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INDEX OF NOTATION

See also the list of Standard Notation on page xxv. In the list below, items
are alphabetized according to their key symbols. For letters the order is italic
lower case, Roman lower case, italic upper case, Roman upper case, script, and
blackboard bold. Next come items whose key symbol is Greek, and then come
items whose key symbol is a nonletter. The last of these are grouped by type.

a,, 62 C>®(E), 143
arccos, 79 CK(E), 143
arcsin, 52 C.om(X), 338, 352, 535, 572
arctan, 52 cV(a, b)), 572
A(D), 573 d, 41

b,, 62 dy, 75

B(r; x), 84 d(x,y), 84

B(S), 88, 317, 571 dx, 336

B(S,C), 88 dw, 364, 540, 567
B(S,R), 88 D, 422

By, 335 D(x, A), 97

By, 335 D;, 423, 702
B(X), 537 Dy, 69

B(X,Y), 320, 574 e, 47

By(X), 553 e, 149

By (K), 350 ej, 616

By (V), 353 exp, 47, 149, 640
c, 572 E[f|B], 487

co, 572 F,, 541

cn, 62, 373 F, 412

card, 627 I, 136

cos, 47, 640 F", 616

C®, 143 Gs, 541

ck, 143 H, 435

c(S), 101, 317, 513, 571 H;, 439

Cc(S,0), 101,561 H®* (D), 573
C(S,R), 101, 561 inf, 3, 6

Co(X), 558, 572 Ig, 173, 277
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796 Index of Notation

Te(s), 278

J, Jg, 714

Jy(1), 260

Ky, 71

K(X), 539

L(y), 183, 189

L(y(P)), 183

02, 88

ey, er, 572

lim, 5, 99, 633

liminf, 7

lim sup, 7

log, 49, 660

Log, 660

L', 90, 317

L?, 90, 317

L, 317

L,, 594

L(y), 243

L(P, f), 27, 163

LP(X), LP(X, A, w), LP(X, w),
317, 572

m, 272, 336

mg(f), 163

M((a + bi), 633

M(X), 572

M(X,C), 563

M(X, R), 561

Mg(f), 163

n(y, zo0), 663

0sCg(xp), 121, 169

p’, 450

X =PUN, 459

P, 243

P(x,t), Pi(x), 433

P.(0), 81, 392, 430

0(D), 422

O(x,¢), Q:(x), 436

O.(ai,...,ay), 340

Qx, 135

Qp, 134

Q;, 135

Rla, b], 27
R(A), 163

R*, 6, 86
Resf(z0), 674
sy(f; x), 63, 373
sin, 47, 640

sup, 2, 5

S, 127, 364
S(P, {t:}, 1), 39
S(P, {tr}, ), 165
S, 423

S(RN), 423
Tr X, 150

7, 491

T*, 504

uj, 616

U(P, f), 27,163
V(f), 393
V), V7(f), 385
Zp, 135

Greek

||, !, 702
I'(s), 361

A, 214, 430
Ax,-, 27

£(s), 428

t, 591

Ar, 388

W, s, 290,291
e, 388

w(P), 27, 163, 186
[du], 284

v= fdu, 288
o,, 54

o,, 54

Ty, 341

e, 350

Q, 330

Qy, 364



Index of Notation

Isolated symbols and signs
€, 604, 605
00, 5

c, D, 605
+00, —00, 6
rt, r=, 385
vt, v, 458
~, 63, 373
<, 460

@, 578

vV, 201

Subscripts and superscripts
X*, 129, 493, 504, 574
f*(x), 366

M*t, 577

L*, 586

x*, 586

A 93

A°, 93

24, 605

D%, 702

z%, 702

Operations on sets

A x B, 302

X/~, 494, 520

o, 304

B*, 606

UxeS Ax’ mxeS AX’ XxeSAx’ 607
EAF, 269

E., 303

E?, 303

Operations on functions
f1, 608

f =g, 213, 344, 372

uw x v, 306

f, 412

fr, f~, 275

Integrals

f_abfdx, _fodx, 27
[, fdx, J fdx, 163
J? fdx, 27,30

[, fdx, 163

[y fdu, 278

Jg f)du(x), 278
R [, fdx, 318

J, fds, 186

[, f-ds, 195
f[a,b]fdoz, 216

[, f(@)dz, 637

PV [% , 679

Intervals
(a,b), 3
[a,b], 3
[a,b), 3
(a,b], 3

Specific functions

(-, )y 75

- N, 75,315

| - |, 85, 137, 139, 163, 275, 563
x-y, 85

(-, ), 90, 573

I -1, 91, 137, 315, 563, 571, 573
| -1, 134

B EE

315

I Moups 317

” : ”BV’ 385

-1, 449

[ (P
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798 Index of Notation

Other

(a, b), la, b], [a,b), (a,b], 3
[M;;], 616

(X,T), 491

a, = a, 5, 99

0/ 140

3_xj7
of;
[ ] 141
Z;l:] aj(xla-"yxn)aixj, 234
(X, A, ), 274
(D, <), 514
{'xlx}i 514
o x,, 514
[z"*1], 666
(21, 225 23, 24), 712



