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A generalized Weierstrass representation
for a submanifold S in E" arising from
the submanifold Dirac operator

Shigeki Matsutani

§1. Introduction

Using the submanifold quantum mechanical scheme [dC, JK], the
restricted Dirac operator for a k dimensional spin (k-spin) submanifold
S immersed in Euclidean space E™ (0 < k < n) was defined [BJ, Mal-
10]. We call it the submanifold Dirac operator. The zero modes of the
Dirac operator express the local properties of the submanifold, such as
the Frenet-Serret and generalized Weierstrass formulae. We shall give a
survey of this method from the point of view of quantum physics.

As motivation, we recall three facts.

(1) Let us consider an element @ of a ring of operators P defined over a
Riemannian manifold M. The concept of the adjoint of @ is very subtle,
as we shall explain briefly, following the book of Bjork (see [Remark
1.2.16 in Bj]). Assume that M is Riemannian. For smooth functions f;
and fo whose support is compact, we consider the following integral as
a bilinear form of f; and fs:

(1-1) /Mdvol (f1Qf2).

What is the natural adjoint of Q7 One might regard the action on f;
obtained by integration by parts as defining the adjoint. However the
measure here depends on the local coordinates.
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(2) In a quantum mechanical problem, we sometimes encounter the sit-
uation that an eigenfunction 1 of a differential operator P,

(1-2) Py = E),

belongs to a representation space of a group G. Suppose that P is
decomposed as P = P, + P;. Let us consider the kernel of P;, KerPs,
in a certain function space. If an element 1, € KerP, satisfies

(1-3) Py = Evy,

we may also obtain a representation of the group G.

(3) In quantum mechanics over a manifold M, there are typically two
pairings on functions: 1) the global pairing < , > induced from the L2-
norm, such as (1-1), and 2) the pointwise pairing - which is connected
with the probability density. (The pointwise pairing can be regarded as
< 0,8(p)x > in terms of the Dirac distribution § at p in M.)

Even though the concept of adjoint operator is subtle, we can some-
times define a natural adjoint operator if the measure is fixed for some
reason, e.g. Haar measure. We note that the ordinary Lebesgue mea-
sure in Euclidean space E™ is Haar measure for the translation group.
Quantum mechanics in E™ is based on this measure and the concept
of adjoint operator plays an essential role. In such a case, by fixing a
measure and L2-type pairing < , >: Q* x 2 — C, for an operator Q € P
whose domain is a function space 2, we can define a right-adjoint oper-
ator, Ad(Q®), with the domain Q*, by

(1-4) < £,Qg >=< fAd(Q),g >, for (f,g) € Q" x Q.

Assume that there is a linear isomorphism ¢ : @ — Q*. Then we can
define the left-adjoint operator Q* by Q*f = ¢~ (p(f)A4d(Q)). The
triple (2* x 9, <, >, ) becomes a pre-Hilbert space H by taking the
inner product (, ), : 2 xQ — C as (f,9), =< ¢(f),g >. (Then

(P*f.9)e = (£, P9)y.)

Suppose that Q € P is self-adjoint, i.e. Q* = Q. Then we have the
following properties:

(1) The kernel of @ is isomorphic to that of Ad(Q):

(1-5) (Ker(Q))" = p(Ker(Q)) = Ker(Ad(Q)).

(2) ((Ker@Q)* x Ker@, < , >, ) becomes a pre-Hilbert space.
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The projection 7 from Q* x Q to (KerQ)* x Ker@ commutes with
®, l.e.

a-¢(f) = p(f)Ad(7la)).

(1-6) erla = mla-e, (p(rlaf) =7

For 7 satisfying (1-6), we will say that 7 is compatible with the inner
product. In fact (1-6) means that mq* = mq due to the relation 7|q* f =

¢ (p(f)Ad(rla)) = mlaf.

Next assume that P is not necessarily self-adjoint on the pre-Hilbert
space H = (Q2* x Q,< , >,9). For certain P», we may be able to
construct a transformation 7, of the pre-Hilbert space and its operators,
and find a pre-Hilbert space H' satisfying the following conditions:

(1) There exists an isomorphism 7, : 2% x Q — Q* x Q.

(2) By defining a pairing < o, X >p,=< al0+0, Nsalox >, and ¢ =
Msal+ PNl we obtain H' = (Q* x Q,(, ),®).

(3) Every operator P is transformed as 7salo- Pn;tl-

(4) P, is self-adjoint.
We call 1;, a self-adjointization: ne, : H — H'.

As mentioned above, Ker(P,) C €2 also becomes a pre-Hilbert space,
denoted by H”. Letting the projection H' — H" be denoted by 7p,, we
have a sequence,

7TP2

(1-7) HELH 2H.

This sequence is the key to submanifold quantum mechanics. Instead of
considering Py = Ev in ‘H, we search for a solution of 7. (P)Y: = En.

Let us explain the main idea.” For a smooth k-submanifold S em-
bedded in E™ (0 < k < n), we can find a natural adjoint operator for
a differential operator defined over S by using the induced metric of S
from E™. For the Schrédinger equation in E™ with the L2-type Hilbert
space H,

(1-8) ~Ay = Ey,

we regard the Laplace operator A as a Casimir operator for the trans-
lation group. By considering A over a tubular neighborhood of S, A
includes the normal differential operator 8, . We regard d, as the above
P,. As 0, is not self-adjoint in general, we use the above sequence. In
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the self-adjointization 7s,, we obtain an extra potential in the differen-
tial equation. By considering the kernel of the normal component of the
differential 8, and restricting the domain of 75, (A) to S, we define a
differential operator

(1-9) Aggr = Msa(B)|Kera, |s-

Then it turns out that

(1-10) Ag prn = Ag + Ul(k;),

where Ag is the Beltrami-Laplace operator on S and U(k;) is an invari-
ant functional of the principal curvature functions x; of S in E™.

