Hence, to obtain the required formula, it is sufficient to show

taZ(U;)3% = (—1)2 + (terms of degree > 0), (7.9)
taZ(Lp) = D + (terms of degree > d). (7.10)

For the proof of (7.9), see [27]. Further we obtain (7.10) by Lemma 7.12 below.
g

Lemma 7.12.

i

Proof. We obtain the formula by long calculation along the definition of Z. For

Z(Lp) = + (terms of § { trivalent vertices } > 2)

example, for the dashed 6 curve D, we show rough pictures of the calculation
below. Recall that Lp is a linear sum of links with 3 components in this case

(with 3d components in general).

T . o= T .
N I e T :
e S \‘~-=‘— ’ RS X
b %(Lp)~Z(£Lp)
For the detailed proof, see [22]. O

8 Quantum invariants and the universal pertur-

bative invariant

8.1 Quantum SO(3) invariant constructed from quantum

invariants of framed links

Let V,, be the m diinensional irreducible representation of sly and M the 3-

manifold obtained from S3 by Dehn surgery along a framed link L.

Theorem 8.1 ([12]). Let r be an odd integer > 3, and put ¢ = exp(2mv/—1/1).
Then
S mlQ (L) cC
(T M@=V (UL))7* (X[m]QeV (U-))"~
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is invariant under Kirby moves I and II. Hence it becomes a topological invariant
of M; we denote it by e 0(3)(M ). Here the summations in the above formula
run over all odd integers m with 1 < m < r — 2, Q*%V= is the quantum
(sl2, V,,) invariant, Uy are the unknots with framing +1 and [m] is the quantum
dimension of the representation Vy,, that is, [m] = (¢™/2—q~—™/2)/(¢*/2—q~1/?).
Further o4 are the numbers of positive and negative eigenvalues of the linking

matrix of L.
Further we have the following theorem.

Theorem 8.2. Let r be an odd prime and M a rational homology 3-sphere.

(1) ([29])
739®)(M) € Z]q).

(2) ([31]) There exists the unique power series T5°3) (M) € Q[[h]] such that

(coefficient of s¢ in Tso(s)(M)|h=k,g(1+,))

— (|H1(M;Z)|

- ) (coefficient of s? in 75°®) (M)|,=s41),

modulo 7 for any odd prime integer r and any d satisfying 0 < d < (r — 3)/2.

Here () denotes the Legendre symbol.

As for (1) of the theorem, it is non-trivial whether s 0(3)(M ) belongs
to Z[q] after dividing it by normalization factors, though it is easy to show
S [m]Q**2V~ (L) belongs to Z|[q].

As for (2) of the theorem, we consider the correspondences ¢ = e* and
q — 1 = s. In the left hand side of the formula, we expand it as a power series
of an indeterminate s. On the other hand, in the right hand side, since ¢ is an
rth root of unity, low coefficients in the expansion in s = ¢ — 1 in Z[q] are well
defined modulo r.

As for PSU(N), 7FSUV™) (A1) is defined by Kohno and Takata [18]. Fur-
ther Takata and Yokota [37] showed 77 V™) (M) € Z[g]; it is an extension of

Theorem 8.2 (1). We expect an extension of (2) as
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Conjecture 8.3. For T SUN) (M), there exists the unique power series

TPSUN) (M) € Q[[R)]
which satisfies the same properties as in Theorem 8.2 (2).

We call 7PSUN)(M) the perturbative invariant of M. We expect that it

should recover from the universal perturbative invariant Q(M) as

Conjecture 8.4 ([27]). For any rational homology 3-sphere M, the following
equality holds: |

1

[, (0 Zy V=072 1 ot (M)

FPSUMN) (pf) =

At this point in time, we have
Theorem 8.5 ([32]). The above conjecture is true for N = 2.
We have the following corollary, which was directly proved in [21].