a.e., 284

Abel summable, 54

Abel sums, 54

Abel’s Theorem, 55

Abelian theorem, 56

absolute value, 613

absolutely continuous
measure, 460
monotone function, 407
Stieltjes measure, 407

abstract rectangle, 302, 335

additive set function, 270
bounded, 458

adjoint, 586

Alaoglu’s Theorem, preliminary form, 320, 558

algebra, 125
algebra of sets, 268
almost every, 284
almost everywhere, 284
almost period, 132
almost periodic, 132
Bochner, 132
Bohr, 132
alternating series test, 19
analytic function, 470, 635
annulus, 202, 696
approximate identity, 59, 60, 350
arc length
cumulative, 185, 190
definition, 182
formula, 189
with Lebesgue integral, 326
arc, simple, 182
arccosine, 79
archimedean property, 4
arcsine, 52, 661
arctangent, 52, 708
area of sphere, 364
area of surface, 210

INDEX

argument, 663

Argument Principle, 701, 709
global form, 689
local form, 670

arithmetic operations, 105

arithmetic-geometric mean inequality, 215

Ascoli—-Arzela Theorem, 527

Ascoli’s theorem, 22, 122, 264, 711

associated Stieltjes measure, 382
Axiom of Choice, 607
axiom of countability, 499

Baire Category Theorem, 119, 122, 530

Baire function, 554
Baire measurable function, 554
Baire measure, 555
Baire set,, 553
ball, open 84
Banach limit, 600
Banach space, 571

quotient, 599

reflexive, 591
Banach—Steinhaus Theorem, 593
base

countable local, 499

for metric space, 107

for topology, 495

local, 499
basis

of vector space, 623

standard, 616
Bernoulli numbers, 710
Bessel function, 260, 265
Bessel’s equation, 259
Bessel’s inequality, 67, 373, 581
binomial coefficient, xxv
binomial series, 53, 56, 665
Bochner almost periodic, 132
Bochner’s Theorem, 444
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Bohr almost periodic, 132
Bolzano—Weierstrass property, 109, 110
Bolzano—Weierstrass Theorem, 9, 109
Borel complex measure, regular, 563
Borel function, 335, 354, 356, 553
Borel measurable, 275, 335
Borel measurable function, 553
Borel measure, 337, 354, 356, 539

purely irregular, 568

regular, 337, 354, 356, 539
Borel set, 273, 335, 353, 356, 537, 553
Borel signed measure, regular, 561
bound

greatest lower, 3

least upper, 2

lower, 3

upper, 2
boundary cycle, 694
bounded, 527
bounded additive set function, 458
bounded, essentially, 316
bounded function, 88
bounded interval, 3
bounded linear operator, 319, 573
bounded operator, 319
bounded pointwise, 22, 122, 527
bounded set, 3, 539
bounded uniformly, 22, 122, 527
bounded variation, 384, 393
branch, 661

of logarithm, 660

of n'M root, 661

CF function, 143

C function, 143

canonical expansion of simple function, 277

canonical extension of measure, 297

canonical map, 591

Cantor, 629

Cantor diagonal process, 24, 510

Cantor function, 382

Cantor measure, 392, 569

Cantor set, 119, 328, 381, 569
standard, 119

cardinal number, 627

cardinality, 627

Cartesian product, 606, 607

catenary, 215

Cauchy criterion, 10

Index

uniform, 18
Cauchy Integral Formula
application, 652, 658
general form for disk, 665
global form, 688
local form, 648
Cauchy Integral Theorem, 416
application, 649, 665, 671, 675, 688, 689,
696
global form, 685
homology form, 694
local form, 645
statement, 641
Cauchy principal value, 679
Cauchy sequence, 9, 113
uniformly, 18
Cauchy—Peano Existence Theorem, 264
Cauchy—Riemann equations, 417, 436, 470,
634, 635
Cauchy—Schwarz inequality, 614
Cauchy’s estimate, 653
center, 702
Cesaro summable, 54
Cesaro sums, 54, 409
chain, 623
equality, 204
piecewise C!, 641, 682
chain rule, 145
change-of-variables formula, 37, 173, 358
character multiplicative, 445
characteristic function, 173, 277
characteristic polynomial, 243, 249
Chebyshev’s inequality, 389
circle, 633
standard, 638
unit, 633
class, 605
equivalence, 614
class C¥, 143
class C*°, 143
closed curve, 199
simple, 199
closed disk, 633
closed geometric rectangle, 162
Closed Graph Theorem, 598
closed interval, 3, 6
closed map, 531
closed polydisk, 702
closed polygon, 207



