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Plane curve singularities
whose Milnor and Tjurina numbers differ by three

Masahiro Watari

Abstract.

Bayer and Hefez described irreducible plane curve singularities
whose Milnor and Tjurina numbers differ by one or two, modulo
analytic equivalence. After their work, we classify the case in which
their difference is three.

§ Introduction

We first define a plane curve singularity, which is the main subject in
the present paper. Let f be an irreducible element of C[[X, Y]] such that
its partial derivatives fx and fy belong to the maximal ideal (X, Y).
Set

C:={u-flu is a unit of C[[X,Y]]}.

If f is a convergent power series, f = 0 defines a singular germ of a plane
curve at the origin. So it is natural that we call C' an irreducible plane
curve singularity. The Milnor and Tjurina numbers of C at the origin
are defined by,

p=dime C[|X, Y]]/(fx, fy) and 7 := dimc C[[X, Y]|/(f, fx, fr)-

It follows from these definitions that g > 7. We set r := y— 7. Let n be
the multiplicity of C at the origin. Then there exists a positive integer
m with m > n and n 4 m such that C has the following parametrization
at the origin:

(1) r=t" y=t"+amppt™t 4+,

where £ = X mod (f) and y = Y mod (f). The local ring of C is defined
by O¢ := C[[X, Y]]/(f). Using the parametrization (1), we have the
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following isomorphism: O¢ = C[[z, y]] = C[[t", t™ + am41t™ 1 + -]
Let D be an irreducible plane curve singularity. Then C and D are said
to be analytically equivalent, if there exists a C-algebra isomorphism
Oc = 0Op.

Zariski ([7]) showed that r = 0 if and only if C is analytically equiv-
alent to the singularity Y™ — X™ = 0 with ged(n, m) = 1. When 7 # 0,
he introduced an important invariant A. Recently, Bayer and Hefez ([3])
classified irreducible plane curve singularities with » = 1 and 2. Their
work was reviewed by Azevedo in [2]. The aim of this paper is to classify
irreducible plane curve singularities with r = 3.

Theorem. Let C be an irreducible plane curve singularity whose
parametrization is of the form (1). Then we have r = 3 if and only if
ged(n, m) = 1 and the parametrization takes one of the following three
types. We write m = pn + q with 0 < ¢ < n.

Type (i): A= (n—1)m—4n.
(A)z=t", y=t"+1t*, wheren>3,p>2.
(B) T = tn, y= tm + t}\ + at(n—2)m—2n’
where n > 5, p=1 and a € C.
Type (ii): A= (n—2)m — 2n.
(C) z =t", Y= tm 4 th + at(n—l)m—4n + bt(n—l)m—?m’
where n >5,p>2 and a (#0),be C.
(D) T = t47 y — tm +t>\ + at3m_16 + bt3m~127
where p > 2 and a (# (3m — 8)/2m), b € C.
Type (ili) A=(n—-3)m—2n
(B) z =t y = t™ + A + 30 (at™ + bgt™) + 3001 bit™,
where n > 2¢, n > 5, m > 2n/(n — 4), a;,b; € C, m; =
(n—2m—-(p+3—inandn;=(n—1)m—(2p+3—i)n.
(F) z=t", y=t"+ A + 30 (a;t™ +bt™) + Y oPF1 ait™,
where n < 2¢q, n > 5, m > 2n/(n — 4), a;, b; € C, m; =
(n—1ym-2p+4—i)nandn; = (n—2)m— (p+4—i)n.
Furthermore, the coefficients in the parametrizations (E) and (F) must
satisfy the relations given in Tables 1 and 2 in Section 4, respectively.

The present paper is organized as follows: In Section 1, we recall
some results on the parametrization of plane curve singularities. The
notion “genus” ¢ of an irreducible plane curve singularity plays an im-
portant role. We infer from a result of Bayer and Hefez that if r = 3,
then g = 1 or g = 2. In Section 2, we study the properties of plane curve
singularities of genus one. In particular, we consider the certain types
of A which are needed in the proof of Theorem. In Section 3, we prove
the following fact.
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Proposition 1. Ifr =3, then we have g = 1.

In Section 4, we develop the method in [3] and prove Theorem by using
it.

Acknowledgement. The author would like to express his sincere
gratitude to Professor Fumio Sakai for his valuable advices and warm en-
couragement during the preparation of the present article. He also would
like to thank Dr. Ken-ichi Nishiyama who helped us with Lemma 18.

§1. Semigroups and differentials

Let C be the nonsingular model of C' and we denote by Og its
local ring. Since Oz 2= C[[t]], the order function v on C((t)) gives a
discrete normalized valuation of Og. We define the semigroup of C to
be §:={v(A) | A € Oc}. The conductor c of S is characterized by the
following properties:

(2) c—1¢Sandc+neS foranyneN.

It is well known that p = ¢ (See [6], Theorem 1). An element of G :=
NuU {0} \ S is called a gap of S. The properties (2) implies that ¢ — 1 is
the biggest gap of S. We define two sequences (e;) and (8;) associated
to the parametrization (1) as follows:

€p = ,30 =n, ﬂj = min{i | 1 5_6 0 mod €1 and a; ;é 0},

e; = ged(e;—1, G5).
It follows that 8; = m. Since the relevant exponents in a parametriza-
tion of C are coprime, there exists an integer g such that e;_; # 1 and
eg = 1. We call this integer g and the set {8y, ..., By} the genus of

C and the characteristic of C respectively. The characteristic of C is
denoted by Ch(C). Define the integers n; by

ng=1lande_1=mn4e;, (=1,...,9).

It follows that n = n; .- ny. The semigroup S of C is minimally gener-
ated by the set of integers {vg, v1, ..., vg}, defined by

vo=nand v; = ni_1vi-1 + G — Bic1, (1=1,...,9).

(See [8], Theorem 3.9) We easily see that v1 = mand vg < v1 < -+ < v,.
We denote by Qf and Q% the module of differentials of Oc¢ and

that of O, respectively. Note that QL is the Oc-module generated by
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dx and dy, modulo fydx + fydy = 0. Similarly, Qlé is the Ox-module
generated by dt. Consider the map 7* from QF to 915 defined by

7 (A(z, y)dz + B(z, y)dy) = A(t", ¢(t)) dt" + B(t", o(t))d(¢(t)),

where (™, ¢(t)) is the parametrization of C. We naturally extend the
valuation v of Og to 915 through 7*. Namely, for { = H(t)dt € Qlé,
we define v(¢) to be v(H(t)). Let ¢ be an element of Q. Since Q}
can be regarded as a submodule of Qlé through its image of 7%, we
define v(§) to be 1/(7r* (€)). A differential £ is said to be ezact, if there
exists an element A € O¢ such that £ = dA. We denote by dO¢
the set of all exact differentials. Set V := v (Q}) \ v(dO¢). Since
v(dOc)={l-1€N|leS}, wehave V ={l-1€v(Q) |leG}.
Zariski ([7]) showed that

(3) r = dime (Qé/d@c) = (V).

