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Extremal weight modules of quantum affine algebras

Hiraku Nakajima

Abstract.

Let § be an affine Lie algebra, and let Uy(g) be the quantum
affine algebra introduced by Drinfeld and Jimbo. In [11] Kashiwara
introduced a U,(g)-module V(\), having a global crystal base for an

~ integrable weight X of level 0. We call it an extremal weight module.
It is isomorphic to the Weyl module introduced by Chari-Pressley [6].
In [12, §13] Kashiwara gave a conjecture on the structure of extremal
weight modules. We prove his conjecture when § is an untwisted
affine Lie algebra of a simple Lie algebra g of type ADE, using a
result of Beck-Chari-Pressley [5]. As a by-product, we also show that
the extremal weight module is isomorphic to a universal standard
module, defined via quiver varieties by the author [16, 18]. This result
was conjectured by Varagnolo-Vasserot [19] and Chari-Pressley [6] in
a less precise form. Furthermore, we give a characterization of global
crystal bases by an almost orthogonality propery, as in the case of
global crystal base of highest weight modules.

§1. Introduction

In the conference, I gave a survey on quiver varieties and finite
dimensional representations of quantum affine algebras. Since I already
wrote a survey article [17] on this subject, I will discuss a different one
in this paper. But it is related to my talks since I will study extremal
weight modules which turn out to be isomorphic to universal standard
modules, which was one of the main objects in my talk.

Let us describe Kashiwara’s conjecture [12, §13] on extremal weight
modules when g is the untwisted affine Lie algebra, of a simple Lie algebra
g of type ADE. The notation will be explained in the next section.

Let X be a dominant integral weight of g. We write A = Y., m;w;,
where t; is the i-th fundamental weight of g. We consider A\, w; as
level 0 weights of g by identifying them with A —Y". m;a) Ag, A; —a) Ao,
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where c = Zi a; h; is the central element, and A; is the ith fundamental
weight of §. Let V()) be the extremal weight module of extremal weight
X with a global crystal base (£()), B(A), VZ ()\)) (see §2.5 for definition).
Let us define a Uy(g)-module

V) E QV(@)*™,
i€l

where we take and fix any ordering of I to define the tensor product. It
has Uy (g)-module automorphisms 2;,, (i € I, v =1,...,m;) (see §3.2).

Set L(A) L' @,c; L(w:)®™, @ L ®;c; u8™. Let Bo()) be the
connected component of the crystal @,.; B(w;)®™ containing % mod
gL(X). There is a (subset of) global base {G(b) | b € By(A\)} (see
§3.2). Let B(\) L {s(2)b | b € By()), s € (Z33)(N)} where s(z) =
[Lcssa® (21, .-, Zi,m,;) runs over the set (Zzo)()‘) of products of Schur

functions.
There exists a unique Ugy(g)-linear homomorphism

®y: V(A) — V(N

sending uy to Uy (see §3.2).

Theorem 1. Q.) @, is injective.

(2) @A(L(N) CL(N). o
Let ®% be the induced map L(X)/qL(X) — L(A)/aL(R).

(3) ®Y gives a bijection between B(\) and B()).

4) CI))\ maps the global crystal base {G(b) | b € B(\)} to {s(z)G(b) |
be Bo(N), s€ (Z (A}

While the author was preparing this article, he learned that Kashi-
wara also noticed that his conjecture follows from [5] when g is of type
ADE. In fact, some arguments (the proof of the injectivity of @y, the
definition of (, ), etc.) has been improved from the original form after
the discussion with him. After the author posted the first version of this
paper to the network archive, he was informed that Jonathan Beck also
proved a part of Kashiwara’s conjecture [4].

§2. Preliminaries

2.1. Affine Lie algebra

Let us fix notations for the untwisted affine Lie algebra g. (For a
moment we do not assume that g is of type ADE.)
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(1) T: the index set of simple roots,
(2) {ai};eq ¢ the set of simple roots; {h;}, 7 : the set of simple
coroots,
(3) P* def- @D, 7 Zhi®Zd : the dual weight lattice; P = Homgz(P*,Z)
: the weight lattice,
4) b= h % P* ®,Q : the Cartan subalgebra,
(5) the simple root a; € P defined by (hi, o) = asj, (d, o) = boj,
where a;; is the Cartan matrix of g,
(6) the fundamental weight A; € P defined by (h;, A;) = 8;5, (d, A;)
=0.

