CHAPTER 1

Fractional operations

In this chapter we define several operations on a Weyl algebra. The operations
are elementary or well-known but their combinations will be important.

In §1.4 we review on the ordinary differential equations and the ring of ordinary
differential operators. We give Lemma 1.10 which is elementary but assures the
existence of a cyclic vector of a determined ordinary equation. In §1.5 we also
review on certain system of differential equations of the first order.

1.1. Weyl algebra

Let Clzy,...,2z,] denote the polynomial ring of n variables z1,...,z, over C
and let C(z1,...,x,) denote the quotient field of Clxy,...,x,]. The Weyl algebra
Wlz1,...,z,] of nvariables x4, ..., x, is the algebra over C generated by z1,...,z,
and =2 -9 with the fundamental relation

Ox1’ """ Oxn
(1.1) [, 25] =[50, 521 =0, [gorowil =61 (1<4,j<n).

We introduce a Weyl algebra Wxy,...,2z,][¢1,. .., &,] with parameters &1, ...,&N
by
W[xl, e 7.’13,”][51, e 75]\]] = C[fl, e 7§N] % W[J,’l, e 7.’1,‘n]

and put
W[xla"wxn;flv"'?gN] = (C(sla"'va)%W[xla"'van
W(x17"'7xn;€17"'a§N) ::C(xla"'vxn7€17"'a€1\/) ® W[xla"'axn]'

Here we have

(1.2) (2,6 = [5%,6] =0 (1<i<n, 1<v<N),
241-40)
Ox;” f1 - 0wy \ f
(1.3) ) axg fog- af
:w (f? geC[~T17~-~7$na§1»~-~7fN])
and [a%i,f]:aa—giE(C[xl,...,xn,gl,...,&v].

For simplicity we put = (z1,...,2,) and £ = (&1,...,&y) and the algebras

C[x1,...,xn], (C(xl,...,xn), W[.I‘l,...,.%‘n][fl,...,fj\]], W[.’L‘l,...,xn;fl,...,fjv],
W(z1,...,xn;&1,...,€N) ete. are also denoted by Clz], C(x), W]z][§], W]x;],
W (x; &) etc., respectively. Then

(1.4) Clz,¢] € Wizl[¢] € Wlz; €] € W (z;6).

The element P of W (z;€) is uniquely written by
gortetan

(1.5) P = Z Pa(maf)m (Pa(,€) € C(x,£)).

a:(al,...,an)EZgo
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Here Z>o = {0,1,2,...}. Similar we will denote the set of positive integers by
Zwo. If P € W(x;€) is not zero, the maximal integer oy + --- + «, satisfying
palz,€) # 0 is called the order of P and denoted by ord P. If P € W{x;£], pa(x,§)
are polynomials of « with coefficients in C(¢) and the maximal degree of p,(z, )
as polynomials of x is called the degree of P and denoted by deg P.

1.2. Laplace and gauge transformations and reduced representatives
First we will define some fundamental operations on Wx;¢].

DEFINITION 1.1. i) For a non-zero element P € W (x;&) we choose an element
(C(z,&) \ {0})P N W]x; ] with the minimal degree and denote it by R P and call
it a reduced representative of P. If P = 0, we put RP = 0. Note that R P is
determined up to multiples by non-zero elements of C(&).

ii) For a subset I of {1,...,n} we define an automorphism L; of Wx;¢]:

z;, (el -2 (Gel
(16)  Li(z;) = s L) =4 om0t and L&) = &
o 3% (i ¢1) Zi (i ¢1)
We put L = Ly, ,} and call L the Laplace transformation of W{x;].
ili) Let Wr(x;&) be the algebra isomorphic to W (x; &) which is defined by the
Laplace transformation

(1.7) L:W(z;8) = Wi(z:6) = Wi(xsé).
For an element P € Wy (z;&) we define
(1.8) Rz (P) =L 'oRoL(P).

Note that the element of Wi (x;&) is a finite sum of products of elements of
Clz] and rational functions of (3%1, ce a%n,fl, o EN).
We will introduce an automorphism of W(x;¢).

DEFINITION 1.2 (gauge transformation). Fix an element (h1, ..., h,) € C(z, )"
satisfying
Oh;  Oh;
1.9 L= 1<4, j<
(1.9) 95, ~ On (1<i, j<n)
We define an automorphism Adei(hq,...,h,) of W(z;£) by
Adel(hl,,hn)(l‘z) =T; (Z: 1,. ,n),
(110) Adei(hl,...,hn)(aaxi) = 6Z,i —h,i (Z = 1,. ,n),
Adei(hy, ..., hp) (&) =& (v=1,...,N).
Choose functions f and g satisfying % =h; fori=1,...,n and put f =e9 and
(1.11) Ad(f) = Ade(g) = Adei(hq, ..., hy).
We will define a homomorphism of W(z;§).
DEFINITION 1.3 (coordinate transformation). Let ¢ = (¢1,...,¢,) be an ele-
ment of C(zq,...,Tm,&)" such that the rank of the matrix

sz

i/ 135<n

(1.12) o= (

equals n for a generic point (z,§) € C™N. Let ¥ = (¢;;(x,€)) 1<i<n be an
1<j<m
left inverse of ®, namely, U® is an identity matrix of size n and m > n. Then a
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homomorphism T} from W(x1,...,xn; &) to W(xy,...,2m;&) is defined by

