CHAPTER 2

Confluences

In this chapter we first review on regular singularities of ordinary differential
equations and then we give a procedure for constructing irregular singularities by
confluences of regular singular points.

2.1. Regular singularities

In this section we review fundamental facts related to the regular singularities
of the ordinary differential equations.

2.1.1. Characteristic exponents. The ordinary differential equation

(2.1) n (2) 58 4, (2) 52 g (2) 9 ag(z)u =0

of order n with meromorphic functions a;(z) defined in a neighborhood of ¢ € C
a; (z)
an (x)
The singular point « = ¢ of the equation is a regular singularity if it is a removable
singularity of the functions b;(z) := (z — ¢)" Ja;(z)a,(z)~! for j = 0,...,n. In
this case b;(c) are complex numbers and the n roots of the indicial equation

has a singularity at @ = c if the function has a pole at = ¢ for a certain j.

(2.2) bi(c)s(s—1)---(s—j+1)=0
§=0
are called the charactersitic exponents of (2.1) at c.
Let {A1,...,\n} be the set of these characteristic exponents at c.
If \j — A1 ¢ Zsg for 1 < j <mn, then (2.1) has a unique solution (z — ¢)* ¢1(z)
with a holomorphic function ¢;(z) in a neighborhood of ¢ satisfying ¢ (c) = 1.
The singular point of the equation which is not regular singularity is called
irregular singularity.

DEFINITION 2.1. The regular singularity and the characteristic exponents for
the differential operator
mn n—1
(2.3) P:an(x)#—&—an,l(x)%+~-~+a1(x)%+a0(x)
are defined by those of the equation (2.1), respectively. Suppose P has a regular
singularity at ¢. We say P is normalized at c if a,, () is holomorphic at ¢ and

(2.4) an(c) =aP(c)=---=a" V() =0 and a{V(c) #0.

In this case a;(x) are analytic and have zeros of order at least j at x = ¢ for
j=0,...,n—1

2.1.2. Local solutions. The ring of convergent power series at x = ¢ is de-
noted by O, and for a complex number x and a non-negative integer m we put
m
(2.5) Oc(p,m) :== (x — c)*log"(z — ¢)O,.

v=0

17
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Let P be a differential operator of order n which has a regular singularity at

x = cand let {\, -+, A, } be the corresponding characteristic exponents. Suppose
P is normalized at c. If a complex number p satisfies A\; — p ¢ {0,1,2,...} for
j=1,...,n, then P defines a linear bijective map

(2.6) P:O.(p1,m) = Oclu,m)

for any non-negative integer m.

Let O, be the ring of formal power series > a;(z —¢)’ (a; € C) of z at c.
For a domain U of C we denote by O(U) the ring of holomorphic functions on U.
Put

(2.7) B.(c):={zeC;|z—c| <r}

for » > 0 and

28) Oulpr.m) == @) (a — 0 log" (z — )O..
v=0

(2.9) Op, () (1,m) == P (& = )" log" (z — ¢) O, (¢).

> X
Il

Then Op, (¢)(pr, m) C Oc(p,m) C Oc(pt,m).
Suppose a;(z) € O(B,(c)) and a,(z) # 0 for z € B,(c) \ {c} and moreover
Aj—p¢40,1,2,...}, we have

(2.10) P:Og, (0)(,m) = OB, (¢) (1, m),

(2.11) PO (,m) S Oulp,m).

The proof of these results are reduced to the case when 4 = m = ¢ = 0 by the
translation « — x — ¢, the operation Ad(z~*), and the fact P(Z;”:O fi(x)log’ x) =

(P fp(z))log? z + Z;n;ol ¢j(z)log’ = with suitable ¢;(2) and moreover we may as-
sume

P= ﬁ(ﬁ —Aj) —zR(z,9),

zR(z,9) =2 Y rj(@)¥ (rj(z) € O(B,(c))).

