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Global existence of
a reaction-diffusion-advection system

Koichi Osaki

Abstract.

A reaction-diffusion-advection system of equations: Mikhailov-
Hildebrand-Ertl model [4] in R? is treated, and the global solutions
are constructed. For the local existence, semigroup method is used,
and by constructing a priori estimates the global existence is proved.

§1. Introduction.

In this paper we consider the following reaction-diffusion-advection
system which was proposed by Hildebrand et al. [4] (see also [3]):

%;i = aAu + bV{u(l — u)Vx(v)}
—cefXWy —du+ f(1 —u) in R2 x (0,00),
(1.1) P

—a—:::gAU—l-hv(u—l—v—l)(l—v) in R? x (0,00),

u(x,0) = ug(x), v(z,0) =vo(x) in RZ

Here, u and v are unknown functions with 0 < v <1 and 0 < v < 1.
The coefficients a, b, c,d, f,g,h and k are positive constants, and x(v)
is a real-valued smooth function on v € [0,1] with x'(v) < 0 (in [4],
x(v) = 2v® — 1% is introduced).

The system (1.1) is a model for a nonequilibrium self-organization
process for chemical reaction of microreactors with submicrometer and
nanometer sizes on a metallic surface. Typical example of the reaction is
the oxidation of CO molecules on a Pt(110) surface (cf. [2]). Then, the

functions u and v denote the adsorbate coverage of CO and a continuous
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order parameter of the surface structural state of Pt(110), respectively.
~ The advection term bV{u(1 —u)Vx(v)} of the first equation shows that
CO molecules flow on the surface by the gradient of local potential x(v)
at a rate 1 — u. The reaction term hv(u + v — 1)(1 — v) of the second
equation indicates that the system has two stable stationary states v =
0,1 and an unstable stationary state v =1 — u.

In [10], Tsujikawa and Yagi treated the system in a bounded do-
main with C® boundary under the Neumann boundary conditions, and
proved the existence of global solutions and an exponential attractor
(cf. [7] for periodic boundary conditions). Exponential attractor is a
compact positively invariant set with finite fractal dimension in an (infi-
nite dimensional) phase space, which includes the global attractor, and
attracts every trajectory at an exponential rate. (As for precise defini-
tion and examples of exponential attractor, see Eden, Foias, Nicolaenko
and Temam [1]). The system shows various spatial-temporal patterns [2]
(cf. numerical results [8]).

In [3, 4, 9], the existence and stability of stationary spots and travel-
ing front solutions to (1.1) are discussed, and also the interface equation
is introduced in the domain R2. So, we would like to consider the case
R? and show the global existence of (1.1) (exponential attractor does
not exist in any usual function space such as L?(R?), in fact, a norm of
some traveling solution may diverge to infinity). Since x’(v) < 0, there
exist only three stationary homogeneous solutions such that stable ones:

O . _— f . ]
(S) (U,’U) = (Uo,O), (ul,l), U; = m, 1= 0, 1,
and an unstable one:
(US) (@) = (@), i = J B =1— i,

Since the domain is unbounded, it may be natural to impose on (1.1)
a boundary condition of lim|;| o (u,v) = (&, 7). Then, by changing u
and v as

(1.2) u=U+u, and v=0+vp
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an evolution equation for perturbation (u,,v,) around (@, 9) is derived:

%1—;2 = aduy, + bV{u(l — u)Vx(v)} — (ce™*® +d + flu,
+cii(efx(®) — ekx®)) in  R2 x (0, 00),
® <,

% ghuy +hofu+o-1)(1-0) i R (0,50),

up(, 0) = up o(x), vp(z,0) =vpo(x) in R2,
where u, v, 4 and ¥ are defined in (S) or (US) and (1.2).
As for the case (S), the author, Takei and Tsujikawa showed the

global existence [5]. In this paper, we treat the case (US). Indeed, we
prove the following theorem.