Tg(xi) = ¢i(x) (1<i<mn),
1.13 % :
(1.13) 2) = v, (1<i<n).
j=1
If m > n, we choose linearly independent elements h, = (hy1,. .., hym) of C(z, &)™

for v =1,...,m —n such that ¥; 1hy1 + - + Yimhym =0fori=1,...,n and
v=1,...,m—n and put

m—-n

(1.14) K* () := i )Y g € W)

j=1

The meaning of these operations are clear as follows.

REMARK 1.4. Let P be an element of W(z;¢) and let u(z) be an analytic
solution of the equation Pu = 0 with a parameter £. Then under the notation in
Definitions 1.1-1.2, we have (RP)u(z) = (Ad(f)(P))(f(z)u(z)) = 0. Note that

R P is defined up to the multiplications of non-zero elements of C(¢).
If a Laplace transform

(1.15)  (Rew)(z) = / eI IRy (L dgn, . @)t e d
C

of u(x) is suitably defined, then (L{l’m’k}(RP))(Rku) = 0, which follows from
the equalities dRz’““ Ri(—zsu) and 0 = [, 6%(e‘wltl_'”_‘”ktku(t,ka, ))dt =

—r; Rru + Rk( ) fori=1,...,k. Moreover we have

f@)ReR Pu= f(2)(L,...x3 (R P)) (Rku) = (Ad(f)Lg, wy (R P)) (f(z)Riu).
Under the notation of Definition 1.3, we have T (P)u(¢1(z),...,¢n(x)) = 0 and
Qu(¢1(x), e, gi)n(x)) =0 for Q € K*(¢).

Another transformation of W{z;¢] based on an integral transformation fre-
quently used will be given in Proposition 13.2.

We introduce some notation for combinations of operators we have defined.

DEFINITION 1.5. Retain the notation in Definitions 1.1-1.3 and recall that
f=e€%9 and h; = gf
(1.16) RAd(f) = RAde(g) = RAdei(hq,...,h,) := RoAdei(hy,...,hy),

AdL(f) = AdeL(h) = AdeiL(hq,...,hy,)
=L ' oAdei(hy,...,hy) oL,
RAdL(f) = RAdeL(h) = RAdeiL(hy, ..., hy,)
.= L' oRAdei(hy,...,h,) o L,
(1.19) Ad(9"):=L ' oAd(z!) oL,
(120)  RAd(0%):=L7'oRAd(z}) oL

(1.17)

(1.18)

Here p is a complex number or an element of C(§) and Ad(9%,) defines an endo-
morphism of W, (x;&).

We will sometimes denote 8— by 0., or 0; for simplicity. If n =1, we usually

denote x; by x and 21 by -4 = or J, or 9. We will give some examples.
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Since the calculation Ad(z7#)0 =z #odoxt = xH(z' 0+ pat ') = O+ pa !
is allowed, the following calculation is justified by the isomorphism (1.7):
Ad(0™H)x™ =07 ox™ o O

:( my— P«+ )m 2 la pn— 1+( /‘1’)(7”72})7”(”171)‘%7"*28*”72

++( ,U‘)( n— 1)m(' H— m-‘rl)nz!a H—m)au

S 1o () ena

This calculation is in a ring of certain pseudo-differential operators according to
Leibniz’s rule. In general, we may put Ad(0~#)P = 0 " o Po 0" for P € W]x;¢]
under Leibniz’s rule. Here m is a positive integer and we use the notation

v—1

(121) ()= [ (u+9), (T) - I'(m+1) _m

Pl m—v+1DI'(v+1) (m-—v)!

1.3. Examples of ordinary differential operators

In this paper we mainly study ordinary differential operators. We give exam-
ples of the operations we have defined, which are related to classical differential
equations.

EXAMPLE 1.6 (n = 1). For a rational function h(z,§) of x with a parameter

¢ we denote by [ h(z,&)dz the function g(z, &) satisfying -Lg(z, &) = h(z,£). Put
f(z,6) = e9®€) and define

d
(1.22) 9= x%
Then we have the following identities.
(1.23) Adei(h)d = 8 — h = Ad(e/ M@y g = o/ M)z o g o = [ M(@)dz,
(1.24) Ad(f)zr ==z, AdL(f)0 =0,
(1.25) Ad(Af) = Ad(f) AdL(Af) = AdL(f),
(1.26) Ad(f)0 =0 —h(z,§) = AdL(f)x =z + h(9,8),
(1.27) Ad((z — ¢)*) = Ade(Alog(z — ¢)) = Adei(:2),
(1.28) Ad(( c))‘)x =z, Ad((z-¢)")
(129)  RAd((z — )Mo =Ad((z — c)*) ((z — ¢)0) = (z — )0 — A,
RAdAL((z — ¢)*)z = L' o RAd((z — ¢)*)(-0)
(1.30) =L (z—0c)(-9)+\)
=0@—cr+A=z0—cr+1+A,

