — F (s, y(s)) is continuous, and the Fundamental Theorem of Calculus shows
that ft; F(s, y(s))ds is differentiable. This function equals y(t) — yo by the
integral equation, and hence y is differentiable. Differentiating the two sides of
the integral equation, we see that y satisfies the differential equation. Also, if
we put ¢ = £y in the integral equation, we see that y satisfies the initial condition
y(t) = Yo.

Thus it is enough to prove existence for a continuous solution of the integral
equation. For fp —a’ <t <ty + d’, define inductively

Yo(t) = Yo, t
y1(®) = yo +/ F(s,yo(s))ds,

fo
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t

Ya(t) = Yo +f F(s, yn-1(s)) ds,

o

with the usual convention that ft; = — ftto. Let us see inductively that the graph
of y,(¢) lies in the set

R ={@ y) |t —t| <a and |y — yo| < b},

for |t — 10| < a’. The graph of yo(1) = yo is just {(z, y0) | It — 10| < @'},
and this lies in R’. The inductive hypothesis is that (¢, y,_1(¢)) lies in R’ for
{(.y0) | 1t = to| < a’}. Then

t
[yn (@) — yol = / F(s, yn_l(s)ds‘ < M|t —ty] < Ma" <b,

o

and therefore (¢, y,(¢)) lies in R’ for |t — fp| < a’. This completes the induction,
and hence the graph of y, () lies in R’ for |t — to] < a'.
Now write

N
IN@) = yo(0) + Y [yn(®) = ya1 ()]

n=1

for N > 0. We shall use the Weierstrass M test (Proposition 1.20), adapted to a
series of functions with values in C", to prove uniform convergence of this series.
Thus we are to bound |y, () — y,—1(¢)|, and we shall do so inductively forn > 1.
We start from the inequality |F (¢, y)| < M on R’ and the Lipschitz condition

|F(t,yi () = F(t, yi-)| < kly;(t) = yj1 ()] for j = 1.

Say that #p < x < fp + a’ for definiteness. Then

9@ =001 = | [ Fes 300 ds| = Mt - 10)

and

[y2() = y1 ()| =

[ tFen60 = Fes s

5/ F (s, y1(5)) — Fs. yo(s))] ds
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t
< / klyi(s) — yo(s)lds
to

t
< / kM(s — ty)ds from the previous display
fo

Mkt — 19)*
B 20
Now we carry out an induction. The base case is the estimate carried out above for
|y1(t) — yo(¢)|. The estimate for |y, (¢) — y; (¢)| suggests the inductive hypothesis,
namely the inequality
Mkn—Z(t _ to)n_l
(n—1)!

|yn—1(t) - yn—2(t)| =<
Then we have

[y (@) — yn-1 ()] < / |F (s, yo—1(s) — F(t, yn—2(5))| ds

t
< / klyn—1(s) — yn—2(s)|ds
to

L —10)"! .
< Mk"~ ———ds by inductive hypothesis
w (m—1!
MK — 1)
N n! ’

and the induction is complete. The argument when zy —a’ < t < 1y is completely
similar, and the form of the estimate for the two cases combined is

MKt — 1" .
|yn () = yn—1()| = B E— for |t — 1| = a’.
There is no harm in assuming that k is > 0, and consequently
M kn(a/)n
[Yn () — Y1 (D] = —
k n!

independently of 7. Since Y2 (n)~'k"(a")" = ek is finite, the M test applies
and shows that our series converges uniformly.

Thus yy (¢) converges uniformly for |t — #y| < a@’, necessarily to a continuous
function. We call this function y(¢). For |t — to] < a’, we have

/F(S,y(S))dSZ/ [F(s, y(s)) — F(t, yN(S))]dS+/ F(s, yn(s)) ds

_ / [F (s, y()) = F (s, yw()1ds + yna1(t) — yo.
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On the right side, we have limy[yy4+1(t) — yo] = y(t) — yo. Because of the
Lipschitz condition the absolute value of the first term on the right side is

<d'k sup |y() —yn (),

[t—to|<a’

and this tends to 0 as » tends to infinity. Thus

/ E(s, y(s))ds = y(t) — yo,

and y(¢) is a continuous solution of the integral equation. O

Theorem 4.2 (uniqueness theorem). Let D be a nonempty open setin R! x C",
let (fo, yo) be in D, and suppose that F' : D — C”" is a continuous function such
that F (¢, y) satisfies a Lipschitz condition in the y variable. For any a” > 0,
there exists at most one solution y(¢) to the system

y =F(ty)

on the open interval |t — #y| < a” satisfying the initial condition

y(to) = yo.

PROOF. As in the proof of Theorem 4.1, it is enough to prove uniqueness for the
integral equation. Suppose that y(#) and z(¢) are two solutions for |t — 7y| < a”.
Fix € > 0. Then |y(¢) —z(¢)| is bounded by some constant C for |t —fy| < a” —e,
and F is assumed to satisfy a Lipschitz condition | F (¢, y;) — F (¢, y2)| < k|y1—y2|
on D.

We argue as in the proof of Theorem 4.1, working first for £y < ¢ and starting
from

ly(@) —z(Ol = C

and from
ly(@) —z(0)| = ’/ [F(s, y(s)) — F(s, z(s))]ds
fo

5/ |F (s, y(s)) — F(s, 2(5))| ds

To

5/ kly(s) —z(s)|ds

)

< Ck(t — 1p).
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Inductively we suppose that

Ck" ' (t — 19)"""

. (n— 1! ’
Then ly(@) — z(1)] 5/ |F (s, y(8)) — F(s, z(s))| ds

fo

ly(@) —z(0)| <

t
S/ kly(s) — z(s)|ds
fo
t _ n—1 nes n
< Ckn (s — xo0) ds — CK'(t — ty) ,
n @—=1! n!

and thus |y(¢) — z(t)| < C(n!)~'k"(t — to)" for all n. A similar estimate is valid
for t < ty, and the combined estimate is

Ck™t — 1"
ly(#) — z(1)] < —
n!
Since Y C(n!)~'k"|t — ty|" converges, the individual terms tend to 0. Therefore
y(@®) = z(¢) for |t —1p| < a” —e. Since € is arbitrary, y(¢) = z(¢) for |t —1y| < a”.
d

3. Dependence on Initial Conditions and Parameters

In abstract settings where the existence and uniqueness theorems play a role, it
is frequently of interest to know how the unique solution depends on the initial
data (tp, yo) such that y(#p) = yo. To quantify this dependence, let us write the
unique solution corresponding to y’ = F(t, y) as y(¢, ty, yo) rather than y(z).
We continue to use y’ to indicate the derivative in the # variable even though the
differentiation is now actually a partial derivative.

Theorem 4.3. Let D be a nonempty open set in R! x C", let (¢, y*) be in D,
and suppose that F' : D — C" is a continuous function such that F (¢, y) satisfies
a Lipschitz condition in the y variable. Let R be a compact set in R! x C" of the
form

R={@y |t —t*| <aand|y—y*| < b},
suppose that R is contained in D, and let M be an upper bound for |F| on R. Put
a’ = min{a, b/M}. If |ty — t*| < a’/2 and |y — y*| < b/2, then there exists a
unique solution z > y(t, to, yo) on the interval |t — ty| < a’/2 to the system and
initial data
Yy =F(t,y) and y(t, to, o) = o,
and the function (z, f9, yo) > y(t, to, Yo) is continuous on the open set
U={{t10.y0) |t —tol <a'/2, lto —t*| <d'/2, |yo— y*| < b/2}.
If F is smooth on D, then (z, ty, yo) — y(¢, ty, Yo) is smooth on U.



230 1V. Theory of Ordinary Differential Equations and Systems

REMARK. Itis customary to summarize the result about continuity qualitatively
by saying that the unique solution depends continuously on the initial data.

PROOF OF CONTINUITY. Let us first check that there is indeed a unique solution
for each pair (%, yo) in question and that its graph, as a function of 7, lies in

R ={@t,y)|lt —r*| <a’and |y — y*| < b}.

For this purpose, fix fy and yy with |t — t*| < a//2 and |y — y*| < b/2. Use
of the triangle inequality shows that the closed set with |t — 7| < a’/2 and
|y — yo| < b/2 lies within R. Thus |F| < M on this set. Theorem 4.1 shows
that there exists a solution with graph in this smaller set for |t — #y| < a”, where
a” = min{a’/2, (b/2)/M}. Now

min{a’/2, b/(2M)} = $ min{a’, b/M} = 1d/,

and hence there exists a solution for |t — fy| < a’/2 with graph in R. This solution
y(¢, ty, yo) is unique by Theorem 4.2, and it is the result of the construction in the
proof of Theorem 4.1.

The idea is to trace through the construction in the proof of Theorem 4.1 and
to see that the function (¢, ty, yo) — Y (%, fo, yo) is the uniform limit of explicit
continuous functions on U. Imitating a part of the proof of Theorem 4.1, we
define, for (¢, ty, yo) in U,

Yo(t, o, Yo) = Yo,

t

Wit 1o, y0) = yo +/ F (s, Yo(s. f0, y0)) s,

fo

t
ym(t, 0, Yo) = Yo +/ F (s, ym-1(s, t0, yo)) dss.
To

We shall show by induction that y,(¢, ty, yo) is continuous on U. Certainly
yo(t, to, o) is continuous on U.

For the inductive step we need a preliminary calculation. Let /; be the closed
interval between 7y and ¢, and let I; be the closed interval between ¢ and ¢'.
Suppose we have two functions fi and f, of a variable s such that

(i) fi is defined for s between ty and ¢ with | f1] < M there,
(ii) f> is defined for s between #) and ¢’ with | f| < M there, and
(iii) | f1(s) — f2(s)| < € on their common domain.

If @’ is > the maximum distance among #o, ¢, 7, t’, let us show that

\/ fl(s)ds—/ ) ds| < Mty — gl + 1t =) +de. ()
fo 1



3. Dependence on Initial Conditions and Parameters 231

To show this for all possible order relations on the set {, t{), t,t'}, we observe
that there is no loss of generality in assuming that 7y is the smallest member of
the set. There are then six cases.

