4 Existence results

In this section, we present some existence results for viscosity solutions of
second-order (degenerate) elliptic PDEs.

We first present a convenient existence result via Perron’s method, which
was established by Ishii in 1987.

Next, for Bellman and Isaacs equations, we give representation formulas
for viscosity solutions. From the dynamic programming principle below, we
will realize how natural the definition of viscosity solutions is.

4.1 Perron’s method

In order to introduce Perron’s method, we need the notion of viscosity solu-
tions for semi-continuous functions.

‘ Definition. ‘ For any function u : Q — R, we denote the upper and
lower semi-continuous envelope of u by u* and w., respectively, which are
defined by

u*(z) =lim sup wu(y) and wu.(z)=1lim inf wu(y).
20 e B ()N =0 ye B, (z)NQ

We give some elementary properties for u* and u, without proofs.

Proposition 4.1. For u: Q) — R, we have

(1) wu.(z) < u(x) <u*(x) forz € Q,

(2) u*(x) = —(—u).(x) for v € Q,

(3) wu*(resp., u,) is upper (resp., lower) semi-continuous in €0, i.e.
limsupu*(y) < u*(x), (resp., hgi,iff Uy (y) > uy(x)) for z € Q,

Yy—x .
(4) if u is upper (resp., lower) semi-continuous in €2,
then u(z) = u*(x) (resp., u(x) = u.(z)) for z € Q.

With these notations, we give our definition of viscosity solutions of

F(z,u, Du, D*u) =0 in Q. (4.1)

‘ Definition. ‘We call u : Q — R a viscosity subsolution (resp., superso-
lution) of (4.1) if u* (resp., u,) is a viscosity subsolution (resp., supersolution)
of (4.1).
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We call v : Q — R a viscosity solution of (4.1) if it is both a viscosity
sub- and supersolution of (4.1).

Remark. We note that we supposed that viscosity sub- and supersolu-
tions are, respectively, upper and lower semi-continuous in our comparison
principle in section 3. Adapting the above new definition, we omit the semi-
continuity for viscosity sub- and supersolutions in Propositions 3.1, 3.3 and
Theorems 3.4, 3.5, 3.7, 3.9.

In what follows,

we use the above definition.

Remark. We remark that the comparison principle Theorem 3.7 implies
the continuity of viscosity solutions.

“Continuity of viscosity solutions”

viscosity solution u
satisfies v* = u, on 0f)

} = uecC)

Proof of the continuity of u. Since u* and u, are, respectively, a viscosity
subsolution and a viscosity supersolution and u* < wu, on 02, Theorem 3.7
yields u* < u, in €. Because u, < u < u* in 2, we have u = u* = u, in ;

ue C(Q). O

We first show that the “point-wise” supremum (resp., infimum) of viscos-
ity subsolutions (resp., supersolution) becomes a viscosity subsolution (resp.,
supersolution).

Theorem 4.2. Let S be a non-empty set of upper (resp., lower) semi-
continuous viscosity subsolutions (resp., supersolutions) of (4.1).

Set u(x) := sup,egv(x) (resp., u(x) := inf,esv(x)). If sup,cx |u(x)| <
oo for any compact sets K C €0, then u is a viscosity subsolution (resp.,
supersolution) of (4.1).

Proof. We only give a proof for subsolutions since the other can be proved
in a symmetric way.

For 2 € Q, we suppose that 0 = (u* —¢)(2) > (u* —¢)(x) for z € Q\ {2}
and ¢ € C%(Q2). We shall show that

F(z,¢(2), Do(z), D*¢(2)) < 0. (4.2)
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Let r > 0 be such that Bs,.(z) C 2. We can find s > 0 such that

*_$) < —s. 4.3
8%%@ ¢) < —s (4.3)

We choose 7, € B,(%) such that limy_ o2 = &, u*(2) — k71 < u(wy)
and |¢(x) —¢(2)| < 1/k. Moreover, we select upper semi-continuous uy € S
such that ug(zg) + k=1 > u(zy).

By (4.3), for 3/k < s, we have

max (u — ¢) < (up — ¢)(xx).