M Q= 7 et D, <1 Za; : the root lattice; Qv < D;c7Zh; : the coroot
lattice,
®) G+ & Vs Zsoai; Py = {A€ P| (hi,\) 2 0foralli € I} :

the set of integral dominant weights,
(9) the unique element ¢ = 3, raYh; (af € Zxo) satisfying

{h € @V l (h,aJ> =0 for all] EI} :ZC,
(10) the unique element § =3, 7
{)‘te(hi,)\) =0 for allzeI} = 76,
(11) the symmetric bilinear form (, ) on b*, uniquely characterized
by (hi, A) = a2 (e, Ay = (6,), for A € E*

T (aga)’
(12) = def. Y ;7 @i : the Coxeter number; hY = def. Y iera : the dual

Coxeter number.

7a;0; (a; € Z>o) satisfying

The symmetric bilinear form ( , ) is known to be nondegenerate,
and defines an isomorphism v: h — §* by (h,A) = (v(h), ) for A € h*.
For example, v(c) = 6. This coincides with one in [9, §6].

For B € §* with (8,B) # 0, we set 8V def. zﬁj We have v(h;) = o)

We have an element 0 € T such that {a; | i # 0} is the set of sunple
roots of g. It is known aj = ag = 1 for the untwisted affine Lie algebra
8- We denote I\ {0} by I.

Let cl: h* — §* /Qé be the natural projection. Let h*0 def. {\e h*0 |
(e, Ay = 0}, po et PNh*© (level 0 weights). We identify cl(H*O) c b*/Q6
with the dual of the Cartan subalgebra b of the finite ’c\limensional Lie al-
gebra g, which is @, ; Qh;. Similarly we identify cl(P°) with the weight
lattice P of g. We define the root lattice of g by Q def. D.c; Za;. For
i € 1, weset w; def "Ai—a) Ao € P°. Then cl(w;) is identified with the ith

fundamental weight of g. Let PO+ aef- {/\ € p° ' (hi,A) > 0forie I} .
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Its projection cl(ﬁo*ﬂ is the set of dominant integrable weights of g.

Let PV % Homgz(Q, Z). The fundamental coweights w,” are defined by
(w),a;) = &;j for 4,5 € I. We extend w,” to a homomorphism Ny
by setting (), ) = 0.

Let A (resp A, ) be the set of roots (resp positive roots) of g. The
set of roots R of § g is given by R= iR.,. U IR_, where

. {kb+al|k>0acAYU{kS|k>0) .
+ = 3 fR_=—32+
Wk —al|k>0ae AL},

The roots of the form k6 £ a (k € Z, o € A) are called real roots, while
roots ké are called imaginary roots. The multiplicities of real roots are
1, and those of imaginary roots are equal to the rank of g, i.e., #1.

Set

def def.

{k6+a|k>0,ae AT}, R =

Ro L (ks | k>0} xI, R

{k6 —a|k>0,aae AT},
R>|_|RQU:R<

These are sets of roots, counted with multiplicities.

For i € I, we define the reflection s; acting on h* by si(A) = A—
(hiy A)a;. Moreover, s; acts also on H by si(h) = h — (h,0;)h;. The
actions of s; preserve ﬁ, @, QV and E*O. We have s;6 = 6, s;c = c.
If i € I, the corresponding reflection s; preserves h, P, PV and Q.
The Weyl group W (resp. affine Weyl group W) of g (resp. §) is the
subgroups of GL(h*) (resp. GL(E*)) generated by s; for ¢ € I (resp.
iel ). We define the extended Weyl group W as the semidirect product
W W PV, usmg the W-action on PV It is known that W is a
normal subgroup of W and the quotient g <& W/ W is a finite group
isomorphic to a subgroup of the group of the diagram automorphlsms
of g, i.e., bijections 7: I — I. Moreover, W is isomorphic to T x W.

When we consider £ € PV as an element of W we denote it by ¢.
We have £¢(X) = A — (€, \)6 for £ € PV, X € §*°.