0=0, RAdL((z— c)/\) ((0—c)x) = (0 —c)z+ A,
¥ = AdL(z*)9 = 9 + \,

AMz—c)™

(1.32) Ad(o*

AMz—c)™
(1.33)  Ad(e” m

z, Ad(e J0=0— XNz —c)" !,
T+ A0 —c)™ 1 (m>1),
(@—c)l"mz+ X (m<-1),

(1.35) T(’;fc)m () = (z — o)™, T(’;fc)m (0) = %(x —c)t=ma.

Here m is a non-zero integer and A is a non-zero complex number.

A(xz— c)

~— ~— ~— —
8

(1.34) RAdL(e x
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Some operations are related to Katz’s operations defined by [Kz]. The opera-
tion RAd((z — ¢)*) corresponds to the addition given in [DR] and the operator

(1.36) me,, = RAd(07#) = RAdL(z™*)
corresponds to Katz’s middle convolution and the Euler transformation or the
Riemann-Liouville integral (cf. [Kh, §5.1]) or the fractional derivation

(1.37) (I (u)) (z) = % /wu(t)(x — -t

(w
Here c is suitably chosen. In most cases, ¢ is a singular point of the multi-valued
holomorphic function u(x). The integration may be understood through an analytic
continuation with respect to a parameter or in the sense of generalized functions.
When u(x) is a multi-valued holomorphic function on the punctured disk around
¢, we can define the complex integral

_ (x4, c+,x2—,c—)
(138) (I(u))(z) == / () (e —2ptae (O D

¢ ‘starting point

through Pochhammer contour (z+,c+,x—,c—) along a double loop circuit (cf.
[WW, 12.43]). If (2 — ¢) ?u(z) is a meromorphic function in a neighborhood
of the point ¢, we have

(1.39) (I*(u))(z) = (1- eQ”A\/jl) (1- 627”“/?1) /I u(t)(x — t)*tdt.
For example, we have
I((x— o)) = ﬁ /I(t —Ma— ) la
x — )Ml
(1.40) = (F(M))/o 1 —s)P s (x—t=(1-s)(z—c))
(A +1) M
STt
4r2emAHp)V-1

(1.41) fc”((xfc)A) = (z — c)rtL,

L(=\T1Q—pwITA+p+1)
For k € Z>(¢ we have
—An2klem™V1

(1.42) IE((@ = )" log(w — ¢)) = T(1—m(u+k+1)

(z — c)PHr+L,

‘We note that since

% (u(t)(z — t)“_l) =/ (t)(x —t)* ! - %(u(t)(x - t)“_l)

and
4 (ut)(z—t)") =u'(t)(z — )" —u(t)L(z—t)"
= au/(t)(z — )71 — tu/ (¢)(x — )T — pu(t) (@ — 1),
we have
(1.43) I¢(0u) = O1F (u),

19 () = (9 — )2 (u).
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REMARK 1.7. i) The integral (1.37) is naturally well-defined and the equalities
(1.43) are valid if Re A > 1 and lim,_,. ~!u(x) = 0. Depending on the definition of
I, they are also valid in many cases, which can be usually proved in this paper by
analytic continuations with respect to certain parameters (for example, cf. (3.6)).
Note that (1.43) is valid if I* is replaced by I# defined by (1.38).

ii) Let € be a positive number and let u(z) be a holomorphic function on

U:a ={zeC;|lz—c <eand e (x—¢) ¢ (—0,0]}.

Suppose that there exists a positive number ¢ such that |u(x)(z — ¢)~*| is bounded
on {z € Uly; |Arg(x — ¢) — 0] < &} for any k > 0. Note that the function Pu(z)
also satisfies this estimate for P € W{z]. Then the integration (1.37) is defined
along a suitable path C' : v(¢) (0 < ¢t < 1) such that v(0) = ¢, v(1) = z and
| Arg(y(t) — ¢) — 0] < 6 for 0 <t < 5 and the equalities (1.43) are valid.

ExAMPLE 1.8. We apply additions, middle convolutions and Laplace transfor-
mations to the trivial ordinary differential equation
du
1.44 — =0,
(1.44) T
which has the solution u(z) = 1.
i) (Gauss hypergeometric equation). Put

P, o 1= RAd(07") o RAd(z™ (1 — 2)*2)0
=RAA(O™M) o R(D — A1 + P2
=RAd(0*) (z(1 — 2)0 — A (1 — ) + Aoz)
=RAAO™)((9 - M) —2(9 — A1 — X2))

(1.45)
= Ad(a_”) ((19 +1-X)0—-O+1)([W— X\ — )\2))
:(19+1—>\1—,u)8—(19+1—u)(19—)\1—)\2—,u)
= (W47 — W+ B)(D+ )
=z2(1-2)0"+ (y— (a+ B+ 1)z)0 — af
with
==\ — Ay — pu,

y=1—X —p.
We have a solution

u(z) = I (z™ (1 - 2)*?)