8B, (%)

Thus, for large k > 3/s, there is y, € B,(Z) such that u; — ¢ attains its
maximum over B,.(Z) at y,. Hence, we have

F(yp, we(yx), Do(yi), D*¢(yx)) < 0. (4.4)

Taking a subsequence if necessary, we may suppose z := limg_,o y5. Since

< ('~ B)y) + >

| w

. . 3
(u” =)&) < (ue — @) (xa) + 7+ < (e — ) () +
by the upper semi-continuity of u*, we have

(u* = 9)(2) < (u* = ¢)(2),

which yields z = &, and moreover, limy_,o, ur(yx) = u*(Z) = ¢(z). Therefore,
sending k — oo in (4.4), by the continuity of F, we obtain (4.2). O

Our first existence result is as follows.

Theorem 4.3. Assume that F is elliptic. Assume also that there are

a viscosity subsolution & € USC(Q) N L<.(Q) and a viscosity supersolution

loc

(Q) of (4.1) such that

ne LSC(Q)N L

loc
£E<n inQ.

Then, u(x) := sup,es v(x) (resp., @(x) = inf s w(x)) is a viscosity solu-
tion of (4.1), where

v IS a viscosity subsolution }

S = { v e USC(Q) ‘ of (4.1) such that £ <v <nin
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<resp., S = { w € LSC(Q) ‘ o

w is a viscosity supersolution
f (4.1) such that £ < w < in ) '

Sketch of proof. We only give a proof for u since the other can be shown
in a symmetric way.

First of all, we notice that S # () since £ € S.

Due to Theorem 4.2, we know that u is a viscosity subsolution of (4.1).
Thus, we only need to show that it is a viscosity supersolution of (4.1).

Assume that u € LSC(Q2). Assuming that 0 = (u — ¢)(2) < (u — ¢)(x)
for x € Q\ {2} and ¢ € C?*(Q), we shall show that

F(z,¢(2), Do(z), D*¢(2)) > 0.
Suppose that this conclusion fails; there is § > 0 such that
F(i,¢(2), Do(2), D*¢(2)) < —20.
Hence, there is » > 0 such that
F(z,¢(z) +t, Do(x), D*¢(x)) < —0 for x € B,(2) C Q and [t| < r. (4.5)

First, we claim that ¢(z) < n(z). Indeed, otherwise, since ¢ < u < 7 in
Q, n — ¢ attains its minimum at z € €. See Fig 4.1.

Fig 4.1

Hence, from the definition of supersolution 7, we get a contradiction to
(4.5) for z = z and t = 0.
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We may suppose that £(z) < n(z) since, otherwise, £ = ¢ = n at .
Setting 37 := (&) — u(z) > 0, from the lower and upper semi-continuity of
n and &, respectively, we may choose s € (0, 7] such that

E(z)+7 < P(x) +27 <n(x) forx € Ba().

Moreover, we can choose ¢ € (0,s) and 79 € (0, min{7,r}) such that
o(x) + 279 < u(x) for v € Byyo(2) \ Bo_e(2).

If we can define a function w € § such that w(z) > u(z), then we finish
our proof because of the maximality of u at each point.

Now, we set

| max{u(z), ¢(z) + 10} in By(z),
w(z) = { u(z) in O\ B.(2).

See Fig 4.2.

It suffices to show that w € S. Because of our choice of 79,5 > 0, it is
easy to see £ < w < nin (). Thus, we only need to show that w is a viscosity
subsolution of (4.1).

To this end, we suppose that (w* — ¥)(z) < (w* —¢)(z) = 0 for z € Q,
and then we will get

F(z,w*(2), Dy(2), D*¥(2)) < 0. (4.6)

If 2 € Q\B,(2) =: ', by Proposition 2.4, then u*—1) attains its maximum
at z € 0, we get (4.6).
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If 2 € OB,(&), then (4.6) holds again since w = u in By (%) \ B,_o(2).
It remains to show (4.6) when z € B,(Z). Since ¢ + 15 is a viscosity
subsolution of (4.1) in By(z), Theorem 4.2 with 2 := B,(Z) yields (4.6). O

Correct proof, which the reader may skip first. Since we do not suppose that
u € LSC(R) here, we have to work with w,.

Suppose that 0 = (u, —¢)(2) < (usx —¢)(z) for x € Q\ {#} for some ¢ € C%(Q),
z€Q,0>0and

F(,¢(2), Dg(&), D*¢(2)) < —20.

