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CHAPTER XX.

TRANSFORMATION OF THETA FUNCTIONS.

363. IT has been shewn in Chapter XVIIL that a theta function of the
first order, in the arguments u, with characteristic (@, ), say ¥ (u, @), may
be regarded as a theta function of the r-th order in the arguments w, with
characteristic (K, K’), provided certain relations, (I), (II), of § 322, p. 532, are |
satisfied. Let this theta function in w be denoted by IT (w, K). We confine
ourselves in this chapter, unless the contrary be stated, to the case when
(Q, @) is a half-integer characteristic. Then the function % (%, @) is odd or
even; therefore, since = Mw, the function IT (w, K) is an odd or even
function of the arguments w. Now we have shewn, in Chap. XV. (§ 287),
that every such odd, or even, theta function of order r, is expressible as a
linear function of functions of the form

Y, (w; K, K'+p)=% I:rw; 2v, 2rv’, 2¢/r, 28

(& + #)/TJ

K
e [—m; 20, 2rv', 2¢)r, 2t | K t{")/r]

where € is + 1, according as the function is even or odd. The most important
result of the present chapter is that the functions ¥, (w; K, K’ + p) which
occur can be expressed as integral polynomials of the 7-th degree in 27 theta

functions Sr(fw; 2v, 2V, 2§ 2¢'| f;), whose characteristics are those of a

Gipel system of half-integer characteristics (Chap. XVIL, § 297); the earlier
part (§ 364—370) of the chapter is devoted to proving this theorem.

The theory is different according as r is odd or even. When r is odd,
€ is ¢™9', and we have shewn (§ 827 Chap. XVIIL) that, for odd values of r,
|Q|=| K|, (mod. 2); the theory deals then only with functions

¥r(w; K, K"+ p)
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in which e= ¢!, When 7 is even, ¢, though still equal to e™!?!, may or
may not be equal to ¢! X!, according to the integer matrix which determines
the transformation; but in this case, also, the value of ¢ in the functions
Y, (w; K, K’ + p) which occur is determinate.

The proof of the theorem is furnished by obtaining actual expressions for
the functions v, (w; K, K’ + u) as integral polynomials of the r-th degree in

the 27 functions & (w; 2vu, 20, 2¢ 28 { 2 ); the coefficients arising in these

polynomials are theta functions whose arguments are r-th parts of periods,
of the form (2um + 2v'm’)/r. The completion of the theory of the trans-
formation requires that these coefficients should be expressed in terms of
constants depending on theta functions with half integer characteristics
§ 373).

Further the theory requires that the coefficients in the expression of the
function IT (w; K) by the functions yr,(w; K, K’+ u) should be assigned
in general. In simple cases this is often an easy matter. The general case
is reduced to simpler cases by regarding the general transformation of the »-th
order as arising from certain standard transformations for which there is no
difficulty as to the coefficients, by the juxtaposition of linear transformations

(& 371—2)*.

364. It follows from § 332, Chap. XVIIIL that any transformation may
be obtained by composition of transformations for which the order r is a
prime number. It is therefore sufficient theoretically to consider the two
cases when =2, and when 7 is an odd prime number. We begin with the
former case, and shew that the transformed theta function can be expressed
as a quadric polynomial in 27 theta functions belonging to a special Gopel
system. A more general expression is given later (§ 370).

* For the transformation of theta functions, and of Abelian functions, the following may be
consulted. Jacobi, Crelle, viir. (1832), p. 416; Richelot, Crelle, xm. (1834), p. 181, and Crelle,
xvi. (1837), p. 221; Rosenhain, Crelle, xu. (1850), p. 338, and Mém. par divers Savants, t. x1.
(1851), pp. 896, 402 ; Hermite, Liouville, Ser. 2, t. 111. (1858), p. 26, and Comptes Rendus, t. xL.
(1855); Konigsberger, Crelle, Lxiv. (1865), p. 17, Crelle, Lxv. (1866), p. 335, Crelle, Lxvir. (1867),
p. 58 ; Weber, Crelle, Lxxiv. (1872), p. 69, and Annali di Mat. Ser. 2, t. 1z. (1878); Thomae,
Ztschr. f. Math. u. Phys., t. xi. (1867), and Crelle, Lxxv. (1872), p. 224; Kronecker, Berlin.
Monatsber., 1880, pp. 686, 854 ; H. J. S. Smith, Report on the Theory of Numbers, British Associa-
tion Reports, 1865, Part vi., § 125 (cf. Weber, Acta Math., vi. (1885), p. 342; Weber, Elliptische
Functionen (1891), p. 103; Dirichlet, in Riemann’'s Werke (1876), p. 438; Cauchy, Liouville, v.
(1841), and Ezer. de Math., 11., p. 118; Gauss, Werke (1863), t. 11, p. 11 (1808), ete.; Kronecker,
Berlin. Sitzungsber. 1883 ; Frobenius, Crelle, Lxxxix. (1880), p. 40, Crelle, xcvir. (1884), pp. 16,
188, Crelle, cv. (1889), p. 35; Wiltheiss, Crelle, xcvi. (1884), p. 21; the books of Krause, Die
Transformation der Hyperelliptischen Functionen (1886), (and the bibliography there given),
Theorie” der Doppeltperiodischen Functionen (1895); Prym u. Krazer, Newe Grundlagen einer
Theorie der allgemeinen Thetafunctionen (1892), Zweiter Teil. See also references given in
Chap. XXI., of the present volume, and in Appendix 1.
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By means of the equations u= Mw, a function & (u; 20, 20, 27, 21;"| Z ) ,
1

/

with half-integer characteristic (S ), becomes a theta function in w,

Il (w; K, K'), of order 2, with the associated constants 2v, 2v’, 2¢, 2¢’ and
the characteristic (X, K’), where (§ 324, Chap. XVIIL)

2My = 20a 4 20'a, 2MV =20B + 208, 2M (na + y'a’) = 4¢,
2M(mB+n'B)=4, K'=3Q -7Q-}d(ax), —K=BQ—-BQ-1d(BR),
and
ad =da, PR =BPB, a8 —aB=Ba—pBd=2;

this theta function in w, Il (w; K, K’), can by § 287, p. 463, be expressed as
a linear aggregate of terms of the form

Vo(w; K, K'+p)y=% ['rw; 2, 2rv, 2¢/r, 2¢

(K’; #)/7‘]

+ €Y [— rw; 2v, 2rv, 2¢/r, 28 I(K +Kp.)/r] ,

r being equal to 2 ; here ¢, = /%@, is + 1, according as the original function,
that is, according as the function Il (w; K, K'), is even or odd. For brevity
we put w = 2vW, vr’ =1/, and denoting by ® (W, 7’) the series Se2miWntirn:,
we consider the function

V. (W;K,K'+u)=0 [T'W; | @ -;#)/r] + €® [—TW; r7’ (KI;M)/T],

which is equal to e~ ¥y (w; K, K'+pu). Throughout the chapter the
symbols & (w l ;) , 0 <W1I f;) denote respectively

?] , @(W; 7 'IK{’)

Taking the final formula of § 291, p. 472, replacing o, @, 7, 7/, (q), (r)
al

g/’ \r
respectively by v, v', ¢, ¢, %(Z) , 1}(“) + (I; ) , multiplying both sides of the
equation by evi®-K'-o) where u is a row of integers each either 0 or 1, and
adding the 2? equations obtainable by giving a all values in which each of its
elements is 0 or 1, we obtain

N [w; %, 20/, 2¢, 2¢’
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o[ e m () (]

(G/;K)] ® [2[]; 27, ‘ (G, +I{’+a’)]

1

Seriau-K) @ [V— U v

a

3

— Seria+u 3O [2 Vi 2

a €

and hence, replacing V, U respectively by W, 0,
26 [2W;'27"%(”+K)] ® [0; 27 ”W“‘ “)]
K K
o e K’
(a)} ® [W; T %ka>+ (K)] '

This may be regarded as the fundamental equation for quadric transformation ;
we consider various cases of it.

a

(1) When (X, K') is the zero characteristic we obtain

3 <Z)]/® [0; 2r' l ’}("OJ“ “/)],

the right-hand side being independent of o/, which for simplicity may be
put =0.

We can infer that in any quadric transformation, when the transformed
JSunction has zero characteristic, it can be expressed as a linear aggregate of the

‘l# . .
(G) [ZW; 2+ |2 ]:2_1’29"““@"’ [W; 7

27 squares ¥* <wl 3 (Z )) , 1 which & is an arbitrary row of integers (each O
i
or 1) and a has all possible values in which its elements are either 0 or 1.

(i1) When K’'=0, K =4n is not zero, we obtain

(’;)] ® [o; 27 (":“)J

= 27 Serin(1 4 grint) © [W; v ’ g(‘;)] ® [W;_ v

(C] [2W; 27

)

where on the right side only 27! terms are to be taken in the sunimation in
regard to @, two values of a whose difference is a row of elements congruent

(mod. 2) to the elements of n not being both admitted. When %(Z) is an

even characteristic we may put & =0; when {;("; ' 1s an odd characteristic we
may put o' = p.

