CHAPTER 5

Introduction to inverse scattering

Suppose we are given two asymptotically hyperbolic metrics which differ only
on a compact set. If the associated scattering operators coincide, one can show that
these two metrics coincide up to a diffeomorphism. This result can be extended to
manifolds with asymptotically hyperbolic ends when two metrics coincide on one
end having a regular infinity. The aim of this chapter is to explain the idea of the
proof of these theorems.

1. Local problem on H"

Recall that in the geodesic polar coordinates centered at (0, 1), the metric on
H"™ takes the form
ds? = (dr)* + sinh® r (d6)?,
where (df)? is the standard metric on S~ ! (see formula (1.4) in Chap. 1). Letting
y =2e~" and x = #, one can rewrite the above metric as

ds? = (‘S’)z + (; - Z)Q (dz)?, ye(0,2).

Suppose this metric is perturbed so that
(dy)® + (dz)* + A(z,y, dz, dy)
2 )
Yy
with A(z,y,dx,dy) satisfying the assumption (A-4) of Chap. 3, §3. The theorem
we are going to prove is as follows.

ds® =

Theorem 1.1. Suppose we are given two Riemannian metrics G®), p = 1,2,
on H™ satisfying the above assumption. Suppose their scattering operators coincide.
Suppose furthermore GV and G® coincide except for a compact set. Then G
and G?) are isometric.

The proof is done by the following steps. Let B, C H™ be a ball of radius a
with respect to the unperturbed metric centered at (0,1) such that GV = G®)
outside B,. We first take a geodesic sphere S, = dB,, and consider the boundary
value problem for the Laplace-Beltrami operators in the interior domain B,. Then
the associated Dirichlet-to-Neumann map (or Neumann-to-Dirichlet map) coincide.
We use the boundary control method of Belishev-Kurylev to show that G(!) and
G® are isometric in B, (see [10] and [77]).

2. Scattering operator and N-D map

2.1. Restriction of the generalized eigenfunctions to a surface. Let
us start with preparing local regularity estimates for the resolvent R(k? & 40) con-

~

structed in Chap. 2. We first introduce some notation in R™. Letting f(&) be the
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162 5. INTRODUCTION TO INVERSE SCATTERING

Fourier transform of a tempered distribution f € S’'(R"™), we introduce the Besov
norm || f||g, by

(2.1) 1fllz, = 22’/2” Ol L2(0;),
where s € R is a real parameter, (£) = (14 |€[2)V/2, Qo = {¢€ € R"; |¢] < 1},

)
Q; ={¢eR"; 27! < |¢] <27}, (j > 1). Another Besov norm |[|u|z. is defined
by

1/2
. _ 1 —2s|~ 2
(22) ”“”Bm(i‘i‘i r RGR G ds) ,

which is the norm of the dual space of [3;. The following lemma is proven in
Theorems 14.1.1, 14.1.4 of [55], Vol 2.

Lemma 2.1. (1) Let S be an n — 1-dimensional compact surface in R™, and
Tg the restriction map Ts : u — u}s on S. Then g € B(go; L2(9)).
(2) Let H® be the Sobolev space on R™, and suppose that a linear operator T satisfies
T € B(H®;H?) for alls € R. ThenT € B(ES;B\S) for all s € R.

By using the partition of unity, one can extend the definition of spaces [3;, B\ts
We also
the set of the compactly supported distributions

on non-compact manifolds, which we shall denote by B; ;0. and B*—s,loc'

denote by gs,comp and B*
in BAS,ZOC and gf

Now for k > 0, let Z(+)(k) be the generalized Fourier transformation defined
by Chap. 2 (7.1). For a compact hypersurface S in H", we define

(f.9)s Z/Sf(w,y)g(xay)dsma

where dS; , is the measure induced on S.

s,comp

s.loc> Tespectively.