Due to the self-adjointness of 8, in H”, we may naturally consider
the Hilbert space H” for Ag_.,g~. The pointwise product is valid in
Ker(d,)|s. Thus we can consider the submanifold Schrédinger equation,

—Agsgn) = E,

as a quantum mechanical problem and a representation of the translation
group.

For the case of a smooth surface S embedded in E3, where K and
H denote the Gauss and mean curvature functions, we obtain

(1-11) Age gz = A5+H2—K.

It is expected that Ag. g~ and its zero mode exhibit extrinsic properties,
e.g., umbilical points, of the submanifold.

Submanifold quantum mechanics was started by Jensen and Koppe
about thirty years ago, and rediscovered by da Costa [JK, dC]. In this
paper we give an exposition of the Dirac operator version of the above
quantum system from our point of view [Mal-10].

We recall the fact that the solutions {¥} of the Dirac equation
DIEn \Ij = 0

give a local representation of the spin group. By letting - denote point-
wise pairing, (pp:({¥}) x {¥},,¢pt) for a certain map ¢y, becomes
a pre-Hilbert space and for an appropriate y-matrix and solution ¥,
©pt(U)y T exhibits a section of the SO(n) principal bundle SOg- (TE™)
over E™.

Thus we apply the submanifold quantum mechanical scheme to the
Dirac operator over a k-spin submanifold S immersed in E™. We obtain
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a representation of SOgn(TE"™)|s, which is the generalized Weierstrass
representation. Qur main theorem is Theorem 3.15.

The organization of this article is as follows. Section 2 gives prelim-
inaries on the geometrical setting [E] and conventions regarding Clifford
modules [BGV, Tas]. In §3, we give a construction algorithm for the
submanifold Dirac equation and investigate its properties. Section 4
presents an example.

I'thank the organizers of the conference, especially Prof. M. A. Guest
and Prof. Y. Ohnita for giving me a chance to talk there. It is acknowl-
edged that Prof. M. A. Guest gave me helpful suggestions to write this
article. I am grateful to Prof. B. G. Konopelchenko, Prof. U. Pinkall
and Prof. F. Pedit for their interest in this work, Prof. T. Kori and Dr.
Y. Homma for inviting me to their seminar and for crucial discussions.
I thank Prof. S. Saito, Prof. K. Tamano and H. Mitsuhashi for critical
discussions and encouragement.

§2. Preliminaries

2.1 Conventions [Mal]. For a fiber bundle A over a differential
manifold M and an open set U C M, let I'(U, A) denote the set of
smooth sections of the fiber bundle A over U. For a point p in M, let
T'(p, A) denote the stalk at p.

We use the Einstein summation convention and let C (R) denote
the complex (real) field. For brevity, we use the notation dyu = 8/0u*.
For a real number z € [n,n + 1) and an integer n, [x] denotes n. Let
Cu (Rps) denote a complex (real) line bundle over a manifold. M.

In order to define the submanifold Dirac operator, let us consider
a smooth spin k-submanifold S immersed in Euclidean space E™. As
mentioned in §3, the Dirac operator can be constructed locally. We
shall assume that S satisfies several properties:

2.2 Assumptions/Notation.
(1) Let S be diffeomorphic to R* with coordinates (s!, ..., s¥).

(2) Let Ts be a tubular neighborhood of S with projection map mrg :
Ts — S.

(3) Let Ts have the natural bundle structure Ts ~ RF x R*~* with
coordinates (s!,...,s* ¢**1,... ¢") = (ul,...,u"). (Let o, 3,... run
from 1 to k and &, 3,... run from k + 1 to n. Let p,v,... run from 1
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to n.)
(4) For a fixed ¢ € R"*, let S, = u~}(R* x {q}).

(5) Let grg, gs, and gs denote the Riemannian metrics of Ts, S, and S
induced from that of E™, respectively.

(6) Let 9Ts i,j = 97Ts (811 ) azj)’ 9Ts pv = BTs (au“ ) 811”)’ ars = det 9Ts pv
and similarly for Tg, S and E™.

(7) Let (dg*)a=k+1,...,n be an orthonormal basis, g1, (94s,9,5) = 4 4,
975 (0gs, 050) =0 fora=1,...,kand @ = k+1,...,n. In other words,

(2'1) 915 = gSq b 5d3dqd o2y dqﬁ'

(8) At a point p in T, let an orthonormal frame of the cotangent space
T*Ts be denoted by df = (dé*) = (d¢*, dg®).
We call a parametrization ¢ satisfying (1)-(8) a canonical parametriza-

tion.

2.3 Notation. For a point p of S, let the Weingarten map be
denoted by —v; : TS — T,E"; for bases e, of TS and &5 € T'S*

(T,E" = T,S @ T,S1),
(2-2) 'Yﬂ'(ea) = aaé5 = 'Yd[;aéd + pyﬂﬂaeg.

In general it is not obvious whether a submanifold in E” has a
canouical parametrization ¢. In particular property (7) requires some

arguments on the Weingarten map but we can use the following Propo-
sition [Mal0].

2.4 Proposition. For a basis e, of T'S, there is an orthonormal
frame ey = 4, quﬂ € TS+ satisfying

(2-3) One; = 'y’ggaeg.

In terms of the above properties, we have the moving frame and the
metric as follows.
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2.5 Lemma. For the moving frame es = § dﬂ'dqﬁ in Proposition
2.4, the moving frame E, = Eiuai, (Eiu = #xi) in Sq is expressed by

(2-4) Eia:eia—}—qd'yﬁdaeiﬂ, Eid :eid.