When g =m =0, (2.11) is easy and (2.10) and hence (2.6) are also easily proved
by the method of majorant series (for example, cf. [O1]).
For the differential operator

Q=L 1 b, 1(x) s + -+ bi(2) L + by ()
with b;(x) € O(B,(c)), we have a bijection

~

Q: O(B:(c)) 5 O(B.lc))®C
(2.12) w v
u(z) —  Pu(z) @ (v ()

0<j<n—1
because Q(z—c)™ has a regular singularity at z = ¢ and the characteristic exponents
are —1,—2,...,—n and hence (2.10) assures that for any g(z) € C[z] and f(z) €
O(By(c)) there uniquely exists v(z) € O(B,(c)) such that Q(z — ¢)"v(z) = f(z) —
Qg(z).

If A, — A1 ¢ Zs, the characteristic exponents of R := Ad((z — ¢)"* 1) P at
x=care A\, — A\ —1forv=1,...,n and therefore R = S(z — ¢) with a differential
operator R whose coefficients are in O(B,(c)). Then there exists v (z) € O(B,(c))
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such that —S1 = S(z — c)vi (), which means P((z — ¢)* (1 + (z — c)vi(x))) = 0.
Hence if A\; —\; ¢ Z for 1 < i < j < n, we have solutions u,(z) of Pu = 0 such
that

(2.13) u,(x) = (x — c)’\"cby(x)

with suitable ¢, € O(Br(c)) satisfying ¢,(c) =1 forv=1,...,n.
Put £ = #{v; A\, = M} and m = #{v; A\, — A1 € Z>¢}. Then we have
solutions u, (z) of Pu=0 for v =1,...,k such that

(2.14) u, (z) — (x — )M log” Mz —¢) € OB, ()M +1,m —1).

If Op, (c) is replaced by O., the solution

co m—1

u,(z) = (x—c)™ logl'*l(a:—c)—l—z Z cvij(@—e) T logd (x—c) € Ou(A,m—1)
i=1 j=0

is constructed by inductively defining ¢, ; ; € C. Since

oo

P< 2 Wil cuig(x — ) log! (z — C)) = *P<(w — M log" Nz —¢)

i=N+1 j=0
N . .
+ Z Cuij(r — )M log! (z — c)) € Op,(¢)(A1 +N,m — 1)
i=1

for an integer N satisfying Re(Ay — A1) < N for £ =1,...,n, we have

=

oo m—

> cvij(z— )M log! (x — ¢) € Op, ()(\ + N,m — 1)
i=N+1 j=0

because of (2.10) and (2.11), which means u,(z) € Op, (¢)(A1,m).

2.1.3. Fuchsian differential equations. The regular singularity at oo is
similarly defined by that at the origin under the coordinate transformation = %

When P € W(z) and the singular points of P in C := C U {oo} are all regular
singularities, the operator P and the equation Pu = 0 are called Fuchsian. Let C

be the subset of C deleting singular points co, . .., ¢, from C. Then the solutions of
the equation Pu = 0 defines a map
(2.15) F.CToU: (simply connected domain) — F(U) C O(U)
by putting F(U) := {u(z) € O(U); Pu(z) = 0}. Put
Ui o {x=cj+reV 1. 0<r<e, R<O<R+21} (c; # )
el = {z=rev=1,r>el R<f< R+ 27} (cj = 00).

For simply connected domains U, V C @I, the map F satisfies
(2.16) FU)cCcOU) and dimF(U) = n,
(2.17) VcU = FV)=FU)|v,
e >0, V¢ € F(Uje,r), 3C > 0,3Im > 0 such that
Clz—¢|™™ (¢j # 00, © € Uje,r),
lp(z)| < { Clz|™ (¢;j =00, x €UjcR)
for j=0,...,p, VR eR.