In this case, as before, only 27 theta functions enter on the right hand,
and their characteristics form a special Gépel system.

The cases (i) and (ii) give the transformation of any theta function when
the matrix, of 27 rows and columns, associated with the transformation* is

* For the notation, cf. Chap. XVIII., §§ 322, 324.
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((2)(1)> It can be shewn that by adjunction of linear transformations every

quadric transformation is reducible to this case (cf. § 415 below); so that
theoretically no further formulae are required. As it may often be a matter
of difficulty to obtain the linear transformations necessary to reduce any given
quadric transformation to this one, it is proper to give the formulae for the
functions

v, (W; K,K'+#')=®[2W; 27"‘%(#1:1{/)]+e® [—2W; 27"%('“;1()];

by this means the problem is reduced to finding the coefficients in the
expression of any theta function in w, of the second order, in terms of
functions ¥, (W; K, K’ + u) (see § 372 below). Hence we add the following
case.

(iii) When K’ is not zero, we deduce, by changing the sign of W in the
fundamental formula, the equation

27@ [o; 2r | %(’”If +“)]W2(W; K, K +p)

a’ e K’
)]e[ws 1)+ ()
where, putting K=1k, K' = 1k', we have U, =1 + egm®+e+miek’ . When e is
+ 1, there are 22~ values of a for which ak’ =k (k' + o') + 1 (§ 295, Chap. X VIL);
for these values C, =0; when e=— 1, there are 27~ values of a for which
ak'=k (k' + a’); for these values C, =0. In either case it follows that the
right side of the equation contains only 2P~ terms, and contains only 27
theta functions whose characteristics are a special Gopel system.

It is easy to see that the results of cases (ii) and (iii) can be summarised
as follows: when the characteristic (K, K') is not zero the transformed function
18 a linear aggregate of 2P~ products of the form S [w; A, P;]% [w; 4, K, P;]

’

wherein the 20— characteristics P; are of the form % (2) , K= (_KK> , and

A, K are such that* em! Kl+miid, Kl — ¢,

These results are in accordance with § 288, Chap. XV.; there being
2P (1 +¢) linearly independent theta functions of the second order with
zero characteristic and of character e, namely 27 such even functions and no
odd functions, and there being 2¢—! linearly independent theta functions of
the second order with characteristic other than zero.

= Demiew—E) () @ [W; T

365. Ex. i. When p=1, the results of case (i), if we put ©,(W; ) for

G[W; | % (_‘Z)], as is usual, are

85 (W3 7)+05, (W; ) 6}, (W; ¥)+e) (W; 7)

O @W; 2r)= %60, (2r) = 265 (27 ’

* For the notation, see Chap. XVIIL., § 294.
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and

04 (W5 7) =0y (W5 ) e, (W; )-ef (W; 7)
20,,(27") - 26 (21) ’

where © (27') denotes © (0; 2r'). If then we introduce the notations

0,2 W; 2r')=

0y, (27) s Qg (27) 65, (") = Oy ()
VE=Gue)y VE=ou@r’ VA enty Yooy

-1 e,@W;2r) . \/Eem(zw; 2r) o 0, (2W; 2r)
Vo= Vi 60 (2W; 2‘r)’ VI=N% 0, 2W; 27)’ “/z““/”eOI(zw; 27)’

1 eu(W ) - \/XQIO(W’ ) IGOO(W) T)
= = e X '
VE=FeaWi ) V1TV Xeuriey VN olim
we find by multiplying the equations above that
85 (W3 ) =05 (W; v)=03, (W; 7) -y (W; 7),

and therefore that
AZ4HN2=1,

B4 E?2=1;
while, comparing the two forms for 6y (2 W; 2¢'), putting W=0, we obtain

«/%:ﬁw, or /c=i—:_—:7, giving 7\=2«//6

so that also

Tk’
further the equations for 8y, (2 W; 2r') and €,,(2W; 2r') give the results
(N , ( by
LA g §7A /
N+ NE +X, NE 1-X,

from which we find

p=1-§ (=1-2\%; thus also y=1-2, z=1-4%.

Ex.ii. The equations of case (ii), also for p=1, give
S0 (W ) 0 (W3 1)
61 (27) ’
From these we have by division
VEA-8)
14N
V=0 U

while from these and the results of Ex. 1, we find
Ny=[1-(1+\) EI/NT=R%, Wz=[1-(1-X)£]/V1-N%
Ew. iii. When p=1, by considering the change in the value of the function

(w) alw P gﬁ;

when w is increased by a period, we immedlately find that it is a theta function in w of

65 (W; Theu(W; T)
1 (27)

6, (2W; 2r)= 0,2W; 2t)=

the second order with characteristic ¥ (é), hence by the result of case (iii) above, the

function is a constant multiple of 3;4(w) 9y (w); determining the constant by putting
w=0, we obtain the equation
B0 (1) B39 (7)) [O'11 (W5 T') O (W5 7') =0/ (W ) 0y (W 7))
=0"1(1) O () ©1g (W5 7) Oy (W5 7'),
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which is immediately seen to be equivalent to
'y (7)) By (7 ) d¢
6, (') ©49 (7') «/45 A=81-r%)"
[We may obtain the theta relation, here deduced, from the addition formula of Ex. i.,

§ 286, p. 457 ; taking therein m=§<_(l)) , 0=4% <_i) y Gpg=% (_(;), w=0, q=§<(1)> ,
r=p=% (g) , we immediately derive

Y10 () Sg0 () 11 (20) 41 (0) =5 () Y10 (¥) [y (6 =) Iy (uﬂ-v) =31 (u40) 9y, (w—9)];

if, for small values of v, this equation be expanded in powers of v, and the coefficients of »
on the two sides be put equal, there results the equation in question.]

Ez. iv. By differentiating the second result of Ex. ii, putting W=0, and putting
W=0 in the first result of the same example and in the second value for 6y, (2W; 27') in
Ex. i., we obtain

&'y (27) &'y (r)
00 (2) 81 (27) 64 (27) ~ Oy () € () 39 ()’
so that the second of these functions is unaltered by replacing « by 2"+, # being as large

as we please. Hence we immediately find from the series for the functions, by putting
7 =, that each of these fractions is equal to . Hence if the integral occurring in the

last example be denoted by J we have J= n-eﬁo (r) W. 1In precisely the same way we find
I= 2neﬁ0 (27") W, where 7 is an integral differing only from J by the substitution of « for £
and £ for A. Hence

I}T=26%, (2r)[ 0% ('), =1+NX,

as follows from the first result of Ex. 1.
From these results we are justified in writing the formula of Ex. ii. in the form
1-A7_a +X)sn (J, A) en (J, 7\)
Y dn (/, X)

and this is Landen’s first transformation for Elliptic functions.

sn [(1 +\)J;

Ez.v. The preceding examples deal, in the case p=1, with the quadric transformation
associated with the matrix (g (l)) . Prove when p=1 that for any matrix of quadric

transformation the transformed theta function is expressible linearly in terms of one or
more of the eight functions

6 =06, (2W; 27), 6,=6,,(2W; 27), 0,=6, (2W; 27, 6,=6,,2W; 27),

6,=06 (2 W; 2+ 1/4) + © (2 W; 2|~ 1é4>, G5=6(2 L ‘ 1(/)4)— [S) (2 W; 27|~ 1(44) s
Lol U4\, . Lo |—1/4 _ Cor| VA _ - o —1/4)
96=9~<2W’ 2r 12 +70 (2 W; 27 1/2>, 67—9(2 W; 2r 12 ©o(2W; 2¢ 12)"

Prove in particular that the functions arising for the transformation associated with

the matrix <(l) (2)> are expressed as follows :

0 (W; 3r)=06+6, ©y(W; )=0-6,, 6y (W5 ¥)=6,, 0, (W; )= ~18;;
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and that the functions arising for the transformation associated with the matrix (; ;) are
expressed as follows :
Op(W; 41'—4)=0-10,, 6y (W; ¥’ —})=0+1i86,,

3wt

6w (W; 3r'~h)=c 8 85, ©,(W; }r'-})=c 0.

Obtain from the formulae of the text the expressions of the functions ©,, 6;, 64, ©; of
the form

6,= 04900( W) 910( W)) 6= 059,01( W) op( W)’ 6= 06901( W) 610( W), Oy = 07900( W) en( W):

where C, C;, C;, C; are constants.