Corollary 8.6. Put 759B)(M) = Y X\, h™. Then each )\, is a finite type in-
variant of degree 3n. Further its weight system is equal to Wy,

Proof. The proof is obtained in the same way as in the proof of Theorem 5.2. [

By the above corollary, we see that there exist many finite type invariants,
though we had known only a few examples of finite type invariants including

the Casson invariant, before getting the corollary.

8.2 Expression of j, by a map «

In this section, we consider a map a which expands j, in some sense. Define

the map a : A(S') = A(S?) by

o=
~ R ~

a = (replace one O by :::“ oA -1 id, (8.1)

’
o Ve

where the second part means the disjoint union of a dashed loop. This is a

well-defined map of A(S?) to itself. For example, we show some simple cases
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OO0 000 YO

Ly

000 0 00

Note that, as in the above examples, the first term cancels with the last term.

Camind

Further a dashed loop with a trivalent vertex vanishes by the AS relation. Hence
we have a remarkable property of a that it decreases the number of vertices on

a solid circle at least by two. Therefore we have

Lemma 8.7. If the number of vertices on a solid circle of a chord diagram

D € A(S?) is less than 2m, then a™(D) = 0.

If we want to calculate (M) along its definition, we would compute the tree
T,.. However it will be a hard calculation. To avoid it, we prepare the following

proposition.

Proposition 8.8. There exists a power series
ple) =) cia’ € Q[[a]]
=1
such that each ¢; belongs to Z[1/2,1/3,--- ,1/(2i + 1)] and

Walg (.71 (Dm)) = Wﬂlz ((5 op(a))(Dm))

m

=

for any m = 0,1, ---, where we put D,,, = O .
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Remark 8.9. The coefficients of o are concretely determined as

L1 o1
> 2T 716-3° T T8.9.5° T ‘

C1 =

P

In general, we expect a better evaluation of denominators of c; as
ci € Z[1/2,1/3,--- ,1/(2i — 1)]

than the condition in the proposition. As for precise values of c;, Thang Le

suggested that ¢; might be expressed by using the Bernoulli numbers.

Proof of Proposition 8.8. For any power series p(a) = Y o, c;a’, by Lemma

8.7, we have
p(a)(Dm) = pr(a)(Dm),

for each m < 2k, where we put pi(a) = Zle c;o'. Hence it is sufficient to show

the existence of an infinite series of scalars c;, ¢z, c3, - - - satisfying

Wi, (41(Dm)) = Wa, ((€ © pr (@) (D)) (8.2)

for each k and for each m < 2k. We show (8.2) by induction on k as follows.
Suppose that (8.2) holds for k—1, i.e., there exists a finite series ¢y, -+ , cr—1

satisfying

Wi, (71 (Dm)) = Wa, ((€ 0 pr—1()) (D)), (8.3)

for each m < 2k — 2. Then, by Lemma 8.7, the required formula (8.2) holds for
m < 2k — 2, even if we put c; to be any value.

Further we show that (8.2) holds for m = 2k — 1 as follows; note that the
right hand side does not still depend on a choice of ¢, as in the above case, by

Lemma 8.7. Put
T = j1(Dm) — (€ 0 pr-1(2))(Dm)- (8.4)

Then Wy, (z) belongs to (sl2)®™; recall that we define W, (z) to be the image
of 1 € C in (sl3)®™ by the linear map defined in Section 3. By interchanging
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two of m dashed ends, we have

\'l' \\"o"

o H

S T : . (8.5)
. . J1(Dm-1) — € 0 pr—1(a)(Dm-1)

----------

R N A (8.6)

_________________

Since the right hand side in (8.5) vanishes, W, () is invariant under the change
of two adjacent dashed ends. Hence it is invariant under any change of dashed
ends. Therefore W,;,(z) belongs to the invariant space ((sl)®™)®=#l2 with
respect to the action of the symmetric group &,, and the action of the tensor
product of m copies of the adjoint action of slo; we have the invariance with
respect to the latter action, since Wy, (z) is the image of 1 € C by an inter-
twiner, where C is the trivial representation of sl;. The invariant space is one
dimensional if m is even, and is the null vector space if m is odd, by invariant
theory; for example, see [9]. Since m is odd in this case, W,,(z) vanishes, be-
cause it belongs to the null vector space. Hence, by (8.4), we obtain (8.2) for
m = 2k — 1, since we have (pr—1(a@))(Dm) = (pr(a))(Dm) by Lemma 8.7.