1 /m)\ A -1
=— [ A -t (@ -t) tat
) Jy T OED
[ s =
= s (1 — )P —xs)2ds (t=uxs
L(u) Jo
(1.47) L(Ap + D)o
S Sl e L VS VIR I 1;
TOu+p+1) (=2, A1 + 1+p+Lz)
L(Ap + D)zMHr(1 — p)retr
= Fuy M+ X2 4 i, M+ p+ 1;
F()\1+M+1) (M 1 2T [y AL T [ 30)
LA\ + DaMHi(1 — )~ x
- Fi, — Ao, A p—
T\ +p+1) (=2 M4 pt 179
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of the Gauss hypergeometric equation Py, »,,,% = 0 with the Riemann scheme

xr=0 1 00
(1.48) 0 0 1—pn P Ty,
AMtpu A+ p —A—X—p

which is transformed by the middle convolution mc,, from the Riemann scheme

r=0 1 00
AL A2 =AM — XA 2

of z*1(1 — z)*2. Here using Riemann’s P symbol, we note that

r=0 1 00
P 0 0 1—pn ;X
AMt+p Adtpu —Ai—Ad—p
=0 1 00

= gMtrp - —p 0 M+1 sz
0 Ao+p =X

z=0 1 o0
=ML — )2 THPL N~ e —p Mt tutl
0 0 "
z=0 1 00
—aMpl N M+l 0 ;mfl
0 X2 e Hp
=0 1 00
=M1 — )P M = A+l =X xil
0 0 I

In general, the Riemann scheme and its relation to mc, will be studied in Chapter
4 and the symbol ‘P’ will be omitted for simplicity.

The function u(z) defined by (1.47) corresponds to the characteristic exponent
A1+ o at the origin and depends meromorphically on the parameters A1, Ao and pu.
The local solutions corresponding to the characteristic exponents Ay + p at 1 and
—A1 — A2 — p at oo are obtained by replacing I} by I}" and I%, respectively.

When we apply Ad(z*1 (z —1)*2) to Py, ., the resulting Riemann scheme is

z=0 1 00
(1.49) N A 1-XM =X, —pu ;T
MAN L X+ X+ =A== N =X —

Putting A11 = A, A2 = A+ AL+ 4, Ao =AY, Aeg = Ae + Ay + g, Ao =
1—M =M, —pand Ag2 = —A1 — A2 — A] — A — p, we have the Fuchs relation
(1.50) Aot Ao2+Ar A2t A1+ A2 =1
and the corresponding operator
P\ = .132(1,‘ — 1)282 + JJ(.I — 1)((/\0,1 + /\0,2 + 1)33 + )\171 + )\1’2 — 1)6

+ )\0,1>\o,2$2 + (A21022 — Ao, 10,2 — A 1A12) + A2

has the Riemann scheme

(1.51)

z=0 1 00
(1.52) Aol Al Mg s T
Aoz Az A2

By the symmetry of the transposition A;; and Aj;o for each j, we have integral
representations of other local solutions.
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ii) (Airy equations). For a positive integer m we put

zmtl
P,, :=LoAd(e )9

1.53
(1.53) =LO@-z™)=z—(-0)™.

Thus the equation
dm
(1.54) dTZ — (~1)™zu=0

has a solution

m—+1
1.55 ; = — d 0<5<
) we= [ eo(Sgoe)e 0<ism

where the path Cj of the integration is
(2j—1)7/=1 (2j+1)7/=1
Cj:z(t)y=e mF — tqe mit T (o0 <t < 00).

Here we note that ug(z) + - - - + um(x) = 0. The equation has the symmetry under
/=1
the rotation z + e w1 .

ili) (Jordan-Pochhammer equation). For {ci,...,¢,} € C\ {0} put
P
Prrgn = RAA(@™) o RA(T] (1 = e0) )

j=1

— RAd(D™ M)oR(a+Z €% T8

1—cjz
=RAd(O™") (po(x)a + q(w))

= 077 (p (@) + q(@)) " = Y pr(@)o" ™

k=0
with
PooeiN
pole) = [T =), aw) =pole) D2 722
Jj=1 Jj=1 J
_(—rtp—1\ —ptp =1\ 1
mia) = (T )+ (1 (@)
a Ia+1)
1= ,8€C).
(5) = rritmgry @2<O
We have solutions
/ H Mz —t)P Nt (j=0,1,...,p, co=0)
of the Jordan—Pochhammer equation Py, ., ,u = 0 with the Riemann scheme
(1.56) Olp-1) -+ [Olp—1) 1= -1 ;T
)\1+M P )\p—’_lJ’ _)\1_..._>\p_M
Here and hereafter we use the notation
A
A+1

A+k—-1
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for a complex number A and a non-negative integer k. If the component [A](y is
appeared in a Riemann scheme, it means the corresponding local solutions with the
exponents A+ v for v =0,...,k — 1 have a semisimple local monodromy when \ is
generic.