For the case where r > 0, he also showed that A = min{V} —n+1isan
analytic invariant with the following property:

(4) MA+né¢ Sand m < A< fy =wvy — (ng — L)v.

We call X\ the Zariski invariant of C. The differential w := mydz — nzdy
gives the minimal order A + n — 1 in V (See [7]). Furthermore, C is
analytically equivalent to the plane curve singularity given by

(5) z=t", y=tT"+t ...
By the way, any integer ¢ can be written in a unique way as
(6) t :tg’Ug + .-+ t1v1 — tovo,

where tg, ... , tg are integers such that 0 <¢; <n; —1fori=1,...,¢
(See [1], Lemma 1.2.4). It follows from (6) that ¢t belongs to .S if and
only if to < 0. The biggest gap of S, ¢ — 1, is expressed as (ng —
Lvg + -+« 4+ (n1 — 1)v1 — vo. The Zariski invariant is also written as
A=Agvug+ -+ Mvy — Aovg where 0 < Ny <ny—1lfori=1,...,¢.
By the properties (4), we easily see that Ag > 2.

The C-vector space 2}, is expressed as the following form ([3], Propo-
sition 2):

(7) QL = Ocw +dOc.

So any element of 2}, can be written as Aw + dB for some A, B € O¢.
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Definition 2. We define the subsets Vp, V; of V by
Vo :=v(Ocw)\ v(dO¢), Vi:=V\W.
Furthermore, define the sets V*, V5t and Vi* by
Vti={a+1l|lacV}, Vi ={a+1]|aecV},
Vit i={a+1|aecW}.

Note that we have V+* = Vjt UVt C G where Vit n Vit = 0. A
positive integer « is contained in V if and only if o 4+ 1 is contained
in V*. So we have (V) = f§(V*). It is also clear that the relations
(V) = 4(V) = #(Vo) + #(V1), #(V5") = §(Vo) and #(V;") = §(V1) hold.

The formula (3) can be rewritten as
(8) r=4(Vg") + (V).
Lemma 3. Let the genus of C be 1. Then we have
B(Ve") = (Ao = (n = Ay).

Proof. Recall that vg = n, v; = m and v(w) = Aym—(Ao—1)n—1.
If v € V;t, then we have v = v(Aw) + 1 for some A € O¢. The gap v is
expressed as (I; + A1)m — (Ao — lo — 1)n where v(A) = lym + lpn. So we

have
<lp< Ao —2,
V0+:{(l1+>\1)m—()\o—lo—1)nEV+ ;8_ 0 }

0
Iy
Define a subset Uy of V5" by

0<lo<Ao—2 }

L “ O — o —
UO_{(11+>\1)m Go—lo=Dnl gy ¥ A <n—1

We prove that Vgt = Ug', which gives the desired result. It is enough to
show that Vgt € Uf". Take an element v = (I3 + A\1)m — (Ao — lo — 1)n
from V0+. If ;1 + A1 < n — 1, then there is nothing to prove. So we
assume that {; + A1 > n — 1. Then there exists a positive integer k such
that 0 < I3 + A1 — kn < n—1. By using this k, we rewrite -y as the form
of (6). That is,

7:(l1+)\1—kn)m—-()\o-—km~lo—1)n.

Since v € VT, the inequality A\g —km —lp —1 > 0 holds. Then 7 is given
by v(zFmthow) + 1,50 v € U . Q.E.D.
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Remark 4. We infer from Lemma 3 that §(V;') is determined by
A for the case where g = 1.

For any genus, the following relations hold (See [3], Proposition 1, Corol-
lary 5):

(9) T > (Ao = 1)(n1 = A1) -+ (ng — Ag),
(10) r>207L

Let ¢ = (at”(o +terms of higher degree) dt be an element of Qlé We
denote by LT(¢) the leading term at*(¢). Let Lc(¢) denote the leading
coefficient a. For £ € QF, we simply write LT(§) = LT(7*(£)) and
LC(§) = Lo(m* ().

Lemma 5. Let C be an irreducible plane curve singularity of genus

g. If ¢ = Aw + dB is an element of Q} with v(€) +1 € VT, then € sat-
isfies the following conditions:

(11) LT(Aw) + LT(dB) = 0,
g9

(12) v(€) + 1< (ni— 1) —p.
i=1

Proof. 1If LT(Aw) + LT(dB) # 0, then v(£) belongs to V; or to
v(dOc¢). Hence the condition (11) must occur. Let A = Y°7 | \;v;—Aovo
be the Zariski invariant of C. Then v(w)+1 is expressed as Y 7_; \jv; —
(Ao — 1)vg. We know that max{V*+} <39  (n; — 1)v; — vo. Let 2; be
an element of O¢ with v(z;) = v; for i =0, ..., g. Then the differential

2007 _, 2™ 727 Vy gives the order Y9 (n; — 1)v; — vg — 1. Hence

9 (n; — 1)v; —vg € V5". We have the desired consequence. Q.E.D.

There are some criteria for simplifying the parametrization of C
modulo analytic equivalence (See [4] and [8], Ch.III, Proposition 1.2;
Ch.IV, Lemma 2.6 and Proposition 3.1).

Lemma 6. Let a,t® be a term of y in the parametrization (5)
where s > X and as # 0. If either

(EC 1): s belongs to S, or

(EC 2): s+n=1Im for somel €N, or

(EC 3): s — ) belongs to the subset of S generated by n and m,
then C' is analytically equivalent to an irreducible plane curve singularity
given by a parametrization of the same form, but with a; = 0 and q;
unchanged for i < s.
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Applying Lemma 6 to the parametrization (5), we have the following
parametrization:

r=t", y=tm+t —i—Zaiti.
i€G

We always consider such parametrizations of C in this paper.

§2. Singularities of genus one

In this section, we consider irreducible plane curve singularities of
genus 1. Note that g = 1 if and only if gcd(n, m) = 1. In this case, we
have vg = n = ny and v; = m. We write m = pn + g where 0 < ¢ < n.
We first prove the following proposition:

Proposition 7. If C is given by
(13) I = tn, y = tm o4 t(n—l)m~(R+1)n’
where 1 < R <p+1, then we have r = R.