Ex. vi. The reason why the matrices ((2) (1)) , <(1) (2)) , <(1) ;) are selected in Ex. v. will

appear subsequently (§ 415) ; the matrix <(1) (2)) gives the transformation which is supple-
mentary to that given by (g (1)) ; it gives results leading to the equation
sn[(1+8)u, 2VE/(L+B)]=(1+) sn (u, B)/[1+F s0? (u, B)];

by combination of these results with those for the matrix ((2) (l)> we obtain the multiplica-

tion formula
on(2W; 7)=40y (W; ) 0n (W; )0, (W; )6y (W; ),

where 4 is a constant (cf. Ex. vii,, § 317, Chap. XVII. and § 332, Chap. XVIIL.).
The matrix associated with any quadric transformation can be put into the form

2(20)s
where @, Q' are matrices of linear transformations ; for instance we have
(O —1><20>< 01 =(10>
1 0/\01/\-10 02
with the corresponding equations
U=rW,, W,=2W,, W,=-r,W,; m=—1/r, T=1/2, T=—1/ry,

from which we have, for instance,

-mil2 r ' —-m U2 i
010 (W35 373)=64(U; 7)=e 7 \/;eol(Wl; m)=e 7 \/; 6y (2Wy; 2ry)
-mi2

=e T E0y(Wy; 15) 04 (Wy; 13)=F0y(Wy; 13) 04 (Wy; 13),

(&, F being constants) whereby the transformation formula for ©,( Wy ; 4r,) is obtained
from those for ©;4(2W; 2r'), with the help of those arising for linear transformation.

366. We pass now to the case when the order of transformation is any
odd number, dealing with the matter in a general way. Simplifications that
can theoretically be always introduced by means of linear transformations are
considered later (§ 372).
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We first investigate a general formula* whereby the function
3 ['r'w; 2v, 20/, 2¢r, 2’ t (& ;")/ T]

can be expressed in terms of products of functions with associated constants
2v, 2/, 2¢, 2¢. We shall then afterwards employ the formulae developed in
Chap. XVII, to express these products in the required form.

Let o, ¢’ be two matrices each of p rows and m columns, whose constitu-
ents are any constants; let the j-th columns of these be denoted respectively
by ¢ and o', so that the values of j are 1, 2, ..., m; let T, denote the
‘matrix 2ve + 2v'c’, which has p rows and m columns, and let the j-th column
of this matrix, which is given by 2va + 2v'¢’?, be denoted by Tf,]) ; also,
K, K’ being rows of any p real rational elements, let Ty, Zg denote the
rows 2uK + 20'K’, 2¢K + 2¢'K"; and use the abbreviation

w(w; K, K'Y=Zg(w+ $Tg) — mKK’;
finally, let s =(s%, ..., s™) be a column of m integers whose squares have
the sum 7, so that

S [sfj? ]2 =r;
J
then, using always % (w) for & (w; 2v, 2V, 2¢, 2¢'), the function
I (w) —e @ [w; K[r, K'[r] i’nI Y [s(j) (w + Mf) + T(j)_l
j=1 r o
18, 1n w, a theta function of order r with associated constants 2v, 2v', 2¢, 2¢’ and
characteristic (K, K').
For when the arguments w are increased by the elements of the row Ty,
where N, N’ are rows of p integers, the function

N [su‘) (w + TK_‘ES) + Tf,”]
r
is multiplied by a factor e¥i, where +; is equal to

[2ENs + 28'N's0] [s‘f’ ('w + T—#ff> + T +uNsth 4 v'N's‘j'}
— ot [Ns@][N's],
that is

(o0 {2 (s TEZ T ) — it} 4 2510 50

r
the sum of the m values of y; is given by
S =7 (Zy(@+ §Ty) —mNN'} + ZyTx — ZyTos + ZyTos
i=1
=Trw (w, N, N’) +ZNTK7

* Konigsberger, Crelle, Lxiv. (1865), p. 28. See Rosenhain, Crelle, xu. (1850), p. 338, and
Mém. par divers Savants, t. x1. (1851), p. 402.
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also, when w is increased by Ty, the function — r= [w; K/r, K’|r) is increased
by — ZxTy; thus the complete resulting factor of II (w) is

e'rm'(w; N, N)V+Z X p-Z,7,
of which (§ 190, p. 285) the exponent is equal to
' ra (w; N, N')+2mi(NKE' — N'K);

thus (§ 284, p. 448) II (w) is a theta function in w, of the »-th order with
(K, K') as characteristic.

Therefore (§ 284, p. 452) we have an equation

I (w) = EA“S [frw; 2v, 21V, '2{’/7‘, 2t
m

’

'+ m/r]

where p is a row of p integers each positive (including zero) and less than r,
and the coefficients A, are independent of w. The coefficients A, are inde-
pendent of K, K', as we see immediately by first proving the equation which
arises from this equation by putting K and K’ zero, and then, in that equation,
replacing w by w+ 2vK/r + 2v'K'/r.

In this equation, replace K by K + h, where & is a row of p integers, each
positive (including zero) and less than »; then, using the equation previously
written (§ 190, p. 286), for integral M, in the form

Y (u; g+ M)=erM S (u; g),
we find
o=@ [0 (KR, K'p)-2mi (K + bl {f o I},ﬁ (w N 2vh + TTK - T.,s> + Tf,j)]
j=1
=3 4, erik-0hry [r'w; 2u, 2rv, 2¢/r, 2{"(1{ -;_F')/r] ,
" i

where ¢ 1s taken to be any row of p integers each positive (or zero) and less
than 7 ; aseribing now to % all the possible 7 values, and using the fact that

e 4 §e2ri(pn—e)h/r = 1’ or O,

according as p — e =0 or £ 0, (mod. 7), we infer, by addition, the equation

(&' + #)/T)]

C.S ['r'w; 2v, 21, 28/r, 28 X

=S¥ ﬁ Y l:s(j) (w+w> +Tfrj):| ,

R j=1

where
Vv =—rew; (K+hk)r, K'|r] — 2w (K' + u) h/r,

and C,, =r?4,, is independent of w and of the characteristic (X, K’).
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367. We put down now two cases of this very general formula :—

(a) if each of the matrices o, ' consist of zeros, and each of the m
integers s®, ..., s™ be unity, so that m = », we obtain

G [7”"”; 2v, 2rv/, 2¢/r, 2('. (= ';’/-‘)/"':l
— S @l (K+h)fr, K'[r]-2mi (K'+p) hir o v [w + %”ZL—:'EL‘] .
h

In using this equation we shall make the simplification which arises by
putting w=2vW, v=v'=+/, and

O (W, 7) = ey (w) = S griWntinrnt,
n
then the equation can be transformed without loss of generality, by means of

the relations connecting the matrices v, v/, §, &’ (cf. § 284, p. 447), to the form

i ’ R
O, 2K IWV+1 K [r)—2miKK'lr @ (r W re| (& +p)f 7)
K

h+K+7K’ ] O

e L ==
2 r
where C, is independent of W and of K and K’.

This equation is of frequent application in this chapter; it is of a different
character from the multiplication formula given Chap. XVIL, § 317, Ex. vii,,
whereby the function ® (rW, ') was expressed by functions ® (W, ) with
different characteristics but the same period, 7'.

Ez.i. When r=2, p=2, we have
C,0(2W, 2r)=02(Wy, Wy; ©)+0% (W +3, Wy; «)+02 (W, Watd; )
+2(Wi+3, Watd; o).
Ez. ii. If A, p, & be rows of p integers each less than 7, prove that the ratio
se—2inhir gr [ W_l_}_" ’ )‘//"]_:_Ee—%rinh,'rer[ W+}—L]
h r| 0 “ T
is independent of W.

(B) if the matrix o’ consist of zeros, and if each of the m integers
s®, ..., 8™ be unity, so that m=r, and if the matrix o, of p rows and r
columns, have, for the constituents of every one of its rows, the elements

1 2 r—1

then the matrix T, will have, for the constituents of its z-th row, the
elements
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where Q; is the sum of the elements of the i-th row of the matrix 2v,
so that
D
Q=2 3 v »;
r=1

also the 7-th of the p elements denoted by % T,s will be

1[0, CD0) rolg,
r|r r 2r

and therefore the ¢-th of the elements of Tf,j ) % T,s will be

j=lg _7-1
r & 2r

Thus, denoting the row (Q, ..., Q,) by , the theorem is

Q.

K

r 9 Y — —
=Ee¢ng[w+~uh+'r;{+(j 1 r 1)_()],
hooj=1 r r 2r

C.y I:rw, 2v, 20V, 2¢r, 28 (& +,u,)/7‘]

where Y has the same value as in § 366. And as before this result can be
written without loss of generality in the form

(& + #)/T]

K
+h+K+TK)"
r

C, e 2K W+ K ri2mikK'lr @ [,,. W, rr

— S p—2miuh/r
S -ari ¢<U (1D

where U= W — (r — 1)/2r and, for any value of «,
¢ (w)=0 (u; 7')®<u+%;~r’> ...... @(u+7%l;'r');

the number of different terms on the right side of this equation is 7#7%;
for if m be a positive integer less than r, the two values of & expressed by
h=(h, ..., hp) and h=(h/, ..., hy), in which &' =h, +m, ..., by =h, +m,
(mod. r), give the same value for ¢ (U + W)
Ez.i. For p=2, r=2, we obtain
30,0 2W, 20)=06 (W, -4, Wy—1; )0 (Wi+i, Wyti; 7)
+0(W+i, Wo—i; 7)o (W—4, Weti; +)
Ez.ii. For p=2, r=3, we obtain, omitting the period =’ on the right side,
10,0 (BW; 3r)=0 (W, Wy) e (W,—}, Wy—})e(W,+}, Wy+1)
+O(Wy, Wy—3) 0 (W +4, Wy)o (W, -3, Wy+})
+O0 (W +3, Wy—3) e (W,-}, Wy e (W, Wy+i).
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368. We consider now the expression of the function

v, (W; K, K’+M)=®[1-W; ot (K';"‘)/"] +¢® [—rW; re'| (K,“)/?] ,

K

in terms of functions ® I:W; 7 j:} , in the case when » is odd. We

suppose as before (K, K’) to be a half-integer characteristic, and we suppose
e=¢m X!l 50 that € is + 1 according as the characteristic (K, K’) is even or
odd*. It follows from § 327, Chap. XVIIL, if (K, K’) has arisen by trans-
formation of order » from a characteristic (@, ), that € is also equal to e*!€¢!
and is + 1 according as the function is even or odd.

