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Implicit Hamiltonian systems and
singular curves of distributions

Asahi Tsuchida

§1. Introduction

The subject of the sub-Riemannian geometry is to study a triple
(M, D, g) of a manifold M, a distribution D on M and a bi-linear pos-
itive definite form g on D, which is called a sub-Riemannian manifold.
Here, a distribution is a sub-bundle of the tangent bundle T'M of M.
The object appears naturally as a collapsing Riemannian manifold and
is a generalization of a Riemannian manifold. However properties of
sub-Riemannian manifolds are much different from those of Riemannian
manifolds. In fact, not much is known about the properties of expo-
nential maps and even about smoothness of minimizers. For example
there is a problem which is open for decades: “Are all locally minimizers
smooth on any sub-Riemannian manifold?”

In this article we give a new clue to study of minimizers on sub-
Riemannian manifolds.

For a distribution D, there is an important class of curves called
horizontal curves. A horizontal curve is an absolutely continuous curve
~v: I — M such that 4(t) is a measurable and bounded map which
satisfies §(t) € D) for almost every t € I.

According to Chow—Rashevsky’s theorem, if a distribution D on a
connected manifold M satisfies Hormander’s condition, every two points
are connected by a horizontal curve. For a sub-Riemannian manifold
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which satisfies Hormander’s condition, we may define a distance

dec(pa) = int{L0) = | Vol@. 3@ |

v: [a,b] = M : horizontal,y(a) = p,v(b) = q}

which is called a Carnot—Carathéodory (or sub-Riemannian) distance. It
is known that the topology from Carnot—Carathéodory distance agrees
with the original one (ball-box theorem[10]).

A horizontal curve v connecting p and ¢ is called a minimizer if
dec(p,q) = L(y). A horizontal curve v: I — M is a local minimizer if
for any ty € I, there exists € > 0 such that for all closed sub-interval J
of [t — &,to + €], v |snr is a minimizer between the end points. Note
that any minimizer is necessarily a local minimizer.

To consider local minimizers, we classify horizontal curves on a sub-
Riemannian manifold (M, D, g) by using the end-point mapping.

For a bounded measurable curve c: [0,7] — D, if a curve v :=
mpoc: [0,T] = M satisfies §(t) = ¢(t) for almost everywhere on [0, T,
then v is a horizontal curve and c is called an admissible velocity. Here
mp: D — M is the canonical projection.

Expressing c(t) as ¢(t) = w1 (6) X1 (y(t)) + - -+ + up(t) Xi (y(¢)) with
respect to a local framing { X7, ..., X} of the distribution D on an open
subset O C M, the condition is written as

Y(@) = w (X1 (v(8) + - - + ur () Xi (v(2)),

with the fibre coordinates (ug, ..., ug).
For any point ¢y on M, the set of admissible velocities

Vo :={c| ¢: [0,T] = D : admissible velocity, v(0) = qo}
will be a Banach manifold. The map
End(qo): Vg = M, c— ~v(T)

is called an end-point mapping and is differentiable by means of Fréchet
derivative. A singular (resp. regular) point of the end-point mapping
is called a singular (resp. regular) velocity. The trajectory corresponds
to singular velocity is called a singular (resp. regular) curve, i.e. the
differential map

dEnd(qO)C: chqo — T,Y(T)M

is not surjective (resp. surjective) at singular (resp. regular) velocity c.
Since every curve is either regular or singular, every minimizer is also
either a regular curve or a singular curve.
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For a sub-Riemannian manifold, there is a geodesic equation given
as Hamiltonian formulation, not as Lagrangian. We give a function

Hiw,p) = 5 329 o, Xi(o) X, )

on T*M, where g;; = g(X;,X;) and (¢g%);; is the inverse matrix of
(gij)m-. We may consider a Hamiltonian vector field associated to Hg
with canonical symplectic form on the cotangent bundle 7*M. An ordi-
nary differential equation related to the Hamiltonian vector field is given
>y 0 0

H H
i(t) = =5, @®:p0); PO = =5 = @(0).p(0)

with Darboux coordinates (x,p) of T*M. A solution of this equation
(which is called the geodesic equation) is called a normal bi-extremal and
its projection to M is called a normal extremal (or a normal geodesic).