Proof. Note that A= (n—1)m — (R+ 1)nin (13). If 1 < R < p,
then we have (n—-2)m—-n < (n—-1)m—(p+1jn < (n—1)m—(R+1)n.
So the gaps which are greater than A are

(14) (n—=1y)m—Rn, ..., (n—1)m—n.

If R=p+1, then wehave (n — 1) m —(R+1)n < (n —2)m —n <
(n — 1)m — Rn. The gaps which are greater than A are

(n—2ym-n,(n—1ym—Rn, ..., (n—1)m—n.
For both cases, clearly, we have V5 = {v(w), v(zw), ..., v (z® 1w)}.
Note that v(z'w)+1=(n—-1)m— (R~i)nfori =0, ..., R—1. Since
min{V+*} = v(w) + 1, we conclude that V;" = (). Hence we conclude
that » = R by (8). Q.E.D.

Remark 8. Since A = (n —1)m — (R + 1)n, we infer from Propo-
sition 7 that r is determined by A for the plane curve singularity given
by the parametrization (13).

Remark 9. The cases where R = 1 and R = 2 in Proposition 7
correspond to Theorems 7 and 17 in [3], respectively.

Corollary 10. Fiz a positive integer n (> 3). For any positive
integer R, there exists an irreducible plane curve singularity of ¢ = 1
with multiplicity n and r = R.
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Proof. Putm = (R+1)n+1and A = (n—1)m—(R+1)n. Then we
have A > m and (n—1)m—(R+1)n > (n—2)m—n. Hence the gaps which
are greater than A are same as (14). Therefore the parametrization

T = tn’ y = ™oy t(n—l)m—(R+l)n
gives the desired singularity. Q.E.D.

In what follows, we consider three types of the values of A: (i) A =
(n —1)m —4n, (ii) A = (n — 2)m — 2n, (iii) A = (n — 3)m — 2n, which
will be used in the proof of Theorem.

2.1. Type (i): A= (n—1)m — 4n

Since A > m, we must have (n — 2)m > 4n, hence n > 3. We first
consider the case in which p > 2. Furthermore, if p > 3, then the gaps
which are greater than A are

(n—1ym—-3n, (n—1)m—2n, (n—1)m —n.
On the other hand, if p = 2, then we have the following gaps:
(n—=2ym—-mn, (n—1)m—3n, (n—1)m—2n, (n —1)m —n.
For both cases, by Lemma 6, the parametrization of C can be taken as
(15) r=t", y=tm4+t

Next we consider the case in which p = 1. This case occurs only when
n > 5. The gaps which are greater than A are

(n—2)ym—2n, (n—1)m —3n,(n —2)m — n,

(n—1ym—2n, (n—1)m —n.
By Lemma 6, the parametrization of C' can be taken as
(16) =t y=t"+t*+at""Dm"? (g C).
Remark 11. According to the conditions: (1) ged(n, m) =1, (2)

m > 4n/(n — 2), we have some restrictions on p, q. First of all, we must
have ¢ > 1. We also infer that ged(n, ¢) = 1.
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2.2. Type (ii): A= (n—-2)m — 2n
It follows from A > m that n > 4 and m > 2n/(n — 3). Since
viw) +1 = (n—2)m~n, we find that Vj = {v(w), v(yw)}. The gaps
which are greater than A are
(n—1m-(p+2)n,(n—-2)m—mn, (n—1)m— (p+ 1)n,

(n—1m-pn,...,(n—1)m-—n.

By Lemma 6, the parametrization of C' can be taken as

P
(17) z=t", y=t"+tr+Y at™,
i=1
where m; = (n —1)m — (p+3 —i)n and a; € C.
Definition 12. Define the differentials 7 for £ > 1 by
—n(m — A)
(k—1n+(n—-2)m’

M = z*w + d (e 'y" %) where u; =

Then we have
Tk = 2¥w + ug {(k - DzF=2yn2dx 4 (n — 2)zk_1y”_3dy} .

Furthermore, we see that

(k) =n {(m _ )\)t(n—z)m+(k_1)n_l

r
+ Z ai(m _ mi)t(n—l)m—(p+2—i~k)n—1] dt
i=1

(18) + ug(k = n [t Dmr =y
+ (n —2)tCrmm-G-Rnol ] d
+ ug(n — 2) [mt(n—2)m+(k—1)—l
+{m(n - 3) + ApE-Im-E=Rn=l gy,

So we have LT(z*w) + LT (d (uxz*~'y"?)) = 0 for any k. Comparing

(n—1)m— (3—k)n—1 with (2n —5)m — (3 —k)n — 1 in (18), we have

the following relations according to n.
(n—-1m-B-kn-1<2n-5m—-3—kn—1forn>5,

m—1)m-B8-kn—-1=02n—-5m—(3—kn—1forn=4.
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So we consider the cases (C) n > 5 and (D) n = 4 separately.

Lemma 13. Let ¢ be an element of Q% with v(€)+1 € Vit. Then
we have v(€) > v(nk) for some k.

Proof. Put £ = Aw + dB where A, B € O¢. There exists only one
term c;z*1y" in A such that v(A4) = v(ciz*1y"1). Then we must have
l1 = 0. Indeed, if not, we have

v(Aw)+1=U+n—-2)m+ (k1 —1)n> (n — 1)m — n.

By (12), we see that v(£) + 1 ¢ V', which is a contradiction.

Since the cancellation (11) occurs, we have v(dB) = (n—2)m+ (k1 —
1)n—1. So the function B contains only one term h;z* ~1y"~2 such that
v(dB) = v(hiz*~1y"~?). Since LT (c1z®w) + LT (d (h1z*1~1y"2) ) =
0, we easily see that hy = ciug,. Hence £ can be written as ¢1mg, + &1
where £ = (A —ciz®)w + d (B — hyzF~1yn=2). If v(&) + 1 € Vi,
then we can apply the same argument to &;. Namely, there ex1sts My
such that & = cimk, + cani, + &2 where &3 = (A — 1k — eozk ) +
d (B — hyzF ~1yn=2 — hogk2=1yn=2) Note that v(A — c;z®* — cpzk2) >
v(A — c1z*1). We can continue this procedure successively. After the
j-th step, we have

J
£=) etk + &,

i=1

J J
where {; = (A - Cil?’“) w+d <B - hix’“_lyn"2> :
=1

i=1
Since we have v (A — St ki ) > v (A I e ) there exists
a positive integer j such that v(§;) > v ((A - 29:1 T ) w) > (n —
1)m —n — 1. It follows from (12) that v(&;) +1 ¢ V;*. So we have

£ = > cimk, + & where v(d_cimg,) < v(&). Thus we obtain v(€) >
min{v(nk,; )} Q.E.D.