It is immediately seen that equation (T) (§ 367) can be put into the form

. , 5_1';11_, , ’
C DR [W+’ i K]@ [TW; r*r';(K -'.;r#)/r}

e
_ 26—2m¢(K’+’,’—f)h o I:W+ h—(r— l)qu+'r'K')‘lII£;':];
3 i

from this equation by changing the sign of W, we deduce the result

21n'r—.—l"K’ (K—
r

C“e (r-1)7K'[2] \I',-[W ; K, KI + [-‘]

= 26-2”5(K'+$)h{e'2’”' (r-1) K’W®T[W+ a" K,] +e2mir- D K'W@r |:W_ a[i KI:\}
3 PK o

where we have replaced ee*mrKX’ = eg—=iriK| by unity, and ¢ denotes the
expression [h — (r — 1) (K 4+ 7 K")]/r, which is an r-th part of a period. We
proceed to shew that the function

e | ’
etmi =) K'W @r [W+ al i‘ :| 4 Err-)K'W@r [W— ! ]IE]
i

can be expressed as an integral polynomial of the r-th degree vn 2P functions
O [W; 7| AP;], where AP; are the characteristics of any Gdpel system of
half-integer characteristics whereof (K, K’) is one characteristic.

From the formula of § 311, p. 513, putting (=0, A’=A4, B=P =1}<Z> ,
and replacing U, V, W, (i’) € (if) ¢; respectively by W, a, b, €;, ¢ we
obtain, if P, =} (g ) ,

* Thus, when 2 (K’ + ) =rm, m being integral,
. : . S
€=e2nK(rm-2;L)=82me=e4mK r,

yal

as in § 287, Chap. XV., and
¥, (W; K, K’ +p) reduces to 20 | W, r7’

39—2
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20 (W+a; A+P)O(W+b; 4)

=zx>(<a(__‘fbb;0_?”7;i)_e)ze¢e-&wiq'«a®(vv+a+b; A+P+P)O(W; A+ Py,

where

x (% v; P, e)=3€e 0O (u; A+ P+ P,)O[v; A+ P,];

the function vy (u, v; 4, P, ¢) may be immediately shewn to be unaltered by
the addition of an integral characteristic to the characteristic P, of one of its
terms; we may therefore suppose all these characteristics to be reduced
characteristics, each element being 0 or }.

Hence we get

2002 (W +a; A)—%x(2a,0;0,€)§ea®(W+2a, A+P)®(W; A+P,),

and hence 22@3 (W +a; A4) is equal to
SH 3¢, ®(W; A+P,)S H,S e ¢ 79,93 O(W+8a; A+ P,+Pg)O(W; A+ Py),
€ a 4 B

where
_x(a,a;0,¢) _x(a,a; P,,¢).
' x(2a,0;0,¢)” T x(8a,0; P.,€)’
proceeding in this way we obtain 212 @ (W +a; A)

=3H,20,3H,30,... 2 H,_,x (W+ra, W; Po+ ...+ Pa,_,; &), (III)
© ay € ag €1
where each of P,, P,, ... becomes in turn all the characteristics of the

group (P), and ¢, ¢, ... relate respectively to the groups described by
P,,P,, ..., and further

Hyu=x[ma,a; Po+...+Pa,_, en]+x[(m+1)a,0; Py +...4+ Pa_, €n)],
(m=1,...,r=1),

On=e O (W; A+ P.), Mu=—3mi(qa,+ -+, ),
(m=1,..,7r=2).

The equation (III) expresses @ (W +a; A) as an integral polynomial
which is of the (r — 1)th degree in functions ® (W; 4 + P,), whose charac-
teristics belong to the Gopel system (AP), and is of the first degree in
functions @ [W +ra; 4 + P,]. But it does not thence follow when « is an
r-th part of a period, that ®" (W +a; A) can be expressed as an integral
polynomial of the r-th degree in functions ® [W; 4 + P,]; for instance
if the Gipel system be taken to be one of which all the characteristics are
even (§ 299, Chap. XVIL), it is not the case that the function @ (W +3),
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which is neither odd nor even, or the function ® (W + 1) — 8* (W —}), which
is odd, can be expressed as an integral polynomial of the third degree in the
functions of this Gopel system; differential coefficients of these functions
will enter into the expression. The reason is found in the fact noticed in
§ 308, p. 510; the denominator of H, , may vanish.

Noticing however, when P is any characteristic of the Gopel group
(P), that y(—u, —v; P,e)=em!PI+mil4 Pla (y y; P, €), so that the co-
efficients H,, are unaltered by change of the sign of a, and putting the

characteristic 4 = (?{) , we infer, from the equation (III), that

Qr—1p [e—em'(r—l)K’W@r (W+ a; A) + e?wi(r—l}K’W@r (W_ a; A)]

is equal to
SHS...... 3 H, , [emit KWy (W +ra, W; P,e_y)

1 r— + ezm’(r—l)K’WX ( W —ra, W, P, er—l)];
where P denotes P,,ll + ...+ P.,M; and it can be shewn that when a becomes
equal to [k — (r — 1) (K + 7' K’)]/r, the limit of the expression
U=H, ,[emitr KWy (W+ra, W; P,e,y) + emi VKW (W —ra,a; P,ey)],
if it is not a quadratic polynomial in functions ® (W; AP,), is zero. The
consequence of this will be that ¥,[W; K, K'+ u] is expressible as a
polynomial involving only the functions ® (W; AP,).

For the fundamental formula of § 309, p. 510, immediately gives*, for
any values of a, b,

x(W+a, W+b; P,e)x(a+b,0; P,e)=x(a, b; P,e)x(W+a+b, W; P,e),
and hence, replacing ¢,_, simply by ¢, the expression U is equal to

Se e 14 (VKW@ (Wt a; A+P,)O[W+(r—1)a; A+ P+ P,]

) + e VKW@ (W—-a; A+P,)O[W—(r—1)a; A+ P+ P},

where P, =%<qq>, is used for P, +...... + P, _, and €, 6, ... for (e,—y),

(ér—1)2s --.. Replacing ra in this expression by the period A—(r—1)(K+7'K’),

and omitting an exponential factor depending only on 7, h, K, K’ and P, it

becomes

36e 9% (@[ Wta; A+P)O[W—-a; A+ P+ P,]

) +O[W—a; A+P.]O[W+a; 4 +P+P,],
* We take the case when the characteristics B, 4 of § 309 are equal. It is immediately

obvious from the equation here given that in the expressions here denoted by H,, the value of the
half-integer characteristic 4 is immaterial.
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4

A being as before taken = (II{{) and ¢, = e, emilh— -0 KIg,tmir-1K'qs . and this

is immediately shewn to be the same as

(1+2 (‘;) 1) SE o0 (Wta; A +P)O(W—a; 4+ P+ P
where ¢, is the fourth root of unity associated with the characteristic P of
the Gopel group (P), which is to be taken equal to 1 in case P=0. Thus

. . (p (4 .
the expression vanishes when &p= — eiIP! ( P)' Hence, in order to prove

that when the expression U is not a quadratic polynomial in functions
O (W; AP,), it is zero, it is sufficient to prove that the only case in which

U is not such a quadratic polynomial is when {p = — b7l P! (}i) .

Now the denominator of H,_, is

Se.e 10O [ra; A+P+P,]O[0; A+P.],

where P still denotes P, + ...+ P,  and e, has the set of values of ¢,_,;
save for a non-vanishing exponential factor this is equal to

56,00 (0; AP,),
or (1 +& (‘},) e—%n'lPl) Sttt ©[0; A+P+Ps]O[0; 4+Py)

according as P =0 or not, where, in the second form, Pp is to describe a
group of 27~ characteristics such that the combination of this group with
the group (0, P) gives the Gopel group (P). We shall assume that, when

¢p 1s not equal to — et Pl (g) , neither of these expressions vanishes for

general values of the periods 7’.