It is known that regular local minimizers are normal geodesics, and
so they are smooth since they are solutions of the geodesic equation. A
singular minimizer is sometimes also a normal geodesic depending on a
metric g. A singular (local) minimizer which is not a normal geodesic is
called a strictly singular (local) minimizer. Examples of singular min-
imizers which are not normal on Martinet distribution are given by R.
Montgomery in 1994 [8].

Although the examples given by R. Montgomery guarantee the ex-
istence of strictly singular minimizers, we know few other examples. So,
we are interested in finding more examples of strictly singular minimiz-
ers. As a strategy, we divide the problem into two problems; to detect
singular horizontal curves which are not normal geodesics and to find
local minimizers among them. In this paper we concentrate on the for-
mer one and give new examples of singular horizontal curves which are
not normal geodesics.

Now, we introduce a result of foothold in the study of singular
curves. Take a function H: T*M X D — R, H(z,p,u) := (p,u) for
x € M,p € T)M and u € D,, here xp; is a fibre product. Let
{X1,..., X} be a local framing of D on an open neighborhood U,
of g in M and (uq,...,ux) the fibre coordinates related to the local
framing. Then we have locally

k

Then singular curves are characterized by a constrained Hamiltonian
system;
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Proposition 1.1 ([6], p.567). A horizontal curve x(t) on M with
rank k distribution D is a singular curve if and only if there exist a
positive number e > 0, a curve p(t) on Ty, M\{0} and u(t) € Dy such
that the curve (x(t),p(t),u(t)) satisfies the following equation (which is
called the constrained Hamiltonian system) for almost all t € [0, ¢);

B(0) = 5 w(0),0(0),u(0),
5(0) =~ (alt),ple) (),

OH

(x(t), p(t),u(t)) =0 (1 <i < k).

8ui

A solution (z(t),p(t)) on T*M of the constrained Hamiltonian sys-
tem in Proposition 1.1 is called an abnormal bi-extremal and the pro-
jection of an abnormal bi-extremal to M is called an abnormal extremal
(or a singular curve). Tt is known that a local minimizer is either a
normal extremal or an abnormal extremal; and the two possibilities are
not mutually exclusive. Abnormal extremals are not local minimizers in
general.

We may consider a constrained Hamiltonian system for any distri-
bution. However it is not known whether there exists a solution or does
not, in general. To study the existence of solutions, we intend to ap-
ply the theory of solvability of implicit differential systems. The theory,
which is introduced in §2, is given by T. Fukuda and S. Janeczko. We
give a refinement of Fukuda—Janeczko’s theory in the case of two pa-
rameters in §3. In §4, an application of the results in §3 to rank two
distribution is given. Then we have the following main result in this
paper.

Theorem 1. Let (M, D,g) be a sub-Riemannian smooth manifold
with a distribution D of rank two. Suppose that Dy := D + [D, D] is a
sub-bundle of rank three and Dy := Dy + [D,D1] is a sub-bundle of rank
four. Then for any point q in M, there exist an open neighborhood U, of
q in M and a C* immersive singular curve x(t) which is not a normal
geodesic in U, defined on a small interval.

Theorem 1 is proved in §4 as an application of the results in §3. It
is not known whether the singular curve in Theorem 1 is a minimizer or
not.
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§2. Preliminary

2.1. Implicit differential systems and their solvability

An implicit differential system is a generalization of a differential
equation defined by a vector field. We define some basic notions. Let
w: TM — M be a canonical projection and N a submanifold of M.

Definition 2.1. An implicit differential system on M is a subset S
of tangent bundle T'M.

A C! curve v: (a,b) — N is called a solution of S over N if
(v(t),%(t)) € SN7~Y(N) for all t € (a,b).

A point (zg,2¢) € S is a solvable point of S over N if there ex-
ist a positive number € > 0 and a solution 7y: (—,e) — N such that
(+(0),4(0)) = (w0, d0)-

From now on we consider the case where .S is a smooth submanifold
of TM. A point (zg,2¢) € S is a smoothly solvable point of S over N
if there exist an open neighborhood W in S x R of (xg,Zg,0) and C'*
map y: W — N such that v, 3 (t) := ¥(z, #,1) is a solution of S over N
with (7(0),5(0)) = (x, %) for all (x,4) € m (W), where m;: S xR — §
is a natural projection.