Lemma 14. Let C be an irreducible plane curve singularity given
by (17). Ifn >5 and p = 1, then we have V]* = 0.

Proof. Assume that Vi # (. Let £ be a differential with v(£) € V;.
Then we have v(£) > v(n;) for some k by Lemma 13. However we have

V(n) > (n=1)m-n-1 for k =1,
M) = (mn—1)m+(k—-2n-1 fork>2.
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Since v(ng) + 1 > (n — 1)m — n for any k, we have v(£) +1 ¢ V" by
(12). This is a contradiction. Q.E.D.

Lemma 15. If V[T # 0, then we have v(n) + 1 = min{V;"}.

Proof. We here prove this lemma for Case (C). We can similarly
deal with Case (D). We have

p—1
(19) 7T*(T]1) = nZai(m — mi)t(n_l)m—(P-Fl"i)n—l 4o dt7

i=1

where we abbreviate the terms whose degree is greater than (n — 1)m —
2n — 1. Assume that V;* # 0. We must have p > 2 by Lemma 14.
We first show that v(m) € Vi. If v(m) ¢ Vi, then v(m) € Vg or
v(m) € v(dO¢). Now we have Vj = {v(w), v(yw)}. If v(n1) € Vo, then
we have v(n1) = v(yw) by the definition of n;. At least the coefficients
in (19) must satisfy

(20) a;=0fori=1,...,p—1.

Let £ be a differential with v(§) € V;. By Lemma 13, we have v(£) >
v(ng) for some k. Under the conditions (20), if k£ > 2, then we have

™ (k) = [apn(m — mp)t(nmmk=2n-1 | ] dt.

Since v(nk) + 1 > (n — 1)m — n for all k, we have v(§) +1 ¢ V[* by
(12), which is a contradiction. On the other hand, if v(n;) € v(dO¢),
then (20) must hold again. Since same contradiction occurs, we have
v(m) € V1.

Next we show that min{V;"} = v(n;) + 1. It suffices to consider the
case where #(V;*) > 2. Let £ be an element of Q} with v(¢) € V; and
v(€) # v(n). By Lemma 13, we have v(§) > v(n) for some k (> 2).
We have

P
21) (k) = nZai(m —my)tnTUme(pr2mikin=l gy
i=1
Set N := min{i | a; # 0}. Then we have v(ng) = (n - 1)m ~ (p+2 —
N —k)n—1. It follows from (12) that (n—1)m —(p+2-N—-k)n—1<
(n —1)m —n — 1. It yields the inequality

(22) N<p+1-k

On the other hand, it follows from (19) that v(m) = (n —1)m — (p+
1— N)n—1. We see that v(n;) < v(ng) by (22), which gives the desired
consequence. Q.E.D.
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2.3. Type (iii): A= (n — 3)m — 2n
It follows from A > m that n > 5 and m > 2n/(n —4). Since
v(w) = (n —3)m —n — 1, we find that Vp = {v(w), v(yw), v(y?w)}. We
divide Type (iii) into two cases: (E) n > 2¢q, (F) n < 2q.
(E): n > 2q. The following gaps are greater than A:
(n=2ym—(p+2)n,(n—1)m— 2p+2)n, (n —3)m —n,
(n - 2)m - (p + l)na (n - 1)m - (2p + 1)"5 (n - 2)m - pn,
(n—1m—2pn,(n—-2)m—(p—1)n, ..., (n—2)m —n,
(n—1ym—-(p+Ln,...,(n—1)m—n.

By Lemma 6 with the above gaps, we see that C has the parametrization

P 2p
(23) =17 Y=t ) (@t™ +bt™) + Y bit™,
i=1 i=p+1

where
mi=n—-2ym—(p+3—-in,n=MnN-1)m—-2p+3-1i)n
and a;, b; € C.
(F): n < 2q. The gaps which are greater than A are
(n—-1)m—-2p+3)n, (n—2)m — (p+2)n, (n —3)m —n,
(n—m-—(2p+2)n, (n—2)m — (p+ )n,
(n—1)ym—-2p+1)n, (n—2)m—pn, (n —1)m —2pn, ...
m=2Ym—-n,(n—1)ym—-(p+1)n,..., (n-1)m=n.

Then C has the following parametrization:

y4 2p+1
(24) z=t", y=tT 4+ (@t™ + bt + Y at™,
i=1 i=p+1

where

mi=n—-1ym—2p+4—-ijn,n;=n—-2)ym—(p+3—i)n

and a;,b; € C.
Definition 16. Define the differentials (x; (kK > 1,1 > 0) by
Cut o= 2 y'w + d (s Ty TP
where si; = —n(m - A)

(k—1n+m+1-3)m’
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We rewrite the differentials (x; as follows:
Cu = y'éu and G = zF 2y'p,

du = Tw + sk (n + 1 — 3)y"4dy,
where { ¢p = 22w + s {(k — 1)y"3dz
+ (n+1-3)zy"tdy}(k > 2).

We can easily check that LT (z¥Fy'w) + LT (d (sz*~1y"+=3)) = 0. Note
that ¢19 = (10 and ¢ = (20- The following lemma is an analogue of
Lemma 13.

Lemma 17. If¢ is an element of Qf with v(€) +1 € V|T, then £
has the form alp + & for some (i where v(Cr) < v(¢€') and a € C.

Proof. This proof is similar to that of Lemma 13. So we omit it.
Q.E.D.

§3. Singularities of genus two

We consider irreducible plane curve singularities of genus 2 in this
section. The aim of this section is to prove Proposition 1. We first prove
some technical auxiliary results needed in the proof of Proposition 1.
Recall that if g = 2, then we have S = (vg, v1, ve) where vy < v1 < va,
vg =n =ning with n; > 2 (i =1, 2), v1 = m = eym, for some positive
integer m and e; = ng. Set A = Aqvuz + A1v1 — Agug. In case r = 3, by
(9), we have

(25) 3> (o —1)(n1— A1)(ng — A2) > 0.

Lemma 18 (Nishiyama). If C is an irreducible plane curve sin-
gularity of genus 2 with v = 3, then we have A = (ny — 1)m - 2n and
Ch(C) = {3ny, 3my, B2} where n1 and my are coprime, ny < my and
B2 is not divisible by 3.