Since the function W.(W; K, K'+ u) is certainly finite, we do not
examine the finiteness of the coefficients H,, when m is less than r—1,
these coefficients being independent of W ; further, in a Gopel system (A P),
any one of the characteristics AP, may be taken as the characteristic 4 ;
the change being only equivalent to adding the characteristic P, to each
characteristic of the group (P); hence (§ 327, Chap. X VIIL), our investigation

o)
Q bl
whose (half-integer) characteristics form a Gopel system, syzygetic in threes, be
transformed by any transformation of odd order; let (AP) be the Gipel

system formed by the transformed characteristics (I;;) ; then every one of the

gives the following result :— Let any 22 functions & (u; 20, 20, 27, 27’
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original functions is an integral polynomial of order r in the 2° functions*
Y(w; 2v, 2V, 28, 28" | AP): as follows from § 288, Chap. XV., the number of
terms in the polynomial is at most, and in general, § (7? + 1).

For the cases p =1, 2, 3, and for any hyperelliptic case, it is not necessary
to use the addition formula developed in Chap. XVIII. We may use instead
the addition formula of § 286, Chap. XV. It is however then further to be
shewn that only 27 theta functions enter in the final formula. For the case
p =3 the reader may consult Weber, Ann. d. Mat. 2* Ser., t. 1X. (1878),
p. 126.

369. We give an example of the application of the method here followed.
Suppose p=1, r=3; and that the transformation is that associated with the matrix

(g ‘1)) ; then (§ 324, Chap. XVIIL) taking =3, the function
0
3| u; 20, 2"’,’ 27, 2”"%(—1)]’

or 3, (), is equal to Iy (3w; 2v, 6, 2¢/3, 2¢’) or ée!l""""luz v, (W; —%,0). Now we have,
with a=(A+1)/3,

Co¥s (W ~ %, 0)=2 [0, (W+a)+65 (W-a)];
also efn (W+a) is equal to

x(2a, a; P“")s' s (Wi3a; A+ Pt Ps)0(W; A+Pp);

X(aya 0, ‘)
A2 2500 (W; A+P,)zx—(3a,0 P ) 2¢P

e x(2a,0; 0, a

if we take the Gopel system to be §(_ 1) 3 (0> , so that Py=4 G) , this is equal to

e§1 (a) +¢€,© ?o (a)
¢ Oy (20) 6y, +¢, 69 (2a) 6y

601 (a') +€,6 10 (a')
« 601 (22) Og; +€,059(2a) 6y
where 6, denotes 6 (0), etc., and

Ey=6 (W+3a) 64 (W)+ €019 (W+3a) 0y (W),
E,=0,(W+3a) 6y (W) —1ie,/ 04 (W+3a) 01y (W).

Now, in accordance with the general rules, the denominator of the fraction

Oy9 (2a) By (@) — e/ Oy (2a) B4y (2)
©19 (32) ©4; — ey O (3a) By

. . P K’ 0
vanishes when gl'= — ™ (f;) et (h-2K)q/'+ni2K q‘, namely, as (K) =—% (_ l>=A’ when

o/ =—ie™ ®*) and a=(A+1)/3; in fact, putting a=(h+1+2)/3,

O1 (2a) Oy (@) +€,/6y (2a) B4y (¢, (“) £,
g1 (32) ©g, + €014 (3a) B4

l

901(W)2

69 (2a) 6y, (@) — te; By (2a) Oy (@) 3
A b
Oy (32) 69 — €)' Oy (3a) By

+i2 ‘1910(W)2,

049 (3a) By, — ey Oy (3a) 49 =" WD o, (2) @y — ey Oy (%) B0,
%"M(}H Y [CHENEL M )

* The expression of the transformed theta function in terms of 2°= =4 theta functions is given
by Hermite, Compt. Rendus, t. xu. (1855), for the case p=2. For the general hyperelliptic case
cf. Konigsberger, Crelle, Lx1v. (1865), p. 32.
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for small values of &, when ie/=e"®*+1) because the differential coefficients of the even
functions, being odd functions, vanish for zero argument ; thus the denominator of the

fraction vanishes to the second order. We find similarly, for z'el'=e"i(h+1), a=%(h+142),
that the numerator of this fraction is equal to

i , (h+1 A1\, (h+1 h41
w0 o (557 0u('5) -0 (57) 0a ('57) )

in the same case also we find that the expression E, is equal to
gmt (1) [6'10 (W) 0y (W)= ' (W) By (W)] 2,
while the expression 6,y (W —3a) 0y, (W)--ie/ 6y (W—3a) €,y ( W) is equal to the negative
of this. Thus the function eﬁl (W+a) can be expressed by the functions ©,,(W), 6y (W),
and their differential coefficients of the first order ; but the function eﬁl( W+a)+ eﬁl( W—a)
can be expressed by the functions €,,( W), 6 (W) only.
In the function 8(3)1 (W+a) +93l (W —a) the part

s 0y, (2a) 6y (@) — 1:51, 6y, (202) 0y (@) E,
¢ 649(3a) By — 1€ Oy (3a) 8y

furnishes only the single term for which de)'= — i (W41 pamely,
h4+1 h+1
i (h+1) 901< 3 ) 910< 3 )
4e B0 Or O (W) 010 (W).

Ex. i. Prove that the final result is that $C,9, (#) is equal to

el Me, -6 he
0113/ o1 10\3/ P10 2 2 2 2143
- { [S) (1) o,+06 (i) [S) ]9 (w)
[6(2)1 (%) e(2)1 + efo <%) e?0] [931 + e:o] [ o " 0 o

- [0}, (}) 85, — 65, (}) €3] 3y, (w) %3 (w)}
Gfo (%) 931 (Tli) [910 (%) 601 + eo] (1}1) 910]
[eﬁl (31?) egl + efO (%) efo] 90! e10

where 6,,, ©,, denote 6, (0) and ©,, (0) respectively.

3, (0) 8, (0)+ 193, (),

Ez.ii. Prove that
C ( W“é) 69 ( W+ %) - e10( W- %) C ( W+ %)

c ,
-9 910 (%) 901 (%) - 901 (%) elo (Z}f)
010001 — 641010

(80, (W) 850 (W)~ 054 (W) 6, (W)].

370. General formulae for the quadric transformation are also obtainable.
The results are different, as has been seen, according as the characteristic
(K, K’) of the transformed function is zero (including integral) or not. The
results are as follows :—

When (K, K’) is zero, the transformed function can be expressed as a
linear aggregate of the 2?2 functions S (w |4, P;), whose characteristics are
those of any Gipel system.
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When (K, K’) is not zero, the transformed function can be expressed as a
linear aggregate of the 27— products & (w| A4, P;)Y (w| 4, K, P;), in which
the characteristics P; are those of any Gopel group whereof the charac-
teristic K, = (X, K’), is one constituent, and A4 is a characteristic such that
A, K|=|K|,or |4, K|=|K|+1 (mod. 2), according as the function to be
expressed is even or odd*,

When (K, K') is zero, the equation (I), § 367, putting K = K’ = u =0,
and then increasing W by 4u7’, where u is a row of quantities each either
0 or 1, gives

o (2 Ww; 27

B2\ _ 5 riu R I‘/Q).
1) =e F®2<W+1}h,7| 12):
hence, from the fundamental formula of § 309 (p. 510), writing therein

v=0,u=W+a,b=a=51/2, A““%(’S): Pi=%<qqii,), and (ii)emqi'€i=§i,

we obtain

/w(/)2)

% P e 02 (0; 7':;1} ") 4 p;
=§e_ﬁ”h§ ’ (A> §Ci®2 (0(; 7 |AP§h) )

200 (2W; 2/

Eg‘@@?(W; 7 I AP,'),

where C is independent of u. It is assumed that the sum 2};}@2 ©; 7 |AP;)

is different from zero for each of the 27 sets of values of the fourth roots &;.
This formula suffices to express any theta function of the second order with
zero characteristic.