2.6 Corollary. Let g7y = detnxn(grs,puv), 95, = detexr(9s,,a.8)
and gs = gsq|q:0.
(1) 9Ts = 9s,-

(2) 85, = 95 + 85°¢* + 85 (¢%)2, and locally

(2-5)
ars, (aav BB) = ¢gSap + hﬂdagS'yﬁ + gSa’y'Y’ydg]qd + [76dag.95'y’y’yﬁ'ﬁ]qaqﬂ-

(3) When we factorize gs, as gs, = gs - ps,, the factor ps, is given by

(2-6)
ps, =1+ 2trexk (%) q4”

o [260k (1% 0 bk (155) = i (1297%,)] 420 + O(a*¢°")
where O is the Landau symbol.

2.7 Clifford algebras and spinor representations {BGV, Tas].

In this section we recall some properties of the Clifford algebra and
related notation.

(1) Let CLIFF(R™) denote the Clifford algebra for the vector space
R" and let CLIFFC(R™) = CLIFF(R™)®C. Let CLIFFC" " (R") denote
the subalgebra of CLIFFC(R") generated by elements of even degree in
CLIFF®(R™). Further let SPIN(R") denote the spin group for R™.

(2) For the exterior algebra AR™ = &7_, AJ R™, there is a vector space
isomorphism (symbol map) CLIFF(R™) — AR™. Let its inverse be de-
noted by v (y-matrix).

(3) For n even, let Cliff(R") denote a CLIFF®(R")-module whose endo-
morphism ring is isomorphic to CLIFFC(R™), which is a 2[*/? dimen-
sional C-vector space. For n odd, let Cliff(R”) denote a CLIFF®(R")-
module whose endomorphism ring is isomorphic to CLIFF®(R") as a
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2[7/2] dimensional C-vector space and whose elements are invariant for

the action of y(e1)y(ez2) ... v(en). Here e, ea,..

basis of R™.

., €, are an orthonormal

2.8 Conventions. (1) We recall the fact CLIFF®(R"*2?) ~ END(C?)®
CLIFF®(R"), where END(C?) is the ring of endomorphisms of C2; END(C?)
can be generated by the Pauli matrices

(2-8)

(1 0 (0 1 .
00—01,01—10,02—

()G b))

(2) For even n, since CLIFFC(R") ~ END(CI["*/2]), we use the conven-

tions
v(e1) =01 ® o1 ®
Y(e2) =01 Q01 ®
Y(es) =01 ®01 ®
(2-9) v(es) =01 Q01 @
v(es) =01 Q01 ®

Qo1 Q01 Qo180
T ®o1r®or ®o1 & o,
Q01801801 Q03
RO Q0¥ 00
Qo1 Q01 ®o3R 09

@09 ®og® oo oy,
Qo ®0g @ oy R og.

(3) For odd n, since CLIFFC(R™) ~ END(C("~1)/2) ¢ END(C("~1)/2),

we use the conventions

fy(el):gl@)o—l@...
vie) =010 ®---
Y(ez) =01 Q@01 ®---

(2-10)

v(en-2) =01 R®03Q -
Y(en-1) =02 Q00 ® -
’Y(en):0'3®00®"'

RoOI1Ro1 Q01 e,
Ro1®01®02®1,
Ro1QoL®o3®R1,

QogRoy®og®1,
RogRoygRog R 1.
QopRog®op®1,

where e is the generator of CLIFF®(R) = R[e]/(1 — ¢?).

0

(4) Let by = ((1)> and b_ = <1 ) Then Cliff(R") is spanned by

(2-11)

E€:b€1®b€2®...

® be["/Zl—l ® be(n/2]’
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where € = (€1,€2,...,€[n/2]) and €, = £ (¢ = 1,...,[n/2]). Similarly,
Cliff(R™)* is spanned by

(2—12) §5 = 561 ®l—)62 - bE[n/z 1 ® be[n/2]’

where by = (1,0) and b_ = (0,1). Renumbering, let €l (¢ = 1,...,2[*/2))
denotes the €’s. The isomorphism ¢ : Cliff(R™) — Cliff(R™)* is given by

oln/2] 9ln/2]
(2-13) o( > aE. Z T,
c=1

for a. € C and its complex conjugate @..

(5) Defining
1 1 1 1 1

and b, = \/LE( ,1), bo (1, —1%), bs = (1,0), we have

(2-14) baObba = 0ap, (a,b=1,2,3), (not summed over a).

(6) For j =1,...,[n/2], define

D = @b Q- Qb RbsRb; Q-+ @ by,

(2-15) U =0 @b @ Qb @by @b ® - D by.
For odd n, we define,

(2-16) VW =h3 @b @ @b @b ® - & by,

and assume that e¥® = U0, We define T as in (2-13). Then ¥(®)
is an element of Cliff (R™) (a = 1,...,n) satisfying

(2-17) \Il§dm}'y( )\Il(d y =0, (not summed over a).

As we wish to consider a spin principal subbundle over S induced
from a spin principal bundle over E™, we recall the following facts:
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2.9 Lemma. (1) For k < n, CLIFF®(R*) is a natural vector sub-
space of CLIFFC(R™) (from the generators in 2.8), and CLIFFC™" (R¥)

is a subring of CLIFFC"""(R"). (2) For k < n, SPIN(R¥) is a natural
subgroup of SPIN(R™).

Proof. Tt will suffice to comment on the cases k = 2{ and n = 21+2.
As in 2.8, we have a natural inclusion defined on the basis elements e;
of R* and E; of R™ by 7k, : Y(e;) — v(E;) =01 ®@7(ei), i = 1,2, k;
then we define 7y »(v(e:)y(€;)) := Tk,n(v(€:))Tk,n(7(e;)) and so on. On
the other hand, for ¢! € CLIFF(RF), we have a ring homomorphism
tkn : CLIFF(RF) — CLIFF(R") by C; = 09 ® ¢;. For 1 < i,j < k,
Y(E)V(E;) = tkn(v(€i)y(e;)). In CLIFF®"(R™), the images of 7 and
¢ agree. Thus (1) is proved. Accordingly exp(7k n(v(e;)v(es))) can be
regarded as elements of SPIN(R™) and (2) is proved. W

§3. Counstruction of the submanifold Dirac operator

An algorithm to construct the submanifold Dirac operator is pre-
sented in the following six steps.