Hence, we get (4.5) even in this case.

We also show that the w defined in the above is a viscosity subsolution of (4.1).
It only remains to check that supg(w —u) > 0.

In fact, choosing w3, € By ,(#) such that

wal@) + 1 > ),

we easily verify that if 1/k < min{ry/2, s} and |¢p(Z) — ¢(z1)| < 70/2, then we have

70

w(ay) 2 @) + 70 > B(&) + 5 = wn(@) + % > u(zg). O

4.2 Representation formula

In this subsection, for given Bellman and Isaacs equations, we present the
expected solutions, which are called “value functions”. In fact, via the dy-
namic programming principle for the value functions, we verify that they are
viscosity solutions of the corresponding PDEs.

Although this subsection is very important to learn how the notion of
viscosity solutions is the right one from a view point of applications in optimal
control and games,

if the reader is more interested in the PDE theory than these applications,
he/she may skip this subsection.

We shall restrict ourselves to

investigate the formulas only for first-order PDEs
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because in order to extend the results below to second-order ones, we need
to introduce some terminologies from stochastic analysis. However, this is
too much for this thin book.

As will be seen, we study the minimization of functionals associated with
ordinary differential equations (ODEs for short), which is called a “deter-
ministic” optimal control problem. When we adapt “stochastic” differential
equations instead of ODEs, those are called “stochastic” optimal control
problems. We refer to [10] for the later.

Moreover, to avoid mentioning the boundary condition, we will work on
the whole domain R".

Throughout this subsection, we also suppose (3.7); v > 0.

4.2.1 Bellman equation
We fix a control set A C R™ for some m € N. We define A by
A:={a:[0,00) = A | a(-) is measurable}.
For x € R" and «a € A, we denote by X(+;z, ) the solution of

{ X'(t) = g(X(t),a(t)) fort>0,

X0 =2, (4.7)

where we will impose a sufficient condition on continuous functions g : R" x
A — R" so that (4.7) is uniquely solvable.

For given f: R" x A — R, under suitable assumptions (see (4.8) below),
we define the cost functional for X (-;z, a):

Iz, a) = / T e (X (t: 3, ), at))dt.

0

Here, v > 0 is called a discount factor, which indicates that the right hand
side of the above is finite.

Now, we shall consider the optimal cost functional, which is called the
value function in the optimal control problem;

:= inf fi R"™.

u(z) inf J(x,a) forx €

Theorem 4.4. (Dynamic Programming Principle) Assume that
(1) 5w (I£ @) ey + 9 @) lwrsq) < o,

(2) sup |f(z,a) — f(y,a)| S ws(lz —y|) forz,y € R, (4.8)
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where wy € M.
For any T' > 0, we have

T
u(x) = ian4 (/ e (X (t;z,a), at))dt + e_VTu(X(T;:L’,a))) :
ae 0
Proof. For fixed T > 0, we denote by v(z) the right hand side of the
above.
Step 1: u(xz) > v(z). Fix any € > 0, and choose a. € A such that

u(z) +e > /000 e (X (2, a.), a(t))dt.

Setting & = X (T;x, ) and &, € A by &.(t) = a.(T + t) for t > 0, we have

/ T e X (8, o), o () dE = /0 e F(X (2, a0), ac(t))dt

0 o0
+6_VT/ e (X (t ), A (t))d.
0

Here and later, without mentioning, we use the fact that
X(t+Ti;x,0) = X(t;2,6) forT >0,t>0and a € A,
where
a(t) :=a(t+T) (t>0) and z:=X(T;z,a).

Indeed, the above relation holds true because of the uniqueness of solutions
of (4.7) under assumptions (4.8). See Fig 4.3.

Thus, taking the infimum in the second term of the right hand side of the
above among A, we have

T
u(z) +e> / e (X (tx,a), at)dt + e Tu(d),
0
which implies one-sided inequality by taking the infimum over A since € > 0

is arbitrary.
Step 2: u(z) < wv(z). Fix € > 0 again, and choose a. € A such that

v(r)+e> /0 e (X (L x,az), ac(t))dt + e Tu(d),
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. i=X(T;z,0) "
Fig 4.3

where  := X (T'; x, o). We next choose a; € A such that

w(@) +e > /OOO e (X (£ &, o), an (£))dt.