closed rectangle, 162
closed set, 3, 93, 491
closed subspace, 103
closed unit disk, 128
closed vector subspace, 105
closure, 94, 491
cofactors, 618
cofinal, 517
collection, 605
compact metric space, 109
compact set, 109, 502
compact topological space, 502
compactification, one-point, 505
complement, 605
complete metric space, 114
completely additive set function, 270
o -finite, 273
completeness of L?, 321, 453
completion of measure space, 298, 328
completion of metric space, 129, 134
complex conjugation, 613
complex derivative, 633, 649, 705
complex differentiable, 705, 713
complex Euclidean space, 86
complex Jacobian matrix, 705, 713
complex line integral, 637
formula, 638
of a complex derivative, 639
complex measure, regular Borel, 563
component, 532
connected, 118
component rectangles, 163
components of a function, 140
composition, 608
conditional expectation, 487
conjugate harmonic function, 712
conjugate Poisson integral, 436
conjugate Poisson kernel, 436
conjugation, complex, 613
connected, 531
locally, 132
locally pathwise, 132
connected component, 118, 532
connected metric space, 116
connected set, 116
conservative vector field, 201
constant coefficients, 243, 246
constant loop, 692
content 0, 168

Index

continuity
at a point, 96
uniform, 112

801

continuous derivative on a closed interval, 611

continuous from the left, 377

continuous from the right, 377

continuous function, 10, 97, 492
uniformly, 11

continuous linear functional on L?, 464

continuous periodic, 68

continuous singular Stieltjes measure, 406

continuous vector field, 194
contraction mapping, 132
contraction mapping principle, 132
converge, 512, 515
uniformly on compact sets, 710
convergence
norm, 320
uniform, 17
weak-star, 320, 393, 443, 485
convergent sequence, 5, 98
convolution, 59, 213, 344, 372, 456
of measures, 443
cosine, 47
countable, xxv, 107
countable local base, 499
countable ordinals, 330
countably additive set function, 270
counting measure, 272
cover, 107, 152
Cramer’s rule, 618
critical point, 361
critical value, 361
cross ratio, 712
cumulative arc length, 185, 190
curve, 181, 234
integral, 234
parametrically defined, 181
piecewise c', 199
simple closed, 199
cut, 2
cycle, 683
boundary, 694
cycloid, 193

defined implicitly, 154
definite, 90

degree of polynomial, 618
delta mass, 380
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delta measure, 380
dense, 107
dense set, 499
derivative, 141
at endpoint of interval, 611
complex (see complex derivative)
on a closed interval, 611
partial, 140
determinant, 617
‘Wronskian, 240
diadic cube, 340
diagonal process, 24
diffeomorphism, 162
difference, 605
differentiable, 140
infinitely, 46
periodic, 68
differential equation

Index

Division Algorithm, 619
divisor, 619
greatest common, 620
domain, 606
Dominated Convergence Theorem, 289
dot product, 85, 617
doubly infinite sequence, 5
dual diagonal, 468, 469
dual group of finite abelian group, 445
dual index, 450, 575
dual of normed linear space, weak-star
topology, 493
dual space, 320, 574

Egoroff’s Theorem, 329, 566
element, 604, 605
elementary matrix, 175
elementary set, 269

existence theorem for ordinary system, 224,  entire function, 635

264
first-order ordinary linear, 263
ordinary, 218

ordinary homogeneous linear, 219, 236
ordinary inhomogeneous linear, 236

ordinary linear, 219, 236
system of ordinary, 223

entity, 604

equal chains, 682

equality of chains, 204

equicontinuous, 22, 122, 262, 265, 526, 527
uniformly, 22, 122

equivalence class, 614

equivalence relation, 614

uniqueness theorem for ordinary system, 228 essential bound, 316

differential, total, 154
differentiation implicit, 154

differentiation of integrals, 35, 367, 401, 408

strong, 479, 486

differentiation of monotone functions, 397

essential singularity, 659
essential supremum, 316
essentially bounded, 316
Euclidean algorithm, 620
Euclidean norm, 85, 86