When (KX, K’) is other than zero, by putting in the equation (I), § 367,
r=2, u=0, adding {7%" to W, where A’ is a row of quantities each either
0 or 1, and then changing the sign of W, we obtain

ComNIHEN) W, (W3 K, K’ + ) =3[V (W +a) + eV 0 (W —a)],
h

where A=K +h, N = K’+}, and C is the same constant as before, indepen-
dent of W, K, K’, I, and a =4\ + 37\, the period 7' being omitted on the
right side. Hence, taking the fundamental formula of § 309 (p. 510), putting
therein v =0, u= W+a, b=a, A =0, B=A4, and then writing a=$A+37\"+4z,
where # is a row of p equal quantities, we find, provided | K, P;| =0, (mod. 2),

* When (K, K’) is zero, the function is necessarily even (§ 288, p. 463), and therefore | K|=|Q|.
We have seen (§ 327, Chap. XVIIIL.) that this is always true when r is odd. When r is 2, it is not
always so, as is obvious by considering the transformation, for p=1, in which a=2, 8=0, a’=0,
f'=1,and (Q, Q')=(%, §); then we find (K, K')=(}, 1); thus [Q|=1, |K|=2.
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and e=em Ki+ml4Ki that 200V, (W; K, K'+ k') is equal to the limit,
when « vanishes, of the expression

eriK (K43 K) fg—"i""'?Egzé'ie‘”'K"h(E (W; 4, P)®(W+=z|A, K, P))
i
+® (W—.ﬁIA, K) Pi)})
where Ci = (ii) g"’i(h‘l'i_""qi) €;, and

S rarinostininis @ ({ot $ 1+ 4o K ‘ 4 (';l) +P,)

Be= Stiem K48 (z; 4, K, P;)©(0; 4, P))

It can easily be proved (cf. § 308, p. 510) that the denominator of K
vanishes, for z = 0, for the 271 sets of values of the fourth roots ¢; in which
the fourth root corresponding to the characteristic K of the group (P) has

the value — <}i> e X1 and that the corresponding expressions

Ui=Elliem K@ (W; 4, P)(®(W+z|4, K, P)+O(W-z|4, K, Py)]
have the limit zero; the summation 2 is therefore to be taken only to extend

4

to the 27— sets of values in which this fourth root =+ (}i.) et Kl Tt may
however happen that the denominator of E; vanishes for other sets of values
of the fourth roots ¢;, when £=0. We assume that for such sets of values
the sum multiplying F; in the expression U, does not vanish for £=0; by

recurring to the proof of the formula of § 308, it is immediately seen that
this is equivalent to assuming that the expression

261;@2(U; P@)

is not zero for general values of the arguments U for any set of values of the
fourth roots e; (cf (8), p. 514). That being so, the value of E; when its
denominator vanishes for =0, can always be obtained from the limiting
expression given, by expanding its numerator and denominator in powers
of z.

Ez. Applying the formula of this page for the case p=1 to the function
0,2W; 2r)=4¥,(W; -}, 1),
for which (K, K')=( -4, 0) and 2'=1, we immediately find that the Gopel system in terms
of which the function can be expressed is (4, 4 7;), where A=} G)) , P=K=} (_ (1)) ; we

are to exclude the value of the expression Uy in which ¢;= - (‘14{) =1; the value of E, for

¢;= —1 is easily found to be
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Ey=em" (6% (Jo—1) - 6], (3o +1)]+6,,(2) ©,,(0)

of which both numerator and denominator vanish for #=0. The final result of the
formula is

0o, (2 W; 2r')=—40,)(}; 7)1, (};5 T) 0y (W; )0, (W5 7)/0];(0;7)0,, (0 7).
Prove this result, and also
Coy (2W; 2)=260(}; ) 8, (W5 7) 6, (W; 7)/6,(0; )8, (0; 7),
and (cf. § 365) obtain the formulae
O, ™) 0 (5 )= —563(0; 7)),
O} T)=404, (05 7) 8y, (05 ) [6},(0; ) +8}, (05 )],

05, (0; 2r')=4[6,(0; ¥)+65, (0: 7)],

C=V2[6},(0; 7)+6},(0; )]
371. The preceding investigations of this chapter enable us to specify in
Q> or ¥ (u‘ Q)
Q Q

when expressed in terms of functions % (w; 2v, 20/, 2¢, 2¢ 111§> ory (fwli )

/

all cases the form of the function % (u; 20, 20, 29, 29’

In many particular cases it is convenient to start from this form and
determine the coefficients in the expression by particular methods. But it
is proper to give a gencral method. For this purpose we should consider
two stages, (i) the determination of the coefficients in the expression of the
i /
function Y (u i g ) by means of functions v, (w; K, K'+ p), (ii) the determi-
nation of the coefficients in the expression of the functions Y, (w; K, K'+ p)
| &

by means of functions % (fw | x ) The preceding formulae of this chapter

enable us to give a complete determination of the latter coefficients in a
particular form, namely, in terms of theta functions whose arguments are
fractional parts of the periods 2v, 2v"; but this is by no means to be regarded
as the final form.

372. Dealing first with the coefficients in the expression of the function

i /
S(u% g) by functions +,(w; K, K’'+ p), there is one case in which no
difficulty arises, namely, when the transformation is that associated with the

.. (r 0\, 'Q'). . ‘ , | K'[r
mabrix (0 1) ; then & (u l 0 is equal to & <rfw, 2v, 21/, 2¢/r, 2¢ X ),

the row K’ being in fact equal to rQ’, namely & (u Z) is 3y, (w; K, K').
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Now it can be shewn*, that if Q, be the matrix associated with any
transformation of order », and » be a prime number, or a number without
square factors, then linear transformations, 0, (', can be determined such

r 0
that Q, = Q (0 .
calculated, it is sufficient, first to carry out the transformation Q upon the

| @

U
0 ); then to use the formulae for the transformation

) Q. Hence, in cases in which the matrices Q, Q' have been

given function & (u

(S (1)), whereby the original function appears as an integral polynomial of
order » in 27 theta functions; and finally to apply the transformation Q' to
these 27 theta functions. All cases in which the order of transformation is
not a prime number may be reduced to successive transformations of prime
order (§ 332, Chap. XVIIL).

We can however make a statement of greater practical use, as follows. It
is shewn in the Appendix II (§§ 415, 416) that the matrix associated with
0 g) , where Q
is the matrix of a linear transformation, and that, in whichever of the possible
ways this is done, the determinant of the matrix B’ is the same for all. In
all cases in which this has been done the required coefficients are given by
the equation

‘)
Q

rire SRk Tk Tau-Thpe [ (& +p)/r
= ¢ ' # e v 7T S | rw; 20, 20, 287, 28 }
VM| o[[B] - ’ g2

any transformation of order r can be put into the form Q <A

1
e Y (u; 20, 20, 29, 29’
Vel (u; 20, 20, 27, 29

wherein, (@, @) being a half-integer characteristic, e is an eighth root of unity,
u=DMw, | M| is the determinant of the matrix M, etc., p is in turn every
row of integers each positive (or zero) and less than r, which satisfies the

condition that the p quantities % B’y are integral, and, finally, v denotes the

symmetrical matrix BB’, while d denotes the row of integers formed by the
diagonal elements of 4. It is shewn in the Appendix II., that the resulting
range of values for u is independent of how the original matrix is resolved
into the form in question. For any specified form of the linear transformation
Q the value of € can be calculated (as in Chap. XVIII, §§ 333 —4); if ¢,

* Cf. Appendix II.; and for details in regard to the case p=3, Weber, 4nn. d. Mat., Ser. 22,
t. 1x. (1878—9). We have shewn (Chap. XVIII., § 324, Ex. i.) that the determinant of the
matrix of transformation is =r?. From the result quoted here it follows that that determinant
is +1P,
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denote its value when the characteristic (@, Q') is zero, its value for any other
characteristic is given by

e/eo = e_"": [Ql"*‘}d(l—’ﬂ').] [@+3} d(EWIJ]+F’5QQ',
where () = (,;1 o-/) ’ and Ql, = f_)Q, - ﬁ'Q - %d (ﬁpl)’ - Ql =0 Q, - E,Q - %d(a-a-l)‘

To prove this formula, we have first (§ 335, Chap. XVIIL), if Q = ( a) ,
g

AT “)
«/{M | || &/’
where u= Mu,, Mo, =wp+ o'p, etc. Writing u, = 20,0, o/ =7, we
have , . ,
Y (w; 2("1, 2w/, 27y, 29/ \ 21 ) = 9%01 u"® (Ul; T1 Zl ) s
1 1

and the equations u, = Mw, My =w,4, M;v'= 0,B+ 0,'B, give, if w=2vW,
v =v7’, and in virtue of 4B’ =r, the equations U, = AW, rr,= Av4 — BA,
while, by the equation r{= M,n, A, we find 9,0 u? =r{vw?. Now it is

Q{)
@&

the equation

__S(u 20, 2¢’, 27, 27

i Y (5 20y, 20, 27, 29,
Vo]

immediately seen that the exponent of the general term of ® (Ul; T

gives
2
2miUm + trrn? = 2mir W (m + %) + mwirt’ ('In + &) + mid (m + ’—L)

. 5B B _mdp _m
— dar (ym? + - o
i (ym? + dm) — 2miB . R

2

wherein y = BB, and d denotes the row of diagonal elements of v, and m, p
are obtained by putting An = rm + u, m being a row of integers, and u a row
of integers each less than r and positive (including zero); this equation is

equivalent to n—B’m=%B’,u.; corresponding to every n it determines an
. . .. B, . .
unique m and an unique g for which —Tﬁ' is integral ; corresponding to any

assigned p for which ? is integral, and an assigned m, the equation
determines an unique n. Since then ym?+ dm is an even integer, and, for

the terms which occur, E%’f m is an integer, we have

® (U, m)=3e " ’m [rW rr’
m

Increasing, in this equation, U, by @, + ,Q,’, we hence deduce

(&’ ; #)/"] ’

7/

®{Ul; T
\

’ W e W 2 _midu _wi
—-22dK +5yK T Tyt ’
Q‘):e r D VRN [TW; T

In

1
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where K’'=A4Q/, — K=BQ ' — B'Q,—4d (BB, so that (K, K’) is the
characteristic of the final theta function of w. Since now the matrix
MvB' = M\M,yB' = Myw,AB’ =rM,w,, and therefore |M||v||B (=77 | M, ||w,],
we have, by multiplying the last obtained equation by einei «* = giréiu?  the
formula which was given above.

the function 6 (W; 1+'); we have

Ez.i. When p=1, the transformation associated with the matrix ((1) g) gives rise to
1.7 . N ’ 1/ 3
o(W; i) =6@BW; 3r7)+6(3W; 3¢

,1—=1/3
0)+6(3W, 37 0 )

Other simple examples have already occurred for the quadric transformations (§ 365).