Now, setting
f ac(?) for t € 0,7,
() := { ai(t—=T) fort>T,

we see that -
o(e) +2¢ > / e F(X (t 2, a0), o (),
0

which gives the opposite inequality by taking the infimum over oy € A since
€ > 0 is arbitrary again. O

Now, we give an existence result for Bellman equations.

Theorem 4.5. Assume that (4.8) holds. Then, u is a viscosity solution
of
sup{vu — (g(z,a), Du) — f(z,a)} =0 in R". (4.9)
acA
Sketch of proof. In Steps 1 and 2, we give a proof when u € USC(R")
and v € LSC(R"), respectively.
Step 1: Subsolution property. Fix ¢ € C'(R"), and suppose that 0 =
(u—)(2) > (u— ¢)(z) for some & € R" and any = € R".
Fix any ag € A, and set ag(t) := ag for t > 0 so that ay € A.
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For small s > 0, in view of Theorem 4.4, we have
P(&) — e (X (512, a0)) < u(@) — e u(X(5: 2, a0))
< / e F(X (£ &, a), ao) -
0

Setting X (t) := X(t; &, o) for simplicity, by (4.7), we see that

e {ro(X (1) = (9(X (), a0), DO(X (1))} = —= (o (X (1)) . (4.10)

Hence, we have

0 2/ e "{vo(X (1) — (9(X (1), ao), DH(X (1)) — f(X (1), ao)}dL.
0
Therefore, dividing the above by s > 0, and then sending s — 0, we have

02 vo(x) — (g(Z, a0), D(2)) — f(Z, ao),

which implies the desired inequality of the definition by taking the supremum
over A.

Step 2: Supersolution property. To show that u is a viscosity supersolu-
tion, we argue by contradiction.

Suppose that there are # € R", § > 0 and ¢ € C'(R") such that 0 =
(u—¢)(2) < (u—¢)(z) for z € R", and that

sup{vo(z) — (9(#, a), Do(2)) — f(Z,a)} < —20.

a€A

Thus, we can find € > 0 such that

sup{vo(z) — (g(z,a), Do(x)) — f(z,a)} < =0 for x € B.(z).  (4.11)

acA

By assumption (4.8) for g, setting ¢y := €/(supgea [|9(-, @)|| Loy +1) > 0,
we easily see that

| X (t;2,0) — 2| < /t | X'(s;2,a)|ds < e fort e 0,t] and a € A.
0
Hence, by setting X (t) := X(¢; 2, ) for any fixed a € A, (4.11) yields
vp(X (1)) — {g(X (1), (1)), DO(X (1)) — f(X (), a(t)) <=0 (4.12)
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vt

for t € [0,%y]. Since (4.10) holds for « in place of «p, multiplying e~** in
(4.12), and then integrating it over [0, ¢], we obtain

to 9
¢(&) — e H(X (to)) — / (X (1), at))dt < —=(1 —e™0),
0 v
Thus, setting 6y = (1 — e ") /v > 0, which is independent of a € A, we
have

u(@) < /0 T X (), alt))dt + e ou(X (to)) — 6.

Therefore, taking the infimum over A, we get a contradiction to Theorem
4.4. O

Correct proof, which the reader may skip first.
Step 1: Subsolution property. Assume that there are £ € R", 8 > 0 and ¢ €
CH(R™) such that 0 = (u* — ¢)(£) > (u* — ¢)(z) for x € R™ and that

Sug{w(f) —(9(2,a), Do(2)) — f(&,a)} > 26.

ac

In view of (4.8), there are ap € A and r > 0 such that

vp(x) — (g(x,a0), Dp(x)) — f(x,a9) > 6 for x € Bay(Z). (4.13)

For large k > 1, we can choose ) € By (&) such that u*(&) < u(wy) + k™1
and |¢(2) — ¢(xy)| < 1/k. We will only use k such that 1/k <r.

Setting ag(t) := ag, we note that X (t) := X (¢; 2k, ag) € Bay () for t € [0, tg]
with some ty > 0 and for large k.