(2.18)
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Then we have the bijection

(2.19)
n—1
{or + Zaj(:v)(?j € W(z) : Fuchsian} = {F satisfying (2.16)—(2.18)}
j=0 w w
P — {U~{uecOU); Pu=0}}.
Here if F(U) = >°7_, Co;(),
o) e o)
nejdet® W e
(2.20) a;(z) = (-1) It ®, with @; = ¢gj+1)($) ¢£Lj+1)($)
M) e ()

The elements F; and F» of the right hand side of (2.19) are naturally identified if
there exists a simply connected domain U such that F(U) = Fa(U).
Let
P=0"+a, 1(x)0" " +--- 4 ap(x)
be a Fuchsian differential operator with p + 1 regular singular points ¢y = oo,
c1,...,¢p and let Aj1,...,\;, be the characteristic exponents of P at c;, re-
spectively. Since a,_1(z) is holomorphic at © = oo and a,_1(c0) = 0, there

exists a,—1,; € C such that a,_1(z) = — ?:1 '1;:7;]1 For b € C we have

e — br 19 Y) = 9n — (b4 2yl g, o9m2 4 4 by with b, € C.
Hence we have

- Z;):l An—1,5 )_ n(n2—1) (] = O)a
n(n—1

)\.71+...+)\-’ = .
! - {an—l,j + -2 (] = 17"'7p)a

and the Fuchs relation

P n
(p—Dn(n—1)
(221) S, = w el
j=0v=1
Suppose Pu = 0 is reducible. Then P = SR with S, R € W(x) so that
n' = ord R < n. Since the solution v(z) of Rv = 0 satisfies Pv(xz) = 0, R is also
Fuchsian. Note that the set of m characteristic exponents {)\3,1, sv=1,...,n'} of
Rv =0 at ¢; is a subset of {)\;,; v =1,...,n}. The operator R may have other
singular points ¢, ..., ¢, called apparent singular points where any local solutions
at the points is analytic. Hence the set characteristic exponents at = = c;- are
{N;, v=1,...,n'} such that 0 < pj1 < pjo < -+ < pjn and p;, € Z for

n’(n'—1)

v=1,...,n andj=1,...,q. Since pj1+---+pjn > 5—, the Fuchs relation
for R implies

(2.22) 7> Zp: Z N = 1)

2V — 2
j=0v=1

Fixing a generic point ¢ and paths 7; around ¢; as in (9.25) and moreover a
base {u1,...,un} of local solutions of the equation Pu = 0 at ¢, we can define
monodromy generators M; € GL(n,C). We call the tuple M = (My,...,M),)
the monodromy of the equation Pu = 0. The monodromy M is defined to be
irreducible if there exists no subspace V' of C" such that M;V C V for j =0,...,p
and 0 < dim V' < n, which is equivalent to the condition that P is irreducible.
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Suppose Qv = 0 is another Fuchsian differential equation of order n with the
same singular points. The monodromy N = (N, ..., N,) is similarly defined by
fixing a base {v1,...,v,} of local solutions of Qv = 0 at ¢. Then

M~N & Jg € GL(n,C) such that N; = gM;g~" (j =0,...,p)

(2.23)
< Qu =0 is W(x)-isomorphic to Pu = 0.

If Qv = 0 is W (x)-isomorphic to Pu = 0, the isomorphism defines an isomor-
phism between their solutions and then IV; = M; under the bases corresponding to
the isomorphism.

Suppose there exists g € GL(n,C) such that N; = gM;g~! for j = 0,...,p.
The equations Pu = 0 and Qu = 0 are W (x)-isomorphic to certain first order
systems U’ = A(z)U and V' = B(z)V of rank n, respectively. We can choose
bases {Uy,...,U,} and {V1,...,V,} of local solutions of PU = 0 and QV = 0 at
q, respectively, such that their monodromy generators corresponding ; are same
for each j. Put U = (Uy,...,U,) and V = (V4,...,V,). Then the element of the
matrix VU ! is holomorphic at ¢ and can be extended to a rational function of
and then VU ! defines a W (x)-isomorphism between the equations U’ = A(z)U
and V' = B(z)V.