1.4. Ordinary differential equations
We will study the ordinary differential equation
(1.58) M:Pu=0

with an element P € W(z;€) in this paper. The solution u(z,£) of M is at least
locally defined for x and £ and holomorphically or meromorphically depends on x
and £. Hence we may replace P by R P and we similarly choose P in W{z;£].

We will identify M with the left W (z;&)-module W (z; &) /W (x; &) P. Then we
may consider (1.58) as the fundamental relation of the generator u of the module
M.

The results in this section are standard and well-known but for our convenience
we briefly review them.

1.4.1. Euclidian algorithm. First note that W(x;¢) is a (left) Euclidean
ring. Let P, @ € W (x;€£) with P # 0. Then there uniquely exists R, S € W(x;¢)
such that

(1.59) Q=SP+R (ord R < ord P).

Hence we note that dimg(,¢) (W (z;€)/W(z;€)P) = ord P. We get R and S in
(1.59) by a simple algorithm as follows. Put

(1.60) P=a, 0"+ - -+a10+ay and Q =b,0" +---+b,0+ by

with a, # 0, by, # 0. Here ay, by, € C(z,£). The division (1.59) is obtained by the
induction on ord Q. If ord P > ord @, (1.59) is trivial with S = 0. If ord P < ord @,
(1.59) is reduced to the equality Q" = S'P + R with Q' = Q — a,,'b,,0™ " P and
S" =8 —a,;'b,0m " and then we have S’ and R satisfying Q' = S'P + R by the
induction because ord @’ < ord Q. The uniqueness of (1.59) is clear by comparing
the highest order terms of (1.59) in the case when @ = 0.

By the standard Euclidean algorithm using the division (1.59) we have M,
N € W(x;€) such that

(1.61) MP+NQ=U, PeW(x;§)U and Q € W(x;&)U.
Hence in particular any left ideal of W (x;¢&) is generated by a single element of
Wlx; €], namely, W (x;€) is a principal ideal domain.

DEFINITION 1.9. The operators P and @ in W (x; &) are defined to be mutually
prime if one of the following equivalent conditions is valid.
(1.62) W(z;6)P+ W(z:£)Q = W (x;9),
(1.63) there exists R € W(x;¢) satisfying RQu = u for the equation Pu = 0,

(1.64 the simultaneous equation Pu = Qu = 0 has not a non-zero solution
’ for a generic value of &.

The operator S satisfying W (xz; )P+ W (2;£)Q = W(x; £)S is called the great-
est common left divisor of P and @ and the operator T satisfying W (x;&)P N
W(z;€)Q = W(x;&)T is called the the least common left multiple of P and Q.
These operators are defined uniquely up to the multiples of elements of C(z;£)\{0}.
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. P, Sy 1\ (P
Put (P, P, Ps,51) = (Q,P,R,S) in (1.59). Then (P;) = (11 0) (Pi)

and in the same way we successively get Ps,..., Py such that

P\ _ (S L1\ [P+
Pjiq 1 0) \Pj+2)’

(1.65) ord P; = ord S; + ord Pji1,
OI‘de+2 < Orde+1 or Pj+2 =0
for j =1,2,...,N — 1 with Pyy; = 0. Putting
(7) (7)
) (U Ui )\ _a .. a (51
- (0 ) -ses 5 (3

v — Vl(f) V1(g) —G-1...5-1 §-1_ 0 1
V2(1J) ‘/2(5) J Lo Y 1 -S;)°

Uiir := Ui(ijfv_l)a Vier = VZEZV 2 (1<i,i <2),
we have
(1.6) Py =UnPyn, Py=ViPi+Viabs,
Py, = Uy Py, 0= Vo1 P + Voo Po.
Note that
UUr gt Z W ), v _ g, v,
U™ = U™ = Us)'S; + Ug3), Uy’ =1, Uy, =0,
VG G C gyl f vy Z v _g
VER ZyGt — s ev, v s, v o1

Hence by the relation ord §; = ord P; — ord Pj41, we inductively have

ordUS™Y = ord V™ = ord Py — ord Pj4,

ord U(ﬁ'1 = ord Vz(fH) = ord P, — ord Pj4

and therefore
ord Uy = ord Vog = ord P; — ord Py, ord Uy = ord Vo1 = ord P, — ord Py,
ordU;o = ord Vi = ord P, —ord Py_1, ordUsy = ord Vi1 = ord P, — ord Py _1.