On the other hand, by Theorem 4.4, we have

to
u(zy) < / eV F(Xp(t), ao)dt + eV 0u( Xy (to)).
0
Thus, we have

o)~ < 0(8) ~ § Sula) < [ €O a0)de + OGN,

Hence, by (4.13) as in Step 1 of Sketch of proof, we see that

2o /O e (X (1), a0) + (9(Xa (1), a0), DX (1)) — (X ()}t

4 ot
< 21— eVt
<-(1-e),
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which is a contradiction for large k.
Step 2: Supersolution property. Assume that there are £ € R", § > 0 and
¢ € CY(R") such that 0 = (u, — ¢)(2) < (us — ¢)(x) for z € R™ and that

sup{v$(&) — (9(Z,a), Do(2)) — f(#,a)} < —20.

acA

In view of (4.8), there is » > 0 such that

vo(x) — (g(x,a), Dé(z)) — f(r,a) < —0 for x € B, (%) and a € A.  (4.14)

For large k > 1, we can choose xy € By /() such that u.(2) > u(wg) — k!

and |p(2) — ¢(xy)| < 1/k. In view of (4.8), there is ¢y > 0 such that
1
Xi(t;zp, ) € Bop(2) forall k> — a€ Aand t € |0,t].
r

Now, we select ay € A such that

1 fo
u(wg) + 72 / eV F(X (t 2y an), ap(t))dt + e VOu(X (to; x, ag)).
0

Setting X (t) := X (t; zk, ax), we have

o)+ = @) + = ulon) + 1 = [ ) a0t + OGN (0).

Hence, we have

72 [ e a0, 00(0). DOKLO)) + F(Xi(t) ax(8) = vO( X (1)l

Putting (4.14) with oy in the above, we have

to
>0 / e Vidt,
0

which is a contradiction for large £ > 1. O

| w

4.2.2 Isaacs equation

In this subsection, we study fully nonlinear PDEs (i.e. p € R" — F(z,p) is
neither convex nor concave) arising in differential games.

o1



We are given continuous functions f : R" x A x B — R and ¢g : R" x
A x B — R" such that

(1) sup {IfC a,b)||Le@ny + 9, a,b) lwroemny } < 00,
(a,b)eAxB

(2)  sup |f(z,a,b) — f(y,a,b)| < ws(|x —y|) for z,y € R",
(a,b)eAxB

(4.15)

where wy € M.
Under (4.15), we shall consider Isaacs equations:

sup inf {vu — (g(x,a,b), Du) — f(x,a,b)} =0 in R", (4.16)

acA beB

and

inf sup{vu — (g(z,a,b), Du) — f(z,a,b)} =0 in R". (4.16")

beB acA

As in the previous subsection, we shall derive the expected solution.
We first introduce some notations: While we will use the same notion A
as before, we set

B :={5:[0,00) = B | (-) is measurable}.
Next, we introduce the so-called sets of “non-anticipating strategies”:

for any T' > 0, if aq and ay € A satisfy
=< v:A—B that aq(t) = as(t) for a.a. t € (0,7T),
then v[aq](t) = y]aw](t) for a.a. t € (0,T)

and

for any T > 0, if §; and [y € B satisfy
A=< §:B—> A that f1(t) = Pa(t) for a.a. t € (0,T),
then §[B1](t) = 0[B2)(¢) for a.a. t € (0,T)

Using these notations, we will consider maximizing-minimizing problems
of the following cost functional: For o € A, € B, and x € R",

J(z,0,8) = / T e (X (b, 0, B), a(t), A1),
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where X (+;z, «, ) is the (unique) solutions of

{ X'(t) = g(X(t)jgé(%Sﬁ:(tg)c). for t > 0, (4.17)

The expected solutions for (4.16) and (4.16"), respectively, are given by

(%) = sup inf / e (X (17, @y la]), o(8), 1 lal (1)),

~er acA

and

o) = intsup [ e f(X t50,00). ) 3181(0). 50
€A geB Jo
We call v and v upper and lower value functions of this differential game,
respectively. In fact, under appropriate hypotheses, we expect that v < u,
which cannot be proved easily. To show v < u, we first observe that v and v
are, respectively, viscosity solutions of (4.16) and (4.16"). Noting that

sup inf {vr—{g(z,a,b), p)—f(z,a,b)} < inf sup{vr—(g(z,a,b),p)—f(x,a,b)}
acAbEB bEB 4cA

for (z,r,p) € R"xRxR", we see that u (resp., v) is a viscosity supersolution
(resp., subsolution) of (4.16") (resp., (4.16)). Thus, the standard comparison
principle implies v < w in R" (under suitable growth condition at |z| — oo
for u and v).