Proof. We first show that ny # 2 (cf. Lemma 10 in [3]). If ny = 2,
then we have S = (2p, 2q, ve) where p < ¢, ged(p, ¢) = 1, p = n; and
vy > niv; = 2pg. Furthermore, we can rewrite S with some positive and
odd integer d as

S = (2p, 2q, 2pq + d).

Luengo and Pfister ([5]) showed that the irreducible plane curve sin-
gularity C with such semigroup has 7 = y — (p — 1)(g — 1). That is,
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r=({p—-1)g—1). Soif weset r = (p — 1)(¢ — 1) = 3, then we have
p =2 and ¢ = 4. This implies that m = 2n, which is a contradiction.

Let A = Aavg + Ajv1 — Agvo be the Zariski invariant of C. We first
consider the case where A3 # 0. Recall that A < 85 (See (4)). Assume
that A < G;. Since vo = njv; + P2 — 1 and [z can not be divisible by
e1, A is also not divisible by e;. This contradicts the definition of 3.
Hence we have A = 82 = vy + v; — myvg. It follows that Ay =1, Ay =1,
Ao = my. Since my > n1 > 2, we easily see that na = 2 by (25). So the
case in which Az # 0 does not occur by the above argument.

On the other hand, if A; = 0, then we must have ny = 3 by the above
argument and (25). It follows that S = (3n1, 3m4, va). We also obtain
A1 =n; —1 and Ag = 2 by (25). The corresponding characteristic is
Ch(C) = {3n1, 3my, B2} where 82 = va— (n1 —1)m. We have completed
the proof of Lemma 18. Q.E.D.

By Lemma 18, we have only to consider the case where
A= (n1 —1)m — 2n and Ch(C) = {3nq, 3mq, Ba}.

In this case, We have S = (v, v1, v2) where vyp = n = 3ny, v1 = m =
3mj and vy = 2m+ B3. We also have ny > 3 by A > m and the following
conditions are satisfied:

{nl—i—l for n, > 4.
mp >

7 for n; = 3.

Lemma 19. Let C be an irreducible plane curve singularity with
Ch(C) = {3n1, 3my, B2} and A = (n1—1)m—2n. Then the parametriza-
tion of C can be taken as

(26) r=t", y=t"+t*+at+..., (a#0).

Proof. Let h; be the biggest positive integer satisfying m + hie; <
B2. Note that e; = 3 and A = m 4 3{(n; — 2)m; — 2n;}. So we can take
the parametrization of C as

27) z=t", y=t"+t'+ > ait™3 fath 4.
(n1—2)m1—ny <i<hy

where m + 3i € G for any 4. Since each m + 3i is a gap, it is written in
a unique way as

(28) m + 31 = tavy + t1v1 — tovo,
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where 0 < < 2,0 <t; <n;—1andty >0 (See (6)). Since the left
hand side of (28) is divisible by 3 and v is not divisible by 3, we must
have t; = 0. Since A = (n; —1)m — 2n, no integer satisfies this condition
other than (ny — 1)m — n. If B2 < (n1 — 1)m — n, then we obtain (26).
On the other hand, if (n; — 1)m — n < B3, then (27) becomes

r=t" y=t"+ t* + a(n1—2)m1—n1t(n1—1)m_n +at® 4.
By using (EC 2) in Lemma 6, we can rewrite this as (26). Q.E.D.

Lemma 20. If a positive integer k = am+bn (a, b € Z) is greater
than (ny — 1)m —n, then we have k € (n, m) C S.

Proof. By (6), we can rewrite k as laua+11v1 —lgvg where 0 < Iy < 2
and 0 <[; < nj; — 1. Now we have ls = 0. Indeed, if not, then we have

l2’02 = 3{((1 - ll)ml + (b + lo)ml}.

Since [y is equal to 1 or 2, the integer v2 must be divisible by 3, which
is a contradiction. Thus we have k = [ym — [gn. Since the biggest gap

of such form is (n; — 1)m — n, the positive integer k is contained in S.
Q.E.D.

Proof of Proposition 1. It follows from (10) that if r = 3, then
g = 1 or 2. We shall show that if ¢ = 2, then r # 3. It is enough to
consider the plane curve singularity C with A = (n; — 1)m — 2n and
Ch(C) = {3n1, 3m1, f2} by Lemma 18. By Lemma 19, we may assume
that C is given by (26). Since (Ag — 1)(n1 — A1)(n2 — A2) = 3, there
exist three distinct elements of V. They are given by v(w), v(zw) and
v(2%w) where z € O¢ with v(z) = ve. We shall inductively construct a
differential £ such that

(29) TE) = {am(m — Bo)tPeton=l }dt.
Since By +2n—1 = va +m — (m1 — 2)n — 1 is different from v(w), v(zw)

and v(z%w), we would have r > 4 by (8). We first set & = (m/n)zw.
Then we have

7 (€0) = {m(m — A)pm=Dm
+am(m — o)t 4 }dt.

Next we set £ = & — (m — A)y™ ~2dy as the first step. We have
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ym—z = ¢lmi—=2)m |4 + (774 - 2) {t)\—m +athrm .. }
-2
n (n12 ) {t2(>\—m) 4 2qtfetA—2m }
30
(30) ny—2 3(A-m)
e TN

n1 = 2Y [ (ny1—-2)(A-m)
1 oo b
+ <n1 — 2) { * }

We consider the cases where 83 — m < 2(A — m) and where 2(A —m) <
B2 — m separately.
If B2 —m < 2(A — m), then we have

T* (yn1"2dy) :[mt(”l—l)m—l + {m(n1 - 2) + A}t(2n1—3)m-2n_1
T afm(ny —2) + gyt Aml
Since (2n; — 3)m — 2n > (B2 + 2n, we have
T*(&1) = [am(m — Bo)tPetin—l . ] dt,

which is the desired differential. In particular, if n; = 3, then this case
always occurs.

