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The L? resolvents for elliptic systems of divergence
form

Yoichi Miyazaki

Abstract.

We consider elliptic systems of divegence form in R™ under the
limited smoothness assumptions on the coefficients. We construct LP
resolvents with evaluation of their operator norms, and derive the
Gaussian bounds for heat kernels and estimates for resolvent kernels.
These results extend those for single operators.

§1. Introduction

In [5] we considered a single elliptic operator of order 2m in diver-
gence form, which is defined in R™ and has non-smooth coeflicients, in
the framework of LP Sobolev spaces and constructed the resolvents. In
[6, 7] we extended this result to an operator defined in a general domain
with the Dirichlet boundary condition. Furthermore, in [7] we showed
that the heat kernels and the resolvent kernels are differentiable (we ex-
clude the diagonal set for the resolvent kernels) up to order m — 1+ o for
any o € (0,1) and evaluated their derivatives. These results correspond
to the results by Tanabe [8] for single operators of non-divergence form.

The purpose of this paper is to extend the above results to elliptic
systems defined in R™.

Let x = (x1,...,%,) be a generic point in R, a = (a1,...,0,) a
multi-index with length |a] = a3 + -+ + apn, and
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Let N > 1 be an integer. We consider the elliptic operator in diver-
gence form

(1.1) Au(z)= Y D%aap(z)D’u(z))

la|<m, |B]<m
in R", where aqg(x) is an N x N matrix (aZb(x))lsisN,léjsN and
uw(z) = Y(ui(z),...,un(z)). We allow the coefficients to be complex
valued, whereas many literature such as [2, 4] deals with systems with
real-valued coefficients. We denote by a{x, &) the principal symbol of A:

a(z, &) = Z aop(z)€tP T € R™ ¢ € R™

loe|=|8]=m

Throughout this paper we assume the following.

(H1) All the coefficients a,/; are measurable and bounded in R"™.

(H2) The coefficients azfﬁ with |a| = || = m are uniformly contin-
uous in R".

(H3) The operator A satisfies the Legendre-Hadamard condition,
that is, there exists é 4 > 0 such that

Re'na(z,&)n > 84[¢1*™ |n|?

for any z € R, ¢ € R™ and n = (1, ...,nn) € RY.
Let 1 <p < oo and 7 € R. We denote by LP = LP(R"™) the space of
p-integrable functions and define H™? by

H™ = HTP(R") = {f € §'(R") : (D)"f € L?(R™)}

with norm ||u) gr» = ||(D)"ul|Ls, where (€) = (1 + |¢]?)1/2.

For a Banach space X we define XV to be the set of all u =
Y(u1,...,un) such that u; € X for 1 < j < N with norm |ulxv =
maxi<;<n [|u;x, and XV*¥ the set of all N x N matrices a = (a;;)i,;
such that a;; € X for 1 <4 < N, 1 < j < N with norm ||a||x~vx~ =

For an integer £ > 1 it is sometimes convenient to write f &
(H*P)N as '

(12) f=Y D%a, foac(@P)N

la|<k

and note that the norm inf 37, , 4 [|fall(zr)~ is equivalent to the norm
| fll(z-*.p)~ , where the infimum is taken over all the expressions in (1.2).
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We mean by T': X — Y that T is a bounded linear operator from
a Banach space X to a Banach space Y.

Let 1 < p < co. Since D* : (H™P)N — (H7~|2lP)N for + € R and
aag : (LP)N — (LP)V, we can regard A in (1.1) as a bounded operator
from (H™P)N to (H~™P)N. When we want to stress p, we write A as
Ap. So we have

A= ty= S Draaa? (PPN ()Y,
lal, 18] <m
We often use the following notations:
Ms= max Ja )N XN, = (n,m,N,d4, Ma),
A ‘a,’wgmll apll (o) xw Ca=( A, Ma)

wale) = max max
L<i<N, 1<G<N |a|=18]=m

sup{lags(z) — ads (W)l : z,y €R™, |z —y| < e},
AR, ) ={reC: |A>R,0<argh <27 -0}

fore >0, R>0and 0 <8 < 7. ,

Let p;(z,€), 1 < j < N be all the eigenvalues of a(z,£). By (HI)
we have |[Im p;(z, &)| < Mo|¢|*™ with some constant My depending only
onn, m, N and M4. On the other hand, (H3) implies Re p;(z,€) >
54|€*™. Therefore we conclude that

(13) — ha < arg (2, ) < Ra,

where k4 = arctan (My/d4) € (0,7/2). In [5, 6] we assumed a(z,§) >
54|€*™ for a single operator, which is a stronger ellipticity condition
than (H3). In this case we can take k4 = 0.