‘Theorem 1.1. Let (i,0) be the homogeneous solution given by
(US), and (up,0,vp,0) € H'(R?) x H2(R?) with the initial condition:
(Bo) 0<i+upo(z)<1l, 0<i+uvpo(z)<1 in R

Then, there exists a unique global solution (up,vp) to (P) such that

(1p, vp) € C([0,00); H(R?) x H2(R2))NC1 (0, 00); H'(R?) x H2(R?)
NC((0,00); H3(R?) x H*(R?)).
In addition, the global solution satisfies
(B) 0<a+up(z,t) <1, 0<T+uvp{x,t)<1

in R? x [0, 00).

The organization of this paper is as follows. In Section 2 we prove
the local existence of solutions to (P). Section 3 is devoted to construct
a priori estimates of the solutions and show the global existence.

82. Local Existence.

We show the local existence of solutions to (P). We first formulate
(P) as an abstract evolution equation in a suitable function space and
use the semigroup method for obtaining local solutions.

Consider an initial value problem for a semilinear abstract evolution
equation:

dU
CLAU=FU), 0<t<T,
(2.1) dt ©)

U(0) = Uy
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in a Banach space X. The function U is an unknown function. The
operator A is a closed linear operator in X which satisfies the condition

M
m7 )‘¢Za

with ¥ = {\ € C;largA| < ¢},0< ¢ < %, and M > 0 is a constant.
The initial value Uy is in D(A®) with the estimate

(2.2) A =47 <

(2.3) A%l < R,

where a € [0, 1) is some exponent and R > 0 is a constant. The function
F : D(A") — X is a given Lipschitz continuous function satisfying
(2.4) IE(U) = F(V)lIx < p(|A*U|x + |A*V]|x)
{JIA7U = V)|x + (JA"V]1x + A"V x)[[A*(U = V) x },
U,V € D(A"),
where 7 is some exponent such that n € [a, 1) and p(-) is some increasing

continuous function. Then we already know the following local existence
result.

Proposition 2.1. ([6, Theorem 3.1]) Under the conditions (2.2),
(2.3) and (2.4), there exists a unique local solution to (2.1) in the space

U € ([0, Trl; D(A®)) NCX(0, Txl; X) N C((0, Trls D(A)),
tl=eU ¢ B((0,Tg]; D(4)),
where Tr > 0 is determined by R.

Let us rewrite (P) into an initial value problem for an abstract evo-
lution equation

dU
& — AU =F(U), 0<t<oo,
U(0) = U

in X, where
X = {(:j), u€ L*(R?) and ve Hl(]RZ)}.

{up _(—ad+d+f 0 . .
Here, U = (vp) and 4 = < 0 _gA+1 with domain

D(A) = {(z) i ue H(R?) and ve H3(R2)}.
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The initial value Uy = (up ’0> is in

Up,0
D(A%) = {(Z) ; ue HY(R?) and v € H2(R2)},
and F(U) is a nonlinear bperator from D(A%) to X, such that

F(U)
~ (bV{u(l - u)Vx(Rev)} — cebX(Rev)y 4 cj(ekX(@) _ hX(Rev)y
N vp + hv(u+v —1)(1 —v) ’

U= (“p) € D(A%)

Up

[N

with v = %+ u, and v = 9+ vp, where x(Rev) is some smooth extension
of x(Rew) for v € C.

Then the following existence theorem of local solutions to (P) is
proved.

Theorem 2.2. Assume that (up0,vp0) € H'(R?) x H?(R?) with
| (ep,0, Vp,0)ll 1 x 2 < R, where R is some number. Then, there ezists a

unique local solution (up,vp) to (P) such that
(up, vp) € C([0, Tr]; D(A?)) NC((0, Tr}; X) NC((0, Tr; D(A))

with T > 0 determined by R.