Step 1: Consider the Dirac equation g, Vg» = 0 in a Eu-
clidean space E" and embed the k-spin submanifold S into E"
0O<k<n)

Here we explain our notation for the Dirac equation DDy Ug» = 0.

3.1 Clifford modules. (1) Let CLIFF g (T*E™) denote the Clif-
ford bundle over E® which has the CLIFF®(R™) structure associated
with the cotangent bundle T*E™ and the set of differential forms Q(E™) =

o= Q(B").
(2) Let Cliffg» (T*E™) denote the Clifford module over E™ associated
with the cotangent space T*E™, which is modelled on CLff(R™).

(3) Let p; denote the natural bijection of CLIFF€gn (T*E™)-modules
(3-1) opt : I'(p, Cliffg~ (T*E™)) — I'(p, Cliffg~ (T*E™)"),
for p in E™.

(4) For an orthonormal frame e’ € T*E™ at p € E™, let Y{e} denote the
y-matrix as the map from Q(E") to CLIFFCg. (T*E") as in (2-7),

(3-2) Yie} : € = Y(e}(€') € CLIFF g (T*E™)],,.
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For later convenience, we also employ the following notation for the
one-form du* = Ele’ € I'(p, Q' (E™)):

(3'3) Y{e} (duﬂ) = Ez”’}'{e} (ez)

For a Cartesian coordinate system (z*) = (z!,...z") in E" we fix e’ =

dz® and in Ts let e* = d¢* in 2.2 (8).

(5) Let SPINgn~ (T*E™) denote a spin principal bundle over E*. Let the
natural bundle map from SPINg~ (T*E"™) to the SO(n)-principal bundle
SOg~(T*E™) be denoted by 7gn; for p € E™, the orthonormal frame
e € T;E™ and e € SPIN,(T*E"), the action of SO(n) is defined by

(3-4) T (e%)e’ = ’Y{_el} (€ v(er (e")e ™).

(6) The Dirac operator g~ is a map
(35) g~ : D(U, Cliffg (T*E™)) — D(U, Cliffg (T*E™)).

3.2 Proposition. For a point p € E" and a pair (V{4zy, Y{dz})
in ['(p, Cliffg= (T*E™)") x I'(p, Cliffg- (T*E™)), the following holds:
(1) 055V 40y (@)Y {dzy (d2?) U (4} (x)dz? is an element of T'(p, Q(T*E")).
(2) V(423 (2)¥ 4z} (z) is an element of I'(p, Cgr).

Using the conventions (2-11), we have:

3.3 Proposition. For a point p in E™, {‘I’ng} = Elal fg=1,... 20/2]
satisfy the Dirac equation

Dm,{dz}‘II]En (IL‘) =0,

and are bases of I'(p, Cliff g~ (T*E™)) as a I'(p, Cgn )-vector space. Thus
they are also bases of the fiber Cliff ,(T*E") of Cliffg~ (T*E™) at p.

Using (2-17), we have the following important proposition.
3.4 Proposition. There exist \Ilgx} ((i=1,...,n) and Wﬁz} =
i o () i i i
wpt(\ll({cgz}) satisfying Z;kzl \Il{dz}fy{dw}(d:pJ)\Il%ch}dxk = dz°.

As mentioned in Proposition 3.2 (2), W, = I'(p, Cliffg~ (T*E™)) x
I'(p, Cliffg- (T*E™)) has a pointwise-pairing - for any point p € E™, so
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Hp = (Wp, -, ppt) becomes a pre-Hilbert space, and by Proposition 3.2
(1), W, gives the stalk I'(p, SOg~ (T*E™)).

Step 2: Express the Dirac operator using the canonical
parametrization in the tubular neighborhood Ts of S.

Let T'ye(Ts, Cliffg- (T*E™)) denote the set of sections of the Clifford
module Cliffg- (T*E™) whose support is in Ts. We go on to express the
stalk at p € Ts by I've(p, Cliffg= (T*E™)). Let W4 denote a germ of
['(p, Cliffg~ (T*E™)) for a point p € Ts. Recalling (3-3), dz* = E*, du*
and decomposing E*, = G A, as dz' = A*,dé*, we can find e ¢
I'(p, SPINg- (T*E™)) satisfying the following relations, called a gauge
transformation:

Uiaey(u) = e M g1 (2),  Tyaey(u) = Upany(z)e”,

e_Q’Y{dz}(dxi)eQ Z'Y{d&}(Aiudé#)
(3_6) :AlpGppGl/”’Y{dﬁ} (dgl/)
ZEi”’Y{dE}(du“).

As W{dg} = ¢pt(Vige}), Ppt does not depend upon the orthonormal
frame. In terms of these expressions, we have (see Proposition 3.2)

65 (az} (T)V{dz} (dei)‘I’{dz} (z)da?
= 975,10 ¥ (ag) (W) V{ag) (") ¥ (ge) (u)du”,

(3-7) V423 (2) 40y (2) = Uaey (w) U qaey ().

Further, the representation of the Dirac operator I, (4.} is transformed
to 1D, {a¢} by means of the gauge transformation:

Dur{dﬁ} = e_Q Dz,{dw}eﬂ = ’Y{dg}(duu)eﬁﬂaﬂeg

(3-8)
= ’Y{d&} (du”)(au + 8HQ)

Then we have the following lemma:

3.5 Lemma. We can regard D, (4¢} as a representation of a map

ETS ’
D1 : Toelp, Cliffgn (T*E™)) — Tye(p, Cliffg (T*E™)),
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for a point p in Ts.