Moreover we have

(1.67) NP +TP,=0 & (T1,Tz) € W(x;8)(Var, Vaz),

which is proved as follows. We have only to prove the implication = in the above.
Replacing (Py, P2) by (U11,U21), we may assume ord Py = 0. Suppose T1P; +
T2P2 =0 and T1 ¢ W(JZ,&)VQl Putting T1 = B‘/gl + A with ord A < ord Vv21 =
ord Py, we have (BVa1 + A)P; + T5 P, = 0 and therefore AP + (Po — BVa3) Py = 0.
Hence for j = 1 we have non-zero operators A; and B; satisfying

AjP;j+ BjPj11 =0, ordA; <ord Pj4; and ord B; < ord P;.

Since Pj = Sij+1 +Pj+2, the above equality 1mphes (Aij +Bj)Pj+1 +Aij+2 =0
with ord A; < ord Pj1 and therefore the existence of the above non-zero (4;, B;) is
inductively proved for j = 1,2,..., N—1. The relations Ay _1Py_1+Bx_1Pnv =0
and ord By_1 < ord Py_1 contradict to the fact that ord Py = 0.



1.4. ORDINARY DIFFERENTIAL EQUATIONS 11

The operator U := Py is the greatest common left divisor of P and ¢, which
equals U in (1.61), and the operator T := Vo1 P = —V5oQ € W (x;€) is the least
common left multiple of P and @. Note that

(1.68) ordT 4+ ordU = ord P + ord Q.

1.4.2. cyclic vector. In general, for a positive integer m and any left W (x; &)-
submodule N of W (z;£)™, we can find elements vy, ...,v,, € N such that N' =
W (z;&)v1+- - -+ W (x;€)vy and m’ < m. In particular, any left W (z; £)-submodule
of W(x; &)™ is finitely generated.

This is proved by the induction on m. In fact, we can find v; = (v%l), ceey U%m)> €
N such that {v® | (0D, o) € N} = w(z; €)'V and then N is generated by
vy and the elements generating N7 = {(0,va,...,vy,) € N} C W(a; &)™ L.

Moreover we have the following.

(1.69) Any left W (z;£)-module R with dimg(,.¢) R < 00 is cyclic,

namely, it is generated by a suitable single element, which is called a cyclic vec-
tor. Hence any system of ordinary differential equations is isomorphic to a single
differential equation under the algebra W (z;¢).

To prove (1.69) it is sufficient to show that the direct sum MBN of M : Pu =0
and NV : Qu = 0 is cyclic. In fact M &N = W(x;{)w with w = u + (z — ¢)"v €
M@ N and n = ord P if ¢ € C is generic. For the proof we have only to show
dimg(g,e) W(z;§)w > m + n and we may assume that P and Q are in Wz;¢]
and they are of the form (1.60). Fix & generically and we choose ¢ € C such
that a,(c)bm(¢) # 0. Since the function space V = {¢(z) + (z — ¢)"p(z) ; Po(z) =
Q(z) = 0} is of dimension m+n in a neighborhood of = = ¢, dimg g;¢) W (w; §)w >
m +n because the relation Rw = 0 for an operator R € W (z;€) implies Ry (z) =0
for p € V.

Let M be a system of linear ordinary differential equations, namely, a finitely
generated left W(x;&)-module. Then there exist finite elements uq,...,u, of M
such that M = W (x;)us+- - -+ W (z;&)un. Then N = {(Py,...,P,) € W(z; )™ |
Pyuy +- - -+ Pyu,, = 0} is generated by suitable elements A; = (A;1,...,4;,) € N
(1 < i < m) with m < n. Then M is isomorphic to W(z;£)"/N and N =
W(z;§) A1+ - -+ W(x;6) Ape.

We give a lemma, which implies (1.69) by putting A = (4, ;)i<i<m in the

1<5<n
above. =

LEMMA 1.10. Let A € M(m,n, W (x;€)). Here m and n are positive integers
and A # 0. Then there exist S € GL(m,W (x;€)), T € GL(n,W(z;€)), P €
W(x; &) \ {0} and k € Z>o such that (B, ;) = B = SAT is the following form:

1

N 1 (1<i=j<k),
(1.70) B = SAT = L, , Bi;=P (i=j=k+1),
0. 0 (i#j or i>k+1).

Here k and ord P do not depend on the choice of S and T and in general, M (m,n, R)
denotes the linear space of matrices of size m xn whose elements are in R and when
R is a ring with the unit, GL(n, R) denotes the group whose elements are invertible
matrices of M(n,n, R).

PRrROOF. Consider the following standard transformations of the matrix C' in
M(m, n, W (x; 5)) as in the linear algebra:

(1) Multiply a row of C from the left by a non-zero element of C(x;¢).
(2) Choose two rows of C' and permute them.
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(3) Consider a row vector which equals a left multiplication of a row of C by
an element of W(x;¢) and add it to another row of C.

(4) Multiply a column of C' from the right by a non-zero element of C(z;¢).

(5) Choose two columns of C' and permute them.

(6) Consider a column vector which equals a right multiplication of a column
of C by an element of W (x;&) and add it to another column of C.