Lemma 2.2. Let Q) be a bounded domain in H™ with smooth boundary S = 0f2.
Suppose k? # 0 is not a Neumann eigenvalue for H in Q. If f € L?(S) satisfies

(f,0,FD (k) d)s =0, Vo L*(R"Y),

0
then f =0, where 8, = — is the normal derivative on S.

ov

Proof. We first study the local regularity of the resolvent. Take x € C§°(H").
Then by the well-known elliptic regularity theorem, yR(k? £i0)x € B(H?®; H5%2),
Vs > 0. By taking the adjoint, we have YR(k? +i0)xy € B(H "2, H~t), vVt > 0.
By interpolation, we then have

YR(k* £i0)x € B(H™; H™"?), V¥m € R.
This implies, by Lemma 2.1,
(2.3) YR(E*> £i0)x € B(Bp, Bpi2), Vm€R.
For f € L?(S), we define
(05f,9) = (f,0ug)s, Vg€ CG°(H").
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Then suppdgf C S and, by Lemma 2.1 (1), we have d5f € g*_Lcomp. Note that
A*_mep C H=3/27¢ for any € > 0. For g € B, due to Theorem 2.1.3 and Lemma
2.1 (2), 8, R(k? 4 i0)g restricted on S is in H'Y?(S). Then, for f € L?(S), the
mapping

B>g— (0,R(k* —i0)g, f)s

is a bounded linear functional. Using the definition of % f, we have

<f7 al/R('l€2 - 7’0)9>S = (U,g), Vg € B?

where u = R(k? +i0)d5 f € giloc
equation, we see that

(2.4) u = Ro(k* +1i0)85f — R(k* +i0)V Ro(k* +i0)55 f,
where V = H — Hy. Note that Ry(k? +1i0)d% f can be written as an integral over S

nB* c H'/*“n B, Ye > 0. Using the resolvent

loc

Ro(k* +i0)8s f = / (0 Ro(K* +i0) (z, y, 2", y/)) f(2,y')dSer -
S

This is an analogue of the classical double layer potential (see e.g. [27]).

To understand the properties of this potential, let S5, where |J]| is sufficiently
small, be an equi-distant surface which lies inside €2 for positive § and inside 2¢ for
negative . This defines two types of operators K5 and Ty, where

Ksf = Ro(K* + i0)5/sf|567

Tsf = 9, Ro(k* +1i0)ds f g, -

For § # 0, they are bounded operators on L?(S), where we use the fact that Ss is
diffeomorphic to S. Moreover, K tends to K1 in the strong operator topology on
L?(S), when 6 — 40, and K, — K_ = Id. This is proven in R? for the classes of
Hoélder continuous functions in Theorem 2.15 and Corollary 2.14 of [27]. However, if
we take into account that in the Riemannian normal coordinates, © = (21, , ),
d?(x,0) = |z|?> + O(|z|*), the method of [27] can be extended to the space L%(S)
and general Riemannian manifold M.

Regarding Ty, it is proven in Theorem 2.23, [27], that Ts tends to Ty in the
strong operator topology of bounded operators from C1:%(S) to C%(S), and T —
T_ = 0. Using duality arguments and the fact that (T5)* has the same structure as
Ts, we see that Ty tends to T4+ in the weak operator topology of boundend operators
from L2(S) to H%(S), where s > (n+1)/2, and Ty — T_ = 0.

Extending formula (7.1) in Chap. 2, we define F(*)(k) onto B\iLcomP. Then
by Lemma 2.7.3, since G(T) (k) = F()(k), the behavior of u at infinity is given by

(25) R(K +i0)3% f = C(k)x(y)y =~ F (k)ds f.
However, by the assumption of the lemma

05/, FD k) 0) = (FO (k)55 [, 6)r2mnry =0, Vo € L(S"7Y).
This, together with (2.5), implies

1
dy
| ) a5 =0,

lim —
R—o0 IOg R 1/R yn
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Let us note that for any ¢ € C5°(H")