Case 1. ty < tj <t < t, so that (iii) applies on [z, t']. Then

/ Fi(s)ds— / hs)ds = / " fi(s)ds+ / (fi(s)— fo(s)) ds+ / fi(s) ds

and hence

t t
/fl(s)ds_/ fa(s)ds| < Mty — to] + €|t’ — 1o + M|t —1'].
fo 1

Therefore () holds in this case.
Case 2. ty < tj <t <1, so that (iii) applies on [z, t]. Then

f fils)ds— f fs)ds = / "fi(s)ds+ f (fi(s) = fa(s)) ds — f f(s)ds,

and hence
t t
‘/ fl(s)ds—/ fg(s)ds’ < Mt} — 1o + €|t — 8| + M7’ —1].
to I(/)

Therefore () holds in this case.
Case3. ty <t <t <t. Then

t
\/ fl(s)ds’ < M|t —10] < M(|ty — 1ol — Ity — 1'])
to

and

l/
/ fa(s)ds| < Mgy — 1.
1

so that () holds in this case.
Case4. ty <t <t} <t. Then

t
[ irds| = Mie = ol = a5 o + 1t = 5
fo

and

p
/ fz(S)dS‘ <Mt — gl =Mt —1'| — |t — 1),
1

so that (x) holds in this case.
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Case5. tp <t <t) <t Then

t
[ £)ds| = Mie = ] < b1 =
fo
t/
and ‘/ fg(s)ds‘ < Mlt' — )| < M|t —1],
%

so that () holds in this case.
Case 6. tg <t <t <. Then

t
\/ fr(s)ds| < M1t — ol = MUl — tol — Ity — 1)
fy
l/
and ‘/ fz(s)ds‘ < Mt — | = M(t) — 1] + 11 — 1)),
§

so that (x) holds in this case.

With (x) proved we can now proceed with the inductive step to show that
va(t, to, Yo) is continuous on U. Thus assume that y, (¢, fy, yo) is continuous
on U. If (¢, to, yo) and (¢', ;, y,) are in U, then

Yn(ty tO’ YO) - Yn(t/’ t(;v ,V(/))
¢

t
= (yO - yé) + / F(S9 yn—l(sv tOs y())) ds - / F(Sv )’n—l(S, t(/)v )’(/)))ds

/

fo Iy

t t
= (o — ¥)) +/ fi(s)ds — / fa(s)ds,
lo f
where fi(s) = F(s, yo-1(s, 10, y0)) and fo(s) = F (s, yu—1(s, 1y, ¥p)). Thus (%)
gives
|ya(t, 20, o) — Yu(t', 15, Yo)| < [y0 — Yol + M (o — 1ol + |t = 1']) +d’e  (3%)

if € is chosen such that | f1(s) — f2(s)| < € on the common domain of f and f;.
Let € > 0 be given, and choose some § > 0 for uniform continuity of F on
the set R. By uniform continuity of y,_;, choose n > 0 such that

|)’n—1(sa tOv yO) - yn—l(sa t(/)9 y(/))l < 6 Whenever |(S, th yo) - (S, 1(39 y(/))| < 77

Then |(s, fo, yo) — (5, 1y, ¥5)| < n implies | fi(s) — f2(s)| < € on the common
domain of f; and f>, and hence (x*) holds. Therefore y, is continuous as a
function on U. This completes the induction.
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We know that y, (, 79, yo) converges to a solution y(z, #y, yo) uniformly in # if
(t0, yo) is fixed. Let us see that the convergence is in fact uniform in (¢, tg, yo)-
The proof of Theorem 4.1 yielded the estimate

M kn(a/)n
|)’n(t, tOv yO)_yn—l(t, tO? y0)| =< ? n! )

and this is independent of (¢, 7y, yo). Therefore the Weierstrass M test shows
that y, (¢, t9, yo) converges to y(t, fy, ¥p) uniformly on U. The uniform limit of
continuous functions is continuous by Proposition 2.21, and hence y(¢, #y, yo) is
continuous. O

PROOF OF SMOOTHNESS. Under the assumption that F is smooth on D, we are to
prove that y(¢, t, yo) is smooth on U. We return to the earlier proof of continuity
of y(¢, ty, yo) and show that each y,(z, ty, yo) is smooth. This smoothness is
trivial for n = 0, we assume inductively that y,_; (¢, t, yo) is smooth, and we

form .

ya(t, 10, Y0) = Yo +/ F (s, yn—1(s, to, yo)) ds.
fo

The function on the right side is the composition of (¢, #y, yo) —> (¢, to, to, Yo) fol-
lowed by (z, t9, S0, Yo) > ftf) F (s, ya—1(s, 0, o)) ds. The chain rule (Theorem
3.10), the Fundamental Theorem of Calculus (Theorem 1.32), and Proposition
3.28 allow us to compute partial derivatives of this function, and another argument
with (x) allows us to see that the partial derivatives are continuous. There is no
difficulty in iterating this argument, and we conclude that y, (¢, fy, yo) is smooth.

The same argument in the proof of Theorem 4.1 that enabled us to estimate
the size of y, (¢, to, Yo) — Yn—1(t, to, yo) allows us to estimate any iterated partial
derivative of this difference. New constants enter the estimate, but the qualitative
result is the same, namely that any iterated partial derivative of y, (¢, #y, yo) con-
verges uniformly to that same iterated partial derivative of y(z, #, yo). Applying
Theorem 1.23, we see that y(¢, t, yo) is smooth. O

CONCLUDING REMARK. Sometimes a given system y’ = F (¢, y) with initial
condition y(#p) = yo involves parameters in the definition of F', so that effectively
the system is y' = F (¢, y, Af, ..., Ax). A natural problem is to find conditions
under which the dependence of the solution on the k parameters is continuous or
smooth. The answer is that this problem can be reduced to the problem addressed
by Theorem 4.3. We simply introduce k additional variables z;, one for each
parameter A;, together with new equations z;- = 0 and new initial conditions

Zj(t()) = )\,j.
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4. Integral Curves

If U is an open subset of R”, then a vector field on U may be defined as a function
X : U — R". The vector field is smooth if X is a smooth function. In classical
notation, X is written X = Z;’:l aj(x1, ..., %) %, and the function carries
(X1, ..., xy) to (@r(xy, ..oy Xp),y -, an(x1, ..., xy)). The traditional geometric
interpretation of X is to attach to each point p of U the vector X (p) as an arrow
based at p. This interpretation is appropriate, for example, if X represents the
velocity vector at each point in space of a time-independent fluid flow.

In Chapter II we defined the term “path” in a metric space to mean a continuous
function from a closed bounded interval of R! into the metric space. Then in
Chapter III we used the term “curve” to refer to any continuous function from
an interval, not necessarily closed, into R". In this chapter the term curve in a
metric space will be used to refer to a continuous function from an open interval
of R! into the metric space.

A standard problem in connection with vector fields on an open subset U of
R? is to try to draw curves within U with the property that the tangent vector
to the curve at any point matches the arrow for the vector field. An illustration
occurs in Figure 4.2. This section abstracts and generalizes this kind of curve.

g
o

FIGURE 4.2. Integral curve of a vector field.

Let X : U — R” be a smooth vector field on U. A curve c¢(¢) is an integral
curve for X if ¢ is smooth (i.e., of class C*®) and ¢’(t) = X (c(¢)) for all ¢ in
the domain of c. Depending on one’s interpretation of the informal wording in
the previous paragraph, the present definition is perhaps more demanding than
the definition given for R? above: the expression c’(¢) involves both magnitude
and direction, and the present definition insists that both ingredients match with
X (c(t)), not just the direction.

Proposition 4.4. Let X : U — R” be a smooth vector field on an open subset
U of R”, and let p be in U. Then there exist an ¢ > 0 and an integral curve
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¢ : (—e&,&) — U such that ¢(0) = p. Any two integral curves ¢ and d for X
having ¢(0) = d(0) = p coincide on the intersection of their domains.

PROOF. Apart from the smoothness the first conclusion is just a restatement
of a special case of Theorem 4.1 in different notation. The conditions on ¢ are
that ¢ be a solution of ¢’ = X(c) and that ¢(0) = p. The existence of a solution
is immediate from Theorem 4.1 if we put F = X, c = y, tp = 0, and yp = p.
The way in which this application of Theorem 4.1 is a special case and not the
general case is that F' is independent of ¢ here. The smoothness of ¢ follows from
Theorem 4.3, and the uniqueness follows from Theorem 4.2. O

The interest is not only in Proposition 4.4 in isolation but also in what happens
to the integral curves when X is part of a family of vector fields.

Proposition 4.5. Let X M .., X be smooth vector fields on an open subset
U of R", let p bein U, and let V be a bounded open neighborhood of 0 in R™. For
AinV,putX, = Z;"zl A X (), Then there exist an ¢ > 0 and a system of integral
curves c(t, 1), defined fort € (—e, ¢) and A € V, such thatc(-, X) is an integral
curve for X, with ¢(0, A) = p. Each curve c(¢, A) is unique, and the function
c:(—e,&) x V= U is smooth. If m = n, if the vectors XD (p), ..., X" (p)
are linearly independent, and if § is any positive number less than ¢, then the
Jacobian matrix of A > ¢(§, A) at A = 0 is nonsingular.

REMARK. In the final conclusion of this proposition, the open neighborhood
of 0 within V is allowed to depend on é. It follows from the final conclusion that
the Inverse Function Theorem (Theorem 3.17) and its corollary (Corollary 3.21)
are applicable to the mapping A +— c(8, 1) at A = 0. These results produce a
smooth inverse function carrying an open subneighborhood of 0 within V onto
an open subneighborhood of p of U. In effect the inverse function assigns locally
defined coordinates in A space to a neighborhood of U.

PROOF. We set up the system of equations ¢’ = X oc, i.e.,
9 )]
¢ => 14X,
=1

with initial condition ¢(0) = p. This is a smooth system of the kind considered
in Theorem 4.3, and the A; with 1 < j < m are parameters. The parameters
are handled by the concluding remark in Section 3: we obtain unique solutions
c(t, 1) for ¢ in some open interval (—¢, €), and (¢, A) — c(¢, A) is smooth.

Now suppose that m = n, that the vectors XV(p), ..., X (p) are linearly
independent, and that 0 < § < . The function ¢ satisfies

. 1) =Y 21X (et 1)), (%)
=1

J
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and we use this information to compute the Jacobian matrix of A — ¢(§, 1) at
A = 0. The Fundamental Theorem of Calculus, Proposition 3.28, and (x) give

ac; ac; 5 dc]
— (@, A)=—00,0)+ | =L@, Ardt
o A

A A
dc; a s
= — N, A de
oy ©0,2) + 5y / c;(t, 1)
dci () 7w
= 0,0+ Xi (et dt+ Y h— | X, 1) dr.
iy 0 =" 9x; Jo

Now ¢;(0, 1) = p; forall A, and hence 3 de (0 )L)|A 0= = 0. Also, c(t, 0) is constant
in ¢ by (x), and the constant is ¢(0, 0) = p. Finally when A is set equal to 0 in
the term ) ;_, )‘kai)\j f()s X,.(k) (c(t, A)) dt, each A, becomes 0, and thus the whole
term becomes 0. Thus the above equation specializes at L = 0 to

dac;
oAj

s, A)| = 0+5XY(p) +0.