differentiation of series of monotone functions, Euclidean space, 85, 571

400
dilation, 341, 488
Dini’s test, 70, 374
Dini’s Theorem, 79, 133, 529, 541
direct image, 609
directed set, 514
Dirichlet kernel, 69
Dirichlet-Jordan Theorem, 386
discrete metric, 88
discrete topology, 492
disk, 128, 214, 633
distance, 41, 75, 84

to a set, 97
distribution function, 377, 389
Divergence Theorem, 211
divide, 619

complex, 86
Euler’s equation, 257
eventually, 98, 512, 514
everywhere dense, 107
existence theorem
complex line integral, 636
integral curves, 234
integral with respect to arc length, 186
line integral, 195
system of ordinary differential equations
224,264
expansion by cofactors, 618
expectation, conditional, 487
exponential, 47
of a matrix, 149
extended real number, 6, 86



Index

Extension Theorem, 274, 289, 307, 538, 551

Fy, 541
factor of polynomial, 619
Factor Theorem, 619
family, 605
fast Fourier transform, 429, 445
Fatou’s Lemma, 288
Fatou’s Theorem, 372, 433
Fejér kernel, 71
Fejér’s Theorem, 73, 375, 409
field of scalars, 315
filled rectangle, 633
filled triangle, 633
filter, 332
finest topology, 494
finite abelian group, Fourier analysis on, 445
finite interval, 3
finite limit for derivative at endpoint, 611
finite measure space, 274
finite-intersection property, 110, 503
first axiom of countability, 499
first category, 120
first countable, 499
first-order linear ordinary differential equation,
263
flip, 176
Fourier coefficient, 63, 373
Fourier inversion formula, 418
Fourier series
almost everywhere convergence
of Cesaro sums, 409
Bessel’s inequality, 67, 373
convergence in L?, 487
convolution, 213
Dini’s test, 70, 374
Dirichlet-Jordan Theorem, 386
divergence for a continuous function, 594
failure of some sequence vanishing at
infinity to occur, 597
Fejér’s Theorem, 73, 375
localization, 71
Parseval’s Theorem, 74, 376
Riemann-Lebesgue Lemma, 67, 373
Riesz—Fischer Theorem, 376
uniqueness theorem, 73, 78, 376
with harmonic functions, 262
with Lebesgue integral, 373
with Riemann integral, 63

803

Fourier transform, 412
fast, 429, 445
for finite abelian group, 445
of measure, 444
Fourier-Stieltjes coefficient, 387
FourierStieltjes series, 387
frequently, 514
Fubini’s Theorem, 15, 171, 173, 307, 309,
653,703
Fubini’s theorem on differentiation of series
of monotone functions, 400
function, 606
functional linear, 319
Fundamental Theorem of Algebra, 113, 622,
653,709
Fundamental Theorem of Calculus, 35, 367,
401, 408

Gs, 541
gamma function, 361, 391
gap, 533
Gauss’s Theorem, 211
geometric rectangle, 162, 302, 335
closed, 162
Goursat’s Lemma, 642
gradient, 201
Gram determinant, 599
Gram matrix, 599
Gram-Schmidt orthogonalization process,
580, 599
graph, 328
greatest common divisor, 620
greatest lower bound, 3
Green’s Theorem, 416, 704
first form, 205
for annulus, 206
for closed rectangle, 203
for simple closed polygon, 208

Hahn decomposition, 459
Hahn-Banach Theorem, 587
half space
Poisson integral formula, 433
Poisson kernel, 433
half-open interval, 3, 6, 500
Hardy-Littlewood maximal function, 368,
441, 486
Hardy-Littlewood Maximal Theorem, 366,
371,478
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harmonic function, 214, 372, 392, 430,
470, 485

conjugate, 712

unit disk, 262, 265, 567
Hausdorff, 106, 496
Hausdorff—Young Theorem, 475, 488
hedgehog space, 89
Heine—Borel Theorem, 109, 111
helix, 215
Helly—Bray Theorem, 444, 489, 557
Helly’s Selection Principle, 79
Herglotz’s Theorem, 567
Hermitian inner product, 86, 90
Hermitian symmetric, 90
Hilbert cube, 89
Hilbert space, 573

dimension, 584
Hilbert transform, 435, 481

existence almost everywhere, 486
Hilbert—Schmidt norm, 139
Holder’s inequality, 450
holomorphic, 702, 714
homeomorphism, 97, 492
homogeneous function, 213
homogeneous linear ordinary differential