((H = k*)u,¢) = (u,(H = k*)p)
= (f, R(k* —i0)(H — k*)¢)s
= <f7 90>Sv

where we have used the fact that ¢ = R(k? —i0)(H — k?)¢p, since ¢ is compactly
supported, hence satisfies the radiation condition. We then have (H — k*)u = 0
outside and inside S. Arguing in the same way as in the proof of Theorem 2.2.10
given in Subsection 2.3.2, we have v = 0 in Q¢ := H" \ 0. Thus T_ f = 0.
Consider uq = u|Q. Then (H — k?)ug = 0 and 8,,uQ|F =T, f =0. Since k?
is not a Neumann eigenvalue, ug = 0 in §2. Therefore u = 0 globally in H", which
implies f = 0. ]

By the same arguments, one can prove the following lemma.

Lemma 2.3. Let Q be a bounded domain. Suppose k? # 0 is not a Dirichlet
eigenvalue for H in Q. If f € L*(99Q) satisfies
(L FD (k) Gon =0, Voe LR,
then f =0.

2.2. Neumann-to-Dirichlet map. Let €2 be a bounded domain in H” with
smooth boundary S = 0f2, and consider the boundary value problem

(H-k)u=0 in Q,
du=feHY*S) on 8.
We denote the corresponding operator in L?(Q2) with Neumann boundary condition

by HY, keeping the notation H for the operator in H”. If k? is not an eigenvalue
of H¥, this problem has a unique solution u. The operator

Ak): f— u| 5
is called the Neumann-to-Dirichlet map, or simply, N-D map. We consider two

operators H{¥ and HJ' associated with two metrics G() and G®). Let §](k:) be
the S-matrix for H;.

Theorem 2.4. Suppose k? # 0 is not an eigenvalue for both of HYN and HY .
Let A;(k) be the N-D map for HJN, j=1,2. Suppose GV = G? outside Q. Then
S1(k) = Sy(k) if and only if Ay (k) = Ay (k).

Proof. Suppose Aj(k) = As(k). Let u; = .7:](+)(k)*gb for ¢ € L2 (R"1). Let
Ui, be the solution to the Neumann problem

(Hy — k*)um =0 in Q,

d,uip, = O0,u; on S.
We define a functon uz on H" by uz = u, on  and uz = u; on Q¢ = H" \ Q.
The trace of uz computed from outside of S is u;g}s = u |s = A1 (k)O,uq, since ug

satisfies (H; — k?)u; = 0 in H™, hence in (.
On the other hand, the trace computed from inside of S' is

um|s = Ag(k)ayum = Ag(k)a,/ul = A1<]€)8,/U1.
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Therefore by our assumption, uz and 0,u3 are continuous across S. Hence ug € H 1200
and satisfies (Hy — k?)uz = 0 on H"™.

Let ug = F°(k)*¢. Then us — ug satisifies the incoming radiation condition,
since so does u; —ug. Therefore v = uz—us = (ug—up) — (uz —ug) is the solution to
the equation (Hy — k?)v = 0 satisfying the radiation condition. By Lemma 2.2.12,
v = 0. Observing the behavior of u; = uz near infinity and using Theorem 2.7.9,
we have S (k k)= Sa (k).

Suppose Sl( ) = SQ( ). Let u; be as above, and put w = u; — up. Then
(Hy — k*)w = 0 in Q°. Since S1(k) = Sy(k), w ~ 0 by virtue of Lemma 2.7.2.
Consequently, w = 0 by Theorem 2.2.10. Then u; = us and d,u; = d,us on S, i.e.

MR)BF (k) ¢ = Mo (), FLH (k)6 = Ao (k)0 F(H (k) .