The vectors X /) (p) are by assumptlon linearly independent, and hence the de-

terminant of the matrix [X ( p)] is not 0. Consequently the Jacobian matrix
A+ ¢(8, A) at A = 0 is nonsingular if § £ 0. O

5. Linear Equations and Systems, Wronskian

Recall from Section 1 that a linear ordinary differential equation is defined to
be an equation of the type

an)y? + a1 YV 4+ art)y + ao(t)y = q(t)

with real or complex coefficients. The equation is homogeneous if g is the 0
function, inhomogeneous in general. In order for the existence and uniqueness
theorems of Section 1 to apply, we need to be able to solve for y™ and have all
coefficients be continuous afterward. Thus we assume that a,(r) = 1 and that
ay—1(t),...,ao(t) and g(¢) are continuous on some open interval.

Even in simple cases, the theory is helped by converting a single equation to a
system of first-order equations. In Section 1 we saw an indication that a way to
make this conversion is to put
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yi=y )’i =¥
=y Yy =3
and get
Yno1 =y Yooi = Yn
yu =y b Y, = —ao(t)y1 — - — an_1Yn + q(2).

If we change the meaning of the symbol y from a scalar-valued function to the
vector-valued function y = (yy, ..., ¥»), then we arrive at the system

y =A@y + 0(),

where A(¢) is the n-by-n matrix of continuous functions given by

0 1 0 0
0 0 1 0
A@t) = : : :
0 0 0 1
—ap(t) —ai(t) —ax(@®) -+ —ay,—1(0)

and Q(t) is the n-component column vector of continuous functions given by

0
0
o) =
0
q(t)

In a general linear first-order system of the kind we shall study, A(¢) can be
any n-by-n matrix of continuous functions and Q(¢) can be any column vector
of continuous functions; thus the first-order system obtained by conversion of a
single n™-order equation is of quite a special form among all first-order linear
systems.

For a system y' = A(¢)y + Q(¢) as above, the Lipschitz condition for the
function F (¢, y) = A(t)y 4+ Q(#) is automatic, since

|F(t,y) — F(t,y")| = |[A@0)(y — y)| < IAD) |y — y*|

and since the function ¢ — || A(¢)] is bounded on any compact subinterval of our
domain interval. By the uniqueness theorem (Theorem 4.2), a unique solution
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to the system is determined by data (fy, yp), the local solution corresponding to
(t0, yo) being the one satisfying the initial condition that the vector y(fy) equal the
vector yy. If we track down what these data correspond to in the case of a single
n-order equation, we see that a unique solution to a single n"-order equation
of the kind described above is determined by initial values at a point 7y for the
scalar-valued solution and all its derivatives through order n — 1.

First-order linear systems of size one can be solved explicitly in terms of known
functions and integrations. Specifically the single homogeneous first-order equa-
tion ¥ = a(t)y is solved by y(r) = cexp (f' a(s)ds), and the solution of a
single inhomogeneous first-order equation can be reduced to the homogeneous
case by the variation-of-parameters formula that appears later in this section.
However, there need not be such an elementary solution of a first-order linear
system of size two, not even a system that comes from a single second-order
equation. Elementary solutions exist when the coefficient matrix has constants
as entries, and we shall address that case in the next two sections. Sometimes
one can write down tidy power-series solutions when the coefficient matrix has
nonconstant entries, and we shall take up that matter later in the chapter. For
now, we develop some general theory about first-order linear systems, beginning
with the homogeneous case. The linearity implies that the set of solutions to
the system y’ = A(¢)y on an open interval is a vector space (of vector-valued
functions) in the sense that it is closed under addition and scalar multiplication.

Theorem 4.6. Let y = A(f)y be a homogeneous linear first-order n-by-n
system with A(z) continuous for a < ¢t < b. Then

(a) any solution on a subinterval (a’, b") extends to a solution on the whole
interval (a, b),

(b) the dimension of the vector space of solutions on any subinterval (a’, b")
is exactly n,

(c) if vi(2), ..., v,(t) are solutions on an interval (a’, b’) and if £, is in that
interval, then vy, . .., v, are linearly independent functions if and only if
the column vectors v (%), . . ., v, (%) are linearly independent.

PROOF. We begin by proving (c). If cjvi(¢) + --- + ¢,v,(¢) is identically O
for constants ¢y, ..., ¢, not all 0, then c;v(ty) + - - - + ¢, v, (f9) = O for the same
constants. Conversely suppose that c1v; (%) + - - - + ¢, v, (o) = 0 for constants
not all 0. Put v(¢) = cjv1(¢) + - -+ + ¢, v, (¢). Then v(¢) and the O function are
solutions of the system satisfying the same initial conditions —that they are O at
fo. By the uniqueness theorem (Theorem 4.2), v(t) is the 0 function. This proves
(c).

The upper bound in (b) is immediate from (c) since the dimension of the space
of n-component column vectors is 7.
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Let us prove that n is a lower bound for the dimension in (b) if the interval
containing , is sufficiently small. By the existence theorem (Theorem 4.1), there
exists a solution v;(¢) on some interval [t — #y| < &; such that v;(tp) = e;. The
v;(¢) are then solutions on |t — p| < ¢ with ¢ = min{ey, ..., &,}, and they are
linearly independent by (c). Hence the dimension of the space of solutions is at
least n on the interval |t — #p] < € or on any subinterval containing 7.

We are not completely done with proving (b), but let us now prove (a). Let v(¢)
be a solution on (a’, b’). If we have a collection of solutions on different intervals
containing (a’, »’) and each pair of solutions is consistent on their common
domain, then the union of the solutions is a solution. Consequently we may
assume that v(¢) does not extend to a solution on any larger interval. We are
to prove that (a’, b') = (a, b). Suppose on the contrary that b’ < b. We use
fo = b’ in the previous paragraph of the proof; the result is that on some interval
|t —b'| < e with ¢ sufficiently small and at least small enough so thata’ < b’ — ¢,

the space of solutions has dimension n with a basis {vy,...,v,}. By (c), the
column vectors vy (b’ — ¢€), ..., v, (b’ — &) are linearly independent, and thus the
restrictions of vy, ..., v, to (b’ — g, b’) are linearly independent. The restriction

of v(¢) to the interval (b’ — ¢, b’) is a solution, and thus there exist constants
Ci, ...,y such that

v(t) = crvi(t) 4+ -+ - 4 cuun(t) forb' —e <t <D.

But then the function equal to v(¢) on (¢, b’) and equal to cyvy () + - - - + ¢, v, (F)
on (b’ —¢&,b’ + ¢) extends v(¢) to a solution on a larger interval and contradicts
the maximality of the domain of v(¢). This proves that ' = b. Similarly we find
that a’ = a. This proves (a).

We return to the unproved part of (b). Fix o in (a/,4’). On a subinterval
about #y, the space of solutions has dimension 7, as we have already proved. Let

{v1, ..., v,} be abasis. By (a), we can extend vy, ..., v, to solutions on (a’, b’).
Then the space of solutions on (a’, b") has dimension at least n, and (b) is now
completely proved. (|

EXAMPLE. Let us illustrate the content of Theorem 4.6 by means of a single
second-order equation, namely y” + y = 0. We know that ¢| cost 4 ¢, sint is a
solution for every pair of constants c; and c¢;. To convert the equation to a system,
we introduce y; = y and y, = y’. The system is then

yi = Y2,
yé ==Y,

and hence the matrix is A(¢) = ( _(1) é) a matrix of constants. The scalar-valued

solutions cos ¢ and sin¢ of y” + y = 0 correspond to the vector-valued solutions
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( Cf’“) and (Sim ) respectively; each of these has a scalar-valued solution in
—Ssint COSt

its first entry and the derivative in the second entry. In either case, both solutions
are defined on the interval (—oo, 400). The theorem says that the restrictions
of these two functions to any subinterval span the solutions on that subinterval.
According to (c), the linear independence of the scalar-valued solutions cos ¢ and

sint is reflected by the linear independence of the column vectors ( _Cs?;:s ) and

( Z;’: tt‘; ) forany ¢y in (—00, 4+-00). The latter independence we can see immediately

coS oy sinfy

. ) has determinant equal to 1 and not 0.
—SInfy cosfy

by observing that the matrix (
The kind of matrix formed in the previous example is a useful tool when

generalized to an arbitrary homogeneous linear system, and it has a customary

name. Let v (¢), ..., v,(¢) be solutions of an n-by-n homogeneous linear system

y' = A(t)y with A(¢) continuous. The Wronskian matrix of v, ..., v, is the

n-by-n matrix whose jM column is v;. If v; ; denotes the i entry of the j™®

solution, then

v (@) o v,

W) = :

Va1 () -+ U a(2)
Since each column of W (¢) is a solution, we obtain the matrix identity W'(z) =
AW ().

EXAMPLE, CONTINUED. In the case of the single second-order equation
y" 4+ y = 0, we listed two linearly independent scalar-valued solutions as cos
and sint. When the equation is converted into a 2-by-2 homogeneous linear
system, the Wronskian matrix is

cost sint
W) = . .
—sint cost
For a general n'M-order equation with vy, ..., v, as scalar-valued solutions, the
Wronskian matrix of the associated system is
vi(r) - ()
v@ e v
W) = ) i :
(O TR U ()
Proposition 4.7. If v (¢), ..., v,(¢) are solutions on an interval of an n-by-n

homogeneous linear system y’ = A(¢)y with A(¢) continuous, then the following
are equivalent:

(a) vy, ..., v, are linearly independent solutions,
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(b) det W(t) is nowhere O,
(c) det W(¢) is somewhere nonzero.

PROOF. By Theorem 4.6¢, (a) here is equivalent to the linear independence

of v (%), ..., v,(fo), no matter what #y we choose, hence is equivalent to the
condition det W (p) # 0, no matter what #y we choose. The proposition follows.
0

We shall use the Wronskian matrix of a homogeneous system to analyze the
solutions of any corresponding inhomogeneous system.