Let A be a matrix obtained by a suitable successive applications of these trans-
formation to A. First we will prove that we may assume B = A. Let d denote the
minimal order of non-zero elements in the matrices obtained by successive applica-
tions of these transformations to A. We may assume A1 1 # 0 and ord A1 1 =d.
By suitable transformations (3) and (6), we may moreover assume A;; = A; ; =0

if 1 > 2 and j > 2 because of the minimality of d. Put A’ = (Ai,j)2§i§m~ IfA =0,
2<j<n

then B = A.

We may assume A’ # 0. If d = 0, we get B by the induction on m. Hence we
may assume d > 0 and Ag 2 # 0. Putting d’ = ord A, 2 > d > 0, we may moreover
assume ord(Ag o — %) < d’. Add the right multiplication of the second column of
A by 2° (s =0,1,2,...) to the first column. Then add the left multiplication of the
first row by an element —P € W (x;€) to the second row. Then the (2, 1)-element
of the resulting matrix equals

/12,21'8 - PAI,L

We can choose P so that ord(flzgxs — PAM) < d. Then the minimality of d implies
AQ,QJ:S € W(.T;f)ALL Put

! ~ ~ ~ 7~
x? 75 Ay 0x® = Ao+ 8Agoq + -+ 5T Ayo .

Here 1212’2,,, € W(x;€) do not depend on s. Note that A~272’d/ = xd/flg’g and 12127270 =
1. The condition AQ’QI'S € Wix; 5)[1171 for s =0,1,... implies /127271, € W(x; 5)/1171,
which contradicts to 12127270 =1 because d > 1. Hence A’ = 0.

Define a left W (z;£)-module by M = W (z;£)"/ > % W(x;€) (A, .., Ain)
and put M’ := {u € M | 3P € W(z;&) \ {0} such that Pu = 0}. Note that
the above transformations give isomorphisms between finitely generated W (z;§)-
modules. Note that dimy(z,e) M’ = ord P and M/M' ~ W(z;€)" "1 as left
W (z;&)-modules. Thus we have the lemma by the following.

Suppose W (x; &)™ is isomorphic to W (x; &)™ as left W (x; &) modules. Suppose
moreover A gives the isomorphism. Then we have ord P = 1 and m = n by using
the transformation of A into B. (|

COROLLARY 1.11. i) If m and n are positive integers satisfying m # n, then
W (z;6)™ is not isomorphic to W (xz; €)™ as left W (x; €)-modules.

il) Any element of GL (n7 W(x; f)) is a product of fundamental matrices corre-
sponding to the transformations (1)—(6) in the above proof.

1.4.3. irreducibility. Lastly we give the following standard definition.

DEFINITION 1.12. Fix P € W(x;§) with ord P > 0. The equation (1.58) is
irreducible if and only if one of the following equivalent conditions is valid.

(1.71) The left W(z;&)-module M is simple.

(1.72) The left W (x;¢)-ideal W (x; &) P is maximal.

(1.73) P = QR with Q, R € W(x;&) implies ord @ - ord R = 0.
(1.74) VQ & W(x;§)P, M, N € W(x; &) satistying MP + NQ = 1.
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(1.75) {ST € W(x;§)P with S,T € W(x;€) and ord S < ord P

=8S=0o0rTecW(x;&P.

The equivalence of the above conditions is standard and easily proved. The last
condition may be a little non-trivial.

Suppose (1.75) and P = QR and ord @ - ord R # 0. Then R ¢ W (x;&)P and
therefore @ = 0, which contradicts to P = QR. Hence (1.75) implies (1.73).

Suppose (1.71), (1.74), ST € W(z;&)P and T ¢ W (z;£)P. Then there exists
P’ such that {J € W(z;€); JT € W(x;§)P} = W(x;€)P’, ord P’ = ord P and
moreover P'v = 0 is also simple. Since Sv = 0 with ord S < ord P’, we have S=0.

In general, a system of ordinary differential equations is defined to be irreducible
if it is simple as a left W (x; £)-module.

REMARK 1.13. Suppose the equation M given in (1.58) is irreducible.

i) Let u(z,§) be a non-zero solution of M, which is locally defined for the
variables z and ¢ and meromorphically depends on (z,£). If S € W]x;¢&] satisfies
Su(x,&) =0, then S € W(x;&)P. Therefore u(x,&) determines M.

ii) Suppose ord P > 1. Fix R € W(x;¢) such that ord R < ord P and R # 0.
For Q € W (x;€£) and a positive integer m, the condition R™Qu = 0 is equivalent
to Qu = 0. Hence for example, if Q1u+ 0" Q2u = 0 with certain Q; € W(z;§), we
will allow the expression 0" Q1 u + Qau = 0 and 9~ Qqu(x, &) + Qau(z, &) = 0.

ili) For T ¢ W(x;£)P we construct a differential equation Qu = 0 satisfied by
v = T as follows. Put n = ord P. We have R; € W(z;€) such that 8/Tu = R;u
with ord R; < ord P. Then there exist b, ..., b, € C(z,&) such that b,R,, + -+ +
b1Ry +byRg = 0. Then QQ = b, O™ + -+ 4+ 510 + by.