By Lemma 2.1, {9,F 7 (k)*¢; ¢ € L2(R" 1)} is dense in L2(S), which proves the
theorem. g

3. Boundary spectral projection

Our inverse problem is now reduced to determining the metric from the N-D
map for a bounded domain. Since the following arguments do not rely on individual
nature of the metric, we consider in a general situation. Let 2 be a compact
Riemannian manifold with boundary equipped with the metric ds? = g;;(z)dz'dz?.
Let A, be the associated Laplace-Beltrami operator, and Ay < Ay < --- be the
Neumann eigenvalues of —A,. We emphasize that we do not count the multiplicities
of eigenvalues here. The N-D map is defined as A(\) : f — u|aQ, where

{(—Ag —ANu=0 in 9,

3.1
(3-1) dyu=feH/* on 0N

Here we are writing A()) instead of A(v/A). Note that A()) is analytic with respect
to A€ C\a(—Ay). Let v;1(x), -+, i m@) (x) be a complete orthonormal system
of eigenvectors associated with ;. We first note that the N-D map A(\) has the
following formal integral kernel

oo m(i)
(3.2) ANz, y) Z Z %’])\ ipl)\](y), xz,y € 0N
i=1 j=1

In fact, let fe H?(Q) be such that 8,,]7: f on 9Q. Then v = u — fsolves
(—Ag —Nv= (A, +N)f=F in
{ dv=0¢e H/*9Q) on 0N
Therefore, letting (, ) be the inner product of L?(Q)

oo m()

(33) U= Z /\ _ /\ SOZ,J SO%J )

Letting ( , ) be the inner product on L2(6Q), we have by integration by parts
(Fyig) = (fr@i5) + (A= M) (> #ig),

which proves (3.2).
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Definition 3.1. The set {/\i,<pi,j(a:)|89 sj=1,---,m(i),i=1,2,---}is called
the boundary spectral data (BSD) of the Neumann problem.

Lemma 3.2. Let ;1(x), -, @im@)(x) be a complete orthnormal system of
eigenvectors associated with \; for the Neumann problem. Then ¢; j(x),1 < j <
m(i), are linearly independent in L?(0Q). For another complete orthnormal system
Vi1 (), Wi m(iy (), there is a unitary matriz U such that

(%’,1(3?)7"' 7S0i,m(i)(x)> = (1/%,1(33), 7¢i,m(z‘)(x))U-

Proof. Suppose Z;n:(i) cjpij(x) =0 on 0. Then u = Z;ﬂ:(? ¢;pi,j(x) satisfies
(=Ay = Aj)u = 0in Q, and u = Jyu = 0 on 0. By the uniqueness theorem
for the Cauchy problem (see e.g. [101], p. 373), v = 0 in Q, which implies
€1 = -+ = Cp() = 0. The 2nd assertion is easy to prove, since {; ;} and {¢;;}
are the orthonomal bases of an m(7)-dimensional space. O

Let us give an operator theoretical meaning to (3.2). We need the notion of
spectral representation. Let H = ®2,C™%. We define the (discrete) Fourier
transformation F : L?(Q) — H by F = (Fy,Fa,- - ) where
(34) fl : LZ(Q) Su— ((’LL, ()07;,1)7 e ,(U, ()O'L,m(z))) € Cm(Z)

F is unitary, and diagonalizes the Neumann Laplacian —A, on Q : F;(—Agu) =

AiFiu. Let P; be the eigenprojection associated with the eigenvalue A;. Then, for
z & o(—Ay), the resolvent can be written as

(3.5) RQ(Z):Z)\,_Z:Z)\‘ZZ’
i=1"" i=1""

which converges in the sense of strong limit in L?(€2).
Let T' = 09, and rp € B(H'(2); H/?(T)) be the trace operator to I'. Define
or € B(H-Y2(T'); H'(Q)*) as its adjoint:
Orfiw) 2 = (f,rrw) 2y,  fe HYAD), we HY(Q).

Accordingly, we write as

rr = Op.
Then we have
(3.6) or € B(H Y3(); HY(Q)*), 6 € B(HY(Q); H/(T)).
Then,
(3.7) A(z) = 01 Ra(z)dr.