Proposition 4.8. For an inhomogeneous linear system y’ = A(x)y + Q(t)
with A(t) and Q(¢) continuous fora < ¢t < b, any solution y*(¢) on a subinterval
(a’, b') of (a, b) extends to be a solution on (a, b), and the most general solution
y(t) is of the form y(t) = h(r) + y*(¢), where y*(¢) is one solution of y’ =
A()y + Q(t) and h(¢) is an arbitrary solution of the homogeneous system y’ =
A(t)y.

PROOF. If y* and y** are two solutions of y/ = A(t)y + Q(¢) on (a’, b’), then
" =y9)'() = (ADY* ) + Q1) — (AD)Y* () + 0@)) = At)(y* —y*) (1),
and h = y** — y* solves y' = A(¢)y on (¢, b’). Conversely if & solves y' =
A(@)y + Q) on (d’, D), then

O+ '@ =y + 1)
= (A" (@) + (1) + ADh() = A" + (@) + 0@),

and y* + h is a solution of y = A(#)y + Q(¢) on (d’, V).

We are left with showing that any solution y* of y' = A(#)y + Q(¢) on (a’, b’)
extends to a solution on (a, b). As in the proof of Theorem 4.6a, we can form
unions of functions and thereby assume that y* cannot be extended to be a solution
on a larger interval. The claim is that (a’, ') = (a, b). Assuming the contrary,
suppose, for example, that b’ < b. By the existence theorem (Theorem 4.1), there
exists a solution y**(r) of y = A(¢)y + Q(¢) for |t —b'| < ¢ if ¢ is small enough.
By the result of the previous paragraph, y*(¢) = y**(¢) + h(¢) on (b’ — ¢, b’) fora
suitable choice of & that solves the homogeneous system y’ = A(¢)yon (b'—¢, b’).
Since y**(¢) is givenas asolutionof y’ = A(#)y+Q(t) on (b'—¢, b'+¢) and since,
by Theorem 4.6a, h(t) extends to a solution of y = A(t)y on (b’ — ¢, b’ +¢), we
see that y**(¢) + h(¢) extends to a solutionof y’ = A(t)y+Q(t) on (b’ —¢, b’ +¢).
Then the function equal to y*(¢) on (a’, b’) and to y**(¢t) +h(t) on (b’ —¢, b’ +¢)
extends y*(¢) to a solution of y' = A(¢)y + Q(¢) on a larger interval, namely
(@', b’ + ). We obtain a contradiction and conclude that 5’ must have equaled
b. Similarly @’ must equal a. Thus every solution of y/ = A(t)y + Q(¢) on a
subinterval extends to all of (a, b), and the proof is complete. O
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Theorem 4.9 (variation of parameters). For an inhomogeneous linear system
y = A(x)y + Q(¢r) with A(¢t) and Q(¢) continuous fora <t < b, letvy, ..., v,
be linearly independent solutions of y’ = A(t)y on (a, b), and let W (¢) be their
Wronskian matrix. Then a particular solution y* of y' = A(t)y + Q(¢) on (a, b)
is given by

yE(t) = W()u(r), where W(®u'(t) = Q).

That is,
t
V) = W) / W)™ 0Gs) ds.
REMARKS. Linearly independent solutions vy, .. ., v, as in the statement exist
by Theorem 4.6.

PROOF. For any differentiable vector-valued function u(#), y*(z) = W(#)u(t)
has
O =Wu+Wu' = AWu + Wu' = Ay* + Wu'.
Thus y* will have (y*) = Ay* + Q if and only if Wu’ = Q. Since Proposition
4.7 shows that W (¢)~! exists and is continuous, we can solve Wy’ = Q foru. O

EXAMPLE, CONTINUED. Now consider the single second-order inhomogeneous
linear equation y” + y = tan¢ on the interval |f| < 7/2. We saw that we can

take W (t) = ( cost sint ) We set up the system

—sint cost

cost sint uyY _ (O
—sint cost uy ) \tant

of algebraic linear equations and solve for u} and u):

) sin® ¢
u} cost —sint 0 -
=" = cost
u) sint cost ) \ tant _
sint

A vector-valued function with derivative (Z,‘ ) for |t| < m/2is
2

(ul(t)) _ (sint —log(1 + sin¢) +10gcost>

U (1) —cost

and we thus take y*(¢) = (cost)u;(t) + (sint)uy(z). The most general solution
of the given inhomogeneous equation is therefore y*(¢) 4 c¢; cost + ¢, sint.
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6. Homogeneous Equations with Constant Coefficients

In this section and the next, we discuss first-order homogeneous linear systems
with constant coefficients. The system is of the form y’ = Ay with A a matrix
of constants. A single homogeneous n™-order linear equation with constant
coefficients can be converted into such a first-order system and can therefore be
handled by the method applicable to all first-order homogeneous linear systems
with constant coefficients. But such an equation can be handled more simply in a
direct fashion, and we therefore isolate in this section the case of a single n'"-order
equation. This section and the next will make use of material on polynomials
from Section A8 of Appendix A.
The equation to be studied in this section is of the form

Y +au gy + - ary +agy =0

with coefficients in C. Let us write this equation as L(y) = 0 for a suitable linear
operator L defined on functions y of class C":

L= (%)" +an71(%)"_1 +ota (%) + ag.
d

The term ay is understood to act as ap times the identity operator. Since 7. e’ =
re"', we immediately obtain

L) =0"+ap "'+ +air +ap)e”.
The polynomial

PO =M 4a A" T+ ah+ag

is called the characteristic polynomial of the equation, and the formula L (e"") =
P(r)e"" shows that y(r) = €' is a solution of L(y) = 0 if and only if r is a root
of the characteristic polynomial. From Section A8 of Appendix A, we know that
the polynomial P (X) factors into the product of linear factors A — r, the factors
being unique apart from their order. Let us list the distinct roots, i.e., the distinct
such complex numbers r, as ry, ...,y with k < n, and let us write m; for the
number of times that A — r; occurs as a factor of P (1), i.e., the multiplicity of r;
as aroot of P. Then we have Zle mj; = n and

POy =[] =™

Corresponding to this factorization of P is a factorization of L as

k d mj
L=TT. (5 -n) "

On the right side the individual factors commute with each other because differen-
tiation commutes with itself and with multiplication by constants. The following
lemma therefore produces n solutions of the given equation L(y) = 0.
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Lemma 4.10. For m > 1 and r in C, all the functions ¢'’, te’’, ..., " ¢!
are solutions of the m™-order differential equation
(& -r)"m=0
— —=r =0.
dr Y
PROOF. Direct computation gives (% — r)(t*e") = ki*~'e™, and hence
(4 —=r)"(*e"y = k(k = 1)---(k —m 4 1)*"™e™. The right side is 0 if
0 <k <m — 1, and the lemma follows. OJ
Lemma 4.11. Let ry, ..., ry be distinct complex numbers, and let m; be N

. N .
integers > 1. Then the ijl m; functions
it et el I1<j<N,

are linearly independent over C.

PROOF. Let k > 1 be an integer, let r be a complex number, and let P(¢) be a
polynomial of degree < k — 1. We allow P (¢) to be the O polynomial. Then

LIk 4+ P@)e" ] =r@* + P@)e" + ((k — D' + P'(1))e”",
from which it follows that
LI+ P(1))e"] = (rt* + Q1) (%)

with Q(¢) a polynomial of degree < k — 1 or the O polynomial.

We shall prove by induction on N that if Py, ..., Py are polynomials with
complex coefficients such that Z]N=1 P;(t)e"i" is the O function, then all the P; are
0 polynomials. For N = 1, if P(¢)e"" is the O function, then P (¢) is the O function.
Since a polynomial of degree k > 0 has at most k roots, we conclude that P has
all coefficients 0. This disposes of the assertion for N = 1. Assume the result
for N — 1, and suppose that we are given that Z;V;]l P;(t)e"i' + Py (1)e’™" is the
0 function, where {ri, ..., ry_1, ry} are distinct. Then

=

_1
Pj(l)eqjt+PN(t) (33%)
1

~.
I

is the O function when g; = r; —ry for j < N — 1. If Py is the O polynomial,
the inductive hypothesis shows that all P; with j < N — 1 are O polynomials.
Otherwise let Py have degree d, and differentiate (x*) d + 1 times. If P;(¢) for
J = N — lis the sum of a,, 7" plus lower-degree terms, then (*) shows that the
result of the differentiation is that
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=

-1
(a”j (qj

)d-‘rl t

1" + lower-degree terms)e?
1

J

is the O function. By the inductive hypothesis each a,, has to be 0, and hence all
coefficients of each P; have to be 0 for j < N — 1. Then Py(¢) is identically O
and must be the 0 polynomial. This completes the induction.

If we are given a linear combination of the functions in the statement of
the lemma that equals the O function, then we obtain a relation of the form
Zj-vzl P;(t)e"’" = 0, and we have just seen that this relation forces all P; to be 0
polynomials. This completes the proof. (]

Proposition 4.12. Let the differential equation
Y 4 a1y 4+ ary +agy =0,

with complex coefficients, have characteristic polynomial given by P(A) =

]_[f:1 (A—r;)™ withry, ..., r distinct complex numbers and with the m; integers

> 0 such that Z;f:l m; = n. Then the n functions
et telit, L i et 1<j<k,

form a basis over C of the space of solutions of the given equation on any interval.

PROOF. Lemma4.10 shows that the functions in question are solutions, Lemma
4.11 shows that they are linearly independent, and Theorem 4.6 shows that
the dimension of the space of solutions on any interval is n. Since n linearly
independent solutions have been exhibited, they must form a basis of the space
of solutions. (]

If the equation in Proposition 4.12 happens to have real coefficients, it is
meaningful to ask for a basis over R of the space of real-valued solutions. Since the
coefficients are real, we have L(y) = L(y) for all complex-valued functions y of
class C", and it follows that the complex conjugate of any complex-valued solution
is again a solution. Thus the real and imaginary parts of any complex-valued
solution are real-valued solutions. Meanwhile, the characteristic polynomial P
of the equation has real coefficients, and it follows that the set of roots of P is
closed under complex conjugation. In addition, the multiplicity of a root equals
the multiplicity of its complex conjugate. For any integer k > 0 and complex
number a + bi with b # 0, we have

Crke@tPDt | Crke@=bDt — Crke? cos bt + Ct¥e™ sin bt.