By Lemma 3.5 and the fact that the zero-section is in Cliffg~ (T*E"),
it is not difficult to prove that the solution space of P, (43 ¥ = 0 in
I'(p,C2"") belongs to I'(p, Cliffg~ (T*E™)). Since Do (aey is a 202 x
2[n/2_matrix type first order differential operator of rank 2"/, the so-
lution space gives an orthonormal frame in I'(p, Cliffg~ (T*E")). In fact,
by Proposition 3.2, we can take e“Q\II[{‘fi]x}.

From Propositions 3.2-3.5 and (3-6)-(3-8), we have a key proposition:

3.6 Proposition. (1) For a point p € Ts, there exists some
(\II[{'Z]G)GZLMQ["/Q] in I'(p, CIZE[:N]) forming an orthonormal frame in
T'(p, Cliffg~ (T*E™)) and satisfying the Dirac equation

(3-9) D, 1aey ¥ iaey (w) =0,
i.e.,

gld gl _
(3-10) Videy ¥ (agy = Sas

Sl _ o]
for Wiagy = opt(¥(4e))-
(2) For W), € T(p, Cliffgn (T*E™)) as in (1) and ¥, €

D(p, Cliffg (T*E™)) as in Proposition 3.3, there exists a (2[*/2 x 2[7/2]).
matriz e € T'(p, SPINg~ (T*E™)) satisfying

wld —eull o (a=1,...,20v7),

{de} =€ Flaey

(3) For ¢® € T(p, SPINg~(T*E")) in (2), by letting ¥, = e~20{) |
for (i =1,...,n) in Proposition 3.4, we have the relation

—(4) % v % .
(3-11) gTs,HV\II{d&}(u)fy{dé}(du“)lll({;é}(u)du =dz* (i=1,...,n).

Proof. Tt suffices to establish the well-definedness of (3-11). We

should check the dependence on the orthonormal frame \IIE{Z]G. Let us

take another one ‘I’/{[ft]g}' Defining €? by \I![{‘gm} = eQ/\IJ’{[;é}, we have

\I/[a] R ¢) Q'\I,’[a]

{(dey =€ e Wiy, When one rewrites (3-11) in terms of the frame



272 S. Matsutani

\I!/{[;]g}, there appears e_ﬂ,eﬂ’y{d&}(du”)e_ﬂeﬂl. However as both are so-

lutions of the Dirac equation (3-9), the gauge transformation for e~%e’

must leave the Dirac operator invariant. Hence the du* component gives

™% e ypagy (dut)e % = yiae (du®).

Thus (3-11) does not depend on the choice of orthonormal frame. W

In order to investigate the domain of the new Dirac operator, we ap-
ply Lemma 2.9 to the fiber bundles. Let CLIFFCg(T*S) (or Cliffs(T*S))
be restricted to S as CLIFFCga (T*E")|s (or Cliffg~ (T*E™)|s) as a vector
bundle over S. As the fiber of SPIN,(1T*S) is a subgroup of SPIN,(T*E"),
we also have SPINg(T*E"™) = SPINga (T*E")|s. The reader should note
the difference between I'(p, Cliff(T*E™)) and T'(p, Cliffg~ (T*E"™)); the
former is {1(s)} and the latter is {¢(u)}.

3.7 Definition. (1) The inclusion modelled by Lemma 2.9 is de-
noted by tsgn : CLIFFCg(T*S) — CLIFFCs(T*E™), vs ac}(dC) +—
viaey(dC)).  This induces CLIFFC" (T*S) — CLIFFCg " (T*E™) (a
ring homomorphism). Here g 4cy denotes the y-matriz over S associ-
ated with T*S and its orthonormal frame {dC}. (2) The corresponding
inclusion of groups is tg g~ : SPINg(T*S) — SPINg(T*E™).

Step 3: To construct a self-adjointization of the normal
differential operator, we define a pairing in Tg

As ¢ is a natural coordinate of Tg, let us introduce the Haar mea-
sure with respect to the local affine transformation along the normal
direction,

ebdaqd‘ g}s./zdksdn_kq = g;/zdksdn_kq.

We call this measure the normal affine invariant measure. We have a
generic normal differential operator 9, = bdﬁqd for generic real con-
stants b%. As mentioned in the Introduction, we apply the submanifold
quantum mechanics scheme to this operator.

3.8 Definition. For a point p € S and (61,{415}7 Uy 1dey) €

Cye(mrs (p), Cliffgn (T*E™)*) x Tye(nz) (p), Cliffgn (T*E™)),
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we introduce the L?-type pairing < | > as the fiber integral
< V1 (dz}| Pu, (ae) Yo (ag) >=

y
/_1 g;"é d" " qU (aey () Do, 1aey V2, (ag3 (u) € T(p, Cs),

Tg (p)

and a transformation ns, whose measure is the normal affine invariant
measure < Uy (ae}| o, (ae} V2 (de} >= (®1,(ag}| Pu (a) P2 (ax}y) =

/_1( )g}q/Qd"“kqiL{dx}(u) Do (aey (W) P2 (42} (u) € T(p,Cs),
Tpg (P

where @1 (4¢} = Nea(V1,gae}) = P8, 41 (ae} P2 qaey = Meal(¥s,qaey) =
s, 42 (ag}s ’
(3-12) W tdey = Mo P, fae}) = £5,"* Puaeyps, /"

Further let ¢p¢ denote nsaq:pms_al.

We note that 7s, can be defined for more general differential opera-
tors but for simplicity, we only define it for the Dirac operator. Further
as the metric gz, is not singular, 7, gives a diffeomorphism.