An implicit differential system S over NN is called a smoothly solvable
submanifold over N if S consists only of smoothly solvable points of S
over NN.

When a submanifold N is M itself, definitions above are given in
Fukuda and Janeczko’s papers [4][5]. A solution of S over M is just
called a solution of S. We say, simply, an implicit differential system S
is (smoothly) solvable if S is (smoothly) solvable over M.

2.2. Implicit Hamiltonian systems

Let (M,w) be a symplectic manifold. Then there is the induced
symplectic structure w on the tangent bundle T'M: We have an bundle
isomorphism induced from interior product b: TM — T*M,b,(v,) =
Ly,wq for each point ¢ € M. The symplectic structure w is given by the
pullback of the Liouville form 6 on T*M, i.e., w := b*df. The induced
symplectic structure w is locally written by

n
w= dez /\dl‘i —di‘i /\dpi
i=1
with the canonical coordinates (x, p, &, p) of tangent bundle T'M related

to Darboux coordinates (x,p) = (x1,...,Zn,D1,...,Pn) for the standard
symplectic form w = Y"1 | dp; A dxz; of M.
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We will define the notion of implicit Hamiltonian systems as
Lagrangian submanifolds of (T'M,w). Then they are regarded as a gen-
eralization of Hamiltonian vector fields, i.e., of Hamiltonian dynamical
systems. In what follows we set M = R?" with the standard symplectic
form w as above.

Definition 2.2 ([4, 5]). A Lagrangian submanifold L of (TR?", )
(i.e., dim L = 2n and w|y, = 0) is called an implicit Hamiltonian system.

There is a well-known result that a Lagrangian submanifold is locally
generated by a Morse family;

Theorem 2.3 ([1]). Let L be a Lagrangian submanifold of TR?"
and (qo, 4o) = (o, Po, o, Po) € L. Suppose
corank d(7 |1.)(qo, o) = k > 0.

Then there exist an open neighborhood O of (qo,do) in TR*™, an open
neighborhood W of (qo,0) € R?" x R* and a smooth function F: W — R
such that

OF
LNO = {(J:O,po,jzo,]io) €0 |Juce Rks.t.(:c,p7 u) € W, —(x,p,u) =0,

8ul
oF F
g‘yi:api 8xi(x,p,u),1§i§n,1§l§k},

(xapv u)vpz = -

and that
82F 32F aQF
£\ 0wi0u Y apiu, (0 =k, 5 ——(q0,0) =0
sk (g5 @00) g @0 0) =k g (ae)
for1<rs<k.

Recall that the family of functions F': R?" xR* — R with 2n param-

eters (T1,...,2Zn,P1,...,Pn) o0 (R¥;uy, ... up) is called a Morse family
if 0 € R* is a critical point of the map F(qo,u) and the map
oF oF
iy | R x RF 5 RF
<8u1 T 3uk> R

is submersive at (go,0). We denote L a Lagrangian submanifold gen-
erated by Morse family F: R?” x R¥ — R. That is, for the catastrophe
set

oF
aui

C(F):{(m,p,u)eRQ"ka| (m,p,u):O,izl,...,k}
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of F and C* map ¢p: R?" x RF — TR?" defined by

oF OF
d)(xvpa ’LL) - <$,p, 8_])1‘(1.729’ ’LL), _a_xi(xvpa u)) )

we set Lp = ¢p(C(F)).

The following propositions are given in [4] which are a necessary
condition and a sufficient condition for Lr to be (smoothly) solvable in
the sense of Definition 2.1.

Proposition 2.4 ([4]). Let (z,p,4,p) be a solvable point of L.
We set ¢pp(x,p,u) = (x,p,&,p). Then there exists a real vector p =
(g1, ..., px) in R¥ such that

2 2
%(xapfu’) %(zvpvu) H1 {%,F}(l‘,p,u)
, . . , : . o .
%('ﬁap)u) %(m,p,u) Hk {m’F}($7pau)

Here the bracket {,} is the Poisson bracket associated to the symplectic
form w.