Lemma 2.1. We have

Y (a8 =h"(=}0), Y. (@8 =h(w,6).

a€R ML (R-) aeRntZ} (R-)
2 k3
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Proof. From the above description of the root system 52.,., we have
RNtV R ={B+n6|BeA,0<n< (w),B)}.
Therefore

Yo (@)=Y BH@.0) = Z (ﬂ&)(ﬂ,wz)

a€R 4Nt Y (R-) BeAy pens &
We consider the bilinear form on h* defined by

o6, = Y (8,68,

BeAL

By [9, Corollary 8.7] it is equal to hV(£,7n) and we get the assertion. We
give a proof since the corresponding equality for the second equation
cannot be found there.

From the definition, it is invariant under the Weyl group W. So
there is a constant ¢ such that ®(&,1) = c(&,n). Let 8 = § — ag be the
highest root of g. Then we have

(9, 9) = (01(), Oto) =2.
On the other hand, we have
®(0,8)= ) (5,9)(5,9)-
Beby

Ifg= EI n;a; € Ay, we have 0 < n; < a;. So we have

(8,0) = — Zni(ai,ao) >0,
(8,6) = (8,6) = > (ni — a;)(ei, x0) < 2,

where the equality holds when § = 6. (Note that (a;,c9) = ag; is a
negative integer.) Therefore

2(0,0)= > (8,0)+2=2(p,0) +2

BEAL
=2) (@i,0) +2=2) a +2=2h",
il i€l
where p is the half sum of the positive roots of hj, which is known to be

equal to ), ; w;. Therefore we have ¢ = h¥ and get the first equation.
A similar calculation shows the second equation. a
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2.2. Quantum affine algebra

Let Ugy(g) be the quantum affine algebra. We follow the notation
in [1, 12]. We choose a positive integer d such that (s, ;)/2 € Zd~?!
for any 7 € 1. We set gs = ¢*/°. (Later we assume g is of type ADE.
Then d = 1 and g; = ¢q.) Then the quantum affine algebra Uy(g) is the
associative algebra over Q(g,) with 1 generated by elements e;, f; (i € ) ),
" (h e d_lﬁ*), q*=°/? with certain defining relations. As customary, we
set g; = q(@)/2, 1, = glanedh/2 o) = e [[pl, ), £ = f7/[ply.!

Let Uy (8) be the quantized enveloping algebra with cl(ﬁ) as a weight

lattice. It is the subalgebra of Ugy(g) generated by e;, f; (2 € 7 ), q*
(h € d71 €D, Zh;), ¢*°/2. The quotient UY,(g)/(q**/2 — 1) is denoted by
U,(Lg) and called a quantum loop algebra in [16, 18].

Let Uy(g)™ (resp. Uy(g) ™) be the Q(gs)-subalgebra of Uy(g) gen-
erated by elements e;’s (resp. fi's). Let Ugy(g)° be the Q(gs)-subalgebra
generated by elements ¢" (h € d"lﬁ*). We have the triangular decom-
position U, @) > Uy(9)T ® Uy(8)° @ Uy(g) .

For £ € Q, we define the root space Uy(g)e by

U,(9)e def- {x € U,@) | ¢"zg™" = ¢ Oz for all h € P*}.

Let U%(g) be the Z[g, g; ]-subalgebra of U,(g) generated by ele-

ments ez("), f,;("), g" fori €I, n€Zsy, h€d1P*.
Let us introduce a Q(g,)-algebra involutive automorphism Vv and
Q(gs)-algebra involutive anti-automorphisms * and 9 of U,(g) by

6;:/ = fi1 fzv =€, (qh)v = q_hv
6: = €, fi* = .fia (qh)* = q-h7
Yle) = g7 "t fi, (i) =g Mtiei, ¥(¢") ="
We define a Q-algebra involutive automorphism  of U,(g) by
€ =€, _f—‘;:fiv q_h=q—h7
a(gs)u = a(g;Y)u  for a(g,) € Q(q,) and u € U,(9)-

In this article, we take the coproduct A on Ugy(g) given by

A" =q"®q", Ae;=e; @t +1®e;,

(22)
Afi=fi®14+1;® f;.
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Let us denote by {2 the Q-algebra anti-automorphism *o oV of
Uq(g). We have

Qe)=fi, 2f)=e, 20" =4q" 02¢)=q"

A U,(g)-module M is called integrable if

(1) all e;, fi (i € I) are locally nilpotent, and
(2) it admits a weight space decomposition:

M= @M)‘, where My = {u € M | ¢"u = ¢y for all h € P*}.
A€EP

Let U,(g) be the modified enveloping algebra [13, Part IV]. It is
defined as

=~ def. o~ o~ def. o~ o
U,(8) C P U@ar, Ug@ar = U@ / Y Ua@)(g" — g™y .
A\cP he P~