equation, 219, 236, 263

homotopic, 692
Hurwitz’s Theorem, 710

Identity Theorem, 657
image, 606, 617

direct, 609

inverse, 609
imaginary part, 613
implicit differentiation, 154
Implicit Function Theorem, 156
index, 663, 683
indicator function, 173, 277
indicial equation, 257, 258
indiscrete space, 88
infimum, 3
infinite Taylor series, 45
infinitely differentiable, 46
infinity, 5, 6

vanish at, 558
inhomogeneous linear ordinary differential

equation, 236

initial condition, 221
inner measure, 291

Index

inner product, 90, 573
Hermitian, 86
inner-product space, 90
pseudo, 91
inside
of circle, 633
of rectangle, 633
of triangle, 633
integrable, 278, 312
Lebesgue, 278
Riemann, 27, 42, 163
uniformly, 329
integrable vector-valued function, 310, 313
integral curve, 234
integral
Lebesgue, 278
Riemann, 42
Stieltjes, 195, 216
integral with respect to arc length
existence, 186
formula, 192
integration by parts, 37, 68, 382
interchange of limits, 13
interior, 93, 491
Interior Mapping Principle, 595
Intermediate Value Theorem, 12, 117
intersection, 605
interval, 3, 6
inverse function, 608
Inverse Function Theorem, 157, 612, 659, 668
inverse image, 609
irregular singular point, 262
isolated singularity, 658
isometric, 129
isometry, 128

Jacobian matrix, 141
Jessen—Marcinkiewicz—Zygmund, 486
Jordan and von Neumann Theorem, 576, 601
Jordan block, 247

Jordan decomposition, 458

Jordan form, 247

Jordan normal form, 248

kernel
Dirichlet, 69
Fejér, 71
of linear function, 617
Poisson, 81



L? completeness, 321, 453
LP dual, 464
L? norm, 449
L? translation, 347, 457
Lagrange interpolation polynomial, 708
Lagrange multipliers, 215, 450
Laplace equation, 214, 430, 470
Laplacian, 214, 430, 712
Laurent series, 697, 710
least upper bound, 2, 624
Lebesgue constant, 594
Lebesgue decomposition, 406, 463
Lebesgue integral, 278
Lebesgue measurable, 275, 298, 301, 343
Lebesgue measure, 119, 272, 336, 341
Lebesgue set, 409
Lebesgue’s theorem on differentiation of
monotone functions, 397
Legendre polynomial, 256
Legendre’s equation, 255
Leibniz test, 19
length, 119
definition for arc, 182
formula for arc, 189
lexicographic ordering, 533
limit, 5, 512, 515, 633
Banach, 600
of a sequence, 99
point, 3, 94, 491
uniform, 17
limits, interchange of, 13
Lindelof space, 500
line integral, 195, 200
existence, 195
formula, 196
linear fractional transformation, 711
linear function, 616
linear functional, 319, 574
norm, 464
positive, 537
linear map, 616
linear operator, 319, 573
bounded, 319, 573
continuous, 319
linear ordinary differential equation, 219, 236
constant coefficients, 243
homogeneous, 263
linear transformation, 616

Index

Liouville’s Theorem, 653
Lipschitz condition, 224
local base, 499

countable, 499
localization of Fourier series, 71
localization of Lebesgue integral, 282
locally compact, 504
locally connected, 132, 532
locally finite open cover, 532
locally pathwise connected, 132, 532
logarithm, 49

branch, 660
logarithmic spiral, 215
long line, 533
loop based at a point, 692
lower bound, 3

greatest, 3
lower Riemann integral, 27, 163
lower Riemann sum, 27, 163
lower semicontinuous, 530
lower-dimensional set, 363
Lusin’s Theorem, 566

main diagonal, 468, 469
manifold, smooth, 209
manifold-with-boundary, smooth, 209
map, 606

linear, 616
mapping, 606
Marcinkiewicz Interpolation Theorem, 478
matrix, 616

elementary, 175

Jacobian, 141

Jordan form, 248

‘Wronskian, 240
maximal element, 623
maximal function, 368

Hardy-Littlewood, 368
Maximum Modulus Theorem, 471, 658
maximum principle, 470
Mean Value Theorem, 610
measurable, Borel, 275, 335
measurable function, 274