Thus t*e* cos bt and t*e? sin bt form a basis over C of the space spanned by
tke@+bDt and tk (@b The functions t*e cos bt and t*e“" sin bt are real-valued,
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and thus we obtain a basis over C consisting of the real-valued solutions of the
given equation if we retain the solutions t*¢’* with r real and we replace any
pair tke@tPDt and the@=PD" of solutions, b # 0, by the pair e cos bt and
t*e? sin bt.

Let us see that these resulting functions form a basis over R of the real vector
space of real-valued solutions. In fact, we know that they are linearly independent
over R because they are linearly independent over C. To see that they span, we
take any real-valued solution and expand it as a complex linear combination
of these functions. The imaginary part of this expansion exhibits O as a linear
combination of the given functions, and the coefficients must be 0 by linear
independence. Thus the constructed functions form a basis over R of the space
of real-valued solutions.

7. Homogeneous Systems with Constant Coefficients

Having discussed linear homogeneous equations with constant coefficients, let
us pass to the more general case of first-order homogeneous linear systems with
constant coefficients. We write the system as y’ = Ay with A an n-by-n matrix of
constants. In principle we can solve the system immediately. Namely, Proposition
3.13ctellsusthat £ (¢'*) = Ae'4, so thateach of the n columns of ¢’ is a solution
of y' = Ay. Att = 0, ¢’ reduces to the identity matrix, and thus these n solutions
are linearly independent at # = 0. By Theorem 4.6 these n solutions form a basis
of all solutions on any subinterval (a, b) of (—o0, +00). The solution satisfying
the initial condition y(f)) = yo is y(t) = e'4e "4y, which is the particular
linear combination } 7_, ¢;e’ Ae; of the columns of e’ in which ¢; is the number
¢j = (e7*"y0);.

In practice it is not so obvious how to compute ¢’4 except in special cases in
which the exponential series can be summed entry by entry. Let us write down
three model cases of this kind, and ultimately we shall see that we can handle
general A by working suitably with these cases.

MODEL CASES.
(1) Let
01 0 O 0 0
01 0 0 0
0 1 0 0
C = S .
0 1
0 1
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be of size m-by-m with 0’s below the main diagonal. Raising C to powers, we
see that the (i, j)™ entry of A¥ is 1 if j =i + k and is O otherwise. Hence

1,2 1.3 1 -2 1 -1
0 ¢ il 3l (m—z)!tm (m—l)!tm
1.2 1 -3 1 -2
0 4 il (m—3)!tm (m—z)!tm
: 1 -3
0 t ce . mtm
etC=
1.2
0 t it
0 t
0
with 0’s below the main diagonal.
(2) Let
a 1 0 O 0 0
a 1 0 0
a 1 0 0
A= N
a 1 0
a 1
a

so that A = al + C with C as in the previous case. Since al and C commute,
Proposition 3.13a shows that e'4 = e%¢'C. In other words, ¢4 is obtained by
multiplying every entry of the matrix ¢’ in the previous case by e?. A matrix
of this form A for some complex constant a and for some size m is said to be a
Jordan block. Thus we know how to form e’4 if A is a Jordan block.

(3) Let A be block diagonal with each block being a Jordan block:

block #1
block #2

block #k

Then o block #1

e! block #2
e block #k

Thus we know how to form e’4 if A is block diagonal with each block being a
Jordan block. A matrix A of this kind is said to be in Jordan form.
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The theorem reduces any computation of a matrix ¢’4 to this case.

Theorem 4.13 (Jordan normal form). For any square matrix A with complex
entries, there exists a nonsingular complex matrix B such that B~'AB = J isin
Jordan form.

REMARKS. This theorem comes from linear algebra, but knowledge of it is
beyond the algebra prerequisites for this book. The proof is long and is not in the
spirit of this text, and we shall omit it; however, the interested reader can find a
proof in many algebra books that treat linear algebra. One such is the author’s
Basic Algebra. As a practical matter, the proof will not give us any additional
information, since we already know that ¢4 yields the solutions to y’ = Ay and
the only remaining question is to convert the statement of the theorem into an
explicit method of computation.

Let us see what Theorem 4.13 accomplishes. The solution of y’ = Ay with
y(to) = yo is y(t) = e"~™4y,. Write B"'AB = J as in the proposition. Then
Proposition 3.13d gives

y(t) — e(t—to)AyO — B(B—le(t—lo)AB)B—lyO

_ Be(t—to)B"ABB—lyO _ Be(t—to)JB—lyO.

If we can compute J, then Model Case 3 above tells us what e~/ is. If we can
compute B also, then we recover y(¢) explicitly.

The practical effect is that Theorem 4.13 gives us a method for calculating
solutions. The idea behind the method is that the qualitative properties of B and
J forced by the theorem are enough to lead us to explicit values of B and J. Let
us go through the steps. A concrete example of J is

a 1 O
0 a 1
0 0 a

S Q
Q =

S Q
Q =

It is helpful to know the extent of uniqueness in Theorem 4.13. The matrix J is
actually unique up to permuting the order of the Jordan blocks. The matrix B is
not at all unique but results from finding bases of certain subspaces of C". The
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first step is to form the characteristic polynomial®> P (1) = det(A1 — A) of A.
We have

det(x1 — J) = det(Al — B"'AB) = det(B~' (A1 — A)B)
= det(B) "' det(A1 — A) det(B) = det(rA1 — A),

and thus J has the same characteristic polynomial as A. The characteristic
polynomial of J is just the product of expressions A — d as d runs through the
diagonal entries of J. According to Section A8 of Appendix A, the factorization
of a polynomial with complex coefficients and with leading coefficient 1 into
first-degree expressions A — c is unique up to order, and thus the factorization of
P (1) tells us the diagonal entries of J. We still need to know the sizes of the
individual Jordan blocks.

The sizes of the Jordan blocks come from computing dimensions of various
null spaces—or kernels, in the terminology of linear functions. If @ occurs as a
diagonal entry of J, think of forming J — al and its powers, and consider the
dimension of the kernel of each power. For example, with the explicit matrix J
that is written above, we have
010
00
00

o o
O =

J—a1= )

(e )
O =

0

nonsingular

and dimker(J — al) is the number of Jordan blocks of size > 1 with a on the
diagonal, namely 4 in this case. Next we consider (J — a1)2. In this case,

00

1
0 0 O
0 0 O

o O
oS O

(J —al)? = ,

[}
oS O

0

nonsingular

ZMany books write the characteristic polynomial as det(A — A1), which is the same as the present
polynomial if n is even but is its negative if n is odd. The present notation has the advantage that
the notions of characteristic polynomial here and in the previous section coincide when an n'"-order
equation is converted into a first-order system.
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and dim ker(J —a1)? = 7. This number arises as the sum of the previous number
and the number of Jordan blocks of size > 2 with a on the diagonal. Thus
dimker(J —al)? —dimker(J — al) in general is the number of Jordan blocks of
size > 2 with a on the diagonal. Finally we consider (J — a1)3. In this case, the
upper left part of (J —a1)? corresponding to diagonal entry a is all 0, and the lower
right part is nonsingular; hence dimker(J — a1)® = 8. This number arises as the
sum of the previous number and the number of Jordan blocks of size > 3 with a
on the diagonal. Thus in general, dimker(J — al)? — dimker(J — al)? is the
number of Jordan blocks of size > 3 with a on the diagonal. In our example, the
number dim ker(J — a1)* remains at 8 for all kK > 3 because 8 is the multiplicity
of a as a root of P(X), and we are therefore done with diagonal entry a; our
computation has shown that the numbers of Jordan blocks of sizes 1, 2, 3,4, ...,
are 1,2, 1,0, ..., and acheck on the computation is that 1(1) +2(2) +3(1) = 8.

Of course, we do not have J at our disposal for these calculations, but A yields
the same numbers. In fact, we have B(J — al)*B~! = (A — al)¥, from which
we see that x € ker(A — al)* if and only if B~'x € ker(J — al)k. Hence

B(ker(J — al)*) = ker(A — al)*.

Since B is nonsingular, the dimension of the kernel of (J — al)* equals the
dimension of the kernel of (A — a1)¥. Consequently

dimker(A — al) = #{Jordan blocks of size > 1 with a on diagonal},

dimker(A — a1)> — dimker(A — al)

= #{Jordan blocks of size > 2 with a on diagonal},

dimker(A — al)® — dimker(A — al)?
= #{Jordan blocks of size > 3 with a on diagonal},

etc.

Repeating this argument with the other roots of P(A), we find that we can
determine J completely.

Calculating B requires working with vectors rather than dimensions. The
columns of B are just Bey, ..., Be,, and we seek a way of finding these. Fix
attention on a root a of P(X). Consider an index i with 1 < i < n, and suppose
that the diagonal entry of J in column i is a. From the form of J, we see that
either the i™ column of J —al is 0 orelse it is e;_;. In the latter case, index i — 1
corresponds to the same Jordan block. Using the identity (A—al)B = B(J —al),
we see that either

(A—al)(Be;)) = B(J —al)e; =0
or (A —al)(Be;)) = B(J —al)e; = Be;_1,
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and index i — 1 corresponds to the same Jordan block as index i in the latter
case. Thus the vectors Be; corresponding to the columns with diagonal entry a
and with smallest index for a Jordan block lie in ker(A — al). They are linearly
independent since B is nonsingular, and the number of them is the number of
Jordan blocks corresponding to diagonal entry a. We saw that this number equals
dimker(A — al). Hence the vectors Be; corresponding to the smallest indices
going with each Jordan block form a basis of ker(A — al).
Similarly

(A —al)*(Be;) = B(J —al)’e; =0
or (A —al)’ (Be;) = B(J —al)?e; = Be;_,

and index i — 2 corresponds to the same Jordan block as index i in the latter case.
Thus the vectors Be; corresponding to the columns with diagonal entry a and with
smallest or next smallest index for a Jordan block lie in ker(A — al)?. They are
linearly independent since B is nonsingular, and the number of them is the sum
of the previously computed number, namely dimker(A — al), plus the number
of Jordan blocks of size > 2 that correspond to diagonal entry a. We saw that this
sum equals dimker(A — a1)?. Hence the vectors Be; corresponding to the two
smallest indices going with each Jordan block form a basis of ker(A — a1)2. The
new vectors Be; are therefore vectors that we adjoin to a basis of ker(A —al) to
obtain a basis of ker(A — al)?.