§2. Main results

We are now ready to state the main theorems. The first theorem is
concerned with the estimates of the type

(1) [(Ap = N oy o (prrmyy < KNG /2m
for 0 <i <m and 0 < j < m with some K > 0.

Theorem 2.1. Let p € (1,00) and 8 € (ka,7/2). Then there exist
R =R(0,(a,wa), K1 = K1(p,0,Ca) and Ko = K2(0,(4) such that for
A € A(R,0) the resolvent (A, —X)~! exists and (2.1) holds for0 <i <m
and0<j<mwith K =Ky, and for0<i<m—-1and0<j<m-1
with K = K.
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Moreover the resolvents are consistent in the sense that
(Ap =N = (A =N, fe@ ™V n(EH TN

when A € A(R,8) for any p,q € (1, 00).

For p € (1,00) we define the operator A, in (LP)V by

D(Awp)) = {ue (H™P)N : Ayue (LP)N},
Apyu = Apu  for u € D(Awy)).

It follows from Lemma 3.1 in Section 3 that D(Ay)) is dense in (H™?)V,
A(p) is a closed operator in (LP)V, and (A(p))* = (A*)(p+), where p* =
p/(p—1) and A* is the dual operator of A.

Let h € R™. We define the difference operators Ap, A;Ll) and Af)
by Apu(z) = u(z + h) — u(z), AVF(z,y) = F(z + h,y) — F(z,y)
and A%Z)F(:L', y) = F(z,y + h) — F(z,y), respectively, for vector-valued
functions v of x € R™ and F of (z,y) € R™ x R". We set

A={(z,z): z e R"}.
For t € C\ {0}, z € R™ and C > 0 we set
O (t, 23 C) = exp{—C(jz|*™[¢| 1)/ ™=V},

Theorem 2.2. Let p € (1,00). Then the operator —A(,) generates
an analytic semigroup e~ 4@ of angle T/2 — ka4 with kernel U(t, T, y)
which is independent of p and satisfies the following estimates. For any
e € (0,m/2 — ka) and o € (0,1) there exist C1 = Ci(e,a), C2 =
C2(53CA)) C3 = CS(E7CA7WA); C{ = 01(570'7 CA)) Cé = Cé(E,U, CA) and
Ch = C4(e,0,Ca,wa) such that for la] < m, |B] < m and |argt| <
m/2 — kA — € we have
(2.2) |8§85U(t, z,y)| < C’1|tl_("+‘°‘|+w')/2m<1>m(t, x —y; Cg)ecs‘tl
for (z,y) € R x R", and
(23) 1A 8aU (1Y)

< CJJt|=(HlaltlBlre)/2my (4 g Cé)ecértllhlo

forie {1,2}, h € R" and (z,y) € R® x R™ with 2|h| < |z —y|.
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Theorem 2.2 extends the result for p = 2 obtained by Auscher and
Qafsaoui [1], who used the method of Morrey-Campanato spaces.
Forz e R", A€ C, 7 >0 and C > 0 we set

||/ exp(—C|A|M 2™ z)) (T <2m)
UT,(x, %, C) = ¢ (1+1og, [AY/2™|z|) exp(—C|AIM?™|z]) (7 =2m)
||~ exp(—C|\|Y/?™|x|) (1 > 2m),

where log, s = max{0, log s} for s > 0.

Theorem 2.3. Letp € (1,00) and 6 € (ka,7/2). Then there exists
R = R(0,Ca,wa) such that for X € A(R,0) the resolvent (A — A)~!
exists and it has a kernel Gx(x,y) which is independent of p and satisfies
the following estimates. For any o € (0,1) there exist C; = C1(6,Ca),
Cy = C3(0,¢a), C1 = Ci(0,0,¢a) and Cy = C4(0,0,{a) such that for
lal <m, |B] <m and X € A(R,8) we have

(2.4) |0208G\(z,y)| < CLERHAHBl (g —y X Cy)
for (z,y) e R* x R\ A, and
25) AP 28GA(x,y)| < CLuRFlelt Btz _y X Cy)|R|

forie {1,2}, h e R" and (z,y) € R™ x R"\ A with 2|h| < |z —y|.
Moreover 8;"85(9’)‘(3:, y) is continuous on A if n+ |a| + |8] < 2m.