Let us prove this formula. We first show that the right-hand side is well-
defined. Since Rq(z) € B(L%(Q); H%(Q)), we have Rqo(z) € B(H?(2)*; L?(2)). By
an interpolation, we then have Rqo(z) € B(H(2)*; HY(Q)). Using (3.6), we see
that 0= Rq(2)dr € B(H™'/2(Q); HY/?(Q)).

For f € HY2(T), take f € H32(Q) such that 8,f = f on I'. Let v =
Ra(z)(Agy + z)]?, and put v = v+ f. Then (—Ay —2)u=0in 2, and d,u = f on
I'. Take h € L?(Q2). Then, by integration by parts,

(Pi(Ag +2)f.h) 12y = (2 = ) (f, Pih) 12y + (f, rePoh) pagry
=—(\i — 2)(Pif, h) 2y + (Pidr f, h) L2 ().
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This yields
~ ~ P
Piu = Pif + Ra(2)Pi(Ag + 2) f = Ai_ri
By (3.5), this implies u = Rq(2)dr f. By taking the trace to I', we get (3.7).
By Lemma 3.2, the operator 67 P;0r, whose integral kernel is Zm,(; vi,j(2)pi;(y)
restricted to I', is independent of the choice of the eigenvectors. Let us call the set

m(i) -
zeF,yeF) i=1

(3.8) { Z,Zwm )iy

boundary spectral projection (BSP). This is what we actually use in the BC method.
BSP is the set of pairs of poles and residues of the N-D map. We then have the
following lemma.

Lemma 3.3. Suppose we are given two metrics on ). Then their BSP’s coin-
cide if and only if their N-D maps coincide for all \ outside the spectrum.

In the next chapter, we shall explain how to reconstruct the metric from BSP.

4. Inverse problems for hyperbolic ends

4.1. Exterior boundary value problem. Before entering into the inverse
scattering for manifolds with hyperbolic ends, we need to discuss the spectral theory
for the exterior boundary value problem. Let  be a bounded domain in H” with
smooth boundary and Q¢ := H" \ Q. Let H":¢ be H defined in Q¢ with Neumann
boundary condition. Namely D(H™-¢) = {u € H*(Q%); d,u|,,. = 0} and HN-‘u =
Hu for u € D(HM¢). Then HY: is self-adjoint. Let R°(z) = (HYN:¢ — 2)71. The
theory developed for H in Chap. 2 can be extended to H">¢ without any essential
change. In fact, let u(z) = R°(2)f, f € L?(Q°), for z € C\R, and take y € C°>°(H")
such that y = 1 near infinity, and x = 0 on a bounded open set containing 2. Then
v(z) = xR°(z) f satisfies

(H — 2)o = [HJR(2)f +xf, in H,
where we use that w := supp[H, x] CC Q°. Let us show that

(4.1) [u(2)lls= < CllullL2(0y) + If]l5)-
where {; is a compact set such that w C ; C Q°. In fact, by elliptic regularity,

lull i) < Cllullzor) + [1fllL2(01))-
The inequality (4.1) then follows from this and (2.6) in Chap. 2.
Having inequality (4.1) in our disposal, we can prove, using the same arguments
as for the whole H”, Lemma 2.2.13 for R°(z).
Theorem 4.1. (1) o.(HM*) =[0,00), o,(HY¢)N (0 ,00) = 0.

(2) For any X > 0, lime_oR°(Atie) =: R°(ALi0) exists in B* in the weak x-sense.
(8) For any compact interval I C (0,00), there exists a constant C > 0 such that
|RE £ i0) fls- < C|[flls, VA€ L
(4) For any f,g € B, (0,00) 3 XA — (R°(A£140)f,g) is continuous.