Proposition 2.5 ([4]). A point (x,p,&,p) in Lr is (smoothly) solv-
able if a linear equation

9°F 9°F

W(mvpv u) e dui0ur (iE,p, U,) (ﬂl(l’,p, U)) {gfl vF}(:I"7p7 U)
L, . . : e
%(:&pw) %(L;mu) (2, ps w) {a—uk,F}(l,p,u)

has a (smooth) solution on a neighborhood of (x,p,u) = ¢p(x,p,&,p) in
C(F).

The differences between the necessary condition and the sufficient
condition appear as those of the domain and smoothness of the solution

1.
Now we consider a Morse family of particular type:

k
F:R™ xRF 5 R, F(z,p,u) = Zaj(x,p)uj + b(x, p).
j=1
Note that functions ai,...,a; are independent, i.e., differential one
forms daq(z,p),...,dag(x,p) are linearly independent in T(*;C p)]RQ” at

each point (x,p) € R?™ because F is a Morse family. The catastrophe
set of F is given by C(F) = K x R* with

K= {(l’,p) € RQn | ai(zvp) - OaZ = ]-avk}
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Applying Proposition 2.4 and Proposition 2.5, we know that Lg is
smoothly solvable if and only if {a;,a;}(z,p) = 0, {b,a;}(z,p) = 0 on
K, (1 <i,5 < k)([5]). Considering conditions in the propositions, we
set

k
§I; = {(x,p, u) € C(F) | Z{ahaj}(x’p)uj = {bvai}(w7p)>1 <i< k}a

SF = qbp(é;‘)

Then we see that every smoothly solvable submanifold of L is contained
in Sp ([5]). Moreover Sp itself may be smoothly solvable:

Theorem 2.6 ([5]). SF is a smoothly solvable submanifold of Lr if

rank ({a;,a;}(x,p)),<; ;<) =1 (constant) and

{b,a1}(z,p)
: € Im ({aiaaj}(xvp))lgi,j§k7
{b, Qk}(x,p)

holds for every (z,p) € K = {(z,p) € R*" | g—i(x,p,u) =0,1<i<Ek}.

63. Main results

Now we pose a question; for which submanifold S of Lr does there
exist a submanifold A of K such that S is smoothly solvable over A?
In this section, we will give an answer to this question in the case k = 2.

Let F: R?>" x R? — R be a Morse family which is defined by

F('xap7u) = al(mvp)ul + a’?(mvp)UQ-

We consider solvability of the Lagrangian submanifold Lz which is gen-
erated by F. Moreover we consider solvability of submanifolds of L.
In detail, we consider a map ¢z : R*® x R? — T(R?") which is defined
by

oF oF
¢F(x7p7 U) = <$7pa aip('rap7 U), —%(.ﬁ,p, U))

and the catastrophe set
C(F) = {(z,p,u) | ar(z,p) = as(z,p) = 0} = K x R®

of F for K = {(z,p) | a1(x,p) = az(z,p) = 0} C R?", then we define
Ly by the image ¢ (C(F)). According to Fukuda—Janeczko’s Theorem
2.6, Ly is smoothly solvable if and only if {a;,as} = 0 locally on K.
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Now we consider the cases where the assumptions of Theorem 2.6 are
not fulfilled. We consider the family of vector fields X, : K — T(R*")
along K with parameter u

OF OF
Xu('rap) - (xapv aip(a%pau)) _ar(x7pau)> )

and detect submanifolds of K on which X, are tangent to K. We are
going to give smoothly solvable submanifolds over submanifolds of K in
the following series of Propositions 3.1 — 3.6.

Let Ag = K. The vector field X,, is tangent to Ay if and only if

Xu(ar) = Xy(a2) =0 de. ur{ai,as} = uo{ay,az} = 0.

Hence ¢r(Ag x R?) is smoothly solvable if and only if {a1,a2} = 0 on
Ag = K. This fact is also obtained as a corollary of Theorem 2.6.

Then we consider a submanifold A; of Ay consisting of points at
which X, is tangent to Ag;

Ap:=A{(z,p) | a1(z,p) = as(x, p) = {ar, as}(x,p) = 0},

We assume that the functions aq,as, {a1, a2} are independent. The vec-
tor field X, is tangent to Ay if and only if

Xu({a1,a2}) =0 d.e ui{ay,{a1,a2}}(z,p) +uaiaz,{a1,az}}(z,p) =0

on A;. Note that we have X, (a1) = X, (az2) = 0 from the definition of
Ay. Let Egen g, be the R -algebra of C°° function germs at go on R2",
We denote by (a1, az2,{a1,a2})e the Egen 4-module generated by

]Ran(I(J
ay,as and {aj,as}. We set

&1 = {ar, {ar,a2}}, o= {az,{a1,a2}}.