Baire, 554

Borel, 553
measurable, Lebesgue, 275, 298, 301, 343
measurable set, 274, 277, 293, 302
measurable vector-valued function, 311
measure, 271
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806 Index

absolutely continuous, 460 multi-index, 702
absolutely continuous Stieltjes, 407 multiplication formula, 413
associated Stieltjes, 382 multiplicative character, 445
Baire, 555 multiplicity, 27
Borel, 337, 354, 356, 539 of a root, 622
Cantor, 392, 569 multiplier, 422
counting, 272 multiplier operator, 422
delta, 380
inner, 291 negative, Xxv
Lebesgue, 272, 336, 341 negative variation, 385
outer, 291 neighborhood, 491
product, 306 of a point, 93
purely irregular Borel, 568 of a subset, 93
regular Borel, 337, 354, 356, 539 net, 514
regular Borel, complex 563 universal, 517
regular Borel, signed 561 Newton’s method, 78
signed, 458 nonnegative set function, 270
singular, 463 norm, 91, 467,477, 571
singular Stieltjes, 406 convergence, 320
Stieltjes, 377 essential supremum, 316
measure 0, 167, 301 Euclidean, 85, 86
measure space, 274 Hilbert—Schmidt, 139
completion, 298, 328 LP, 449
finite, 274 of linear functional, 464
o-finite, 274 operator, 137,319, 477, 573
member, 605 supremum, 317
meromorphic function, 659 total-variation, 563
mesh, 27, 163, 186 uniform, 317
metric, 84 weak-type, 477
discrete, 88 normal, 106, 496
hedgehog, 89 normal family, 710
product, 104 normed linear space, 317, 571
uniform, 88 finite-dimensional, 571
metric space, 84 pseudo, 316
complete, 114 weak topology, 493
completion, 129, 134 weak-star topology on dual, 493
connected, 116 nowhere dense, 119
metric subspace, 103, 105 n'M root, branch, 661
metric topology, 491 null space, 617
metrizable, 525 number
Minkowski’s inequality, 451 extended real, 6
for integrals, 323, 454 real, 2
monotone class, 304
Monotone Class Lemma, 304, 305 one-one, 608
Monotone Convergence Theorem, 15, 286, 287  one-point compactification, 505
monotone increasing, 377 onto, 608
monotone sequence, 5 open ball, 84
monotone set function, 543 open cover, 107, 500

Morera’s Theorem, 652, 653 locally finite, 532



open disk, 633
open interval, 3, 6
open mapping, 520
open mapping property, 673
open neighborhood, 93, 491
open polydisk, 702
open rectangle, 163
open set, 3, 84, 491
open subcover, 107, 500
open subspace, 103
open unit disk, 214
operator
bounded linear, 319
continuous linear, 319
linear, 319, 573
multiplier, 422
norm, 137, 319, 467,477, 573
self-adjoint, 586
sublinear, 476
order, 218, 223
order complete, 533
order of pole, 659
order of zero, 657
order topology, 533
ordered pair, 605
ordering
lexicographic, 533
partial, 623
simple, 623
total, 533, 623
ordinals, countable, 330
ordinary differential equation, 218
constant coefficients, 243
existence theorem, 224, 264
first-order linear, 263
homogeneous linear, 219, 236, 263
inhomogeneous linear, 236
linear, 219, 236
uniqueness theorem, 228
ordinary differential equations system, 223
with constant coefficients, 246
orientation-preserving, 182
orientation-reversing, 182
orthogonal, 90, 577
orthogonal complement, 578
orthogonal projection, 580
orthonormal, 579
orthonormal basis, 582
orthonormal set, maximal, 582
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oscillation, 121, 169, 530
Osgood’s Lemma, 703
outer measure, 291
outside

of circle, 633

of rectangle, 633

of triangle, 633

p-adic numbers, 134
pair
ordered, 605
unordered, 605
parabola, 215
parallelogram law, 576
parameters, 233
parametrically defined curve, 181
Parseval’s equality, 582
Parseval’s Theorem, 74, 376
partial derivative, 140
partial fractions, 707
partial ordering, 623
partition, 26, 163
partition of unity, 152, 532
path, 117, 181, 234, 531
pathwise connected, 117, 531
locally, 132
periodic, 63
Picard iteration, 222
Picard—Lindelof Existence Theorem, 224
piecewise C ! chain, 204, 641, 682
piecewise c! curve, 199
Plancherel formula, 419
point, 605
point mass, 380
pointwise bounded, 22, 122, 527
Poisson integral, 393
conjugate, 436
formula for half space, 433
formula for unit disk, 392, 430, 485
Poisson kernel, 81
conjugate, 436
for half space, 433
for unit disk, 430
Poisson Summation Formula, 427, 446
polar coordinates, 175, 360
polarization, 577
pole, 658
order of, 659
simple, 659
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polydisk, 702
polygon, 633
polynomial

characteristic, 243, 249

in one indeterminate, 618

Legendre, 256

prime, 621
polyradius, 702
positive, Xxv
positive definite function, 444
positive linear functional, 537
positive variation, 385
potential theory, 391
power series, 45, 46
prime polynomial, 621
primitive mapping, 176
principal branch, 660, 661
probability, 173, 277, 377, 487, 535
product