(5) For A >0, R°(A+40)f is a unique solution to the equation

{(H—/\)u:feB in QF

J,u=0 on 99
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satisfying the outgoting (for +) or incoming (for —) radiation condition.
The following lemma can now be proved easily by using Theorem 4.1.

Lemma 4.2. Let A > 0 and f € HY?(9Q). Then there exists a unique solution
uy € B* to the exterior boundary value problem

(H-XNu=0 in QF
du=/f on 0N

satisfying the outgoing or incoming radiation condition.

Using the solutions u+ as above, we define the N-D map by A (\)f = ui‘aﬂ
in addition to A(z) for z € C\ o(HN¢). Note that A(*)()\) is the boundary value
of A(z) as z — A +40. Therefore, A(¥)()\) defined for A\ > 0 has a unique analytic
continuation to C \ o(H™M:°).

4.2. Inverse scattering at regular ends. Let M be a manifold satisfying
the assumptions (A.1) ~ (A.4) in Chap. 3, §3 with ends of number N > 2. We
assume that at least one of the ends has a regular infinity. Let Mj be such an
end. Namely, in the notation of Chap. 3, §2, M; is diffeomorphic to M; x (0, 1),
in other words, M1 is asymptotically equal to a funnel. Let I' C M be a compact
submanifold of codimension 1 such that M splits into 3 parts Q, Q¢, 9Q = 9Q°¢ =T
in the following way :

M=QUTUQS QNI =Q°NT =0,

where  and Q¢ are assumed to be submanifolds of M with boundary I' inheriting
the Riemannian metric of M. Assume also that {2 is non-compact and has infinity
common to M1, and has no other infinity, i.e. 2 = M; x (0,a), 0 < a < 1. Note
that when N > 2, Q¢ is also non-compact having a finite number of ends which are
either regular or cusps. (The case when N = 1, which is equivalent to Q¢ being
compact, brings about the inverse boundary spectral problem discussed in §3.)

Let HY be —A, — (n — 1)?/4 in Q with Neumann boundary condition, and
HYN:¢ be the one on Q°. Then Theorem 4.1 and Lemma 4.2 also hold for HY
and HN-. Note that if all the ends except for M; have cusps, there may be
embedded eigenvalues in the essential spectrum of H™:¢. However, they are discrete
with possible accumulation points only at 0 and infinity with rapidly decreasing
eigenvectors.

We generalize Lemma 2.1 to the present case. Let F*) (k) = (fl(i) (k),--- ,]:](Vi) (k))
be the generalized Fourier transformation in M constructed in Chap. 3, §2, and
h, be defined by (3.47) in Chap. 3.

Lemma 4.3. Suppose 0 # k? & o,(HN:¢). If f € L*(T') satisfies
(f,0,F D (k) d)r =0, Vé=(¢1,0,---,0) € hy,
then f =0.

Proof. Since (2.5) holds in M, arguing in the same way as in Lemma 2.1,
we have u = 0 in Q. Consider u® = u,.. Then we have (H — k*)u® = 0 in Q°,
and similarly to the proof of Lemma 2.1 d,u® = 0 on I'. Since u¢ also satisfies the
radiation condition, and k? ¢ o,(H™), we have u¢ = 0 in Q¢. This proves the
lemma. ]
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Recall that H™:¢ has two parts of spectral representations: the generalized
Fourier transform, which we denote by fc(+) here, corresponding to the absolutely
continuous spectrum for HY-¢, and the discrete Fourier transform, denoted by Fus
corresponding to the point specrum for H™:¢ defined in the same way as in §3.

Lemma 4.4. The N-D map A°(z) corresponding to HN¢, which is determined
for z € C\ R, is of the form

0o gx (+)(k)*]:(+)( «pe (51“
42 AS(z) = L7e ¢
(42) @)= SIS

k2 — 2z
where the sum over i may be finite or infinite.

Proof. We proceed as in the proof of (3.7). Take f € C*°(I') and f € C5°(Q°)
such that 0, f = f on I'. Let v solve the boundary value problem

(H-zw=(-H+2)f=F in QF
o,v=0 on T.