EXAMPLE 2.2 (apparent singularity). The differential equation
(2.24) 2(e —1)(x — ) L4 4 (22 — 2cx + )% = 0

is a special case of Heun’s equation (6.19) witha = =A=0and y=0 =1. It
has regular singularities at 0, 1, ¢ and co and its Riemann scheme equals

r=00 0 1 ¢
(2.25) 0 0 0 O
0 0 0 2

The local solution at = = ¢ corresponding to the characteristic exponent 0 is
holomorphic at the point and therefore x = ¢ is an apparent singularity, which
corresponds to the zero of the Wronskian det ®,, in (2.20). Note that the equation
(2.24) has the solutions 1 and clogx + (1 — ¢) log(z — 1).

The equation (2.24) is not W (z)-isomorphic to Gauss hypergeometric equation
if ¢ # 0 and ¢ # 1, which follows from the fact that ¢ is a modulus of the isomorphic
classes of the monodromy. It is easy to show that any tuple of matrices M =
(Mo, My, My) € GL(2,C) satisfying MaM; My = I is realized as the monodromy
of the equation obtained by applying a suitable addition RAd (:c)‘ﬂ(l — x))‘l) to a
certain Gauss hypergeometric equation or the above equation.

2.2. A confluence

The non-trivial equation (x — a)% = pu obtained by the addition RAd((x —

a)“)@ has a solution (z —a)* and regular singularities at = ¢ and co. To consider

the confluence of the point z = a to co we put a = % Then the equation is

(1= cx)d+cp)u=0

and it has a solution u(z) = (1 — cx)*.

The substitution ¢ = 0 for the operator (1 — cx)d + cu € Wlz; ¢, u] gives the

trivial equation Z—Z = 0 with the trivial solution u(z) = 1. To obtain a nontrivial

equation we introduce the parameter A = ¢y and we have the equation

(1=cx)0+A)u=0
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with the solution (1—cz)®. The function (1—cz)* has the holomorphic parameters
c and X and the substitution ¢ = 0 gives the equation (0+ \)u = 0 with the solution
e~ Here (1 — cx)d 4+ A = RAdei(72-)0 = RAd((1 — cx)%)&

This is the simplest example of the confluence and we define a confluence of
simultaneous additions in this section.

2.3. Versal additions
For a function h(c, z) with a holomorphic parameter ¢ € C we put

1 h(z,z)dz
ho(cl,....cp, ) = _
096 @ ) 2nv/=1 Jjzj=r [ =1 (2 — ¢))
(2.26) - h(ck, )

k=1 Hléign,i;ﬁk(ck —¢)

with a sufficiently large R > 0. Put
2 3

(2.27) h(c,z) := ¢ 'log(l — cx) = —x — e B
2 3 4
Then
(2.28) (1—cx)h/(c,z) =—1
and
n (1 =z
Bolen o) T[ (1 ) = -y sk 2 6)
(2.29) 1<i<n =1 [Li<i<n, izn(ce — ci)
7%”71.

The last equality in the above is obtained as follows. Since the left hand side of
(2.29) is a holomorphic function of (¢1,...,¢,) € C™ and the coefficient of 2™ is
homogeneous of degree m — n + 1, it is zero if m < n — 1. The coefficient of 2" ~!
proved to be —1 by putting ¢; = 0. Thus we have

v tntdt

0 H1§i§n(1 —cit)’

€A7Lhn(clx-“7c7z7w) o ( H (1 _ Clx))a o e_)\nhn(clwnacnxa:)

(2.30) hn(c1y.. o en,x) =

(2.31) tsisn
— ( H (1- ciac))ﬁ—k Az
1<i<n
M e
n Cl 1§1§n Cl—C4
(2.32) errtnlermen®) = T (1 - Ckx) i#k
k=1