Proof. Let us apply Proposition 2.1 to (P). The operator A from D(A)
to X satisfies (2.2). We choose a = 1/2. Then (2.3) is satisfied. For
(2.4) we mention only the advection term. Choosing n = 3/4, that is,
D(A") = H2(R2) x H3(R?), it is obtained that

[V [{u(l —u) —w(l —w)}VX(Rev)]|l ..
< 11— 20 (up — wp) VR(Re) |21 + [ (tp -+ 0) (p — ) VR(Re ) 11
< (Jlup + wp”H% + 1)[jup — prHg X' (Rev)V(Revy)| a1
1 1 1 1
< (Jlup + wp”f{l llup + wp”;I% + 1)lup — wp||;{1 llup — pr;%p(H’UpHHz)
< p(llvpll 2 { (lup +wpll e + 1) [up—wpll 3 +lup+wpll 3 llup—wpll g}

< pllupllar + lJwpllar + llvpll a2)

X {llup —wpll ;3 + (lupll g + llwpll 3 + Dllup — wpllan},
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and that

IV [u(1 — u)V{T(Rew) — X(Re 2)}l 2 < Clllupl? 5 +1)
x [I[{¥'(Rev) — ¥'(Re 2)}V(Rev,) |1 + X' (Re 2)V(vp — 2)|[ 1]
< pllupllrrr + opllzze + zpllaz=) (gl 3 + Dlivy — 2.

As the other terms are similarly estimated, the condition (2.4) can be
verified. Thus, the theorem is proved. Q.E.D.

By considering higher regularity for the local solution, we obtain a
regularity theorem of local solution. But, as the arguments are quite
similar to the proof of [5, Theorem 3.4.], we omit the proof and give
only the statement:

Theorem 2.3. Let (upo,vp0) € H(R?) x H2(R?) with (By) and
(up,0, Vo)l x 52 < R, where R is some number. Then, there exists a
unique local solution (up,vy,) to (P) such that

(upyvp) € C([0, Trls H'(R?)x H*(R2)NCH(0, Tr); H' (R?)x H(R?))
N C((0, Tr); H(R?) x H*(R2)),

and that (up,vp) satisfies (B) in R?x [0, Tg]. Here, Tr > 0 is determined
by R.
§3. Global Existence.

We construct several a priori estimates for the local solutions and
show the global existence of solutions to (P) with (US).

Proposition 3.1. Let (up,vp) be any local solution to (P) with (US)
which belongs to the function space

(up, vp) € C([0,T); H'(R?) x H3(R?))NC((0,T); H'(R?) x H3(R?))
Nc((0,T); HX(R?) x H*(R?)).

Then, there exists some increasing continuous function p(-) independent
of up and vy, such that

(3-1) (up(®), vp(O)llrxms < p(t + [1(up,0, vp0)lHrxpme), 0<t<T.
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Proof. In the proof, we use another expression of the second equation
of (P) with (US):

ov
(3.2) 8—tp = gAv, — vp + Plup, vp),

P(up,vp) =vp +hv(u+v—1)(1—v)
— R o1 = v)up + {1+ v(1 — v)}u,].

Step 1. Multiply (3.2) by v, and integrate the product in R?. From (B),
we obtain

1d 2
(3.3) §az/szgda:+g/Rz [Voy| da:SC(/Rzuf,dx+/szf,dx).

Multiply next (3.2) by Av, and integrate the product in R?. Then,

2dt/ [Vl dw+g/ IAvp| d&c+/ |val dz

S—/ |Avp| dx+0</ uf,dac+/ vf,das).
2 R2 R2 R2

d
(3.4) —/ |va|2dx+g/ |Avp|2da:+2/ Vo, d
dt R2 R2 R2

2 2
SC(/RZupdac+/szpd:c).