Cartesian, 606, 607

dot, 85, 617

inner, 90, 573

measure, 306

metric, 104

topology, 492, 507
product of metric spaces, 104
product of sets, 606
product of o -algebras, 302
projection, orthogonal, 580
Projection Theorem, 578
pseudo inner-product space, 91
pseudo normed linear space, 316
pseudometric, 84
pseudometric space, 84
pseudonorm, 91, 315
purely finitely additive, 485
purely irregular Borel measure, 568
Pythagorean Theorem, 576

quotient map, 494, 520
quotient space of a Banach space, 599
quotient topology, 492, 494, 520

radius of convergence, 45, 79

Radon—Nikodym Theorem, 460, 465, 487, 556,
564

range, 606

rank, 617

real number, 2

Index

real part, 613
rearrangement, 12
rectangle, 162, 302, 303, 335, 633
abstract, 302, 335
closed, 162
closed geometric, 162
filled, 633
geometric, 302, 335
open, 163
rectifiable, 183, 325
reduction of order, 263
refinement, 163
of partition, 28
reflexive, 614, 623
reflexive Banach space, 591
region, 200, 635
region under a graph, 328
regular, 106, 272, 496
regular Borel complex measure, 563
regular Borel measure, 337, 354, 356, 539
regular Borel signed measure, 561
regular singular point, 256
relation, 606
equivalence, 614
function, 606
set, 522
relative topology, 495
relatively dense, 132
removable singularity, 654
Removable Singularity Theorem, 654
reparametrization, 182
Residue Theorem, 689, 696, 700, 709
restriction, 608
reverse simple arc, 184
Riemann integrable, 27, 42, 163
Riemann integral, 27, 42, 163
Riemann Mapping Theorem, 694
Riemann sphere, 705
Riemann sum, 27, 39, 43, 163, 165
Riemann zeta function, 428, 446
Riemann-Lebesgue Lemma, 67, 373, 418
Riesz, Frigyes and Marcel, 467
Riesz Representation Theorem, 464, 539, 578
Riesz—Fischer Theorem, 376, 421
Riesz—Thorin Convexity Theorem, 467, 468
Riesz’s Lemma, 396
ring of sets, 269
Rising Sun Lemma, 396
root, 618



Rouché’s Theorem, 671, 709
Russell paradox, 603

saltus function, 404
Sard’s Theorem, 362
sawtooth function, 66
scalar, 88, 315
scalar-valued nonnegative function, 310
Schroeder-Bernstein Theorem, 628
Schwartz function, 423
Schwartz space, 423
Schwarz inequality, 76, 85,91, 576, 614
Schwarz’s Lemma, 708
second axiom of countability, 499
second countable, 499
section, 303
self-adjoint, 586
semicubical parabola, 215
semidefinite, 91
seminorm, 315
separable, 108, 495
separate points, 125, 511
separation of variables, 262
separation properties, 106
sequence, 4, 98
Cauchy, 9, 113
convergent, 5
doubly infinite, 5
monotone, 5
space, 88
series
binomial, 53, 56, 665
Fourier (see Fourier series)
Fourier—Stieltjes, 387
power, 45, 46
Taylor, 46
trigonometric, 62
set, 604
set function, 270
additive, 270
bounded additive, 458
completely additive, 270
countably additive, 270
monotone, 543
nonnegative, 270
purely finitely additive, 485
o -finite completely additive, 273
set theory, 603
Zermelo-Fraenkel, 604

Index

shoelace formula, 217
side, 302

o -algebra of sets, 269
o-bounded set, 539
o-compact, 506
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o -finite completely additive set function, 273