Zhk K ngi;ﬂﬁ(ck*%)
AdV( () = Ad (] (1 - ckx) i#k
(2.33) k=1
p n—1
AnT
= Adei [ — e

< nz::l [[i= (1 - cm))

(234) RAdV(ﬁ”i)()\l, ceey )‘p) =Ro AdV(ﬁ”i)()\l, ey )‘p)

We call RAAV (L 1(A1,...,Ap) a versal addition at the p points T
c1 ' ep

c1’" ¢
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Putting
h(c,z) :=log(z — ¢),

we have

n . (-
h! (c1,...,cn,T) H (x —¢;) = Z [licicn, iz ) =1

1<i<n 2 Thicicn, iznler — i)

and the conflunence of additions around the origin is defined by

d Xk Mg ton—an
AdV(a1 ’’’’’ p)()\l,...,)\p) = Ad H(x_ak) i
(2.35) P
- A
= Adei n ’
<T; [Ti<icn(@— az))
(2.36)  RAAV{(,, oy(A1,-Ap) =RoAdVE, 0 (Ar,. o Ap)

REMARK 2.4. Let gx(c, ) be meromorphic functions of = with the holomorphic
parameter ¢ = (c1,...,¢p) € CP for k=1,...,p such that

P
k(c,z) € Z(Cl
i=1

Suppose ¢1(c, x),...,gp(c, x) are linearly independent for any fixed ¢ € CP. Then
there exist entire functions a; ;(c) of ¢ € CP such that

1
if 0Fc#c;#0 (1<i<j<p, 1<k<p).
— C;T

akn e 1

Hz 1 ( 1_01 )

and (a;j(c)) € GL(p,C) for any ¢ € CP (cf. [03, Lemma 6.3]). Hence the versal
addition is essentially unique.

2.4. Versal operators

If we apply a middle convolution to a versal addition of the trivial operator 0,
we have a versal Jordan-Pochhammer operator.

(2.37) P:=RAA@ ") o RAAV(: 1 (A, A)0

1

p )\kx’“*1

Pt szl(l — c,,x))

P
= 37““”*1(170( )0+ q(z) )" = Zpk )orE

— RAd(D ) o R(5‘+

with
P p P
H (1—-c¢jz), q(z)= Z ApzF 1 H (1—c¢jx),
j=1 k=1 j=k+1

pr(x) = (_M +kp - 1>pék) (z) + (_“l:pl_ 1) ¢V (x).

We naturally obtain the integral representation of solutions of the versal Jordan-
Pochhammer equation Pu = 0, which we show in the case p = 2 as follows.
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EXAMPLE 2.5. We have the versal Gauss hypergeometric operator
Peyeaini payn i = RAA(O7H) o RAdV(ﬁvé)(/\l’ A2)0

A A A
= RAA(9™") o RAd (1 = ey) o537 (1 = o) o0 )

= RAA(97") 0 RAdei (— 20 — 2% 0

=RAd(07")oR (8 + 2+ (1—012)2(95—02@)
=Ad(07") (01 — c12)(1 — c2x)0 + O(A1 (1 — c2x) + A2x))
= (1—c2)0+ecri(p—1)((1 = cow)d + cop)
+ 20+ (A2 — M) (@d+1— p)
= (1 —c12)(1 — cp2)0?
+ ((er +e2) (= 1) + X + (2erc2(1 — ) + A2 — Aie2)z)d
+ (1= D) (crcop + Area = Aa),
whose solution is obtained by applying I¥ to
A1

4y 2 X2
Kovexate (@) = (1 — 1) 37085 (1 — cpr) e

The equation Pu = 0 has the Riemann scheme
1 1

r = = - o0
c1 Cc2
(2.38) 0 0 1—p ;T
A A A A A
0711 + C1(C12—02) + H 02(022—01) +'u _0711 + C1§2 -4

Thus we have the following well-known confluent equations

Pei o e = (1— clx)82 + (cl(,u -1+ XM+ )\290)6 —X2(p—1), (Kummer)