Multiply again (3.2) by A%v, and integrate the product in R?. Then,

It follows that

2dt/ | Avy| d:c+g/ |V Avp| dﬂc+/ | Avy|? dz
<= VAv,|* dx + -—/ VP|%dz.
2 [ v s+ [ 9P

By (B) it is easy to see that |[VP|?2 < C (]Vup|2 + |VUp|2). Therefore,

we obtain

(3.5) i/ |Avp|2dx+g/ |VAvp|2dx+2/ | Avy|? da
dt Jre R2 R2

gc(/ |vu,,|2dx+/ |V’Up|2d:c>.
R2 R2
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Meanwhile, multiply the first equation of (P) by u, and integrate
the product in R2. Then,

1d 2 2 Ex(1 2
iﬁ/Rzupdx—{-a/szVuH dz + (ce®XV +d + f) leupdx
<

~b/ u(1 — u)x'(v)VupVupdz + cﬁ/ (eFx@) — kX)) d
R2 R2

59/ ]Vup|2dz+0(/ ugdz+/ |va|2dx+/ uf,dx).
2 R2 R2 R2 R2

So, we have

d 2 2
(3.6) E/]Rz updac—i-a/R2 [Vup|® dx

SC(/ uf,da:+/ |va}2dac+/ vﬁdm).
R? R? R?

By adding (3.3), (3.4) and (3.5) to (3.6) multiplied by a large con-
stant, we obtain that with some constant § > 0,

(3.7) Nup®liZ2 + lvp(t) |7
< Ce™ [ AvpollZe +p(t + lupollzz + lvpollan), 0<t<T.

Step 2. Operate VA to (3.2), take the inner product with VAv, and
integrate the product in R%. Then,

1d
__/ [VAvp|2d:z:—|—g/ |A2vp{2dx+/ IV Avp|? dz
2dt R2 R2 R2

9/ 2. |2 1 / 2
<= A%y, dx + — AP|“dzx.
2 R2‘ PI 2g R2| '
Thanks to (B) it is easily verified that

AP* < C (18w, + 1 Au, | + Vo' + [T, [T

Moreover, we obtain that

68) [ (140 + 90,1") do < ool + 1901 < pllvgl ).
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In addition, by noting that [, [Vup|?dz < 5 [ (|Au,,|2 + |u,,|2) dzx
we see that

39 [ 1Vl (75, do < |Vupl3al Vol

4
3 2
< p(lupllze + llvpll2)llupll fr2 < CllAup| 2 + p(llupliLz + llvpll 2)-

Therefore, it follows that

d
(3.10) —/ |VAvp|2dw+g/ 1A2Up|2dx+2/ |V Av,|? dz
dt R2 R2 R2
< C | Aup|7 + p(llupliz2 + lopllar2)-

Meanwhile, multiply the first equation of (P) by Au, and integrate
the product in R2. Then,

2dt/ | V| dm+a/ | Aup|® da + (ce™ M) + d + f) / |Vu,|* dz

< —ck/ Xy (v)up Vu, Vupda — b/ AupV {u(l — u)Vx(v)}dz
R2 R2
- cﬂ/ {efx@) _ hx()} Ay da
R2

2
< 9/ |Aup|2d$+b—/ IV {u(l — u)Vx(0)}? dz
4 R2 a R2

N (cetx) 4 d + f)
2

/ (Vupl? dz + p(llvpll21)-
RZ

In addition, by similar estimates to (3.8) and (3.9) we have

19 u = 03w} o
< 25 180l do e + Fople)

It then follows that
%/RE |Vu,|® dz + a'/lR2 | Auy)? da + (e +d + f) /]R2 \Vu,|? de

< p(llupllzz + llvplla2)-
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We add this to (3.10) multiplied a small positive constant. Then, it is
deduced from (3.7) that with some constant § > 0,

lup(®)llFn + lvp ()17

< Ce™{||Vupollz> + IV AupollTa} +p(t + lupollze + llvpoll2),
0<t<T.
Hence, we have proved the estimate (3.1). Q.E.D.

By Proposition 3.1, we can give the proof of global existence, The-
orem 1.1. But, since quite similar arguments as [5, Proof of Theorem
1.1.] assure our global existence, we omit the proof.
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