We shall only deal with u since the corresponding results for v can be
obtained in a symmetric way.

To show that u is a viscosity solution of the Isaacs equation (4.16), we first
establish the dynamic programming principle as in the previous subsection:

Theorem 4.6. (Dynamic Programming Principle) Assume that (4.15)
hold. Then, for T' > 0, we have

@) —sup it | €I X sz lal) a(t) 2 lal(e)d
T acA 0 T
e e Tu(X (T2, a,7(a)))

Proof. For a fixed T > 0, we denote by w(x) the right hand side of the
above.
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Step 1: u(z) < w(x). For any € > 0, we choose 7. € I" such that

u(e) < < inf / e (X (2, @, o), alt), vla) (1) de = L.

For any fixed ag € A, we define the mapping 7y : A — A by

_ ap(t) for t € 10,7,
Tola] := { at=T) forte[T,00) €A

Thus, for any a € A, we have

L o< / e (X (8 2, 0, vefo])s colt), 7o) (1))t

o0

+/T e f(X(t; 2, Tolal, v [Tole]]), Tolad (t), v [ Toled] (t) )t
= I'4+ 12
We next define ¥ € T" by
Ya)(t) == [Tola]](t +T) fort >0 and a € A.

Note that 4 belongs to I'.
Setting & := X (T'; x, a, Ye[w] ), we have

2= et [T ala) a0, slal0)dr
Taking the infimum over o € A, we have
wa) e < 1o int [0, Aol () el
= I+ 12
Since I2 < e *Tu(i), we have
u(z) —e < I' + e Tu(d),
which implies u(z) — e < w(zx) by taking the infimum over oy € A and then,

the supremum over I'. Therefore, we get the one-sided inequality since € > 0
is arbitrary.
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Step 2: u(z) > w(z). For € > 0, we choose 7! € T such that

o) e < i ( [ X santia) o). ol @) ) |

acA _|_6_VTU(X(T; T, Q, 7&1 [Oé]))

For any fixed ag € A, setting 2 = X (T'; z, ag, v} [aw]), we have

w(z) —e < /0 e " f(X(t; 2, 00,7z [00]), a0 (1), 7z o] (1))t + ™ ().

Next, we choose 42 € I" such that

u(#) < < in / "X (18, 0,22 (0]), alt), 22l (1) b = 1.

For oo € A, we define the mapping 77 : A — A by
Tila](t) = a(t+T) fort>0.
Thus, we have

A

= /OOO e J(X (t:, Tilaol, 22 [Tilawol), Tilool (1), 72 Tiloal)(0))dt = 1
Now, for a € A, setting

. _ La)(t) for t € [0, 7),
Halt) = { BTlallt—T) for t € [T,00),

and X (t) := X (t; &, Ti[w], v2[Ti[w]]), we have

. / e (X (1 - T, Tilao)(t — T), 72 Tilool) (¢ — T))dt
=T /T e (X (t—T), ap(t), Aao](2))dt.

Since

_ . [ X(tz, 0,7 o)) forte0,T),
X (62, a0, Alao]) = { X(t—1T) for t € [T, 00),
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we have
wa) — 2= < / T e (Xt 2, 4o, Alaal), ao(£), Alao] () .

Since «q is arbitrary, we have

wie) =2 < inf, [ e (X (5,05 0]). a0 el

which yields the assertion by taking the supremum over I' and then, by
sending e — 0. O

Now, we shall verify that the value function u is a viscosity solution of
(4.16).

Since we only give a sketch of proofs, one can skip the following theorem.
For a correct proof, we refer to [1], originally by Evans-Souganidis (1984).

Theorem 4.7. Assume that (4.15) holds.
(1) Then, u is a viscosity subsolution of (4.16).
(2) Assume also the following properties:

(i) A C R™ is compact for some integer m > 1.

(77) there is an wq € M such that
|f(x,a, b) - f($7a/7b)| + |g($7a7 b) - g(x,a',b)| < UJA(|(I - (ll|)
forx € R", a,a’ € A and b € B.