Ez. ii. Prove when p=2, by considering the transformation of order r (r odd) for
which
1, - (0, 00\ . (rO
o=(o, ) #=(0 o) «=(00)» #=( 1)

1
© [“1 Ry, Ty (11— 2pTig+ pPrey — 2X), 2719 — 2uTgy, TTa0)

that

-1y 2o,
=%‘I’(O’ 0)+ 21 e T ¥ (n, —np),
n=

/s nof r) +0 (ru ;T
0 bl

where y (n,;, n,) denotes © (ru; rr

Crelle, xcv1. (1884), pp. 21, 22.)

—"1/7‘,0 —Nz/r>_ (Wiltheiss,

873. In regard now to the question of the coefficients which enter in the

K’\
K ) ’
the problem that arises is that of the determination of these coefficients in
terms of given constants, as for instance the zero values of the original theta
functions. The theory of this determination must be omitted from the
present volume. In the case when the order of the transformation is odd
these coefficients arise in this chapter expressed in terms of theta functions,
?r(wm 5 2v, 20, 2¢, 2;”), whose arguments are r-th parts of the

periods 2v, 2v". By means of two supplementary transformations, A, A7,
(as indicated § 332, Chap. X VIIL), or by means of the formulae of Chap. XVIL.
(as indicated in Ex. vii, § 817, Chap. XVIL), we can obtain equations for
functions ¥ (rw; 2v, 2v/, 2¢, 2¢’) as integral polynomials of degree 7* in
functions & (w; 2v, 20/, 2¢, 2¢"). By means of these equations the functions

2 'm’ . . .
S(Lm%%-@; 2vu, 2V, 2¢, ZC’) are determined in terms of functions

expression of the functions yr, (w; K, K’ + u) by means of functions & (w

3 (0; 2v, 20, 2¢, 2¢'); or this determination may arise by elimination from
the original equations of transformation, without use of the multiplication
equations. There remains then further the theory of the relations connecting
the functions % (0; 2v, 2v/, 2§, 2¢’) and the functions & (0; 2w, 20, 29, 27'),
which is itself a matter of complexity.
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For the case p=1, the reader may consult, for instance, Weber, Elliptische Functionen
(Braunschweig, 1891), Krause, Theorie der doppeltperiodischen Functionen (Erster Band,
Leipzig, 1895). For the case p=2, Krause, Hyperelliptische Functionen (Leipzig, 1886),
Konigsberger, Crelle, Lx1v., LXV., LXVIL For the form of the general results, the chapter,
Die Theilung, of Clebsch u. Gordan, AbelPsche Functionen (Leipzig, 1866), which deals with
the theta functions arising on a Riemann surface, may be consulted. For the hyper-
elliptic case, see also Jordan, Traité des Substitutions (Paris, 1870), p. 365, and Burkhardt,
Math. Annal. XXXV., XXXVL., XXXVIIL (1890—1).

In particular cases, knowing the form of the expression of the functions

9 (u; 20, 20, 29, 27")

in terms of functions $ (w; 2v, 2v/, 2¢, 2¢'), we are able to determine the coefficients by the
substitution of half-periods coupled with expansion of the functions in powers of the
arguments. See, for instance, the book of Krause (Hyperelliptische Functionen) and
Konigsberger, as above.

Ez. i. In case p=2, r=3, the function 6,(3W, 3r') is a cubic polynomial of the
functions ©; (W, '), 64 (W, 1), ©,(W, 7), 6y (W, '), of which the characteristics are
. 0, 0 0, O 1, 0 ( 1,0). i
respectively %(O, 0) 3 0, - ), §<_1, —1)’ 3 _1 0)} these form a Gopel system.
The only products of these functions which are theta functions of the third order and of
zero characteristic are those contained in the equation

05 (3W, 3) = Adi+ Bh,bl, + by + D by, + Ebyd By
where ¢, =6, (W, '), etc.; this equation contains the right number } (#?+1)=5 of terms
on the right side. Putting instead of the arguments W, W, respectively
Wi, Wo—%5 Wi—d+dry, Wo—343dry; Wi—3+3my, Wotdmy,

we obtain in turn
6,,(3W, 3r)= A¢§4 + B¢34¢§ + 0¢34¢(2)2 + Do, ¢f +Ep b0
©, (3W, 3¢)=— A} — Bb,dpy+Cd, ¢y + Dby + Ebyboyhsy,
04, (3 W, 37') = — Ay, — Biyby + Oy + Debib + Ebybyshyy,

whereby the Gopel system of functions €, (3 W, 3r'), 65, (3 W, 37'), ©,(3 W, 37'), 64, (3 W, 37')
is expressed by means of the Gopel system ¢, sy, by, Ppo-

From the first two equations, by putting the arguments zero, we obtain
_66,-6,9, B= B0, ~ 8,95,

1 4 1 4’
6,— 6, 6,9, (95 - 934)

where 8,=6;(0; 37), etc, and ©,=6;(0; 1), etc.; by the addition of other even half-
periods to the arguments, for instance, those associated with the characteristics

(g 0)r 45 0) +( -1 0)
we can obtain expressions for C, D, E ; these substitutions give respectively
0, (3W 5 3¢') = Aphy — B b3y + Obo b2, — Debrubis+ Eboyboubigy
0, (3W; 3¢)=A¢] — B, &; — Cp, buy+ Db, b1~ By bbrss
0,35 37) = A}, + Bpyby +Cbyyby + Dbyoihin + £y b, b1y 5
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putting herein W=0 we obtain in succession the values of D, C and Z, expressed in terms
of the constants previously used, 6;, 8y, 6;, ©,, and the constants ©,;, 6,, B3, Oy3, O3,
6y, Oy, O13, Oy, O3, ;. Thus the zero values of each of the ten even functions € (W ; )
enter in the expression of the coefficients 4, B, C, D, E; there remains then the question
of the expression of the zero values of the ten even functions in terms of four independent
quantities (cf. Ex. iv., § 317, Chap. XVIL), and the question of the relations connecting
the constants 8;, 8,,, etc., and the constants ©;, ©,,, etc. (cf. the following example).

Ez. ii. Denoting 6y (0; 37) 6, (0; ') by C, etc., shew that when p=2 the result of
Ex. iii,, § 292 (p. 477) gives the equations
Coa+Cy =C5+ Cyy— Cy— Gy,
Cy +Cpg=C;— Uy + Cip— Gy,
Cog+ Chy=C5— Cyy — Crp+ oy

these being the only equations derivable from that result. By these equations, in virtue of
the relations connecting the ten constants ©(0; '), and the relations connecting the ten
constants € (0; 3r'), (for the various even characteristics), the three ratios

6, (0; 37)/6, (0, 3r), ©4,(0; 31)/6,(0; 31'), 6,(0; 37)/6,(0; 37)
are determinable in terms of the three
65 (05 7)/6; (05 1), ©4,(0, 7)/65(0; ), ©,(0; 7)/65(0; 7).
By addition of these equations we obtain
Co+ O+ Cy+ Cog+ Co3+ Oy + Oy + Cyg + €y =3C5.
Obtain similarly from the result of Ex. iii., § 292, for any value of p, the equation

%(:')]el:o; v g(i’)]=(2p-1)e(o; 3r)e(0; 1),

where the summation on the left extends to all even characteristics except the zero
characteristic ; for instance, when p=1, this is the equation

B01 (05 37') 891 (05 7)+054 (05 3r) ©49(0; 7)=0p(0; 37) 0y (0; 7'),
namely (cf. Ex. i., § 365 of this chapter) it is the modular equation for transformation of

the third order which is generally written in the form (Cayley, Elliptic Functions, 1876,
p. 188),

36 I:O 5 3¢

VEN+NEN =1,
As here in the case p=2, so for any value of p, we obtain, from the result of Ex. iii.,
§ 292, 2¢— 1 modular equations for the cubic transformation.

Ez. iii. From the formula of § 364 we obtain modular equations for the quadric

transformation, in the form
E+d sk’ , 4 , 3
8("27) Jraolos () Jo o # 14 (e1))

g(’,f)]e[o; 2

where s is a row of p quantities each either O or 1, so that the right side contains 2° terms,
and k, ¥, ¢ are any rows of p quantities each either 0 or 1.