83. Partial proof of Theorem 2.1

Since T = (Tyj)i; : XY - YV and Tj; : X - Y for 1 <i < N,
1 < j < N are equivalent, most properties of T' can be reduced to those
of T;;. This enables us to obtain the main results along the same line as
in the case of single operators. We first derive Lemma 3.1 below, which
is weaker than Theorem 2.1 for the constants R and K may depend on
p. Then Lemma 3.1 leads to Thorem 2.2, from which Theorems 2.1 and
2.3 follow.

In the following we give only the outline of the proofs except Lemma
3.3 whose proof is a little complicated when N > 2. The details for the
case of single operaters are found in [5, 6, 7).

Lemma 3.1. Let p € (1,00) and 6 € (ka,7/2). Then there exist
R, = R(p,0,(a,wa) and K = K(p,0,(a) such that for X\ € A(R,,6) the
resolvent (A, —X\) ™1 exzists and (2.1) holds for 0 <i <m and0 < j < m.
Moreover the resolvents are consistent in the sense of Theorem 2.1.

The proof of Lemma 3.1 is given after some preparation.
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Lemma 3.2 ([7]). Let 6 € (ka,7/2). Then there exists a constant
C =C(0,k4) > 0 such that

ls = Al > C(|s| + |A])
for|args| < k4 and 0 < argA <27 — 6.
Lemma 3.3. Let p € (1,00), 0 € (ka,nw/2) and fix xo € R". Then

for A € A(1,0) the operator a(xo, D) — A : (H™P)N — (H-™P)N has
an inverse and there exists K = K(p,0,(a) such that

(3.1) I(a(xo, D) = X) ™Ml g-imyv s arswyn < KA 7HHOF22m
for0<i<m and0<j<m.
Proof. Set by (€) = (bxij(€))i; = (a(z0,&) — A)~L. Then
baij (€) = (det (a(zo,€) — X)) " exsi(€),

where ¢y;5(§) is (3, j)-cofactor of the matrix a(xo, &) — A. By (H1), (1.3),
Lemma 3.2 and Re p;(z, &) > 64/£]*™ we have

lexis (€)1 < CUEP™ + AN,
|det (a(zo, &) — M) = [A = pa (0, )] - -+ |A = pn (0, £
> C(IElP™ + IADY.

Since 9gbx(€) is written in the form
1 k
> Coctoarba(6) - 0 alx0,€) -+ ba(6) - 8 alzo,€) - bA(E)
alttak=a
with 1 <|o?| <2m (j = 1,...,k), we have
00O < C DI I P Il e 4 A+
< O™ + A~ tlelzm,
So we get
g™

for |a] < m, |B] < m and |y| < [n/2] + 1. Finally, by applying Mihlin’s
multiplier theorem to the operator D®by(D)D? we get the lemma. O

32{§“+5bx(€)}} < ||t lal+B)/2m
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Proof of Lemma 3.1. For e € (0,1) we take a family of functions
{nse(2)}sczr in C§°(R™) such that

z Nse(z)? =1, suppnse C {z € R : |z —es| < e},
sEL™
| D% ()] < Cnme™ 2l for o] < 2m,
#{s€Z": nse(x) #£0} < 2" for any z € R™.
We define a parametrix for A — A by
Py = Z Nse PsaTse, Py = (a(es, D) — A)‘l,
seL™

Using the Leibniz formula, we have
(A—X)P\ =1+ R,, Ry=Ji+Jo+Js+ Jg,
where I denotes the identity and
Ji= Y. D%pD"Py,
lal+[B]<2m

J2 = Z Z Cl’YﬁDaaa’Y (Z ngz_ﬁ)DﬁPs)\nss)y
s

la|=|y|=m B<y

JS = Z D (Z(aaﬁ - aaﬂ(ss))n-SEDﬁPs)\nse)a

laf=|Bl=m s

= ) ZCO’YQDQ(ZaVﬂ(gs)ngz_a)DﬂPsAnsa)

Iv|=]8]|=m o<y

with some constants Cy, and Cy4g. Careful calculation yields

”P)\R,)C\||(Hv"1,r))N_>(H.i,p)N
< KoKF(wa(yne) + e Y A7V 2m)k|y[ 1)/ 2m

for 0 <i<m,0<j<mand € A(e™?™,0). So if we take £ € (0,1)
and R > 0 so that

Kiwa(y/ne) <471, KpelR-1/2m < 4=1 R > c—2m

then for A € A(R, ) the series Y o ,(—1)*P\R% converges as an opera-
tor (H~™P)N — (H™P)N and it is a right inverse of A — A. The duality
aurgument shows that the right inverse is exactly (4 — X)L

We also get the consistency of resolvents, since (A — X\)~! consists
of three kinds of operators such as D%, Fourier multipliers {a(zo, D) —
A)~1, and multiplication operators by functions in (L>)", which are
consistent in the sense of Theorem 2.1. O



252 Y. Miyazaki

§4. Proof of Theorem 2.2

Based on Lemma 3.1, we can prove Theorem 2.2. It is seen from
(2.1) that —A(p) generates an analytic semigroup of angle 7/2 — k4.