Next we consider the case where 2(A — m) < B3 — m. This case
occurs only when ny > 4. Set Ny := max{i | i(A—m) < f2—m and 2 <
i <mnj —2}. Then (30) becomes

N
yn1—2 —t(na=2)m 4 Zl: ("1 .— 2) i+ (n1=2)m—2in
1
i=1

+a(ny — 2yt

So we have

* (yn1—2dy) — |mt(n1—l)m—1

4E ny — 2 ny —2
1— 1— i—1
A g
(") (V) e
where n; = {({ + 1)n1 — 2¢ — 1}m — 2in. In a similar manner as in the
previous case, we set &1 = £g— (m—A)y™ ~2dy. Since ny, -1 < B2+2n <

dt,
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ny, holds, we have

o[ B ) )

+am(m — B)tP2 =1 o |4t

Note that n; € (n, m) by Lemma 20. Starting with &;, we inductively
define a differential £;. Assume that & (k > 1) satisfies the following
condition:

(31) 7" (&) = { Z Ck, ot 1 +am(m — ﬂg)tﬂ2+2n 1y }dt
finite sum )

where my, € (n, m). Putting v(&) = arm + bgn — 1, we set

& — (LT (&) /n)zbe dx, if ax = 0 and by # 0.
kg1 = & — (LT(Ek)/n)a® ~ya*dz, if a; # 0 and by # 0.
&k — (LT({k)/m)y“k‘ldy, if ap # 0 and b, = 0.

It follows from this definition that v(€ky1) > v(€x). We prove that &1
above satisfies the condition (31).
Case 1) ay =0 and by # 0. We have

T (€k+1) = {z Cht1,at™ 4 am(m — Bo)tPrtn—1 4 }dt
where m, € (n, m). Note that the number of m is finite. The differ-
ential £ satisfies the condition (31).

Case 2) a; # 0 and by # 0. Consider the differential z% 1y dx.
Writing

) {tP ™ +atPm )

( ) {tQ(’\_m) + 2atPrTATIm L }
+ (“k) {Eom Y g

(o)

tak()\—m) 4. }
ag
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we set Ngy1 := max{i | i(A —m) < B2 —m and 2 < i < ax}. Then we
have

o (.’Ebk_lyakdl') =n takm+bkn—1
Nit1

+ Z Cit{(nl —2)itar}m+(be—2i)n—1

i=1

+ aaktﬁ2+(ak—l)m+bkn—1 + ... |dt.

By Lemma 20, the integers {(n1 — 2)i + ax}m + (b — 2i)n belong to
(n, m). It is easy to see that B2 + (ax — 1)m +bgn —1 > B2 +2n — 1.
So k41 satisfies the condition (31).

Case 3) aj # 0 and by, = 0. We consider the differential y%+~'dy. By
the same argument as Case 2, we define Niy; := max{i | i(A - m) <
B2 —m and 2 < i < ag — 1} for y*~!. We have

* (yak—ldy) — mtakm—l + Z Catm"_l

finite sum

+a(m + fp)tt e m=l 4t

where m, € (n, m). So we see that {41 satisfies the condition (31).
We can therefore inductively construct &1 from &;. Since there
exist finitely many elements of (n, m) which are smaller than 35 +2n—1
and v(&) <v(&) <--- <v(€) < --- holds, we obtain £ with 7* (§) =
[am(m — Bo)tPetn—l 4 .. ] dt after finitely many steps. Q.E.D.

84. Proof of Theorem

By Proposition 1, it is enough to consider the case where g = 1.
Substituting 7 = 3 and g = 1 to (9), we obtain 3 =7 > (Ag — 1)(n— \1).
This inequality yields the following possible five types of A:

(i) A=(n—=1)ym —4n, (i) A= (n - 2)m — 2n, (iii)) A = (n — 3)m — 2n,
(iv)A=(m—-1m—-2n, (v) A=(n—-1)m - 3n.
Lemma 21. If ) is either of type (iv) or of type (v), then r # 3.

Proof. For type (iv) (resp. type (v)), letting R = 1 (resp. R = 2)
in Proposition 7, we conclude that r = 1 (resp. r = 2). Q.E.D.
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We consider the remaining three types separately. We freely use the
notations and the results in Section 2. ’
Type (i): A = (n — 1)m — 4n. We show that r = 3. We first consider
the case in which p > 2. We may assume that C is given by (15). By
Proposition 7, we have r = 3.

Next we consider the case in which p = 1. The parametrization of
C has the form (16). We have

W*(w) =n {(m — )\)t(n—l)m—Pm—l + a(m _ ml)t(n—2)m—n_1} dt.

It follows from v(w) = (n—1)m—3n—1that Vy = {v(w), v(zw), v(z?w)}.
By (8), we have r = 3 if and only if V" = 0. Assume that V¥ # 0.
Let £ = Aw + dB be an element of Qf with v(§) € V4. If we set
(Aw) = (uxkyl +---)w where u € C, then we have

(32) v(Aw)=(n+1—-1)m+ (k—3)n—1.

Since v(Aw) € dO¢ by (11), we have k > 3 or [ > 1. Suppose k > 3.
Then we see from (32) that v(Aw) > (n — 1)m —n — 1. So the order
v(€) can not belong to V7 by (12). Thus we must have [ > 1. If | > 2,
then we have v(Aw) > (n — 1)m —n — 1 again. Hence [ = 1. Then (12)
yields (kK — 1)n + ¢ < 0. We infer from this that ¥ = 0. Thus we have
Aw = (uy + terms of higher degree)w. We have

* (uyw) =un [(m _ )\)t(m~3)n—1 _ abt(n—l)m—n—l] dt.

where b := (n — 3)m — 2n. Since (11) holds, the differential dB has
the form d (—u(m — A)z™~3/(m — 3) +---). So £ can be rewritten as
uyw + d (—u(m — A)z™=3/(m — 3)) + &. If we write & = (u'z*y! +
-+ Yw+dB’, then (k, I) # (0, 1) and hence v(§') ¢ V1. This fact implies
that v(§) = v(yw) + d (—u(m — A)z™=3/(m — 3)) If n = 5, 6, we find
that v(Aw) > (n — 2)m — n — 1. Since (n — 1)m — n is the only gap
greater than (n —2)m —n, there exists no element of V;. That is, V; = 0.
For 7 > n, we have

U (uyw +d (%L%%lmm_:;)) = —abunt"~Vmn—lgy

By (12), v(€) can not be in V;. We conclude that V; = 0 for 7 > n.
Type (ii): A = (n — 2)m — 2n. By Lemma 3, §(V;") = 2 holds. So we
have r = 3 if and only if §(V;") = 1 by (8). Furthermore, by Lemma 15,
we obtain #(V;") = 1 if and only if Vi* = {v(n1) + 1}.
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(C): n > 5. It follows from the inequality A > m that p > 1 for n > 5.
However we must have p > 2 by Lemma 14. If §(V;7) = 1, then the
coeflicients in (19) must satisfy

(33) a;=0fori=1,...,p—2and ap_1 #0.