(4.18)

Then, u is a viscosity supersolution of (4.16).

Remark. To show that v is a viscosity subsolution of (4.16"), instead of (4.18),
we need to suppose the following hypotheses:

(i) B C R™ is compact for some integer m > 1.

(77) there is an wp € M such that
|f(x,a, b) - f(x,a, b/)| + |g($7a7 b) - g($7a7 b,)| < LUB(|b - b,|)
forx € R", b,/ € Band a € A,

(4.18)

while to verify that v is a viscosity supersolution of (4.16"), we only need (4.15).

Sketch of proof. We shall only prove the assertion assuming that u € USC(R")
and u € LSC(R™) in Step 1 and 2, respectively.
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To give a correct proof without the semi-continuity assumption, we need a bit
careful analysis similar to the proof for Bellman equations. We omit the correct
proof here.

Step 1: Subsolution property. Suppose that the subsolution property fails; there
are x € R", 0 > 0 and ¢ € C'(R") such that 0 = (u — ¢)(z) > (u — ¢)(y) (for all
y € R") and

sup 1n£{1/u( z) — (g9(x,a,b), Dp(z)) — f(x,a,b)} > 30.
acAbE

We note that X(-;z,a,y[a]) are uniformly continuous for any («,y) € A x T
in view of (4.15).
Thus, we can choose that ag € A such that

inf {v¢(z) — (g(x, a0, b), Do(x)) — f(z,a0,0)} = 26.

beB

For any v € T, setting ag(t) = ap for t > 0, we simply write X(-) for
X (a0, v[ap]). Thus, we find small ¢y > 0 such that

vo(X(t)) — (9(X(t), a0, v[ao](t)), DH(X (1)) — f(X(t), a0, V]o](t)) = 0

for t € [0,tp]. Multiplying e™*! in the above and then, integrating it over [0, o],
we have

Py <= [T X)) + e X @0 fool) |

= §(z) — e (X (to)) — /0 e F(X (), a0, ylao)(8))dt.

Hence, we have

u(z) = —(1—e™0) > /0 O e " F(X (1), a0, v[ow] (t))dt + e u(X (to)) =: 1.

v

Taking the infimum over A, we have

Ps i ( [ escetnanial.a )
e (X 12,0 7(a)

Therefore, since v € I' is arbitrary, we have

u() = 21— e=0) > sup int </o K a0 )

~el acA _|_e_Vt0u(X(t07£E 047'7[ ]))
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which contradicts Theorem 4.6.

Step 2: Supersolution property. Suppose that the supersolution property fails;
there are z € R", § > 0 and ¢ € C'(R") such that 0 = (u — ¢)(x) < (u — ¢)(y)
for y € R", and

sup binf {vu(z) — (g(x,a,b), Dp(x)) — f(x,a,b)} < —36.
acAbEB

For any a € A, there is b(a) € B such that
vu(z) — (g(z, a,b(a)), Do(x)) — f(x,a,b(a)) < —26.

In view of (4.18), there is e(a) > 0 such that if |a — d’| < g(a) and |z — y| < &(a),
then we have

vo(y) — (9(y,d’,b(a)), D(y)) — f(y,d,b(a)) < —6.

From the compactness of A, we may select {ak}ﬂ/[: 1 such that

M
A= A
k=1
where
Ap:={a€ A la—ag| <elag)}.
Furthermore, we set A = Aq, and inductively, Ay = Ay \ U?;lAj; AN Aj =0

for k # j. We may also suppose that Ay, #0fork=1,...,M.
For a € A, we define

Yole](t) := b(ay) provided a(t) € Ay.
Now, setting X (t) := X (t; x, a, Y0[e]), we find £y > 0 such that
ve(X (1)) — (g(X(t), a(t), 0[] (1), DS(X (1)) — f(X(t),a(t),y0[a](t) < —0

for t € [0,to]. Multiplying e~ in the above and then, integrating it, we obtain

to 9
o) = (X (1) = [ XD, a0 lal(O)dt < —(1 = 7).
Since o € A is arbitrary, we have

Y

w(@)+ 21— ey < int / " (X (8, @, p0la]), adt), vola] (1))t
14 - acA 0 —vt
+em"ou(X (to; z, a, yola]))

which contradicts Theorem 4.6 by taking the supremum over I'. O
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4.3 Stability

In this subsection, we present a stability result for viscosity solutions, which
is one of the most important properties for “solutions” as noted in section 1.
Thus, this result justifies our notion of viscosity solutions.