Here the multiplication is given by
axz = zayx_¢ for £ € Ugy(g)e, axa, = 6xruax,

where a) is considered as the image of 1 in the above definition of
Uq(ﬁ)a/\-

Let A, u € P. Let V()) (resp. V(—p)) be the irreducible highest
(resp. lowest) weight module of weight A (resp. —u) [13, §3.5]. Then
there is a surjective homomorphism

(2:3) Uy(@ar—p dur— u(ur®@u_y) € V(A) @ V(—p),

where uy (resp. u_,) is a highest (resp. lowest) weight vector of V()
(resp. V(—p)).

2.3. Braid group action

For each w € W, there exists an Q(g)-algebra automorphism Ty, [13,
§39] (denoted there by T, ;). Also, for any integrable Ugy(g)-module
M, there exists Q(g)-linear map T,,: M — M satisfying T,,(zu) =
Tw(z)Ty(u) for z € Uy(g), u € M [13, §5]. We denote T, by T; here-
after. By [13, 39.4.5] we have

(2.4) NoT,oR=T,.



350 H. Nakajima

Lemma 2.5. We have
(WoTyot) () = ()Y ¢ NT;Y(x) forallweW, z e Uy,
where
N= ¥ (e, N= 3 @
aeRnw=1(R_) a€Rnw=1(Ro)

Proof. Let T;'_, be the automorphism defined in [13, §37]. A direct
calculation shows ¥ o T; 04 = T;’_;. By [loc. cit., 37.2.4] we have
T i(z) = (=1)(Pi8) g (O T 1(z) for € Uy(g)e. Let w=s;, ...8;

be a reduced expression of w. Then

(WoTyoy)(z)=(-1)N ¢ N (T '...T;") (),

where
NV = (hi1 + Silhiz +--- +S’i1 .. 'S‘im—lhim7§>7
N = (ail + 85,05, + -+ 8, - 'Sim—laim7€)'
Since we have ﬁ+ ﬂw_l(ﬁ_) = {si1 eSO, | k=1,... ,m} , We are
done.

As in [2, 5], the definition of the automorphism T, of Ug(g) can be
extended to the case w € W by setting

T€i = €1(4), Tfi = f‘r(i)a thi = th(i), T¢"=q .

2.4. Crystal base

We shall briefly recall the notion of crystal bases. For the notion of
(abstract) crystals, we refer to [11, 1].

Forn € Z and i € f, let us define an operator acting on any inte-
grable U, (g)-module M by

EWs 3 fmePaw),

k>max(0,—n)
k-1
where  af(t) = (—1)¢f" ek [ (1 - g1+,
v=1

And we set €; def. Fi(_l), ﬁ def. Fi(l).
These operators are different from those used for the definition of
crystal bases in [10], but it gives us the same crystal bases by [12, Propo-

sition 6.1].
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A direct calculation shows

(2.6) $(&) =(1-a)fi

Let Ao & {£(g,) € Q(gs) | f is regular at g, = 0}.

Definition 2.7. Let M be an integrable Uy(g)-module. A pair
(L, B) is called a crystal base of M if it satisfies

(1) L is a free Ag-submodule of M such that M = Q(gs) ®a, L,

(2) L =@D,cpLx where Ly =L N M, for X € P,

(3) Bis a Q-basis of L/gL 2 Q®a, L,

(4) &L c kL, i cLforallie ],

(5) if we denote operators on L/qL induced by &; f; by the same
symbols, we have €;B8 C BU {0}, f;B c Bu {0},

(6) for any b,b' € B and 7 € I, we have b’ = f;b if and only if
b=¢gb'.

We define functions €;,p;: B — Zxo by €;(b) def. max{n > 0 |

&b # 0}, 0i(b) = max{n > 0| fI'b # 0}. We set exb = &5 ®p,
Fmaxy. def. T (b
ronsy 4L i,

Let  be an automorphism of Q(g;) sending g, to g; . Let Ag be

the image of Ao under , that is, the subring of Q(gs) consisting of
rational functions regular at g, = oc.