We show that (8.2) holds for m = 2k for a suitably chosen c; as follows.
We put = as in (8.4) again, and repeat the same argument as above. In this
case W, (z) belongs to one dimensional vector space, since m is even. Further
W, ((e 0o a*)(D,,)) is non-zero in the space; in fact, we see below that it does

not vanish, when dashed ends are closed. Hence we put
Wai, () = cxWar, ((€ 0 &*)(Dim))
for some scalar ¢;. Therefore we have

Wi, (§1(Dm)) = W, ((€ 0 pr-1(a))(Dm) + )
= W, ((€ 0 (Pr-1(a) + cxa*))(Dm))-

Putting pi(a) = pr—1(a) + cxa®, we obtain (8.2) for m = 2k.
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We evaluate the factors of the denominator of ¢ by induction on k, as
follows. Let ©F be the chord diagram consisting of a solid circle with k isolated

dashed chords. Since ©F has 2k dashed chords on S!, we have

Wslz (.71 (@k)) = Wslz (5 O Pk (a)(@k)) :

Hence we have
' k—1
| ckWai, ((€0 ak)((-)k)) = Wa, (j1 (@k)) - Z ciWa, ((€0 a)(eF)). (8.7)

By definition of j;, j;(©F) is equal to the chord diagram obtained from the tree
Tsx by closing 2k ends with k isolated chords. Hence the first term in the right
hand side of (8.7) belongs to Z[1/2,1/3,---,1/(2k — 1)]. Further the second
terms belong to Z[1/2,1/3,---,1/(2k — 3)] by the hypothesis of induction. On
the other hand, we calculate the left hand side as follows. (g o a*)(©F) consists
of terms such that each of k a’s decreases exactly two chord of ©%; note that
the other terms vanish. Each a makes a dashed loop with two dashed segments.

Wi, takes it to 4. Hence we have
Wa, ((€ 0 @) (0%)) = 4*W,, (jx (OF)) = 4*(2k + 1)L

By (8.7), we obtain ¢, € Z[1/2,1/3,---,1/(2k + 1)]. O

8.3 Expression of a by representations

In this section we consider the representation a corresponding to the map a.
Define a to be V3 —3-V; € R(sly), where R(slz) denotes the representation ring

of slo with integral coefficients. We have a relation between « and a as
Lemma 8.10. For any D € A(S?), we have

Wi, (e 0 @™(D)) = Wigjan (D).
Proof. There are the following correspondences:

Ll

replace one O by { } <— substitute the adjoint representation,

Smw?
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taking a 2-parallel +— taking a tensor of representation,

taking € ¢— substitute the trivial representation.

More precisely, we have

Wi, ((replace one O by {::))(D)) = Wagivs (D), (8.8)
Wslz;Rx,Rz (A(D)) = Wiy, R ®R: (D)a (8-9)
Wa, (e(D)) = Wa,,v; (D). (8.10)

By (8.8) and (8.9), we have
Wity;r(0(D)) = Wity rea(D) (8.11)

by deﬁn_ition of o and a. Applying (8.11) repeatedly to the initial condition
(8.10), we obtain the required formula. O

Lemma 8.11. Suppose r is an odd prime number. Then we have

—2q(r—3)/2 = > mVn, (8.12)

ar—1/2 = (8.13)

where the sum in the first formula runs over all odd m in 1 < m < r — 2. Here

(=) denotes the equivalence relation in R(sl;) generated by the following two
r

relations;

(elements divisible by r in R(sl2)) ~ 0,

V;'NV'21'~V31~~°"~0-

By this lemma, we cut off higher terms of a modulo r in a polynomial in a;
recall that we cut off higher terms of a in a power series of a by Lemma, 8.7.