As for the heat kernel estimate, we shall first consider the case of
p = 2. By the Sobolev embedding theorem and Lemma 3.1 we have
range (A —A) 7 C (LP)VN (LN forp, qwithl1<p< g, pt—g7l <
m/n and

(A = N "oy —payy < CIA|7HH/2mA/P=1/0)

for A € A(Rp,0) N A(Rg,0) with 0 € (ka,7/2).
Given € € (0,27Y(n/2 — k4)) and o € (0,1), we take a sequence
{p;},_, satisfying

2=pr <pr-1 < <pr =max{;%,2}, p; —p;l <m/n,

and assume that A € A(ka +¢,R) and |argt| < 7/2 — ka — 2 with
R = max{R,,,..., Ry}, where each R, , j = 1,...,k is the constant
defined for p = p; and = k4 + € in Lemma 3.1. Then we have

(A2 =N 7" = (Apy =N (Apy - N 7!
and therefore
1(A@) = Nl o)y poeyn < KA TRE/Am,

This combined with the formula

e @ = 27r\1/:T /F e ™A@ — )7 dA

- et [ -t

where I is a path in A(ka + ¢, R), gives

et | (ayx ooy < Cltf A lmka+) Rl
Applying the kernel theorem to e 242 = e~ t4@ (e_“‘&) )*, we obtain
(4.1) U (2t z,y)| < C2|t|~"/2m 2(sin(rate) " RIt],

The Gaussian estimate can be derived by Davies’ method of exponential
perturbation (cf [3]). To this end we set Ay = e~ Ae?, where ¢(z) =
¢(z; 1, Ro) is a C* function of x with parameters 7 € R™ and Ry > 0
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satisfying ¢(z) = €*7 for |z|] < Ry and 9%¢p € L*°(R") for |a| < m.
Then the heat kernel Uy(t, z,y) for Ay satisfies the estimate similar to
(4.1). So the relation

U(t, z,y) = =04, z,y)

for |z| < Ry and |y| < Ry yields the Gaussian bounds.

We can get the estimates for the derivatives of U(t,z,y) and their
Hélder norms by using the fact (A,,) —A) 71 : (LPY)N — (B™71+0)N i
the above argument, where B™ 1% denotes the Holder space of order
m—1+o0.

Finally we shall consider the case of p # 2. The Gaussian bounds
yield sup, |U(t, -, y)|l(z1yvxv < 0o and sup, ||U(t, z, )||(Lyyvxn < oo
So the integral operator with kernel U(t, z,y) is a bounded operator in
(LP)N. Hence the consistency of resolvents shows that e *4® has the
same integral kernel as e"t4@,

§5. Proof of Theorem 2.3

By Theorem 2.2 we have [le ™" || po)n _(1o)n < Ce®ll with some
C and R, and therefore

Ay — A= ePe w dt, A< —R.
() 0

Let 8 € (0,271(n/2 — k4)). Deforming the integral path and using
analytic continuation, we get the formulae such as

(5.1) (Agy =N 7t= / etre~t e dt
Ly

for A with [A| > (sin#)"!R and k4 +260 < arg A < m, where Ly is the half
line which runs from 0 to coeV~1(7/2=%4=6)  Then the estimate for the
resolvent kernel G (z,y) follows from (5.1) and the Gaussian bounds.

86. Proof of Theorem 2.1

Let p € (1,00) and 0 € (ka,7/2). By Theorem 2.2 and (5.1) we
have A(Ro,0) C p(A(p)), the resolvent set of A, with some Ry =
Ro(6,Ca,wa). On the other hand, by Lemma 3.1 we have A(R;,6) C
p(Ap) with some Ry = Rq(p,6,{a,wa). Based on these inclusions and
the resolvent equation, we can take the constant R independent of p in
Theorem 2.1. Furthermore, by using (5.1) and the Gaussian bounds we
can also take the constant Ky independent of p in Theorem 2.1.
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