o -finite measure space, 274

o-ring of sets, 269

signed measure, 458
regular Borel, 561

Silverman—Toeplitz summability method, 80

simple arc, 182
reverse, 184
simple closed curve, 199
simple closed polygon, 207
polygon inside, 207
polygon outside, 207
simple function, 277
canonical expansion, 277
simple ordering, 623
simple pole, 659
simply connected, 682, 683, 692, 693, 713
sine, 47
singleton, 605
singular measure, 463
singular part 659, 700
singular point
irregular, 262
regular, 256
singular Stieltjes measure, 406
singularity
essential, 659
isolated, 658
pole, 658
smallest closed vector subspace, 317
smooth function, 143
smooth manifold, 209
smooth manifold-with-boundary, 209
smooth vector field, 234
solution, 218, 223
solution, 223
sphere, 127
area, 364
spherical coordinates, 363
standard basis, 616
standard Cantor set, 119
standard circle, 638
star-shaped, 202
stereographic projection, 705, 706
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Stieltjes integral, 195, 216
Stieltjes measure, 377
absolutely continuous, 407
associated, 382
singular, 406
Stokes’s Theorem, 211
Stone—Weierstrass Theorem, 126, 133, 529
strong differentiation, 479, 486
strong type, 467, 477
subalgebra, 125
subcover, 500
subdivision point, 26
sublinear operator, 476
subnet, 517
subordinate to a cover, 152
subsequence, 5
subspace, 103, 105
closed, 103
metric, 103, 105
open, 103
smallest closed vector, 317
topological, 495
vector, 105
summability, 54
Abel, 54
Cesaro, 54
Silverman—Toeplitz, 80
support, 173, 338, 537
supremum, 2
essential, 316
norm, 317
surface area, 210
symmetric, 90, 614
symmetric difference, 268
system of ordinary differential equations,
223
constant coefficients, 246
existence theorem, 224, 264
uniqueness theorem, 228

Index

topological space, 491
topological subspace, 495
topology, 491

discrete, 492

finest, 494

half-open interval, 500

metric, 491

order, 533

product, 492, 507

quotient, 492, 494, 520

relative, 495

upper, 530

weak, 492
total differential, 154
total order, 702
total ordering, 533, 623
total variation, 393, 563
total-variation norm, 563
totally bounded, 114
trace of matrix, 150
transfinite induction, 330
transitive, 614, 623
translation, 341
translation in L7, 347, 457
triangle, 633

filled, 633

inequality, 41, 76, 84, 91, 315, 613

trigonometric series, 62
trivial ultrafilter, 332

Tychonoff Product Theorem, 509, 519

Tychonoff’s Lemma, 501
type, 467,477
strong, 467, 477
weak, 477

ultrafilter, 332

trivial, 332
ultrametric inequality, 134
unbounded interval, 3

Uniform Boundedness Theorem, 593
uniform Cauchy criterion, 18
uniform continuity, 112
uniform convergence, 17, 100

on compact sets, 710

Ty, 106, 496

tamely behaved, 189
Tauberian theorem, 56
Taylor series, 46

infinite, 45 uniform limit, 17
Taylor’s Theorem, 44, 147, 654, 656, 671 uniform metric, 88
tends, 5 uniform norm, 317

Three Lines Theorem, 469, 471
Tietze Extension theorem, 532

uniformly bounded, 22, 100, 122, 527
uniformly Cauchy, 18
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uniformly continuous function, 11
uniformly equicontinuous, 22, 122
uniformly integrable, 329
union, 605
unique factorization, 621
uniqueness theorem
Fourier series, 73, 78, 376
integral curves, 234
system of ordinary differential equations, 228
unit circle, 633
unit disk, 128, 214
harmonic function, 262, 265, 567
Poisson integral formula, 392, 430, 485
Poisson kernel, 430
unit sphere, 127
universal net, 517
unordered pair, 605
upper bound, 2, 623
least, 2
upper Riemann integral, 27, 163
upper Riemann sum, 27, 163
upper semicontinuous, 530
upper topology, 530
Urysohn Metrization Theorem, 525
Urysohn’s Lemma, 523

vanish at infinity, 558
variation
bounded, 384, 393
negative, 385
of parameters, 242
positive, 385
total, 393, 563
vector field, 194, 234
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conservative, 201
continuous, 194
smooth, 234

vector subspace, 105
smallest closed, 317

vector-valued function
integrable, 310, 313
measurable, 311

weak L', 368
weak topology, 492
determined by functions, 492, 511
on normed linear space, 493
weak type, 369, 477
weak-star convergence, 320, 393, 443, 485
weak-star topology of dual of normed
linear space, 493
weak-type norm, 477
Weierstrass, 659
Weierstrass Approximation Theorem, 60
Weierstrass M test, 20
well ordered, 623, 627
Wiener’s Covering Lemma, 369
winding number, 663, 683
work, 194
‘Wronskian determinant, 240
‘Wronskian matrix, 240

Young’s inequality, 476

Zermelo—Fraenkel set theory, 604
Zermelo’s well-ordering theorem, 627
zeta function, 428, 446

Zorn’s Lemma, 623