3.9 Lemma. For pointsp € Sg and p’ € S, the triples
Hyp = (Msa(Dve(p, Cliffgn (T7E")") X Tue(p, Cliffgn (T7E™)), -, $pt),
and
H' = (1 (Cue(m7; ', Cliffgn (T"E")*) xTue (g p', Cliffn (T*E")), (1), Gt

become pre-Hilbert spaces. In H', The operator 0, is skew-Hermitian,
i.e., 07 = —0, for each bg.

Step 4: Decompose [Ir, into its normal and tangential parts

Using the orthonormal frame (d¢!,...,d¢*, dg**!, ... dg"), let us
decompose Pz, into

(3-13) D (e} =H251|L,{d5}+ Di{dﬁ}’

where Di{d&} = V(de} (dg*)Dys.
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3.10 Lemma. (1) ]D)i (dgy does not contain the vertical differential

operator Oy« .
(2) Witaey = = P aey n 1.

(8) For a point p € Tg, I[Ei (dey 15 @ homomorphism of Clifford modules,

]L?)j’{dg} : Dsa (Lwe(p, Cff (T Ts))) — Nsa(Twe(p, CLff(T*Ts))).

For p € Ts, let us define a projection 7 : s ((Lve(p, CLff (T*Ts)*) x
Cye(p, CLff(T*Ts)))) — (Kerp(Ad(01)) x Kery(01)), where Ad(P) de-
notes the right-adjoint of P. We note that Ker, (9, )(C I'yc(p, Cliff(T*Ts))
is given as the intersection of the Ker,(9s) forall & =k +1,...,n.

Using (2-6) and the fact that ps, = 1, we obtain the following
relations.

3.11 Lemma. (1) $pt|ls = @ptls and nsa(Yiae})ls = Yyaeyls for
pES and \If{dg} € Tye(p, Cliffg- (T*E™)).

(2) For a point p € Ts, Ppt|ker,(a.) 5 a bijection:

(Kerp(91))" = @pt (Kerp(91)) ~ Kerp(Ad(9L)).

(3) ™ =7, TPpt = PpeT™ and Tpps = 7 on S.

(4) For a point p € Ts, the triple H; = ((Kery(91))* x Kery(91),, Ppt)
becomes a pre-Hilbert space. Let H,(S — E™) =H, forp € S.

(5) Kerp(0L) C Kerp(/DqJ[,{dg})-

Step 5: Define the submanifold Dirac operator Pg. . for
S — E" by restricting to Kerg(d,)

Let us define s~ by restricting to [ [ .5 Ker,(9.), ie.,

(3-14) ES‘—»]E" :DT.s'lH cs Kerp(9,)?
P

with the local expression D (4} =y, (de}lq=0,6,=0 :]13557 { d£}|q:0 whose
explicit form is given by the following proposition.
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3.12 Proposition. Abbreviating Ts g~ (vs,ac(ds*)) by its image
Yidaey(ds®), the explicit form of P (4ey is

(3-15) s 1aey = Tsxr Ds,s,0dc}) + Ve (9% 6Tk (Vos5),

where W s 1acy i a proper (or intrinsic) Dirac operator of S,

(3-16) Ds.s.1acy = Vaey (ds®)(0sa 4 052 Qg=0).

Here we fiz the coordinate s and the orthonormal frame {d¢}.

1 :
Proof. [BJ,Mal-10, MT] From (2-6), ps,/* = 1+§trkxk(7°‘dﬂ)qa+
O(¢%¢®). Hence,

) 1 .
ps, M 40sps, V4 =05 — §trkxk(7aaﬁ) + O(q%),

s,/ 4Baps, V* = Ba + O(g%).

The second term in (3-15) is thus obtained. As 75~ induces the group
inclusion ¢g g~ this completes the proof. W

3.13 Proposition. For a point S, the stalks I'(p, Cliffg- (T*E"™))
and Tye(p, Cliffgn (T*E™)) are equivalent.

As we work at a point from now on, we identify I'(p, Cliffg~ (T*E™))
and Ty (p, Cliffg- (T*E")). We are considering the kernel of Dy ;.
at p as the domain of Pg_,gn. For ¢o(s) € I'(p, Clifg(T*E™)), we
assume that ®(u) € I'(p, Cliffg~ (T*E")) satisfies B, ;. ® = 0 with the
boundary condition ®(s,0) = 14(s) at S. We regard I'(p, Cliff (T*E"))
as a subset of Ker,(d,). Further we can evaluate ®(u) € Kerp(d,)
around the point p in S as

(3-17) B(u) = o(s)+ 3 ba()a* + D wep()a*P+..., vals) =0

where 1o(s) € T'(p, Cliff s(T"E")), v5(s),¥54(s) € I'(p, (CH%:[:/Z]) and so

on. Accordingly we can identify Ker, (01 )|q=0 with I'(p, Cliffs(T*E")).
Noting that J, r4¢) is expressed in coordinate-free fashion and does

not include d,«, we see that Definition 3.7, Lemmas 2.9, 3.11 and Propo-
sition 3.12 have the following consequence:
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3.14 Proposition. The Dirac operator Pg_,gn s an endomor-
phism of Cliff g(T*E™) at a point p in S, more precisely

(3-18) Dgegn : T(p, Cliff(T*E™)) — T'(p, Cliff (T*E™)).

Step 6: Consider the solution of the submanifold Dirac
equation Pg,grtp =0

Let us consider the solution of Pg ,gnt = 0 at a point p € S. For
non-vanishing ¢ € T'(p, C2%"*)) such that

(3-19) Ds qagyv(s) =0

1(s) can be regarded as an element of I'(S, Cliff s (T*E™)). By solving a
boundary problem for ®(u) € T'(S, C2 ”/2])

(3-20) By a3 ®(u) =0,
with boundary condition
(3-21) D|g =1, on S,

we have ®(u) satisfying I, r4e}®(u) = 0 and B, (4ey3n5" (P(u)) = 0 at
pES.