21’9[0; 2r'

374. In the fundamental equations of transformation we have considered
only the case when the matrices a, a’, 8, B’ are matrices of integers; the
analytical theory can be formulated in a more general way, as follows; the
argument is an application of the results of Chap. XIX.
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Suppose we have the relations expressed (cf. Ex. ii,, § 324, Chap. XVIIL.)
by
( M, 0 )(2v 2 )=(20, 20" ) (a, B ),
Lo, it log o o 2 | |,

where 7 is a positive rational number, M is any matrix of p rows and columns,
whose determinant does not vanish, a, 8, o/, 8 are matrices of p rows and
columns whose elements are rational numbers not necessarily integers, w, o',
m, 7’ are matrices of p rows and columns satisfying the equations (B), § 140
(Chap. VIL), and v, v, §, ¢ are similar matrices satisfying similar conditions ;
then, as necessarily follows, the matrices a, B, a, B8’ satisfy the relation
(viii) of § 324 (Chap. X VIIL).

If now z, y be any matrices of p rows and columns, the relations supposed
are immediately seen to be equivalent to
(M, 0 ) (2 20y )=(2w 20" ) (az, By);
Lo, ritr | ot oty | o, on | [ um gy
we suppose that z, y are such matrices of integers that ax, By, a'z, By are

matrices of integers, and, at the same time, such that rz is a matriz of integers ;
such matrices #, y can be determined in an infinite number of ways.

Let u, w be two rows of p arguments connected by the equations = Mw ;
when the arguments w are simultaneously increased by the elements of the
row of quantities denoted by 2vam + 2vym’, in which m, m’ are rows of p
integers, the arguments u are increased by the elements of the row 2vn+ 2w/,
where n = axm + Bym/, n’ = a’zm + B'ym’ are rows of integers. The resulting
factor of the function N (u; 2w, 2w, 27, 2%') is €, where, if H, =27na + 29'«,
ete., (cf. (v), § 324, Chap. XVIIL), R is given by

R=H,(u+1Q,)— minn’
=(H.am + Hgym') (Mw + Mvazm + Mv'ym') — mwinn
=(MH,am+ MHzym') (w + vam + v'ym’) — mwinn’
=r(2%xm + 28ym’) (w + vam + vym') — minn’;
now, since B'a=r+ Ba/, and because az, By, d'z, By, rz are matrices of
integers, we have
' = zd azm? + (YR + YR 'ax) mm’ + 5B Bym’?
=fm + f'm’ + ryzmm’ (mod. 2),
where f, f* denote respectively the rows of integers formed by the diagonal
elements of the symmetrical matrices Za'az, %8By (cf. § 327, Chap. X VIIL).
Thus, if we denote § (u; 2w, 20, 27, 27’) by ¢ (w), we have
¢ (,w + Qurm + 2U'yml) = er(2§zm+2§' ym') (wHvem+v'ym') Fri( fm-f 'm') Fmi (—ryx) mm’ ¢ (w)‘

B. 40
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Further if a, b denote the matrices of 2p columns and p rows, given
respectively by
a = (2vz, 20y), 2mib=(2rz, 2rf’y),

we have ‘
§ T @b—ba)=(Z5 ) (g, £y) —(BL ) (va, vy)
Exd Ed
=(#@¢-Ev)o 2@ —~Ev)y )
| 5 @E—T)a, 3@E - E)y |
=im( 0, —zy );

so that @b —ba =k, say, is a skew symmetrical matrix of integers given by

ab—ba=k=( 0, —7zy ),

ryz, O
and we have

a<fB
3 ke gmamy = 2 (—1ZY)s, gmamg’ = — rjamm/, (o, =1, ..., p).
o B

Finally, let A, u be rows of p quantities, the rows of conjugate complex
quantities being denoted by A,, p,, and let A, u be taken so that the row of
quantities @ (A, p) consists of zeros, or

a (N, p)=2vaN + 2v'yp = 0,
so that @\ = — 7'yu, where* 7 = vV, is a symmetrical matrix, = p’ + 70’, say,
¢ and ¢’ being matrices of real quantities; then by

o= =1y =—(p —10) ym,
we have

k(N p) (M, ) = — o (Byp, — k) (M, p) = — o (Jahp — Yohm)
= uy (nymp — Typm) =Y [(p" — i) — (o’ + i) yum
= 2rjo’ypp, = 2ro’vy,,
in which v =yu, v, = yu,; as in § 325, Chap. XVIIL, since r is positive, the
form ra’vr, is necessarily positive except for zero values of w.
On the whole, comparing formula (II), § 354, Chap. XIX., the function

¢ (w) satisfies the conditions of §§ 351—2, Chap. XIX. necessary for a
Jacobian function of w in which the periods and characteristic are given + by

a=(2uz, Wy), 2mib=(2rfz, 2r8y), ¢=(4f, 1f).

* The determinant of the matrix v is supposed other than zero, as in Chap. XVIIIL., § 324.

1 In § 351, Chap. XIX., the row letters have s elements; in the present case ¢ is equal to 2p,
and it is convenient to represent the corresponding row letters by two constituents, each of p
elements ; and similarly for the matrices of 2p columns and p rows.
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To this function we now apply the result of § 359, Chap. XIX., in order to

express it by theta functions of w. The condition for the matrix of integers

there denoted by g, namely geg = k, is satisfied by g = (r(.)r ’ 2) , for

(rz, 0) (0, —1)(re, 0)=(7% 0)( 0, —y )=( 0 ,—r7y);

| i

lo,gl i o llo gyl Joglim ol [me o
hence, with the notation of § 358, Chap. XIX.,

K=ag™=(2vz, 2vy) ( %‘w—‘, 0 ) = (2u/r, 2V),

’ 0,y
. . N2 ,
2miL = 2mriby— = (2r¢a, 2r§y)( ~a, 0 )=(2§, 2r¢’).

| oLy
Hence, as our final result, by § 359, Chap. XIX., the function ¢ (w), or
Y (u; 20, 20, 29, 27'), can be expressed as a sum of constant multiples of
Sunctions* ¥ (w; 2v/r, 20/, 2¢, 28) with different characteristics, the number of
such terms being at most V[K =1?|z||y|, where |z|, |y| denote the
determinants of the matrices x, y. This is an extension of the result
obtained when the matrices a, B, o, 8 are formed with integers ; as in that
case there will be a reduction in the number of terms, from »?|z| |y |, owing
to the fact that the function ¢ (w) is even. A similar result holds whatever
be the characteristic of the function ¥ (u; 2w, 2w’, 29, 29"). The generalisa-
tion is obtained quite differently by Prym and Krazer, Neue Grundlagen
ewner Theorie der allgemeinen Thetafunctionen (Leipzig, 1892), Zweiter Theul,
which should be consulted.

Ez. Denoting by £ the matrix of p rows and columns of which the elements are zero,
other than those in the diagonal, which are each unity, and taking for the matrices q, 8,
a, (3 respectively 771: E, 0,0, ;% E, where m, n are integers without common factor, we have
the formula

mre(u; n=sse(Lu; .| ™"
(w3 r =%\ 2T arm )

wherein 7, s are rows of p positive integers, in which every element of r is 0 or numerically
less than m, and every element of s is O or numerically less than ». This formula includes
that of § 284, Ex. iii. (Chap. XV.); it is a particular case of a formula given by Prym and
Krazer (loc. cit., p. 77).

To obtain a verification—the general term of the right side is ¢, where
2
=2miu (1% N+ s) +z'1r'r(1% N+s) +2rrir(7% N+ s) ,

* That is, functions 9 (rw, 2v, 2rv, 2¢/r, 2(') ; cf. § 284, p. 448.
40—2
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hence Se¥=0 unless N/m is integral ; when N/m is integral, = M, say, then Se¥=mPe%,
r r

where
d=2nuK+inrK?,

K, =nM+s, obtaining all integral values when M takes all integral values and s takes all
integral values (including zero) which are numerically less than ».

375. The theory of the transformation of theta functions may be said to
have arisen in the problem of the algebraical transformation of the hyper-
elliptic theta quotients considered in Chap. XI. of this volume. To practically
utilise the results of this chapter for that problem it is necessary to adopt
conventions sufficient to determine the constant factors occurring in the
algebraic expression of these theta quotients (cf. §§ 212, 213), and to define
the arguments of the theta functions in an algebraical way. The reader is
referred* to the forthcoming volumes of Weierstrass’s lectures.

It has already (§ 174, p. 248) been remarked that when p >3 the most
general theta function cannot be regarded as arising from a Riemann
surface; for the algebraical problems then arising the reader is referred
to the recent papers of Schottky and Frobenius (Crelle, ci1. (1888), and
following) and to the book of Wirtinger, Untersuchungen iiber Thetafunctionen
(Leipzig, 1895).

* Cf. Rosenhain, Mém. p. divers Savants, x1. (1851), p. 416 ff.; Konigsberger, Crelle, Lxiv.
(1865), ete.