Definition 2.8. Let M be an integrable Ug(g)-module with a
crystale base (L,B). Let  be an involution of an integrable U,(g)-
module M satisfying Zu = TU for any = € Uy(g), u € M. Let MZ be
a UZ(§)-submodule of M such that MZ =M%, u—7 € (g, — 1)M? for
u € M%. We say that M has a global base (L,B, M%) if the following
conditions are satisfied

(1) M =Q(gs) ®Z[qs,qs_1] M? = Q(gs) ®a, £ = Q(gs) ®j\_oz,

(2) LNLNMZ— L/q,L is an isomorphism.

As a consequence of the definition, natural homomorphisms

Ao®z (LNTENME) - L, Ayez (LNENME) T,
Zlgs, ¢; '] ®2 (LN TN M%) - M?,
are isomorphisms. B
Let G be the inverse isomorphism L/g.L — LNLN MZ. Then

{G(b) | b € B} is a base of M. It is called a global crystal base of M.
The above conditions imply G(b) = G(b).
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For a dominant weight A € ﬁ.,., the irreducible highest weight mod-
ule V(X) has a global crystal base [10]. If A,u € P, then the tensor
product V(A\) ® V(—p) also has a global crystal base. Moreover, Uy(g)
has a global crystal base (L (0,(@)), B(0,(®)), ﬁ% (ﬁ))) such that the

homomorphism (2.3) maps a global base of U,(g) to the union of that
of V(A) ® V(—u) and 0 [13, Part IV]. Furthermore, the global base is
invariant under * [11, 4.3.2].

2.5. Extremal vectors

A crystal B over Uy(g) is called regular if, for any J G I, Bis
isomorphic (as a crystal over Ug(gs)) to the crystal associated with an
integrable Uy(gy)-module. (It was called normal in [11].) Here Uy(gy)
is the subalgebra generated by e;, f; (j € J), ¢" (h € d_lﬁ*). By [11],
the affine Weyl group W acts on any regular crystal. The action S is
given by

FhewtOy if (hy wtb) >0,
Se.b = ~—(h,,wt by, .
b if (hs, wth) <0

for the simple reflection s;. We denote Ss, by S; hereafter.

Definition 2.9. Let M be an integrable Ug(g)-module. A vector
u € M with weight )\ € P is called ertremal, if the following holds for
all w e W:

(2.10)

eTyu=0 if (h;,w)) >0,
FTwu=0 if (h,wh) <O0.

In this case, we define S,,u so that

FUlPwI gy i (R wA) >0
SiSwu = ()
SIS if (hi,wA) <0

This is well-defined, i.e., S, u depends only on w.
Similarly, for a vector b of a regular crystal B with weight A, we say
that b is extremal if it satisfies

&:8Sub=0 if (h;,wA) >0
fiSwb =0 if (h;,wA) <0

Lemma 2.11.  Suppose that an integrable Uq(g)-module M has a
crystal base (L,B). If u € L C M is an extremal vector of weight A
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satisfying b def- 4 mod gl € B, then b is an extremal vector, and we
have

Spu=(—1)M g N+Tyu, S,b=S,umodql forallwe W,

where Ny = Z max ((a, A),0), and NY is given by replacing
a€Rnw-1(R_)
o by aV.

Proof. The equation S,b = Sy,u mod gL follows from the defini-
tion of .
If v € M, satisfies e;v = 0 (resp. f;v = 0), we have

Tiw= (—qi)f‘fi(g")v (resp. Tiv= egg")v) ,

where §; = (h;, £). The rest of the proof is the same as that of Lemma 2.5.
(|

The following follows from a formula for the crystal B(ﬁq (@) (see
(12, App. B]):

Lemma 2.12. Let A € P°. The followings hold for b=b; @ ty ®
U_oo € B(Uq(g)ar) = B(00) ® Tx ® B(—o00) with wt by € Zé:
€b =0 or f;b =0 if and only if £;(b;) < max(—(h;, A),0).

For A € P, Kashiwara defined the Ug(g)-module V' ()) generated by
u) with the defining relation that u) is an extremal vector of weight A
[11]*. It is written as

V) =Uy@ar/l, LY @ Q(g)G(d),

beB(Uq(F)ax)\B(A)
where B()\) aef- {b € B(Ug4(g)ar) | b* is extremal}. Thus V(A) has a
crystal base (L()), B(A)) together with a UZ(g)-submodule VZ()) with
a global crystal base, naturally induced from that of Ug(g)ax. If A
is dominant or anti-dominant, then V()) is isomorphic to the highest
weight module or the lowest weight module. So there is no fear of the
confusion of the notation.