. 1 .

Notlng that Du,{d&} |q=0 = Es,{df} +Du,{d§}? and QS,{dE} doeS not in-
clude the parameter ¢, we can apply the separation of variables method
to this system. Thus it can be expected that there exists an orthonor-

mal frame (7]531(1){{‘35}) oin/2) in T'(p, Cliffgn (T*E™)) such that each

[a]
©(4e)

(n3t [{ ng}) is a solution of the Dirac equation (3-9). Noting Lemma

.....

belongs to Ker, {9, ) and satisfies the Dirac equation (3-20); each

3.11 (1), we regard (CIJ[{Z]E}|q=o)a:1’m’2[n/z] as an orthonormal frame of

I'(p, Cliff g(T*E™)) and solutions of the submanifold Dirac equation (3-
19).

Conversely, as the Dirac operator Dj (4¢) is also a 2[n/2]  oln/2]
matrix type first order differential operator, let us assume that we can
find an orthonormal frame of I'(p, Cliff s (E™)) belonging to the solution
space of the submanifold Dirac equation (3 19). Let it be denoted by
w?i]g} (a=1,..., 2["/2]), ie., ‘Ppt("/){dg})w{dg} dq.b- For each w‘[{ﬁg}(s),

we find an element \fl[{'ﬁg}( ) in the solution space of I, {4e}7sa (¥ (u)) =
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0 or D, (aey¥(u) = 0 with the boundary condition \II[{dg}( Wlg=0 =
¢{d5}( s) at p.

By Proposition 3.6 (2), we have an element of e* € I'(p, SPINg- (E™))
such that

gl _ gl

{dz} — {dg}’ (a= 17""2{71/2])'

Using this element, we define ¥ {dg} = e_Q\Ilf{’d)i}, (i=1,...,n). Then
Proposition 3.6 (3) gives the relation,

(3-22)  gro T agy vag ()W) du? = daf, (i=1,...,n).

Therefore by defining 1/1{ dg}(s) ol

{dg}( u)]q=0 and extracting the ds®

component, we have
(3-23)
oz’

sa

() :
gS,aﬂw{dg},Y{dﬁ}(dS ) w{dE} ) (7‘ = 17"'an7a = 17"'7k):
This is a representation of the tangent space of S, which we regard as
the generalized Weierstrass representation. We note that w&)ﬂ is also a
solution of the submanifold Dirac equation (3-19).

As mentioned above, our theory is locally constructed but we can
extend it to the case of a general smooth spin k-submanifold immersed
in E™. Since E™ is spin, we can define Cliffg- (T*E"™), SPINg~ (T*E")
and their global sections. By restricting it to .S, we have Cliff (T*E")
and a SPINg(T*E™) structure over S. On the other hand, S has its own
Cliffs(7T*S) and SPINg(T*S) structure. By Proposition 3.12, S has the
submanifold Dirac operator PDg,gn.

3.15 Theorem. A smooth spin k-submanifold S immersed in E"
has a Clifford module Cliff (T*E™), constructed locally in terms of the
solution space of the submanifold Dirac equation Dg—gnt) = 0 at each
chart. The solutions give the data at each point as follows:

Let p € S be expressed in terms of an affine coordinate (z*). For
{y} in T(p, (CQSWQ]) satisfying D, (agyy = 0, there exists an orthonormal
frame {0y Yarr... 2tnm (C {¥}) of T(p, Clifts(T*E)) as a T(p, Cgn)-
vector space. For these bases, there exists some e € T'(p, Sping. (T*E™))

which can be transformed to {\P[{L:i]x}|5}a:1 oln/2) DY 1/15]5} = e_Q\II[{ad]z}|5,

.....
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. D gl (@) _ 50
(a=1,...,2072), We define v =e Q‘P%;xﬂs and 71)( = Uignye”|

(i=1,...,n). Then the following relation holds:

S

(3-24) QS,a,,BE(Z) (75,87 (Vs {ag} (ds?))]91) = Doz’

(i=1,...,n, s=1,...,k).

This is the generalized Weierstrass representation for a spin sub-
manifold immersed in E™.

Even though we fix the coordinate system, for a point p in S,
(8mi/8s°‘)a:1  ki—1. n 8ives the data of an embedding TS = R* in

TyE™ ~ R™ up to action of GL(R¥) and GL(R™*). In other words, the
submanifold Dirac operator PDg-.g~ exhibits the data of a Grassmannian
bundle over S.

3.16 Remark. The generalized Weierstrass representation for a
conformal surface in E3 was discovered by Kenmotsu [Ke] as a gen-
eralization of the Weierstrass representation for a minimal surface in
E3. A Dirac type representation was found by Konopelchenko in 1995
[Kol] and the author showed that the submanifold Dirac equation can
be identified with this representation [Ma8]. He computed the subman-
ifold Dirac operators for the generalized Weierstrass representation for
a conformal surface in E*; this was also discovered by Konopelchenko
[KL, Ko1-2] and Pinkall and Pedit [PP]. Recently there has been much
work on the relations between submanifolds and Clifford bundles [Bo,
Kol-2, KL, KT, Fr, Tail-2, Tr]. However, as far as the author is aware,
the transformation 7s, has not appeared before.

Over the past decade, the author has developed the relation between
Dirac operators and submanifolds, especially for curves immersed in
E", where the submanifold Dirac equation is identified with the Frenet-
Serret equation [Mal-7]. After the present conference, he was lead to
the generalized Weierstrass representation of Theorem 3.15.