1.5. Okubo normal form and Schlesinger canonical form

In this section we briefly explain the interpretation of Katz’s middle convolution
(cf. [Kz]) by [DR] and its relation to our fractional operations.
For constant square matrices T' and A of size n’, the ordinary differential equa-
tion
du

(1.76) (el = T) 7 = Au

is called Okubo normal form of Fuchsian system when T is a diagonal matrix. Then
(1.77) mey (L, —T)0 — A) = (xly — T)0 — (A+ ply)
for generic p € C, namely, the system is transformed into

du,,

(1.78) (xl, —T) I (A+ ply)uy,

by the operation mc,. Hence for a solution u(z) of (1.76), the Euler transformation

uy,(x) = I (u) of u(x) satisfies (1.78).
For constant square matrices A; of size m and the Schlesinger canonical form

(1.79) @zz A

of a Fuchsian system of the Riemann sphere, we have

du I~ Aj(—1) e
1.80 — = ! ith = :
(1.80) ; o u with w )

dzr c;

Tr—Cp
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J
(1.81) Aj () = ]) A - Aj,1 Aj + u Aj+1 e A
since Ifcj + (z — cj)%zfcj = % ="' zfzyv. Here flj are square matrices

of size pm. The addition Ad((x - ck)“k) transforms A; into A; + prd;ply, for
j=1,...,p in the system (1.79). Putting

(;1]m
A(/L):A(O)+U1pvrz:Al(,u)‘F"'-i-Ap(,u) and T = ( > ,
cplm

the equation (1.80) is equivalent to (1.76) with n’ = pm and A = A(—1). Define
square matrices of size n’ by

Ay

(1.82) A=
A

P

Then ker A and ker A(u) are invariant under A;(u) for j = 1,...,p and therefore
A;(p) induce endomorphisms of V := CP™/ (kerfl + ker A(u)), which correspond
to square matrices of size N := dim V, which we put A;(u), respectively, under a
fixed basis of V. Then the middle convolution me,, of (1.79) is the system

dw -~ A(p)
(1.83) = Zx_cjw
j=1
of rank N, which is defined and studied by [DR,, DR2]. Here ker ANker A() = {0}
if p# 0.
We define another realization of the middle convolution as in [05, §2]. Suppose
i # 0. The square matrices of size n’

J
Ay

(1.84)  Aj ()= j, A +p and AY(p) = AY () + - + Ay (p)
AP

satisfy

(1.85) A(A + plLy) = A (u)A = (AiAj + uai,in) \ciey € M(n,C),

1<j<p
(186)  A(A+ pulo) Ay (1) = AY (W) A(A + L),
Hence w" := A(A + pl,)u satisfies

dw' AV (),

Zp: A (1) _ (At pdiiIm
xr — Cj xr — Cj 1<i<p,

J=1 1<j<p
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and A(A + pl,) induces the isomorphism

~

(1.88)  A(A+puly):V=C"/(K+L,) = VV:=ImA(A+ ul,) c C".
Hence putting AY (1) := AY (u)|yv, the system (1.83) is isomorphic to the system

dw' KA )
A,

T —Cy

(1.89)
j=1

of rank N, which can be regarded as a middle convolution mc, of (1.79). Here

,w\/
1 P
(1.90) w=| |, w) = (AA i) () (G=1,....p)
w\/ v=1
p

and if v(z) is a solution of (1.79), then

(1.91) wV(z) = (Zp:(AjAﬁ#‘SMI?( o) ))

r—C =1,...,p

v=1
satisfies (1.89).
Since any non-zero homomorphism between irreducible W (z)-modules is an
isomorphism, we have the following remark (cf. §1.4 and §3.2).

REMARK 1.14. Suppose that the systems (1.79) and (1.89) are irreducible.
Moreover suppose the system (1.79) is isomorphic to a single Fuchsian differential
equation Pu = 0 as left W (x)-modules and the equation mc,(P)w = 0 is also
irreducible. Then the system (1.89) is isomorphic to the single equation mc,, (P)w =
0 because the differential equation satisfied by I*(@(x)) is isomorphic to that of
I*(Qu(x)) for a non-zero solution v(z) of P& = 0 and an operator @ € W(z) with
Qu(x) # 0 (cf. §3.2, Remark 5.4 iii) and Proposition 6.13).

In particular, if the systems are rigid and their spectral parameters are generic,
all the assumptions here are satisfied (cf. Remark 4.17 ii) and Corollary 10.12).

Yokoyama [Yo2] defines extension and restriction operations among the sys-
tems of differential equations of Okubo normal form. The relation of Yokoyama’s
operations to Katz’s operations is clarified by [O7], which shows that they are
equivalent from the view point of the construction and the reduction of systems of
Fuchsian differential equations.