'He denoted it by V™#*()).



354 H. Nakajima

2.6. Drinfeld realization

The quantum affine algebra U,(g) has another realization, due to (8,
2]. It is isomorphic to an associative algebra over Q(g,) with generators
et (€I, rel), ¢ (hed'P),hi, (i €I, me Z\{0}) with
certain defining relations (see [2, §4]). The isomorphism depends on the
choice of o: I — {£1}, and is given by

o, = o) T (&), =i, =o(i) Tgy(fi),

(r—s)c/2 _q—(r— s)c/2
[(17+ - ] =6 q 1/)1 ,r+8 q 1/)2 T+s
1,7 V4,8 ] qg—q- )
where ’(/)z:t(u) Z"/)'L +rU :ET d'e;_f. tj:l exp ( . qz Z h"L imu ) ’
r=0

By (2.4) we have

Qait,) ==zF_,, 2him)=hi-m foricl,reZ meZ\{0}.

1'7

2.7. The crystal base of Uy(g)*

Let us recall results in [5]. We assume g is of type ADE hereafter.
We choose a reduced expression s;, - - - s;y of 20 =2} . ; @; in a suitable
way (see [loc. cit.] for detail), and consider a periodic doubly infinite
sequence (...,i_1,%p,%1,...) of fby setting i = txmoanN- Let

3 def. | Sig8i_y "+ Sigy, (0u,) kL0,
* SiySip * - 8ip_,(0y,) ifk>0.
We have
(2.13) R ={Br| k<0}, Re={Bk|k>0}
We define
g et [T T, (e('”) if k <0,
o\ LT T 1( ) ifk>o0.

We denote Eéi) by Egs,. These are root vectors for R5 and R<. By [13,

40.1.3] we have Eéz) € U,(g)*. Explicit relations among Eg:) and mii’,
can be found in [5, Lemma 1.5].
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We define P, ; (m > 0, ¢ € I) by

1+§:meumm( Eiwmﬁi)% >.

m>0 m>0

We also define ﬁm,i € Uy(@)* by replacing h; , by —h; .. These are root
vectors for Rg. We also set P_y, ; = 2(Pr ;) (m > 0,3 € I).

Let c: R — Z>( be a map such that c(a) = 0 except for finitely
many «. We denote its restrictions to R, Rs, Rg by ¢, c«, ¢g respec-
tively. We define E._,E._ € Uy(g)™ by

def. B B- def. c c(B
E., = Eé‘;( o))E[(;:_(1 1) . ’ E,_% .. .Eéz(ﬁz))Eél( 1)).

<
Next, given ¢, we associate an I-tuple of partitons (A();¢; as
A(0) def- (1°0(50)200(289) .. goo(k8yi) ..y
As in [15] we denote it also in another notation:
AD =0 A0 ).

We define the corresponding Schur function

def
Seo = Hdet( A~k l)1<k a<t’

i€l

where t > I(A®) and tA®) means the transpose partition of A(). Note
that ﬁm’i corresponds to an elementary symmetric function, while P, ;
corresponds to a complete symmetric function, up to sign.

Now a main result of [5] says that

(1) B, %< cs * Oco - Fic is contained in L(o0) N UZ(g)*,
(2) {BC mod gL(o0) | ¢ € Z%,} is the crystal base of U,y(g)™.
Set (223)(2) < {co € 233 | 10®) < (hi, ) for all i € 1}, where

(A®);¢r is the I-tuple of partition corresponding to co as above.
We apply V to the above crystal base to get

. . . _ def.
Fo, L (Be)Y, Foo € (Bel)Y, Si % (Seo)V-

c<
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2.8. Extremal weight modules and the Drinfeld realization

Extremal weight modules are defined in terms of Chevalley gener-
ators. We shall rewrite the definition in terms of Drinfeld generators,
and derive several easy consequences in this subsection.

The following is a consequence of [12, Theorem 5.3].

Lemma 2.14. Let u be a vector of an integrable U’ (g)-module M

with weight X € PO+ Then the following conditions are equivalent:
(1) u is an extremal vector.
(2) ef,u=0 forallicl, reZ.