Conversely, assume that the coefficients in the parametrization (17) sat-
isfy (33). Then we have v(n;) = (n—1)m —2n—1. Since (n—1)m—n is
the only one gap of S which is greater than (n—1)m —2n, by Lemma 15,

we have Vi™ = {v(n) + 1}.
(D): n = 4. It follows from the inequality A > m that p > 2. We have

p—2
*(771 [4Zaz(m ms )t3m 4(p+1-i)—1
=1

2 _/\2
+4 {ap_l(m —Mmp_1) — Tm—} 3m=8=1 4 ...l dt.

If §(V;") = 1, then we must have the following condition:
3m -8
2m

(34) a;=0fori=1,...,p—2and ap_1 #

Conversely, if C is given by the parametrization (17) with (34), then we
find that §(V;") = 1 by the same argument as in (C).

Type (iii): A = (n — 3)m — 2n. Since §(Vy") = 3, we have r = 3 if and

only if V;* = () (See (8)). We here prove Case (E). We can similarly deal
with Case (F). Now we have

™ (C10) = n | (m — A)r=Im=1
p .
+ Z{a’z(m _ mi)t(n—Q)m—(p-{—l—z)n—l}
=1

+Z{b t(n 1ym—(2p+1—i)n— 1}

217
+ Z bl(m _ ni)t(n—l)m—(2p+1—i)n—1} dt
i=p+1

— 810 [(n - 3)mt("’3)m_1

+{x+m(n- 4)}t(2”‘"")"‘_2"_1 +-- -]dt.
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Comparing the exponent (2n — 7)m — 2n — 1 with (n — 1)m — n — 1, the
following three subcases occur:

(El): 2n—7m-2n—-1>n—-1ym—-n—1forn>7.

(E2): 2n—-7m—-2n-1=(n—-1)m—2n—1 for n = 6.

(E3): 2n—-7"m—-2n-1<(n—1)m—-2n—1forn=>=5.
It follows from A > m and n > 2q that the conditions (i) p > 1 forn > 7,
(i) p>1landg=1forn==6, (ili) p>2and ¢g=1, 2 for n = 5.
(E1): n > 7. The differential 7*({19) becomes

/4
™ ((10) = Z (m — ms)t tn—2)m—(p+1-i)n—
(35) +n Z b (n-1)m—(2p+1-i)n—1
210
+n Z bl(m - mi)t(n—l)m—(2p+1—i)n—l + - dt.
=p+1

If Vit = ), then the order v(¢19) must belong to v(dO¢) or Vp. Further-
more, if v((19) € Vo, then v((10) equals v(yw) or v(y?w).
E1.1: v((i0) # v(yw). If Vi = 0, then the coefficients in (35) must
satisfy the following conditions.

a;=0fori=1,...,p

(36) bij=0fori=1,...,2p—1 and Vby,.

Conversely, assume that (23) has (36). If V;* # @, then there exists
a differential ¢ with v(¢) + 1 € V;*. By Lemma 17, ¢ has the form
€ = aly + &'. Recall that there exists the following relation between

’/(Ckl) and V((lskl):

(37) (G = v{du) + lm, ifk=1.
v(pr) +Im+ (k- 2)m, ifk>2.
(See Subsection 2.3). If £ = 1, then we have
T (Pu) = [bzpn(m - ngp)t("_l)m“""1 + higher degree terms] dt.

So we have v(§) > v(¢u) = (n — 1)m —n — 1. By Lemma 12, v(§) +1
can not be in V{*.
On the other hand, if £ > 2, then we have

7 (Pp) = [bgp(m — nlp)t("_l)m'1 + higher degree terms] dt.
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Since v(€) > v(¢m) > (n — 1)m —n — 1, we have v(€) + 1 ¢ V;' again.
Thus, we conclude that V;" = 0.

E1.2: v(¢1o) = v(yw). If V;T = 0, then the parametrization (35) must
have the following coefficients:

(38) a;=b;j=0fori=1,...,p—1anda, #0.

For the parametrization (35) with the condition (38), we consider the
differential (19 — (LT((10)/ LT(yw))yw.

LT (¢10)
* (CIO _ 10 yw) _ [Z bm(m _ ni)t(n—l)m—(Zp-l—l—-i)n—l

LT(yw) =

a(m —m,)?
(39) + {bzp_1(m —Ngp_1) — L((T_;___)\)f)_} nt(n—1m—2n—1

_ anPmn(m — mp)(m — np) t(m—p—2)n—1 4.

m =N - | dt.

In (39), we must put

b;=0fori=p,...,2p—2
(40) ) _al(m—mp)?
T (m—ngp-1)(m = A

Conversely, assume that the parametrization (23) has (38) and (40). If
Vi # 0, then we take a differential ¢ with v(¢)+1 € V*. By Lemma 17,
€ has the form ¢y(x, 1, +& where v(Ck,1;) < v(€1). Note that & does not
contain (,;,. We first consider the case where k; = 1. Then we have

™ (pu,) = [apn(m — my)tnmImon—l } dt.

If l; > 1, then we have v({11) > (n—1)m —n—1 by (37). Since v(§)+1
can not be an element of V]™ by (12), it contradicts assumption. So we
must have /; = 0. Then we have v((i0) = v(yw) = (n —2)m —n—1. So
the relation LT({10) + LT(&1) = 0 must need for v(€) +1 € V;*. We show
that &; has the form {—c; LT(C10)/ LT(yw) }yw +&f. Set & = Ajw+dBy.
If v(Ajw) > v(dB;), then v{£1) € dO¢. This case does not occur. If
v(Ajw) = v(dB1), then LT(Ajw) + LT(dB;) = 0 holds. By the same
argument as in the proof of Lemma 13, we have the expression £; =
arr + & for some (x. It is clear that k # 1. For k > 2, we have

(41) 7 () = [ap(m — mp)t™=Dm=1 4] dt.
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It follows from (37) and (41) that v((x) > v(yw). Thus, only the case
where v(A1w) < v(dB;) occurs. By the same argument as in the proof of
Lemma 13, there exists only one term az*y’ in A; such that v(az*y') =
v(Aijw). It follows from v(¢;) = v(A1w) = v(yw) that k =0 and [ = 1.
Since LT(C10)+LT(£1) = 0, we must set a = —c¢;3 LT(C10)/ LT(yw). Putting
&1 = &1 +{c1L1($10)/ LT(yw) }yw, we obtain the desired expression. Now
we have £ = ¢1G10 — {c1 LT(C10)/ LT{(yw) }yw + &]. Since

" <01C10—Myw> _

LT(yw)
Cy [bgpn(m — nQp)t(n—l)m—n—l + - :I dt

holds, the order v(£]) must equal v(£).