Although not mentioned in this article so far, physical considerations
suggest that the Dirac operator has the following properties:

(1) The index of the Dirac operator is related to the topological index
for curves [Ma2, 5].

(2) The operator determinants are associated with energy functionals,
such as the Euler-Bernoulli functional and the Willmore functional [Ma8,
10].
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(3) Deformations preserving all eigenvalues of the submanifold Dirac op-
erators give rise to soliton equations, such as the MKdV equation [Ma2,
6, 7, MT], complex MKdV equation, nonlinear Schrédinger equation
[Mal, 3], and modified Novikov-Veselov equations [Kol, Ko2, KL, KT,
Tail].

As Dirac operators are generally related to characteristic classes of
fiber bundles, it is expected that the submanifold Dirac operator might

be related to the Thom class and/or a generalization of the Riemann-
Roch Theorem [PP].

§4. Dirac operator on a conformal surface in E*

As an example, we will consider the case of a conformal surface
immersed in E*. In [Mal0], we gave an explicit local form (4-1) of
the submanifold Dirac operator in this case and conjectured that the
submanifold Dirac operator represents the surface. The conjecture was
proved by Konopelchenko [KL, Ko2] and Pedit and Pinkall [PP], but we
will sketch another proof by means of the submanifold Dirac operator
method.

First we will give the properties of the Dirac operators for a con-
formal surface S in E™ [P]. We take the metric gsog = pdag, and the
orthonormal frame {d(} given by d(® = p~'/2ds®. Take a complex
parametrization of S, dz = ds' +ids®. We introduce another transforma-
tion ncont as follows. For a point p € S and ¥4y € I'(p, Cliff 5(T*E™)),

let ¢yaey = Teont (Viae}) = P *Viae}, Pragy = Neont (Wiaey) = @pt(Viagy)-
Then we have the following properties.

4.1 Lemma. (1) The Dirac operator of S is given by

D tacy = p~ a9, p?,

by letting vg, (¢} (d(*) = o®.

(2) For (Bagy Paey) i Meont Hp(S — E™), 0yaey 7o En [V{ag) (A€ agy ds™.
1s independent of choice of local parametrization of S.

Proof. (1) is obvious [P, Ma8-9]. Setting v{4¢}(ds®) = p_l/zfy{dg} (dg™),
the relation in Proposition 3.2 (1) becomes

gSaﬁE{dg}TS,lE" [’Y{d&} (ds” )]w{ds}dsa = P(de}TSE" [’Y{dé} (3 )]‘p{df}dsa )
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and thus (2) is proved W

4.2 Proposition. (1) For the case of a conformal surface in E*,
the submanifold Dirac operator is given by
p. 0

8 —Pc
(4-1) D qdey =2 v @ ,

8 _p_c
where 8 = (051 — 1052)/2, 8 = (051 + i0,2)/2 and p, is

1 .
Dec = “§Pl/ztfzx2(7§5 +iv45)-

(2) Let E* ~ C x C € (Z',27?%) = (2! + iz?, 2% + iz*). For the affine
coordinate (Z', Z?) of the surface, the relations

dZ = fmdz—gndz, dZ2 = fade+gmdz, dZ =dZY, dZ° = dZ2,

f 0
. g 0 .
hold iof p1 = ol e2=1,, | ar solutions of
0 n
Ds 1deypa =0,

and (IfI* + |g1*)(Im|* + n|?) = p/2.
Direct computation leads to the next lemma.
4.3 Lemma. For the four dimensional Euclidean space E*, we can

fiz the representation of the y-matrices of {dz‘} system as 'y{dx}(da:i) =
ol ®c* fori=1,2,3 and y{4zy(dz*) = 62 ® 1. By letting

1 0 1 0

0 1 0 1
\Ill_ 1 ) ‘IJZ" 0 ) WS_ 0 ) \114_ 1 3

0 1 1 0

¥, = (0,1,0,1), ¥y = (1,0,1,0), ¥3 = (0,—1,1,0), ¥4 = (1,0,0,-1),
we have the following relations:

> Wiy (da’)Ordat = 2dZ), Y Uoyiary(da’)Vada = 2dZ1,
7 g
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> Way(ao} (dz’)Vsda' = 2dZs, Y Vay(uey(da')Vada' = 2dZ,.

Proof of Proposition 4.2. (1) follows from Theorem 3.15. We con-
sider (2). For the ,’s, their independent partner solutions are given by

g 0
03 = g 04 = _0_ . Since we have fixed s {ae}(d¢?) = 0P,
0 m

the convention in 2.8 gives 7 gz2(7Vs,{ae}(d¢?)) = o' ® oP. We define
P1 =1+ P2, P2 = 3+ P1, P3 = 1 + P4, and @4 = @3 + 2. Let us
assume that @, = p/2e?V,|,—0 (e = 1,2,3,4) as in Lemma 4.3. Then
we find the spin matrix as

f -g 0 0

20 _ |9 f 0 0
pe 0 0 m -n
0 0 n m

We have these dual bases, ¢, = Wse™?| 5_,, and obtain the relation,

247, = $y01 ® 0%Pr1ds®,  2dZ1 = $,01 ® 0V Pads®,
1 2

2dZy = P301 @ or“gbgds"‘, 2d72 = @40’1 ® O'qg54d8a.
Explicit computation gives (2). B

Update added, April 2008: After writing this article, we realised that
the operator 7, is closely related to the half-density form in Theorem
18.1.34 in [H] and the quasi-regular representation or L? induced rep-
resentation as an infinite-dimensional representation of a non-compact
subgroup [Kob]. These are alluded to in [Mall, Mal2].

[Kob] T. Kobayashi, “Lie gun to Lie kan 2” (Lie groups and Lie algebras
2) Iwanami, 1999 (in Japanese).
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