A2

AL Ay
Kejoap, = (1 —cax)” A eXp()fo)y
Pooso,~1,u = & — 20+ (u — 1), (Hermite)
2
Ad(et™ )Py o010 = (0 — 22)? + 2(9 — a) — (n—1)
=0+ (53— p— %2), (Weber)

Koo0,51 = exp(/ :ttdt) = exp(+%).
0

The solution

M

2 (%)’4]%7!*%)’“(_%2)’“

of Weber’s equation % = ( % +u— %)u is called a parabolic cylinder function
(cf. [WW, §16.5]). Here the above last line is an asymptotic expansion when
r — +00.

The normal form of Kummer equation is obtained by the coordinate transfor-

mation y =z — % but we also obtain it as follows:

Py oy i=RAA(O™) o Ro Ad(z2) o AdV 1 (M)0
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=RAd(0") o R(9 — 22 + 21-)
= Ad(0")(8z(1 — clx)a — 0Nz — (M1 + a1 X))
= (@0+1—p)((1 —c12)0 + c1p) — X20 + (M + c1h2) (20 + 1 — p)
=z(1—az)®+ (1 - X —p+ (A +c(A2 + 21 —2))2)0
+ (=1 (M + (X2 +p),
Poxidon =20° + (1= Xo — i+ Mz)d 4+ Ay (o — 1),
Pocipopu=20*+(1=de—p—2)0+1—p (Kummer),

A
Keyane(2) =22 (1—c12) =, Koy, (2) = 2™ exp(=Aiz).
The Riemann scheme of the equation P, ., ., .t =0 is

x=0 L 00
c1

(2.39) 0 0 17 T T
A2+ p %—FM /\2

(/1

and the local solution at the origin corresponding to the characteristic exponent
Ao + p is given by

1 r A1
I (K., =—— [ M1 —ct)er (z— )" dt.
O( 1)\1,)\2)(37) F(u)/o ( C1 ) ! (‘T )
In particular, we have a solution
1 xT
u(x) = I (Ko.—15,) () = —/ th2el(x — )" Ldt
( O( 2 ( ].—‘(,LL) o )
x)\er# /1 A
= s*2(1 — s)P e ds (t =uxs)
L) Jo
T + 1)zt
== 1F(A+1Lpu+r+1;
T +p+1) ' e+ 1 u+ e+ Liz)

of the Kummer equation Py,_1 ,,,u = 0 corresponding to the exponent Ay + 11 at
the origin. If ¢; ¢ (—o00,0] and x ¢ [0, 00] and Ay ¢ Z>(, the local solution at —oo
corresponding to the exponent —\y — 2—11 — p is given by

! / (—£)2(1 = ext) & (2 — )P~ Ldt

T(1) J_we
(71.))\2 /oo 53\ A2 N B
= 1—-— 1 — c1 gh—4(d —r—1
T(u) Jo ( x) (It+ec(s—a) s s (s=z—1)
Ar=—1
—
c1——+0
/ e~ ssu—lds
( 90) p—1 - S\ Az
= L — s(1_2
g, () e
OOF//C )\2+n) Ao T Ao 1
Z N7 Ao)nlzm (—z)e” = (—x) 2 e"2 Fo(= A2, 15 3 )

Here the above last line is an asymptotic expansion of a rapidly decreasing solution
of the Kummer equation when R > —z — +oo. The Riemann scheme of the
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equation Pp,_1 x,,,u = 0 can be expressed by
x=0 oo (1)
(2.40) 0 1—p O
Ao+p —Ay 1
o 40° () - ()
In general, the expression { Ao o o
the existence of a solution u(x) satisfying

}With0<r1 < --- < rp means

k .
2.41 ~ (, e ) f .
(2.41) u(x) ~ 7" exp I;a o or |z|] = oo

under a suitable restriction of Argx. Here k € Z>g and A, oy, € C.