Then the vector field X, is tangent to A; if the functions &; and & belong

to the Eran go-module (a1, az, {a1,a2})e.,, " for any point gy € A;.

Proposition 3.1. Assume that a1, az, and {a1,as} are independent.
Then ¢r(Ar x R?) is a smoothly solvable submanifold of Ly over Ay if

and only if &,&2 € (a1, a2,{a1, a2})ey, for any point qo in Ay.

To find smoothly solvable submanifolds of Ly over submanifolds of
A1, we construct fiber bundles as follows. Let

Clap) = {(u1,u2) | ur{ar, {ar, a2} }(z,p) + uz{az,{a1, a2} }(z, p) = 0}

for (z,p) € K and define line bundles
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AL = {(e.pow) | u € Cly ), (2.0) € ALY,
AL = {(a,pu) | u € CL . (2,p) € ALY,
A = {(a,pu) | ue Cly ), (a,p) € A3,
A3 = {(a,pu) | u e CL ), (a,p) € A3,

X
A1 = {(@.pu) | u € C3 . (2,p) € Avr),
A1z = {(z,p,u) |ue Cly, (@.p) € ALa),
1,2
A = A{(wp, )|U602 (r,p) € AL 19y},

with
A% =AN {(33,]9) | 51 = 0}7 C(a:,p) {( ) 117)}’
Ag =AN {(33,]9) | 52 = 0}7 C(a:,p) {( ) 117)}’
Al,l =A1N {(xap) | §1# 0}, C(wp C (z,p) \ {0}7

Arz = AN {(z,p) | &2 # 0},
A1 a2 = AN {(z,p) | & # 0,6 # 0}

Let us consider the case that one of §; and &, belongs to the Egen g -

module (a1, ag, {a, a2}>gR2n7qo and the other does not.

Proposition 3.2. Assume that a1, a2 and {ay,a2} are independent.
Assume also that

52 € <a/13 a2, {a17 a2}>‘€]R2”,q0 and é-l ¢ <a17 a2, {alu a2}>£R2n

.40
at every point qo of Ay. Then the followings hold.
(1) ¢F(A1712) is a smoothly solvable submanifold of Lr over Ay 1.
(2)  Assume, furthermore, that &1,a1,a9,{a1,as} are independent.

(a) QSF(A_%Q) is a smoothly solvable submanifold of Lr over
1

.

(b)  ¢r(ALxR?) is a smoothly solvable submanifold of Ly over
Ay if{a1, &1} € (a1, a2, {a1, a2}, &1)e,,, , for any point qo
in A}.

Proof. (1): Ay, is an open submanifold of A; from the definition.
Since there exist 81, 32 and B3 € Epen g, such that § = Biar + Baas +

Bs{a1,az}, the vector X, (x, p) with u € C’(z p) 1s tangent to Ay ; at each
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point (z,p) € Ay,1 because

X’u.(al) - u?{a27a1} = 07
Xu(ag) =0- {a1, ag} = O,
Xy({ar,a2}) = 0- & +u2bs = u2bs = frar + Paaz + Bslar, a2} =0
on A171.
(2)-(a): We check the condition that X, (z,p) is tangent to A} with

u € C(Qz’p) at each point (r,p) € AL. Note that {a1, &} = {ag, &} from
Jacobian identity:

{ar, a2, {ar, a21}} = {az, {an, {or, a2} 1} + {{ar, a2}, {ar, a2 }}
= {as,{a1,{a1,a2}}}.