We give examples of Lemma 8.11 below. We have

Vm-a=V,®V; -3V,

= Vo2 + Vi + Vinia — 3Vim
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= Vm—2 - 2‘/’m + Vm+21

where the second equality is obtained by the decomposition formula of repre-

sentation for slo. We pictorially denote the above equality by
Vm—2 ‘{m ‘{m+2

1

Vim
-a:

1
Here each number under a dot denotes the coefficient of the representation

corresponding to the dot. Note that this formula also holds for negative m by

1 -2

regarding V_,, as —V,,,. We begin with

Vi
a® = - ,
1
1 Vi -1 iV i V3
qQ =—e—.q = L g @ @~ = —0 ® .
1 1 -2 1 -3 1
We show (8.12) in Lemma 8.11 for r = 7 as
o Ve Ve Vi V& Vi
1 -4 6 —4 1
i Vs Vs
- WA/ S A S
10 -5 1
Vi Va Ve Vi VW
—-20 10 -2 (7) 1 3 5
Further, as for (8.13), we have
s Ves Vea Vo Vi Ve Vi W
| 1 -6 15 -20 15 -6 1
GV VoW o
M

T 35 21 -7 1
The proof of Lemma 8.11 for general r is left to the reader; it is shown by a

similar calculation as above.

8.4 Proof of Theorem 8.5

In this section, we prove Theorem 8.5, which states the universality of Q) for the

perturbative SO(3) invariant. For simplicity, we show the theorem assuming
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that L is a knot. We begin with the following lemma.

Lemma 8.12. For the power series p(a) given in Proposition 8.8, we have
jn(D) = (e 0 p(@)")(D).
Proof. By definition of A, we have
(A1) @ Alk2)) o A = Alkrtkatl), (8.14)

Since a*(D) is a linear sum of chord diagrams A(*)(D) possibly replaced some

solid circles with dashed ones, we have the following formula by (8.14),

(eop(a)) ® (o p2(a))) o A =eo (pr(a)p2(a)) (8.15)

for any two power series p;(a) and p2(a), where p;(a)p2(a) implies the usual

product as power series.

Further, since j, = (1/n!)j; o A(®=1) holds by definition of j,, we have
) 1 n n—
in(D) = = ((e 0 p(@))® o A"D)(D)

by replacing j; with the power series p(a) by Proposition 8.8, noting that we
need n copies of p(a) since the solid circle in D becomes n solid circles by
A(»=1) By applying the formula (8.15) n — 1 times, we obtain the required

formula. O

Sketch of the proof of Theorem 8.5. Let L be a framed link. Applying the above

lemma to the computation of j,(Z (L)), we have
N 1. e
h™ - Wz (42 Z(L)) = —Wal, ((e o p(a)™)(Z(L))), (8.16)

where the first h™ is derived from the fact that the map j,, decreases the degree
of chord diagrams by n. We consider terms of at most finite degree in the
following of this proof. Then we can reduce the power series p(a)™ = cla™ +
1

ncl " “caa™t! + - .- to a finite sum by Lemma 8.7. Moreover using Lemma 8.10,

we replace the right hand side of (8.16) with

n—1

ctl .2 - - _
AWatyiar (2(L)) + == Wagians1 (Z(D) +--- + O(h™07D/2). (8.17)
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Let r be an odd prime > 5. Putting n = (r — 3)/2, we have

a = a =..-=0’

(r) (n
by Lemma 8.11. Hence (8.17) is congruent to

ct /s n+(r—
71%Emw‘,,z;vm (Z(L)) + O(h"+(r—1)/2) (8.18)

modulo 7. By the formula Wy,,.v, (v) = [m]/m and Theorem 3.3, (8.18) is equal

to
cn 1,)1 LL 7 mn r—
cn m H n r—
nI! Z[ ]Qslz,vm(L) I O(h +( 1)/2).

