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On the Characterization of the Set D, of
the Affine Weyl Group of Type A,
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Dedicated to N. Iwahori

Abstract.

In this paper we show that a conjecture of Lusztig on distin-
guished involutions is true for the affine Weyl group of type An.

§1. Springer’s formula and Lusztig’s Conjecture

1.1. Let (W, S) be a Coxeter group with S the set of simple reflections.
Let H be the Hecke algebra of (W,S) over A = Z[g?,q %] (g7 an
indeterminate). Then H is a free .A-module with a basis {T3, }wew and
multiplication relations

(T, - q)(T. +1) =0 if s€s8,

TwTy = Ty if l(wu) = l(w) + I(u),

where [ : W — N is the length function.

In 1979, Kazhdan and Lusztig published a paper [KL] in which the
famous Kazhdan-Lusztig polynomials are introduced, which are uniquely
defined by the following properties. For each z in W, there exists a

unique element
_U=)
Co=q 2 ZPy,wTy
y<z

(bere < is the Bruhat order on (W, S)) such that

(1) C, is invariant under the ring involution H — H defined by ¢z —
g%, T,— Tk,

(2) P, are polynomials in ¢ with degree less than or equal to 3 (I(z) —
ly) -1 ify<zandy#z, and P, ; = 1.
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P, . are the famous Kazhdan-Lusztig polynomials, which play a
great role in Lie Theory.

1.2. Suppose that y < z and y # z. We then can write
Py . = uly, x)q%(l(m)'l(y)—l) + lower degree terms.

The coefficients u(y, z) are important for understanding the Kazhdan-
Lusztig polynomials and Kazhdan-Lusztig cells. We are interested in
properties of the coefficients u(y,z). We set p(z,y) = p(y, z) if p(y,z)
is defined.

Assume that (W, S) is an affine Weyl group or a Weyl group. The
following formula is due to Springer (see [Sp, S2]),

(a') /,L(y,.’ll) Zé“lzd+ Z’Yy 1z ,f7r
deDg fEDy
We need explain the notations. Write

Cy=3 hay:Cer  huy:€A=Zg},q 73],

zZEW

Define
a(z) = min{i € N | ¢ ¥hyy,. € Zlg~?] for all z,y € W}.

If for any %, g %Ry, & Z[q‘%] for some z,y € W, we set a(z) = oco. It
is not clear that whether there exists a Coxeter group (W, S) such that
a(z) = oo for some z € W.

From now on, we assume that the function a : W — N is bounded
and (W, S) is crystallographic. Obviously, when W is finite, the function
a is bounded. Lusztig showed that the function a is bounded for all affine
Weyl groups (see [L1]). Following Lusztig and Springer, we define 6, .
and 7 4,. by the following formula,

a(z) a(z)—1
hayz="Vy20 2 +6zy.9 2 + lower degree terms.

Springer showed that I(2) > a(z) (see [L2]). Let 6(z) be the degree
of P, ,, where e is the neutral element of W. Then actually one has
I(z) — a(2) — 26(2) > 0 (see [L2]). Set

D;i={ze W |l(2)—a(z) — 26(2) = i}.

The number 7(z) is defined by P. , = 7(2)¢%*) + lower degree terms.
The elements of Dy are involutions, called distinguished involutions
of (W, S) (see [L2]). Moreover, in a Weyl group or an affine Weyl group,
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each left cell (resp. right cell) contains exactly one element of Dy, see
[L2].

Example: Let S’ be a subset of S such that the subgroup W’ of W
generated by S is finite. Then the longest element of W’ is in Dy.

1.3. Comparing with the set Dy, we know very little about the set
D;. From the formula of Springer, we see that the set D; is important
for understanding the coefficients p(y,z). Lusztig has an interesting
conjecture for describing the set D;. For stating the conjecture we need
the concept of cell.

We refer to [KL] for the definition of left cell, right cell and two-sided
cell. For elements w, v in W we shall write w ~u (resp. w NU W u)

if w and u are in the same left (resp. right; two-sided) cell of W. Now
we can state the conjecture of Lusztig (see[L3, S2]).

Conjecture: Let z € W. Then z is in D, if and only if there exists
some d in Dy such that z Jad d and p(z,d) # 0.

To go further, we need some properties of v, , and 6;, .. The
following are some properties of vy 4, (see [L2] for (a)-(d) and [L1] for

(e))-

(@) If vy o is not equal to 0, then w > u!

, u~vand w~wv. In
L R

particular we have w LU Y if Yap,u,u is not equal to 0.

(b) Yw,u, v = Yu,p—1,w-1 and Yu~1,w—1v-t = Yw,u,v-
(c) Let d be in Dy. Then -, 4. # 0 if and only if w = v and w ¥ d.
Moreover Yu,dw = Ydw-1w-! = Yw-1wd = 1.