Then
Xu({a1,a2}) = 0- & 4+ uxéo = 0,

Xu(&1) = wi{ar, &1} +uz{az, &1} = ui{ar, &1} +uafar, &} - (%)
=uz({a1, Bra1} + {a1, Beaz} + {a1, Bs3{a1, az}})
= uz(ar{a1, 1} + Bo{ar, a2} + as{ai, B}
+ B3&1 + {a1, a2} {a1, B3})
=0

on Al
(2)-(b): From an equality (x) we have

Xu(&) =urfar, &} +uo{az, &1} = wi{ar, &} +ue{ar, &2}

Since & € (a1, az,{a1,az2})e,,, 4 1t holds that

{a1,&2} € (a1, a2,{a1, a2}, &)

a0

Consequently, by using {a1,&1} € (a1, az, {al,az},§2>gkm,q0, we obtain

X.u(&1) =0 on Al Q.E.D.
In the same way we have the counterpart of Proposition 3.2.
Proposition 3.3. Assume that a1, as and {a1, a2} are independent.

Assume also that

&1 € (a1, az, {a17a2}>gu§2n, 0 and & ¢ (a1, az, {CthlQ})gR%,

q a0

at every point qo of Ay. Then the followings hold.
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(1) ¢F(A1’21) is a smoothly solvable submanifold of Lp over Ay a.
(2)  Assume, furthermore, that &3,a1,a9,{a1,as} are independent.

(a) QSF(A_%l) is a smoothly solvable submanifold of Lr over
A2

2.
(b)  ¢r(A3xR?) is a smoothly solvable submanifold of Ly over

A3 if {az, &2} € (a1, a2, {a1, a2}, &2)e,,, ,  for any point qo
in A3.

In the case &1,&2 ¢ (a1, aq, {a1:a2}>8R2n,q0 we have

Proposition 3.4. Assume that ai,as and {a1,as2} are indepen-
dent. Then ¢ (mm) s a smoothly solvable submanifold of L over
Ay (1,2) if 1,62 ¢ (a1, a2, {al,a2}>gR2n% Jor every point qo in Ay (1,2)-

Proof. Ay (1,2) is an open submanifold of A; from the definition.
The vector X, (x,p) with u € C(l,fp) is tangent to Ay (12 at each point
(z,p) € Aq,1,2) since

Xy(ar) = usfas, a1} =0,
Xu(az) = ui{ar, a2} =0,
Xu({a1,a2}) = w11 +u2ée =0

on A17(1,2). QED

In Proposition 3.1-3.4, we gave sufficient conditions for existence
of smoothly solvable submanifolds of Ly over A i, Al Ao, A3 and
Aq 1,2) and examples of smoothly solvable submanifolds of Lr over
them. The following two propositions give different sufficient conditions
for existence of smoothly solvable submanifolds of Lr over A} and A3
and examples of smoothly solvable submanifolds over them respectively.

Proposition 3.5. Assume that ay,as, {a1,a2} and & are indepen-
—1
dent. Then ¢p(AL ) is a smoothly solvable submanifold of Ly over A}
if {a1,61} € (a1, a2, {a1, az}»&)sﬁzn,qo for any point qo in A}.

Proof. Since ay,as, {a1,a2} and & are independent, Al is a sub-
manifold of K. For the vector field X,, along A} with (uy,0),
Xu(al) =0- {al,ag} = 0,
Xu(a2) = ui{az, a1} =0,
Xu({a1,a2}) = w1 =0
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hold on A}. Since {a1,&1} € <a1,a2,{al,ag},fﬁgl@n_qo, there exist

Br. Ba, By and By € Egan g, such that {a1, &1} = frar+Poaz+Ba{ar, az}+
(£4&1. Hence we have

Xyu(&1) = ur{ar, &1} = ui(Brar + Braz + Ba{ar, as} + Baé1) =0
on Al. Thus the vector field X,, with (u1,0) is tangent to Al. Q.E.D.
In the same way we have

Proposition 3.6. Assume that aq,asz, {a1,a2} and & are indepen-

—2
dent. Then ¢r(A3") is a smoothly solvable submanifold of Ly over A3
Zf {U‘Qa 52} € <a17 az, {ala ClQ}, §2>£R2n7q0 fOT’ any point qo in A%

84. Application

We apply the results obtained in §3, to study distributions and its
singular curves and we prove Theorem 1. Now we recall some basic
notations for the study of distributions. The Lie flag of a distribution
D is the sequence Dy C Dy C --- defined inductively by

Dy : =D, Di+1 =D; + [DOaDi]v i >0.