In setting up these vectors properly, however, we have to correlate the indices
studied at the previous step with those being studied now. The relevant formula is
that the new indices i have the property (A —al) Be; = Be;_. To obtain vectors
with this consistency property, we would take a basis S; of ker(A — al), extend
it to a basis S, of ker(A — a1)?, discard the members of S;, apply A — al to the
members of S, — S1, and extend (A — al)(S, — S7) to a basis T} of ker(A —al).
Then S, = (S» — S1) U T is a new basis of ker(A — al)?.

We can continue the argument in this way. It is perhaps helpful to read the
general discussion of the argument side by side with the explicit example that
appears below. We continue to find that the construction of new basis vectors gets
in the way of the necessary consistency property with the earlier basis vectors.
Thus we really must start with the largest index k such that ker(A — al)* #
ker(A — al)*~!. We extend a basis Sy_; of ker(A — al)*~! to a basis S of
ker(A — al)¥, and form

(St — Sk—1) U (A —al)(Sg — Sk—) U+ U (A —al)* 1S, — Si—1).

These vectors will be the columns of B corresponding to the largest Jordan blocks
with diagonal entry a. The vectors in

(A—al)*(Sy — Si—) U---U (A —al) " 1(S — Si—1)
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are linearly independent in ker(A — a1)¥=2; we extend this set to a basis S i Of
ker(A — a1)*~2, and we extend S, , U (A — al)(Sx — Sk—1) to a basis S, , of
ker(A —al)*~!. The adjoined vectors, together with the result of applying powers
of A — al to them, will be the columns of B corresponding to the next largest
Jordan blocks with diagonal entry a. The process continues until we obtain a
basis of ker(A — a1)* with the necessary consistency property throughout. Then
we repeat the process for the other roots of P (1) and assemble the result.

4 1 -1
A= (—8 -2 2).
8 2 =2

The characteristic polynomial is P(A) = det(A1—A) = A*, whose factorization is
evidently P(1) = (A —0)3. Computing the kernel of A, we find that dimker A =
2, so that there are 2 Jordan blocks. Also, A2 = 0, so that dimker A2 = 3 and
the number of blocks of size > 2is 3 — 2 = 1. Thus

010
J=(O 0 O).
0 0 O

EXAMPLE. Let

X1

We form a basis of ker A by solving A (xz) = 0. The standard method of row
X3

reduction gives x; = —%xz + ij3 with x, and x3 arbitrary, so that a basis of

1

_1 1

i 1

ker A consists of ( 1 ) and 6 . We extend this to a basis of ker A> = C?
0 1

1 4
by adjoining, for example, the vector v; = (0) Then Av; = (—8 ) The
0 8
vector Av; is in ker A, and we extend it to a basis of ker A by adjoining, for
-1
example, v, = ( 4). Then vy, Av;, vy form a basis of ker A2 = C3, and the

0
above general method asks that these vectors be listed in the order Avy, vy, v;.

The matrix B is obtained by lining these vectors up as columns:

4 1 -1
B:(—S 0 4).
8 0 0

0
The result is easy to check. Computation shows that B~! = | 1
0

Bl O
B — 00—

and then one can carry out the multiplications to verify that B~'AB = J.
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8. Series Solutions in the Second-Order Linear Case

In this section we shall consider, in some detail, series solutions for two kinds of
ordinary differential equations.
The first kind is
Y'+ Py + Q(t)y =0,

where P(¢) and Q(t) are given by convergent power-series expansions for
lt] < R:

P(t):a0+a1t+a2t2+--- s
Q1) =bo + bt +bot> +--- .

We seek power-series solutions of the form
y(t) =co+cit +eat’ 4o

The same methods and theorem that handle this first kind of equation apply also to
n™-order homogeneous linear equations and to first-order homogeneous systems
when the leading coefficientis 1 and the other coefficients are given by convergent
power series. The second-order case, however, is by far the most important for
applications and is sufficiently illustrative that we shall limit our attention to it.

The idea in finding the solutions is to assume that we have a convergent power-
series solution y(#) as above, to substitute the series into the equation, and to sort
out the conditions that are imposed on the unknown coefficients. Our theorems
on power series in Section 1.7 guarantee us that the operations of differentiation
and multiplication of power series maintain convergence, and thus the result of
substituting into the equation is that we obtain an equality of a convergent power
series with 0. Corollary 1.39 then shows that all the coefficients of this last power
series must be 0, and we obtain recursive equations for the unknown coefficients.
There is one theorem about the equations under study, and it tells us that the
power series for y(¢) that we obtain by these manipulations is indeed convergent;
we state and prove this theorem shortly.

Let us go through the steps of finding the solutions. These steps turn out to be
clearer when done in complete generality than when done for an example. Thus
we shall first make the computation in complete generality, then state and prove
the theorem, and finally consider an important example. The expansions of y(¢)
and its derivatives are

y(t):C0+C1l+C2t2+... ,
V' (1) = ¢ + 2ot + 3e3t> + -+,
y”(t)=2€2+3'26‘3t+4-3c4t2+...‘
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Substituting all the series into the given equation yields

(2-1ca+3-2c3t +4-3cat> +--+)
+ (ap + ait + axt®> + -+ )(c1 + 2¢at + 3e3t> +--+)
+(bO+b1t+b2t2+"-)(Co+clt—|—c2t2+...):0'

If the series for y(¢) converges and if the left side is expanded out, then the
coefficients of each power of  must be 0. Thus

2 - 1cy + apey + bocy = 0,
3 2¢3 + (ao2¢z +aicy) + (bocy + bico) =0,
4 - 3c4 + (ap3c3 + a12c2 + arcy) + (boca + bicy + bacy) =0,

n(n - 1)Cn + (a()(n - 1)Cn71 + Cll(l’l - 2)Cn72 +---+ an72cl)
+ (bocy—2 + bicy—3 + -+ -+ by_2c0) =0.

These equations tell us that ¢y and c; are arbitrary and that ¢, c3, ... are each
determined by the previous coefficients. Thus c;, ¢3, ... may be computed in-
ductively. Since ¢g = y(0) and ¢; = y’(0), this degree of flexibility is consistent
with the existence and uniqueness theorems.

Theorem 4.14. If P(¢) and Q(z) are given by convergent power series for
|t| < R, then any formal power series that satisfies y” + P(#)y' + Q(t)y = 0
converges for || < R to a solution. Consequently every solution of this equation
on the interval —R < t < R is given by a power series convergent for || < R.

PrROOF. Fix r with 0 < r < R, and choose some R; withr < R; < R. Let
the notation for the power series of P, O, and y be as above. Theorem 1.37
shows that the series with terms |a, R}| and |b, R} | are convergent, and hence the
terms are bounded as functions of n. Thus there exists a real number C such that
la,| < C/R} and |b,| < C/RY for all n > 0. We shall show that |c,| < M/r"
for a suitable M and all n > 0.

The constant M will be fixed so that a large initial number of terms have
lc,| < M/r", and then we shall see that all subsequent terms satisfy the same
inequality. To find an M that works, we start from the formula computed above
for ¢,;:

nn—1)c, = —(ap(n — 1)c,—1 +a1(n — 2)cp—2 + - - - + ay—2c1)
- (bOcn—Z + blcn—S + -+ bn—2c0)~
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If M works for 0, 1, ...,n — 1, then
n(n — ey < CM(n — (R~ 4 R7 =072 o 7727
+CMR =02 4 Ry o RTIPT)

=M - Dr (14 RL] +ot (R%)H)

- CMr*”rZ(l FRAT (L)’Fz)
Ry Ry

<r"CM)rn—1)+r?) =6/

and therefore

CR, r(n—1)+r?
Ri—r nn-1) )

For n sufficiently large, the factor in parentheses is < 1. At that point we obtain
lca] < Mr~"if|cy| < Mr—*fork < n,and induction yields the asserted estimate.
Thus ) ¢,t" converges for |¢| < r. Since r can be arbitrarily close to R, D ¢, "
converges for || < R.

Finally we saw above that ¢y and c; are arbitrary and can therefore be matched
to any initial data for y(0) and y’(0). Consequently the vector space of power-
series solutions convergent for |f| < R has dimension 2. By Theorem 4.6, all
solutions on the interval —R < ¢t < R are accounted for. This completes the
proof. (|

lenl < Mr7n<

As a practical matter, the recursive expression for ¢, becomes increasingly
complicated as n increases, and a closed-form expression need not be available.
However, in certain cases, something special happens that yields a closed-form
expression for ¢,. Here is an example.

EXAMPLE. Legendre’s equation is
(1=1)y" =2y + p(p+ 1y =0

with p a complex constant. To apply the theorem literally, we should first divide
the equation by (1 — #2), and then the power-series expansions of the coefficients
will be convergent for || < 1. The theorem says that we obtain two linearly
independent power-series solutions of the equation for |¢| < 1. To compute them,
it is more convenient to work with the equation without making the preliminary
division. Then the equation gives us

(2cy +3-2c3t +4-3cat® + ) — Qeat® +3 - 2038 +4 - 3cgt* -4
—2(cit 4+ 200t +3c3t’ +degt* + - )+ p(p+ Do+t + et +---) =0,
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which yields the following formulas for the coefficients:

2¢c) 4+ p(p+ ey =0,
3-2¢3 —2c1+ p(p+ ey =0,
4'3C4—2~162—2'2C2+p(p+1)C2:0,

nn—Nc, —[(n=2)(n =3)+2(n —2) — p(p+ Dlc,—2 =0.

Thus we can write ¢, explicitly as a product. We can verify convergence of
> ¢,t" directly by the ratio test: since

cat"  (n=2)(n—=3)+2(n—-2)—p(p+1) 2
Cpat"2 nn—1) ’

we have convergence for || < 1. Observe that the numerator in the fraction on
the right is equal to

n=2)(n=3)+2n=2) —p(p+D=mn-=2)n-1)—p(p+1),

and this is O when p is an integer > 0 and n — 2 = p. Therefore one of the
solutions is a polynomial of degree p if p is an integer > 0. Such polynomials,
when suitably normalized, are called Legendre polynomials.

The second kind of ordinary differential equation for which we shall seek series
solutions is
2y + 1Py + 0@y =0,

where P(¢) and Q(t) are given by convergent power-series expansions for
lt] < R:

P(t)y=ap+ait +ax*+---,
Q(t) = by + bt +byt> 4 - - - .