Then v is represented by eigenvectors ; ; and the generalized Fourier transform

(k)
(+) )* (+)
v_/ T ]-" (k)F dk+2 A%J%
— Z — Z

Take ¢ € hS (see Chap. 3, (3.47), where j varies from 2 to N). Then we have by
integration by parts

(FEO(R)F, d)ng, = (—H + 2) f, FD (k)" ¢) 120
= (£, FSO (k) d) Loy + (2 = K (F FEO(62)*6) 1200
= (FSO(k)or f. d)ne, + (2 — K (F (R2) f, @), -
This implies
FO(k)F = FID(R)orf + (2 — k) FD (k) f.

The term from the point spectrum is dealt with similarly, and the lemma follows
from a direct computation. O

Let us call the set
(4.3) {5* FO (k) FO (k) k > o} {()\ 6{2Pf§p> : z}
the boundary spectral projection (BSP) for HV:¢. By (4.2), we have
(4.4) AC(z) = 61 (HN¢ — 2)7Lop.

Lemma 4.5. Knowing the N-D map A£+)(k2) for all k such that k* & o,(HN¢)
is equivalent to knowing BSP for HN°.

Proof. A£+)(l<:2) has a unique analytic continuation A°(z) for z € C\ R, which
determines AL (k2) for real k2 ¢ o, (HN). By (4.4) and Lemma 3.3.11, we have

ALD(R) = AD (#2) = T200F 0 (k) LD (k).
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Therefore we recover Fi ' (k)* FL T (k) for k? & o, (HN) from ALY (k2). By (4.2),
we also recover \; € o,(HYN:¢) and 6 PFér from the poles and residues of A¢(z).
The converse direction is seen by (4.2). O

Since M has N-ends, the S-matrix for M is an N x N-matrix:
S(k) = (Sis (k)

Let MWW (j = 1,2), be manifolds satisfying the assumptions (A.1) ~ (A.4)
in Chap. 3, §3. Assume that Mﬁl) and M(lz) are isometric, therefore, M(ll) =
M§2) = M; x (0,1), My being a compact manifold of dimension n — 1. Letting
Q= M, x (0,a), we construct Q5 and HJN’C as above.

1<i,j<N

Theorem 4.6. Suppose 0 # k% & o,(HY ") U o, (Hy¢). Let A§+)(l<:2) be the
N-D map for HJN’C. Then §ﬁ)(k) = §£:2[)(k) if and only if A§+)(k2) = AéJr)(kQ).

The proof is the same as Theorem 2.3.

We now pass to the boundary control method (BC-method) to show that BSP
determines the manifold uniquely. The BC-method works for general Riemannian
manifold with boundary, if we know the N-D map for all &k for the associated Laplace
operator. The BC-method was first applied to compact manifolds ([14]), and was
extended to non-compact manifolds (see e.g. [78], [67]).

Let us formulate the inverse problem on non-compact Riemannian manifolds.
Let A7 and NVs be Riemannian manifolds (not necessarily compact) with boundary
with metric inherited form the Riemannian metric induced from A;. We say that
N7 and N; have common parts I'y C ON; and I's C N, if there exists an isometry
P : Ty — I'y. Let Aj(z) be the N-D map for the Laplace operator on N;. Then we
define

(4.5) M) = As(2) o d,.

< D, 0A(2) .
2

s

= AQ(Z)

Iy

r
is defined by

Aj(z)’ijIAj(z)f‘r‘ja feL*Ty).

One can then show that (with some additional assumptions) if A and N> have
common parts I'y and I's, and (4.5) holds for all 2 ¢ R, then N; and N> are
isometric. In Chapter 6, we shall give the proof of this theorem (Theorem 8.5)
for asymptotically hyperbolic manifolds €2, Q2§ under consideration. Modulus this
theorem, we have thus proven the following result.