The small growth vector of a distribution D at ¢ € M is the sequence of
the dimension of Lie flags;

(dim Dq(q), dim D4 (q), dim Do (q), . . .).

For example a contact distribution D C T'M on a manifold M of dimen-
sion 2n + 1, has small growth vector (2n,2n + 1). An Engel distribution
D on 4 dimensional manifold M has small growth vector (2, 3,4).

In this section we consider distributions with small growth vector
(2,3,4,...). The following lemma plays an essential role throughout the
section.

Lemma 4.1. Let D be a rank two distribution with small growth
vector (2,3,4,...) at any point in an open neighborhood of ¢ € M and
g a bi-linear positive definite form on D. Then there exist an open
neighborhood U, and local orthonormal frame X1, Xo of D on U, such
that

X1, Xo, [X1, Xo], [ X1, [X1, Xo]]

are linearly independent at q and [Xo,[X1, Xs2]] s a functional linear
combination of X1, Xs and [X1,Xs] on Uy.
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Proof. &g denotes the R -algebra of C* function germs at ¢ on
M. Let X;,Xs be any local frame of D around q. We may suppose
that X1, Xo, [X1, Xo], [X1,[X7, X2]] are linearly independent at . From
the assumption, [Xy, [X1, Xo]] € (X1, Xo, [X1, Xol, [X1, [X1, Xo]])en, -
Then there exists a A € €37, such that

[Xo, [X1, Xo]] = A[X1, [X1, Xo]] mod (X1, Xo, [X1, Xo])ey,

Set X3 = X5 — AX;. Then (X17X2) is a local frame of D around q.
Then

[Xo, [

(X2, [ X1, Xa]] — [Xa, X1(N) X4]

= [Xa, [X1, Xal] — X1 (M)[X2, X1] — X(X1 (V) X,
[X2, [X1, Xo]] = [Xo — AXy, [X1, X5

0 mod (X1, Xy, [X1, Xs])

EM.q*

For functions

g11 = g(X1,X1), gi2 := (X1, X2) and gos == g(Xo, X2),

we set
/ - 1 -
Xj= 2 > (X1 - gﬁXz) , Xy = X3
V 911922 — 972 g22 V922

Then (X{, X)) is a local orthonormal basis of D around g i.e.,
9(X1,X1) =1, g(X1,X3) =0, (X3, X3) =1,

and
X1, X5, [X1, X5], [X7, [X71, X5]]

are linearly independent since X| and XY is a functional linear combi-
nation of X; and X,. Moreover (X7, X)) satisfies

[Xév [XivXé]] =0 mod <X17Xév [X17Xé]>5M,q
because of the following for functions

V922 V922 g12 1

g =—————————""and ag =

V911922 — 9%27 G11922 — 39 922 V922’

a1 =
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(X5, [X71, X5]] = [ X, [01 X1, a3 Xa]] — [a3 X, [0n X2, a3 Xs]]
= a3 X, ara3[X1, Xo]] + [z X, a1 X1 (as) X
— a3 X2, a3 Xa (o) X1
= [as X, aras[X1, Xo]]  mod (X7, X5, [XT], X5))en,
= a1a3[ X, [X1, Xo]] mod (X7, X5, [X], Xb])ey,,
=0 mod (Xy, X3, [X1, Xo])eu,
Q.E.D.

Let {X7, X5} be a local frame of D on U, for any ¢ € M with the
property of Lemma 4.1 and define a function H: T*U, xy, D — R for
the distribution D locally by

H(J?,p, U) =u <p7 X1(l‘)> + u2<an2(x)>'

For functions aq(z,p) := (p, X1(z)) and as(z,p) := (p, Xa(x)), Proposi-
tion 3.2-(2)-(a) can be applied and we obtain the following

Proposition 4.2. For a rank 2 distribution D with small growth
vector (2,3,4,...) at each point q in M, there exist an open neighborhood
U, of q, a frame {X1,X2} of D on U, and an abnormal bi-extremal
(x(t),p(t)) in T*U, \ {0} such that

I(p, Xa(x))

i) = Xa(a(®), () = =L 22E (a(0), p(1)

and

(p(t), X1 (x(t))) =0,  (p(t), X2(x(t))) = 0,
{p(t), [X1, Xo](2(1))) = 0, (p(t), [ X1, [ X1, Xo|(2(1))) = 0.