However, since we will only use Proposition 4.8 below in section 7.3, the
reader may skip the proof.

First of all, for possibly discontinuous F': 2 x R x R" x §" — R, we are
concerned with

F(z,u, Du, D*u) =0 in . (4.19)

We introduce the following notation:

Fo(z,r,p,X) = lin(l]inf{ F(y,s,¢Y) ‘ y € QN B(x),|s—r| <e, }7
e—

g —pl <&y =X <e

y € QN B.(z),]|s—1| <e, }

F* (2,7, p, X) ::ll_r%sup{ F(y,s,q,Y) ‘ lg—pl <& |Y - X| <e

‘ Definition. ‘ We call u :  — R a viscosity subsolution (resp., super-
solution) of (4.19) if u* (resp., u,) is a viscosity subsolution (resp., super-
soluion) of

F,(x,u, Du, D*u) <0 (resp., F*(x,u, Du, D*u) > O) in €.

We call u : Q@ — R a viscosity solution of (4.19) if it is both a viscosity
sub- and supersolution of (4.19).

Now, for given continuous functions Fj : 2 x R x R" x §" — R, we set

E(:I;7T7p7X>
ly — x| < 1/k,|s — 7| < 1/k,
= lim inf ¢ Fj(y,s,¢,Y) | l¢g—p| <1/k Y = X|| <1/k ;,
k—00 .
and j > k

F(x7/r’p7X)
ly —x| < 1/k,|s—7r| < 1/k,
= lim sup< Fi(y,s,¢.Y) | |l¢—p| <1/k Y — X|| < 1/k
k—o0 .
and j > k

Our stability result is as follows.

59



Proposition 4.8. Let F}, : 2 x R x R" x " — R be continuous
functions. Let uy, :  — R be a viscosity subsolution (resp., supersolution)
of

Fk(:c,uk, Duk, Dzuk) =0 in§.

Setting u (resp., u) by

w(w) = Jim sup{(u;)"(4) | y € Bue) N9, j >k}

(resp., u(w) = Jim inf{(u;).(y) | y € Biple) N Q. j = k})

for z € €, then % (resp., u) is a viscosity subsolution (resp., supersolution)
of
F(x,u,Du,D*u) <0 (resp., F(x,u, Du, D*u) > 0) in .

Remark. We note that © € USC(Q), u € LSC(Q), F € LSC(Q x R x
R" x S") and F € USC(Q x R x R" x S§").

Proof. We only give a proof for subsolutions since the other can be shown
similarly.

Given ¢ € C*(Q), we let g € Q be such that 0 = (u—¢)(zo) > (u—¢)(z)
for z € Q\ {zo}. We shall show that F(zo,u(zo), Dp(xo), D?*¢(z0)) < 0.

We may choose z € B,(xg) (for a subsequence if necessary), where r €
(0,dist(zq, 0R2)), such that

lim xp =9 and  lim (ug)*(zx) = u(xo). (4.20)
k—o0 k—o0

We select ;. € B,(zq) such that ((ug)* — ¢)(yx) = SUP g, (40) ((Ur)" — @)
We may also suppose that limy_ . yx = 2 for some 2z € B, (o) (taking
a subsequence if necessary). Since ((ug)* — ¢)(yx) > ((ux)* — ¢)(zx), (4.20)
implies
0 = liminf((uy)” —@)(zx) < liminf((ur)” — ) (yx)
<ty inf () () — 6()
< limsup(ug)*(yx) — ¢(2) < (@W—¢)(2).

k—o00

Thus, this yields z = z¢ and limy_, o (ug)*(yx) = u(zo). Hence, we see that
yr € B,(xp) for large k > 1. Since (uy)* — ¢ attains a maximum over B,(xg)
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at y, € B,.(xg), by the definition of u; (with Proposition 2.4 for ' = B,.(x)),
we have

F (Y, (u)*(yr), Do (), D*¢(yr)) < 0,

which concludes the proof by taking the limit infimum with the definition of
F. O

61