Here Aj(z)|,

Theorem 4.7. Let M be a manifold satisfying the assumptions (A.1) ~ (A.4)
in Chap. 3, §3. We assume that one of the ends has a regular infinity, and denote
it by My. Suppose we are given two metrics GY), j = 1,2, on M satisfying (A-3)
in Chapt. 3, §3. Assume that GV = G on M;. Ifgll(k) = §11(k) forallk >0,
then G and G® are isometric on M.

We can actually prove a stronger version of Theorem 4.7, which is valid for
two manifolds whose structure, in particular the number of ends, are not known
a~priori.
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Theorem 4.8. Let MY, j = 1,2, be manifolds satisfying the assumptions
(A.1) ~ (A.4) in Chap. 3, §3 endowed with metric GU), j = 1,2. We assume that
for both of MW and M@ one of the ends has a reqular infinity, and denote them
by Mﬁ”, j=1,2. Assume that Mﬁ” and ./\/lgz) are isometric, and S11(k) = S11(k)
for all k > 0. Then MM and M@ are isometric.

4.3. References of inverse scattering on asymptotically hyperbolic
manifolds. Melrose’s theory of scattering metric studies the spectral properties
of the Laplace-Beltrami operator on manifolds whose ends have the metric of the
following type
h(z,y,dz,dy)

Y2
Each end is assumed to be isomorphic to X x (0,1) and go(z, y, dz,dy) admits an
asymptotic expansion of the form

h(z,y,dz,dy) = (dy)® + ho(z,dz) + y by (z,dz, dy) + y*he(z, dz, dy) + -,

ho(z,dz) being a Riemannian metric on the boundary at infinity, X. Mazzeo and
Melrose [96] developed a pseudo-differential calculus to deal with these manifolds,
and proved the existence of analytic continuation of resolvent of the associated
Laplace-Beltrami operator into the region C\{1(n—Np)}, Ng = NU{0}. Borthwick
[20] studied the case of variable curvature at the boundary at infinity. Guillarmou
[40] showed that the resolvent had in general essential singularities at {3(n—Ng)}.
Joshi and Sa Barreto [73] proved that the scattering matrix determined the asymp-
totic expansion of the metric h(x,y, dz, dy) at infinity. S& Barreto [120] proved that
the scattering matrix for all energies determined the whole manifold. Let us re-
mark here that, in this setting, two asymptotically hyperbolic manifolds are shown
to be isometric, without assuming that the corresponding ends are isometric, if
their scattering matrices coincide for all energies. The crucial fact is that the sup-
port theorem holds for the Radon transform (see Theorem 7.1 of [120], also [93]).
This support theorem is still open in our assumptions imposed in Chap. 2. Let us
also note that the support theorem does not hold for the Radon transform in the
Euclidean space (see [52] p. 14). See also [121].

For the spectral theory of symmetric spaces of higher rank, there is a work [97].

Resonance is also an important subject in the inverse scattering theory, and
many works are devoted to it. They are summarized in [45] or in the book of
Borthwick [21].

Inverse scattering problem or inverse boundary value problem from a fixed
energy is not yet solved completely for the case of the metric. However, in 2-
dimensions the inverse boundary value problem is completely solved by Nachman
[109], Lassas-Uhlmann [91], Astala-Paivarinta [8] and Astala-Lassas-Paivarinta [7].
For higher dimensions, there is a developed theory for isotropic metrics, see the
review article of [127]. Morever a method was developed to study anisotropic
metrics from a known conformal class. See e.g. [30].

There is a link between the hyperbolic manifolds and the inverse boundary
value problems in the Euclidean space. See [62], [63], [64], [65], [66]. In [57] an
application to the numerical computation is given.

In recent years, there appeared a number of interesting papers devoted to scat-
tering and inverse scattering for asymptotically hyperbolic manifolds. See e.g. [22],
[41], [42], [43], [129].
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