(x) By Lemma 17, there exists (k,i, such that £ = caCk,1, + &2 where
&5 does not contain (x,1,. Now (i, is different from (10 and (11. So we
must have k; > 2. If I3 > 1, then v((u) > (n —1)m —n — 1 by (37). We
must have [, = 0. Note that we have

™ (CkO) - [apn(m _ mp)t(n—z)m+(k—2)n—l
(42)
+ bop_1n(m — ngp_y )t HMHE=IN=L ']dt,

for k > 2. Since v((k,0) € ¥{dO¢), the equality LT(c2(k,0) + LT(2) =0
must hold for v(§) € Vi. Write £, = Asw + dBs. By the same argument
as in the proof of Lemma 13, there exists only one term epz*y! in A,
such that v(eaz®y!) = v(Asw). Similarly, By contains only one term
haoxFy! such that v(hoz*y') = v(dB2). It is easily checked that & has
the form

& = (eaz®? ly + - Yw+d (hog® 2y 2 4+,

where LT(car,0) + LT (€22*2 7 1yw + d (haz*>~2y"~2%)) = 0. Further-
more, if we set & = & — {e2z*2 " 1yw + d (hez*>~%y"~2)}, then we have
v(&) > v (eazk~lyw + d (hea®2=2y""2)) = v((k,0) holds. The differ-
ential £] is expressed as

€] = caliyt, + €227 Tyw + d (hoz*2 "2y 72) + €.

Since &, dose not contain (x,o, so does not &,. We easily see that v(§] —
&) > (n—1)m—n—1. Hence we must have v(§) = v(£3). The argument
started from (*) is applicable to £}. So we obtain

€ = c3lky0 + €377 " Lyw + d (haz** T2y ?) + &4,
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where v(£5) > v (c3Crso + esz™ " lyw + d (hazF~2y"2)) € v(dOc).
Note that v(Cxo) < v({k-0) if and only if k < k' by (42). Since v(Ck,0) <
v(&5), we obtain k2 < k3. We continue this process successively and
after j-th step we have

&1 = ¢jCryo + €7 " Tyw + d (hz* 2y ?) + 5.
where l/(f;) > v (CjijO +ezhiyw + d (hjg;kj—Zyn-Z)) € v(dOg).
Then £ is rewritten as

_ _ c1LT(Cio)
£ =ciCo ()
J
+ Z {CiCkiO + eizk"“yw +d (h,—zk" y"‘Q)} + §;~.
=2

where kg < k3 < ... < k; and v(§}) > v((k;0). Since V(&—E;-) ¢V,
we must have v(§) = v(£}). However, the inequalities v/(£}) > v(Ck,0) >
(n —1)m — n — 1 occur after finitely many steps. It contradicts the
assumption v(£) + 1 € V™. Hence we have V;T = 0.

For the case where k; > 2, we can apply the argument started
from (*) to & by replacing &, by £. Then we find V;* =0, so r = 3.

The proofs of (E2), (E3) and Case (F) are essentially same. So we
omit them. Q.E.D.

We summarized the consequences for Case (E) and Case (F). If
r = 3, then the parametrizations (23) and (24) have the coefficients in
Table 1 and in Table 2 respectively.

Table 1
No. Conditions Coefficients
Ell n>7 a;=0(=1,...,p),
bz:O (221, ey 2p—1), Vb2p.
El2 n>7 a; =0(G=1,...,p~1), ap #0,

bi=0@G=p,...,2p—2),
bap-1 = ag(m — mp)®/(m — ngp_1)(m — X), Wby

E21 n= a=0(G=1,..,p), bi=0(G=1,...,2p-2),
m=6p+1 by_1=(5m—12)/2m, Vby,.

E22 n=6 a;=00G=1,...,p—1), ap #0,
m=6p+1 b;j=00G=1,...,2p—2),

b2p—-1 = (Qaf,m + 20m — 48) /Sm, ngp.
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E31 n=5 a;=0@(=1,...,p—2,p),
ap-1 = (3m — 10)/2m,
p>3 bi=0(@G=1,...,2p—4,2p~2 2p— 1),
bop—3 = 4(m — 5)(2m — 5)/3m?, Vbay,.
E32 n=5 a;i=00G=1,...,p—2), ap_1 = (3m —10)/2m,
p>3 ap#0,b,=0(=1,...,2p—4),

bop—3 = 4(m — 5)(2m — 5)/3m?,
bap—2 = 3ap(4m? — 45m + 100)/m(3m — 25),
bap—1 = a2(2m — 15)?/(3m — 20)(m — 10), Vbyy.

E33 n=>5 a1 = 23/22, Vag, by = 136/121,
m =11 by = 440215/56689952 + 267a5/88, Vbs,
b3 = —103195941517/43159874536064
—440813a,/66997216 + 49a2/13.

E34 n=5 a1 =13/12, ay =0,
m=12 by = 133/108, by = 0, bs = 5225/559872, Vby.
E3.5 n= a; = 13/12, as 74 0, bl = 133/108, bg = 34(12/11,
m =12 bz = 81a3/32 + 5225/559872, Vby.
Table 2
No. Conditions Coefficients
Fi11 n>7 a;=0(G=1,...,2p), Vaspy,
F12 n>7 a;=0(i=1,...,2p—-1),

bi=0(=1,...,p—1), bp #0,
G2p = blz)(m —1p)?/ (M — map)(m — X), Vaspir.

F2.1 n=6 a;=0(@{=1,...,2p—1), agp = (bm —12)/2m,
m=6p+5 Vagpt1, b =00 =1,...,p).

F22 n=6 a=0(=1,.,2p-1)
m=6p+5 az = (9b2m +20m — 48) /8m, Vagpi1,
m=6p+5 b=0(=1,...,p—1), by #0.

F31 n=5 a;=00d=1,...,2p—3,2p—1, 2p),
p>2 azp—2 = 4(m — 5)(2m — 5)/3m?,

Va2p+1, bi—‘—‘—O(izl,...,p—Q,p),
bp—1 = (3m — 10)/2m.

F32 n=5 a;=0(0G=1,...,2p—-3),
p>3 azp—2 = 4(m — 5)(2m — 5)/3m?,

azp1 = 3by(4m? — 45m + 100)/m(3m — 25),
azp = b3(2m — 15)?/(3m — 20)(m — 10),
Va‘2p+1a b =0 ('L:lv ap"2)7

bp—1 = (3m —10)/2m, by # 0.
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