(d) w ~ u~ ! if and only if 7y 4, is not equal to 0 for some v.

(e) The positivity: as a Laurent polynomial in q%, the coefficients of
hay.u,» are non-negative. In particular, vy 4, and 6, 4 are non-negative
for all w,u,v in W.

The following property is due to Springer, see [Sp] or [S2].
(f) Ifw U and 6, 4 # 0, then w v and u -

1.4. The observations of this subsection are due to Shi, Springer and
Lusztig,.

We can see easily that the “only if” part of the conjecture in subsec-
tion 1.3 is true. If z is in D;, then we can find some d in Dy such that
z o d (or equivalently, 2z} ~ d, note that d = d~1). By 1.3 (c), we have
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Yz-1,4,-1 = 1. By the positivity (see 1.3 (e)) and Springer’s formula
(see 1.2 (a)), we see that p(z,d) # 0. This observation and argument
are due to Shi, see [S2]

Moreover, for z € W and d € Dy, if u(z,d) #0, z ~ d and 2 r;Lé 2zt

it is easy to prove that z is in D;. Now we argue for this. We have

Wz d)= Y 6w+ Y Var,am(f):

d'€Dg fe€Dy

By 1.3 (¢), 7:-1,47 # O implies that f = z~!. Note that z is in D,
if and only if z7! is in D;. If z is not in Dj, then we have p(z,d) =
Y arepy 62-1,d,a- But if 8,-1 g4 # 0, by 1.3 (f), we then have 2! ~ d

and d > d’. Thus we must have d’ = d since each left cell contains
only one element of Dy. So we must have z~! o~ d. Since p(z,d) =
u(z~1,d™1) = p(z71,d), applying the same argument to z=! we can
see that z - d. In conclusion, we have z .~ 27t e, 2z > z~1. This
contradicts z 7L6 z~1. Therefore we must have z € D;. Essentially this

observation and argument are due to Springer, see [S2] and [Sp].

The conjecture was also proved for Weyl groups by Lusztig with the
following two exceptions (1) W is of type E; and a(z) = 512, (2) W is
of type Eg and a(z) = 4096 (see [L3]). In this paper we shall prove the
following result.

Theorem 1.5. Let (W, S) be an affine Weyl group of type A, then
the conjecture of Lusztig in subsection 1.3 is true.

We need some preparation to prove the theorem.

§2. Proof of Theorem 1.5

We shall need the star operations introduced by Kazhdan and Lusztig
in [KL].

2.1. For win W, set L(w) = {s € S | sw < w} and R(w) = {s €
S | ws < w}. Let s and t be in S such that st has order 3, i.e. sts = tst.
Define

Dp(s,t) = {w € W | L(w) N {s,t} has exactly one element},
Dg(s,t) = {w € W | R{(w) N {s,t} has exactly one element}.

If wis'in Dr(s,t), then {sw,tw} contains exactly one element in
Dy (s,t), denoted by *w, here x = {s,t}. The map: Dr(s,t) — Dr(s,t),
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w — *w, is an involution and is called a left star operation. Similarly
if w € Dg(s,t) we can define the right star operation w — w* =
{ws,wt} N Dg(s,t) on Dg(s,t), where x = {s,t}. The following are
some properties proved in [KL].

Let s and t be in S such that st has order 3 and set * = {s,t}.
Assume that y,w are in Df(s,t). We have

(a)  wly,w) = u("y, ).
(b) y yw if and only if *y ~ .

*

(¢) w~*w.

T
Let * = {s,t}. Assume that y, w are in Dg(s,t). We have
(d) = ply,w) = ply", w").

(e) yrzwlfandonlylfw YY"
() w o~ w'

2.2. Recall that we have assumed that (W, S) is crystallographic and
the function @ : W — N is bounded. The following results (a-d) are
proved in [X, section 1.4] and the assertion (e) is due to Shi (see [C,
Theorem 1.10]).

Let s,t,s',t' be in S such that both st and s’t’ have order 3. Assume

that w is in Dr(s,t) N Dg(s’,t’). Set * = {s,t} and x = {s/,¢'}. Then
(a) *w is in Dg(s’,t') and w* is in Dr(s,t). Moreover, we have *(w*) =
(*w)*. We shall write *w* for *(w*) = (*w)*.
(b) ()™ = ()" and (w) "t = *(w)"

Let s,t,s',t be as above and * = {s,£} and * = {s’,¢'}. Suppose
that w is in Dr(s,t) and v is in Dg(s’,t'). Let v be in W such that
vrzuandvrl\iw. Then

(c) We have v € D(s,t) N Dg(s',t'), so *v* is well defined and we have
Pop 0 = Prgy ux +y+, see subsection 1.2 for the definition of Ay, 4 0.