Further we replace j, with ¢, using

Wslz (LnZv(L)) (=) Wslz (]nZ(L)) + O(h(r_l)/z)
which is obtained by the congruence Wslz(::’-\)) = 3 and Ln((—\)) = —2n
modulo r. Hence we have the formula’
n - ct slo: n4(r— :
R™ - W, (1, Z(L)) 5 ;11—' Z[m]Q 12iVm (L) + O(R™Hr—1)/2), (8.19)

Let M be the 3-manifold obtained by Dehn surgery along L. Suppose that
M is a rational homology 3-sphere. Further, as in [31], we can assume that L
is algebraically split. Using the formula Q,(M)® = |H,|*~9Q4(M)¥ for any
n > d, we have the following formula by definition of fl,
tnZ(L)
(LnZ(UJr))”* (LnZ(U_))U_
where we put H; = H;(M;Z). Further we have

|H1 " QUM) = Qu (M) =

| H1 [ Wi, (UM))

7To obtain the formula, if we expanded Z(L) directly, » might appear in the denominator,

though we calculated the formulas modulo r. As in the text, we technically avoid the difficulty
as follows. We replace Z(L) with quantum invariants, before taking modulo r. Since the

quantum invariants have integral coefficients, we calculate the formulas taking modulo r.

77



A tnZ(L)
o (o)
_ 2 [m]Q*'*V (L)
0 (E[m]Qw=Vn (V4)) ™+ (X[mlQVn (V_)) "~
= 729@) (M) + O(h("~1)/2)

= (@) 7-50(3)(M)+O(h(r—1)/2)’

(r) r

+ O(h{r=1)/2)

where we obtain the second equality by (8.19), obtain the third equality by the

definition of 7 0(3)(M ) and obtain the fourth equality by Theorem 8.2 (2).

Here (:) denotes the Legendre symbol. Further the formula ({) = f(r=1)/2

where f is not divisible by r, is known in number theory. Hence we have
"W, (23D) = L[+ 750 (31) + O (ki =0/,

Since this formula holds for infinitely many r, we obtain the required formula.

a

Summary for results in Sections 6 to 9. As mentioned in Section 0, we
expect the notion of finite type and the existence of the universal quantum
invariant for the quantum invariants 78 (M) € C. However, unlike the case of
knots, values of the quantum invariants of 3-manifolds do not belong to a graded
set. That is a reason of the technical difficulty to define finite type invariants
and the universal quantum invariant for the quantum invariants themselves.
Instead of them, we consider the perturbative invariants,® whose values belong

to the graded set Q[[h]]. We define finite type invariants and the universal

8To be precise, we should have expanded the formulas in power series of s, putting h =

log(s + 1).
°In this lecture note we use the terminology “perturbative invariant” in the sense of Section

8.1, which is obtained from quantum invariants by number theoretical limit. On the other hand
the terminology has originally been used for invariants obtained from path integral formula of
quantum invariants by perturbative expansion around flat connections. Rozansky [35, 36] gave
rigorous definition of perturbative invariants along this approach. His and our definitions can
be shown to be equal together under some assumption of integrality of coefficients of quantum

invariants; see [36] for numerical examples.
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the quantum G invariant
¢ (M)eC

r — oo in the sense of Section 8.1
Theorem 8.2 for G = SO(3)

Corollary 8.6
for G = SO(3) Definition 7.2 for ZHS’s

the perturbative G invariant ) and for ZHS’s finite type invariants
¢ (M) € Q[[A]] - ~ | v:{3-manifolds} —» C

universal universal
by Theorem 8.5 by Corollary 7.10
for G = SO(3) for ZHS’s

the universal perturbative invariant
Q(M) € A9)
Definition 6.20

Figure 8.1: Invariants of 3-manifolds and the relations between them

invariant for the perturbative invariants; see Figure 8.1 for relations between

these invariants. In the figure we also show the present attainments.
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