The existence and uniqueness theorems do not apply to this equation on an interval
containing ¢ = O unless ¢ happens to divide P(¢) and ¢> happens to divide
QO (). When this divisibility does not occur, the above equation is said to have a
regular singular point at # = 0. The treatment of the corresponding n"-order
equation is no different, but we stick to the second-order case because of its
relative importance in applications. For this kind of equation, the treatment of
first-order systems is more complicated than the treatment of a single equation of
n™ order.
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Actually, the second-order equation above need not have power series solu-
tions. The prototype for the above equation is the equation

tzy//+th/+ Qy=0

with P and Q constant. This equation is known as Euler’s equation and can be
solved in terms of elementary functions. In fact, we make a change of variables
by putting = e¢* and x = log¢ for t > 0. Then we obtain

dy dydx ldy

dt  dxdt tdx

and
dzy_ 1 dy 1d<dy)_ 1dy ldzydx_ 1dy 1 d*y
dt>2  t*dx  tdt\dx/  t?dx tdx*dt = t?dx = t?dx?’
and hence the equation becomes
d*y dy
— 4+ (P—-1)— =0.
e + ( )dx + Qy

This is an equation of the kind considered in Section 6. A solution is e*’, where s
is a root of the characteristic polynomial s> + (P — 1)s + Q = 0. If the two roots
of the characteristic polynomial are distinct, we obtain two linearly independent
solutions for x € (—o0, +00), and these transform back to two solutions #* of
the Euler equation for ¢+ > 0. If the characteristic equation has one root s of
multiplicity 2, then we obtain the two linearly independent solutions ¢** and xe**
for x € (—o00, +00), and these transform back to two solutions x° and x* log x
for x > 0.

In practice, the technique to solve the Euler equation t2y” +t Py’ + Qy =0
is to substitute y(#) = ¢° and obtain s(s — 1)¢* 4+ s Pt* + Qt* = 0. This equation
holds if and only if s satisfies

ss—1+sP+0Q0=0,

which is called the indicial equation.
In the general case of a regular singular point, we proceed by analogy and are
led to seek for ¢ > 0 a series solution of the form

y(t) =t (co+cit +ert> +--+)  withey #0.
Suppose that the power-series part Y _ ¢,#" is convergent. We substitute and obtain
t*(cos(s — D) 4 c1(s + Dst +ca(s +2)(s + Dt +--+)
+ 15(ag + art + art® + - H)(sco + (s + et + (s +2)eat? +--4)
+15(bo + bit + bot> + - ) (co +cit + crt> +---) =0.
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Dividing by #* and setting the coefficient of each power of ¢ equal to 0 gives the
equations

cos(s — 1) 4+ scoag + cobg = 0,
ci1(s + 1)s + ((s + Dcrag + scoar) + (c1bg + cob1) = 0,
s+ + 1D+ ((s+2)cag+ )+ (cabg+---) =0,

eals +m)(s 41— 1)+ (s + menao + ) + (eabo + 1) =0,

Since ¢y is by assumption nonzero, we can divide the first equation by it, and we
obtain

s(s —1)4+aops + by =0,

which is the indicial equation for 1>y’ +1 P(¢)y’ + Q(¢)y = 0. This determines
the exponent s. Then ¢y is arbitrary, and all subsequent c,’s can be found
recursively, provided the coefficient of ¢, in the (n + 1)% equation above is
never O for n > 1, i.e., provided

(s+ms+n+1)+(+nap+by#0 forn > 1.

In other words, we can solve recursively for all ¢, in terms of ¢y provided s + n
does not satisfy the indicial equation for any n > 1. We summarize as follows.

Proposition 4.15. If P(r) and Q(¢) are given by convergent power series
for |t| < R, then the following can be said about formal series solutions of
12y" +tP(t)y' + Q(t)y = 0 of the type t*(co + c1t + cat?> + - - -) with ¢g # O:

(a) If the indicial equation has distinct roots not differing by an integer, then
there are formal solutions of the type x*(co + c1t + cat? + - -+) for each
root s of the indicial equation.

(b) If the indicial equation has roots r; < r, with r, — r; equal to an inte-
ger, then there is a 1-parameter family of formal solutions of the type
t"2(co + c1t + ct? +---) with ¢g # 0. If r; < r, in addition, there may
be formal solutions ' (co + 1t + c2t> + - - -) with cg # 0, as there are
for an Euler equation.

Theorem 4.16. If P(¢) and Q(r) are given by convergent power series for
|t| < R, then all formal series solutions of 2y” + t P(t)y’ 4+ Q(t)y = 0 of the
type t¥(co + c1t + cat? +---) withcg # 0 converge for 0 < ¢ < R to a function
that is a solution for 0 < ¢t < R.
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PROOF. As in the proof of Theorem 4.14, fix r with 0 < r < R, and choose
some R; withr < R; < R. Let the series expansions of P(¢) and Q(t) be as
above, so that there is a number C with |a,| < C/R} and |b,| < C/R]. Choose
N large enough so that

Cr/R, ( Is| +n+1 )Sl

1= /R \[G+m)6 +n+1) +aols +n) + bl ()

for n > N. Then choose M such that |c,| < M/r" for n < N. We shall prove
by induction on n that |c,| < M/r" for all n. The base case of the induction
is n = N, where the inequality holds by definition of M. Suppose it holds for
1,...,n — 1. The formula for ¢, is
cn((s +n)(s+n—1)+ag(s +n)+ bo)
= —[(s+n—Daicy—1+ -+ +sazcol — [brcy—1 + -+ - + bycol.
Our inductive hypothesis gives

leall(s 4+ n)(s +n—1) + ag(s + n) + bo|
< CM(|S| =+ n)(R;lr—(n—l) T R;nro)
FOM@ER 0D g RY)

n

= CM(|s| +n+ 1)r—"<L T _)

Ry RY
<Mr™" [C(|s|+n+1) (ﬂ)}
1—r/Ry
Thus
o] < Mr_”[ Cr/R, < |s| +n+1 )] < Mr
1—r/Ry \|(s+n)is+n+1)+ag(s +n)+ byl

the second inequality holding by (), and the induction is complete.
It follows that ) c,#" converges for || < r. Since r can be arbitrarily close
to R, Y c,t" converges for |t| < R. This completes the proof. O

EXAMPLE. Bessel’s equation of order p with p > 0. This is the equation

2y +1y + (t* — pHy =0.

It has P(t) = 1 and Q(¢) = t> — p?, both with infinite radius of convergence.
The indicial equation in general is s(s — 1) + aps + by = 0 and hence is

s(s—1)+s—p2=0

in this case. Thus s = £p. Theorem 4.16 shows that there is a solution of the
form
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1
— P 24 ...
I =1 <2Pp! Feitart ),

and this is defined to be the Bessel function of order p. The theorem gives
another solution of the form #~” times a power series except possibly when p is
an integer or a half integer. To determine all these solutions, we substitute the
series #* Y ¢,t" and get

s(s — Deg 4+ (s + Dserr + (s +2)(s + Deat? + - - -

+  sco+ (s+Der+ (s +2)cat® + - --
+ cot2+ clt3—i—---
- p2c0 - pzclt — pzczt2 - 192C3t3 —-..=0.

The resulting equations are

[s(s — 1)—|—s—p2]c0=0 from #°,
[(s+ s+ +1)—p*le; =0 from ¢!,
(s+m)s+n—1)~+G+n —plep+cnn=0 from t" forn > 2.

The first of these equations repeats the indicial equation, giving s = £p. The
second says that either ¢; = O or that s 4 1 solves the indicial equation. In the
latter case s = —% and p = % The third says that [(s + n)* — p*le, = —cus.
For the case that s = 4 p, we obtain
—Cp-2

(p+mn)?—p?
and there is no problem from the denominator. The result is that the Bessel
function of order p > 0 is given by

L= (1 t A - )
p( ~2rp z( _2(2p+2)+2-4(2p+2)(2p—|—4)

2 (=D g
( ) z(; '(k+p)'(t> '

Cyp =

El

\j/\\{(y/\l‘;\/@\ﬁ/s\\;o

FIGURE 4.3. Graph of Bessel function Jy(?).



9. Problems 261

For the case that s = — p, we obtain

= —Cn—2
(=p+n)?—p*
and the denominator gives a problem for n = 2p and for no other value of n. If
p is an integer, the problematic n is even and we must have ¢,—» =0, ¢,—4 = 0,
., ¢co = 0. The condition ¢y = 0 is a contradiction, and we conclude that there
is no solution of the form ¢#~” times a nonzero power series; indeed, Problems
18-19 at the end of the chapter will identify a different kind of solution. If p is
a half integer but not an integer, then the problematic n is odd, and we are led to
conclude that 0 = ¢, = --- = ¢c3 = ¢y, wWith ¢g and ¢, arbitrary. There is no
contradiction, and we obtain a solution of the form #~7 times a nonzero power
series.

9. Problems

1. For the differential equation yy’ = —t¢:
(a) Solve the equation.
(b) Find all points (#, yo) where the the existence theorem and the uniqueness
theorem of Section 2 do not apply.
(c) For each point (#y, yo) not in (b), give a solution y(z) with y(t) = yo.

2. Prove that the equation y’ = ¢ + y? has a solution satisfying the initial condition
¥(0) = 0 and defined for || < 1/2.

3. Inclassical notation, a particular vector field in the plane is given by ,/x % + % % .

Find a parametric realization of an integral curve for this vector field passing
through (1, 1).

d ("1
4. Evaluate — / — (sinst) ds.
dt Jo s

5. Find all solutions on (—o00, +00) to y” — 3y’ + 2y = 4.

6. (a) For each of these matrices A, find matrices B and J, with J in Jordan form,

L 0 0 -1
such that A = BJB~!: A=< ) A=<0 1 0).

4 1 0 0
(b) For each of the matrices A in (a), find a basis of solutions y(#) to the system
of differential equations y’ = Ay.
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The n'"-order equation y™ +a,_1y®=V 4+ ... 4 a9y = 0 with constant coeffi-
cients leads to a linear system z/ = Az with

(=]
—_
(=]
(=]
(=]

0 1 -0 0
A= B
01 0
0 1
—do —ap —a2 —dn—1

Prove that det(A1 — A) = A" +a,_1 A"~ +- - - 4o by expanding the determinant

by cofactors.

(a) Let {f,} be auniformly bounded sequence of Riemann integrable functions
on [0, 1]. Define F,(t) = fot fn(s)ds. Prove that { F,,} is an equicontinuous
family of functions on [0, 1].

(b) Prove that the set of functions y(¢) on [0, 1] with y” 4+ y = f(¢) and
y(0) = y’(0) = 0 is equicontinuous as f varies over the set of continuous
functions on [0, 1] with 0 < f(¢) < 1 for all 7.