Proof. From the property in Lemma 4.1 we take a local frame
{X1, X2} of D on an open neighborhood U, of ¢ in M such that

X1, Xo, [ X1, Xol, [ X1, [ X1, Xo]]

are linearly independent and [Xs, [X1, X3]] is a functional linear combi-
nation of X1, Xo and [X1, X»]. We take the function H: T*U,xy, D — R
as

H(z,p,u) = (p, X1 (x))ur + (p, Xa(z))us
and set a1 (z,p) := (p, X1(z)) and as(z,p) := (p, Xo(z)). Then H is a
Morse family because X7 and X are linearly independent at each point.
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In conformity with the property of vector fields X; and Xs, functions
a1, as,{a1,as} and {ay,{a1,asz}} are independent and we have

a1, az, {a1, a2}, {az, {a1, a2}} € (a1, a2, {ar, {a1, a2} }) ey,

for any Q € T*U,.
According to the proof of Proposition 3.2, X, is a tangent vector
field to a submanifold

Aé ={(z,p) € U, | a1(z,p) = az(z,p) = {a1,a2}(z, p)
= {a1,{a1,a2}}(z, p) = 0}
of T*U, for w = (0,1). Thus there exists an integral curve (z(t),p(t))

of X, starting from a point in A}, that is, (x(t), p(t)) satisfies ordinary
differential equations

i) = S (0000 0.1)) = 2222 o3 1)) = Xaot0)
5(0) = =22 w0) ), 0,1)) = - 282D (1)

and following conditions;

ar(z(t), p(t)) = (p(t), X1(x(1))) = 0, (p(t), Xa(z(1))) =0,
(p(t), [X1, X5](2(t))) = 0, (p(t), [X1, [X1, Xo]]((t))) = 0.

Q.E.D.

Theorem 4.3. Let M be a smooth manifold and D be a rank two
distribution. Suppose that the distribution D has small growth vector
(2,3,4,...) everywhere in an open neighborhood of any point q in M.
Then for any point q in M, there exist an open neighborhood U, of q in
M and a C* immersive singular curve x(t) in U, which is defined on a
small interval.

Proof. From Proposition 4.2, for any point ¢ in M, there exist
an open neighborhood U, of ¢ and an abnormal bi-extremal (z(t),p(t))
on A} C T*U,. Therefore the projection of (z(t),p(t)) by canonical
projection myr: T*M — M is a singular curve x(t) with admissible
velocity directed to Xo in my(Ad). Q.E.D.

We now prove Theorem 1.

Proof of Theorem 1. Let g be a point of M and let z(t) be the C*°
immersive singular horizontal curve in a neighborhood U, of ¢ obtained
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in Theorem 4.3. Let (x(t),p(t)) be the abnormal bi-extremal considered
in the proof of Theorem 4.3 which is obtained in Proposition 4.2. We
are going to prove that this curve z(t) is not a normal extremal. From
Lemma 4.1 we may take a local orthonormal frame {X;, X5} of D on
U,. We consider the Hamiltonian function in terms of the orthonormal
frame {X1, Xo};

2

Hi(e,p) = 3 S Xi(e))*

=1

Suppose that z(t) is a normal extremal. Then there must exist a normal
bi-extremal of the form (z(t), p(t)) which satisfies the following differen-
tial equation;

2
i(0) = 52 (0. 5(0) = = 3 Xila(0),
50 =~ E (), 5(0) = Y PP (o), ).

Since the abnormal extremal z(t) satisfies ©(t) = X3(¢) by Proposition
4.2,
Xo(2(t)) = @(t) = —Xu(x(t)) — Xa(x(t))

holds. Thus X (x(t)) + 2X2(«(t)) = 0 holds. This is a contradiction to
{X1, X2} being a local frame of D. Q.E.D.

Remark 4.4 ([2], Theorem 2.8). It is known that there are no sin-
gular minimizer for a generic sub-Riemannian manifold (the genericity
is used for the distribution as map-germs) with rank greater than 2.

Remark 4.5 ([7], Proposition 11). There is a result given by Liu—
Sussmann which is similar type to Theorem 1, however the method for
the proof is different from ours.
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