Let s,t,8',t,s",t" be in S such that all st, s't' and s”t" have order
3. Suppose that w is in Dg(s,t) N Dr(s”,t") and w is in Dr(s",t") N
Dpg(s',t"). Set x = {s,t},# = {s",t"}, and » = {s',t'}. Let v be in W
such that v is in Dy (s,t) N Dgr(s’,t"). Then we have

(d) Vw,u,v = Vo #yx wy* -
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(e) Let w be in W such that w = w™!. If wis in Dy (s,t) or in Dg(s,t),
then *w* is well defined for * = {s,t}. Moreover, if w is in Dy, then *w*
is also in Dy.

Lemma 2.3. Let s,t be in S such that st has order 3, z in W and
d in Dy such that z I d. Assume that 6,-1 44 = 0 and p(z,d) # 0.

Then
(a) z is in Dy and p(z,d) = w(z).
(b) If 2 rz 271 v d and *z* is well defined for x = {s,t}, then *z* is in

Dy and p(*z",*d") = n(*z") = m(2) = p(z, d).
Proof. (a) Using Springer’s formula 1.2 (a) and 1.3 (f), we see

ﬂ'(za d) = é‘z—l,d,d + Z ’Yz—l,d,fﬂ-(f)'
F€D,y
Now 6,-1 44 = 0, so we get
M(Z,d) = Z '72—1,d,f7r(f)'

feD1

By 1.3 (c), 7,-1,4,f # O implies that f = 271 and Y2-1,4,; = 1. Hence
271 is in Dy, or equivalently z is in D1, and p(z,d) = 7(271) = m(2).

(b) According to 2.1 (a) and 2.1 (d), we have u(*z*,*d*) = u(z,d) #
0. By 2.2 (e), *d* is in Dy. By Springer’s formula 1.2 (a), 1.3 (f) and
2.2 (b), we have

u(*z*, *d*) = 6‘(2—1)*’,‘(1*’*(1* —+ Z ’Y*(z—l)*’*d*7f7l'(f).
feDy

We need prove 8. (,-1ys «g+ +g« = 0. By 2.1 (b-c), 2.1 (e-f) and 2.2 (c),
h*(z——l)*’tdt’*d* = h(z—l)*’td’d, SO

6*(2_1)*,*d*,*d* = 6(2'1)*,*d,d'

By Springer’s formula 1.2 (a) and 2.2 (b), we have

M(*z7*d) = Z 5(2—1)*,*d,d’ + Z '7(2‘1)*,’d,f7r(f)'

d'€Dy f€Dy

By 2.1 (a), u(*z,*d) = p(z,d), so

,U,(*Z, *d) = /J'(Zv d) = Z 6(2—1)*,*d,d’ + Z 7(2‘1)*,*d,f7r(f)'

d'€Do feD;
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By 2.2 (d), we know that y(,-1)« «q,5 = V>-1,4,5- Thus, y;-1y« +g 5 # 0
implies that f = 27! and y(;-1)» «4,s = 1. By (a), we also have u(z,d) =
n(z) = w(27'). As a consequence, we must have §(,-1)s «4 4 = 0 for any
d' in Dy. Therefore, b.(,-1)» vg+ »g» = 0. Since *d* is in Dy (see 2.2
(e)), by 1.3 (c), we know ~ys(,-1)s «q+ 5 # O implies that f = *(z71)*
and 4«(;—1)» =g+, ; = 1. Therefore *(271)* = (*z*)~! and *z* are in D;.
Moreover we have pu(z,d) = p(*z*,*d*) = n(*(z71)*) = n(*2*). The
lemma is proved. O

2.4. Now we can prove the theorem. When n = 1, Theorem 1.5 is
clearly true. Now assume that n > 2. By the discussion in 1.4, we only
need to prove that for some d € Dy, if z ~ 27! ~ d and p(z,d) # 0,

then z € D;. According to [S1, 18.3.2], there exists a sequence of right
star operations such that its composition sends z (resp. d) to some z'w
(resp. yw) for the longest element w of a parabolic subgroup of W
and such that z'w T w (resp. yw v w). Using 2.2 (a), we can apply

the corresponding (in the same order) left star operations to z'w (resp.
yw). Then we obtain some element zw (resp. w, here 2.2 (e) is needed)
such that zw Y (zw)™t 7w By 2.1 (a) and 2.1 (d), clearly we have

u(zw,w) = p(z,d) # 0. Note that for z; and x5 in a Coxeter group, we
have R(z1) = R(zz) (resp. L(z1) = L(z2)) if z1 and x5 are in the same
left (resp. right) cell of the Coxeter group, see [KL]. By 2.1 (b) and 2.1
(e), we have R(z'w) = R(yw) = R(zw) = L(zw) = R(w) = L(w). Thus
it is obvious that 84 w4, = 0. By Lemma 2.3 (a), we see that zw is in
D;. By Lemma 2.3 (b) we know that z is in D;. The theorem is proved.
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