(c) Let u(z) be continuous on [a, b]. Prove that the set of functions y(¢) on
[a, b] with y” + q(t)y = f(¢) and y(0) = y'(0) = 0 is equicontinuous as
f(¢) varies over the set of continuous functions on [0, 1] with0 < f(r) < 1
for all 7.

The differential equation #>y” + (3t — 1)y’ + y = 0 has an irregular singular

point at t = 0.

(a) Verify that Z;’;O (nt" is a formal power series solution of the equation
even though the power series has radius of convergence 0.

(b) Verify that y(r) = t~'e~!/ is a solution for ¢ > 0.

Problems 10—13 concern harmonic functions in the open unit disk, which were intro-
duced in Problems 14-15 at the end of Chapter III. The first objective here is to use
ordinary differential equations and Fourier series to show that all these functions may
be expressed in a relatively simple form. The second objective is to use convolution,
as defined in Problem 8 at the end of Chapter III, to relate this formula to the Poisson
kernel, which was defined in Problems 27-29 at the end of Chapter I. Problems 10-12
here are an instance of the method of separation of variables, a beginning technique
with partial differential equations; this topic is developed further in the companion
volume, Advanced Real Analysis. In all problems in this set, let u(x, y) be harmonic
in the open unit disk.

10.

Write u(x, y) in polar coordinates as u(r cos 6, r sinf) = v(r, #). Using Fourier
series, show for 0 < r < 1 and any § > O that v(r, 6) is the sum of an absolutely
convergent Fourier series Y oo _ . ¢, (r)e"? with |c,(r)| < M/n*for0 < r <
1 — 6 for some M depending on &.
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11. Let Ry be the rotation matrix defined in Problem 15 at the end of Chapter III. That
problem shows that (1 o Ry)(x, y) = v(r, 6 + ¢) is harmonic for each ¢. Prove
that % ff Lo Ry)(x, y)e "¢ dg is harmonic and is given in polar coordinates
by ck (r)etk?.

12. By computing with the Laplacian in polar coordinates and showing that ¢ (r)
is bounded as r | 0, prove that c;(r) = a;r'*! for some complex constant
ay. Conclude that every harmonic function in the open unit disk is of the form
v(r, 0) = Z;’;_ o car™ei? the sum being absolutely convergent for all 7 with
0<r<l.

13. Deduce from Problem 8 at the end of Chapter III that if v(r, 6) is as in the
previous problem and if 0 < R < 1, then v(r, ) = % ffn SR P /RO —¢@)do
for 0 < r < R, where P is the Poisson kernel and fr is the C*° function
frRO) =Y 00 caRMe?.

Problems 14—17 concern homogeneous linear differential equations. Except for the

first of the problems, each works with a substitution in a second-order equation that

simplifies the equation in some way.

14. If a(¢) is continuous on an interval and A(¢) is an indefinite integral, verify that
all solutions of the single first-order linear homogeneous equation y’ = a(t)y
are of the form y(r) = ce4®.

15. (a) Suppose that u(z) is a nowhere vanishing solution of

Y+ P@0)y +0@)y=0

on an interval, with P and Q assumed continuous. Look for a solution of
the form u(¢)v(¢), and derive the necessary and sufficient condition

V(1) = cu(t)fzeff P@dr
(b) For y” —ty' —y = 0, one solution is e'*/2
solution.

16. Let y” + P(t)y’ + Q(t)y = 0 be given with P, P’, and Q continuous on an
interval. Write y(#) = u(¢)v(t), substitute, regard u(¢) as known, and obtain a
second-order equation for v. Show how to choose u(#) to make the coefficient
of v’ be 0, and thus reduce the given equation to an equation v’/ + R(#)v = 0
with R continuous. Give a formula for R.

. Find a linearly independent

17. If L(v) = (pv’) — qv + Arv, show that the substitution u = v./r changes

L(v) =0into Lo(u) = 0, where Lo(u) = (p*u’)’ — ¢*u + Au with p* = p/r.
Problems 18-19 concern finding the form of the second solution to a second-order
equation with a regular singular point. The first of the two problems amounts to a
result in complex analysis but requires nothing beyond Chapter I of this book.
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18. Suppose that Y 7, c,x" is a power series with ¢ = 1.

(a) Write down recursive formulas for the coefficients d, of a power series
Y oneo dnx™ with do = 1 such that (Y77 cux™)(Yopeg dnx™) = 1.

(b) Prove, by induction on n, that if |c,| < Mr" for all n > 0, then |d,| <
MM + 1" foralln > 1.

(c) Prove thatif f(0) ## 0 and if f(x) is the sum of a convergent power series
for |x| < R for some R > 0, then 1/f(x) is the sum of a convergent power
series for |x| < & for some ¢ > 0.

19. Suppose that P(¢) and Q(¢) are given near ¢t = 0 by power series with positive
radii of convergence. Take for granted that if a(¢) is given by a power series with
a positive radius of convergence, then so is ¢). Form the equation

2y +tPt)y + Q(t)y =0,

let s; and s, be the two roots of the indicial equation, and suppose that the

differential equation has a solution given on some interval (0, ) by f(t) =

151302 o eat™ with ¢ # 0.

(a) Using Problem 15a, prove that the differential equation has a linearly inde-
pendent solution given on some interval (0, &) by

o0
g(t) = cf (1) logt + 1% anz" with ko # 0.
n=0

(b) Prove that the coefficient ¢ in g(¢) is # 0 if 51 = 7.

(c) For Bessel’s equation 12y” + ty’ + (1> — p?)y = 0 with p > 0 an integer
and with s; = p and s = —p, show that the coefficient ¢ in g(¢) is # O.
Thus there is a solution of the form J,(¢) log ¢ + ™7 (power series) on some
interval (0, &’).

Problems 20-25 prove the Cauchy—Peano Existence Theorem, that a local solution
in Theorem 4.1 to y/ = F(¢,y) and y(fp) = yo exists if F is continuous even
if F does not satisfy a Lipschitz condition. The idea is to construct a sequence
of polygonal approximations to solutions, check that they form an equicontinuous
family, apply Ascoli’s Theorem (Theorem 2.56) to extract a uniformly convergent
subsequence, and then see that the limit of the subsequence is a solution. A member
of the sequence of polygonal approximations depends on a number € > 0. With
notation as in the statement of Theorem 4.1, the construction for [#g, ty + a’] is as
follows: Choose the § of uniform continuity for F' and € on the set R. Fix a partition
o<t <. <ty =ty+a of [ty, 1o + a'] with max;{ty — 11} < min(8, §/M).
Define y(z), as a function of €, for #x_; < t < t; inductively on k by y(#)) = yo and

y@) = yt—1) + F(ti—1, ytx—1)( — t—1).



20.

21.
22.

23.

24.

25.
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Check that the formula for y(¢#) when t,_1 < t < f; remains valid when ¢ =
tx—1, and conclude that y(¢) is continuous. Then prove by induction on k that
ly(t) — y(to)| < M(t —ty) < bfort,_; <t < t, and deduce that (¢, y(¢)) is in
R fortg <t <ty+a.

Prove that |y(t) — y(t')| < M|t — t'| if t and ¢’ are both in [zg, o + a'].

The function y’(¢) is defined on [#g, fo + a’] except at the points of the partition
and is given by y'(t) = F(tx—1, y(tr—1)) if tr—; < t < t;. Prove that y(t) =
yo + ft; y'(s)ds for g < t < 1ty + da’ and that |y'(s) — F(s, y(s))| < € if
th—1 <S8 <.

Writing y(¢) = yo +ft; [F(s, y(s))+ [y (s)— F(s, y(s))]] ds and using the result
of the previous problem, prove for all 7 in [fg, o + a’] that

[y(@0) = (yo+ [ F(s, y(s) ds)| < ed'.

Let €, be a monotone decreasing sequence with limit 0, and let y, (¢) be a function
for t in [fo, to + a’] constructed as above for the number ¢,. Deduce from
Problem 21 that {y, (¢)} is uniformly bounded and uniformly equicontinuous for
tin [tg, to + a'l.

Apply Ascoli’s Theorem to {y, }, and let y(¢) be the uniform limit of a uniformly
convergent subsequence of {y,}. Prove that y(¢) is continuous, and use Prob-
lem 23 to prove that y(f) = yog + ft(l) F(s, y(s))ds. What modifications are

needed to the argument to handle [y — a’, 1p]?

Problems 26-28 use elementary complex analysis as in Appendix B to shed further
light on results and problems in this chapter.

26.

27.

28.

Let u(x, y) be harmonic in the open unit disk. Bypassing Problems 10 and 11,
write u(x, y) as the real part of an analytic function f(z), expand f(z) in Taylor
series about z = 0, take the real part of the expansion, and deduce the conclusion
of Problem 12 that u(x, y), when written in polar coordinates as v(r, 6), is of
the form )2 _ car™ei"?  the sum being absolutely convergent for all r with
0<r<l.

In the context of Problem 18, use the theory of analytic functions to deduce that
if f(z) has f(0) # 0 and is the sum of a convergent power series for [x| < R
for some R > 0, then 1/f(z) is the sum of a convergent power series for |z| < &
for some ¢ > 0.

This problem derives an integral formula for the Bessel function J, (z) introduced
near the end of Section 8. The function ¢/%"? is a continuous complex-valued
function for (z, #) in C x R that is analytic as a function of z for each fixed 6 and
is periodic in 6 for each fixed z. The problem works with the Fourier coefficients

of this function.



266

1V. Theory of Ordinary Differential Equations and Systems

(a) Define ¢, (z) L f T etzsindo=ind 4o Why is this an entire function of z?

= 2nJ-n

(b) Using the power series expansion of the exponential function, show that

izsing _ i i(%)”(eie N

e

and justify the interchange of limits that gives

-7

(c) Write Iy, , for the expression 5 ™ (¢! —e~%)Pe~"% 4 in (b). Show that

(=DF®) if p=n+ 2k withk > 0
In,p =

0 otherwise,

and simplify for n > 0 to obtain

w0 Tyk
@@ = (3) ,; k!in it)k)! (9%'

(d) Conclude that ¢,(z) = J,(z) if n > 0 and that c_,(z) = (—1)"J,(z) if

n > 0. In particular,

| :
Jn(Z) — E/\ etzsm9€—m9 d@
=TT

forn > 0.

(e) Obtain the formula ¢’ "% = Jy(z) + 3 J,(2)(€" + (—1)"e"?).

n=1