Remark 2.15. The extremal weight module V() is isomorphic to
the Weyl module Wy(A) introduced by Chari-Pressley [6]. This result
was refered as ‘an unpublished work’ of Kashiwara in [loc. cit., Propo-
sition 4.5]. Let us give Kashiwara’s proof here. Let A = ), ., m;w; €
P%+. Then Wy () is integrable and contains a vector w) of weight A
which satisfies the above condition (2). Therefore, there is a unique
U,(g)-linear homomorphism V(X) — W,(}), sending v, to wy. (The
integrablity of W, () was proved via the isomorphism V() & W, () in
[loc. cit.]. So one must give another proof of the integrablity as sketched
in [loc. cit.].) Since W,(])) is generated by wy by definition, the homo-
morphism is surjective. On the other hand, any integrable U, (g)-module
generated by a vector u of weight A satisfying the above condition (2)
is a quotient of Wy () [loc. cit., Proposition 4.6]. Therefore V()\) and
W,()) are isomorphic.

Corollary 2.16. Let u be an extremal vector with weight A €
P%*. Then S;u=Siu=0 forco ¢ (Zgg)()\).

Proof. 1t is enough to show the assertion for u = uy € V(\). We
have a Q(q)-vector space isomorphism

V(A) 2 zuy — z¥u_y € V(=N).

Therefore it is enough to show S u—) = Q(Sg,)u_x = 0. By [6, Propo-
sition 4.3], which is applicable thanks to Lemma, 2.14, we have

Pniu_x=0  for |m|> (hyA).

(More precisely, we apply [loc. cit.] after composing an automorphism
mfr = —xf__, him +— —hi_m.) Now the assertion follows from a
standard result in the theory of symmetric polynomials. O
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§3. A study of extremal weight modules

3.1. Fundamental representations

By [12, §5.2] there is a unique Uj(g)-linear automorphism z; of
V(w;) with weight 6, which sends U, to uw,+s. (Note that d; in [12,
§5.2] is equal to 1 for untwisted g.)

Proposition 3.1.  h;1uq, = 0()(-1) "¢ ziue,.
Proof. We have
hiltuw, = ti_1 [zi‘l, ‘T’i_,O] Uy, = o(i)ti_lTﬁ:; (e:) fittew; -
Let us write Tw;’ = 7T, with w € W. Then Lemma 2.11 implies
(3.2) T3 (ei)fiuw, = (1) gV S5 (er-1()Suw (fivw;)) »

where N, = Zae§+nw—1(§_) max((a, $;w;),0) — max((a, w;),0), and
N is given by replacing o by aV. Since Ry N w_l(il_) =R, N

t;%,(fl\l_) ={B8+nd|Fe€As,0<n< (w;a)}, we have

0 if @ = ay,
max((a,wi),O) = (a: wi)a max((a>siwi)70) = {(a S'W') otherwise
91 T .

Therefore

N-/}_ - (aiaw’i) - Z (aa az) = (a‘i,wi) - hv1
acRnw=-1(R_)

where we have used Lemma 2.1. Similarly we have N _"f’ =1-—h. Now
the assertion follows from the definition of the Weyl group action S. O

Remark 3.3. Let W(w;) def- V(w;)/(z; — 1)V (w;). This is a finite
dimensional irreducible U, (g)-module [12, §5.2]. The above proposition
says that W (w;) has the Drinfeld polynomial

PN if j # 1,
Fitw) = {1 +o(@)(~1)hg ™ u if j =i

Proposition 3.4. (Pi;)Vte, = 25ug,.
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Proof. Let us endow a new U (g)-module structure on V(—w;) by
z-u gV oy, (zeUy),ue V(-m)).

We denote it by V(—w;)V. Then there is a U,(g)-module isomorphism
V(w;) & V(—w;)V sending ug, t0 U_q,. Using this isomorphism, we
can calculate (Pil,i)vuwi exactly as in the above proposition (in fact,
more easily) to get the assertion. a

3.2. Tensor product modules

Let A = > ,c.,miw; € P%+. We define a U,(g)-module 17()\),
Z()\), g(}\), @y as in the introduction. Let z;, (i € I, v = 1,...,m;)
be the Uy (g)-linear automorphism of V()\) obtained by the action of
z;: V{(w;) — V(w;) on the v-th factor. Obviously they are commuting:
ZivZip = Zjpui. Let

V) L U @) e Jierpmr,ms - Bry L) L EN TN,
é()\) df__f. ®B(wi)®mi’ VZ( ) def. ® ( )®m1 (}\)

iel iel

By [12, §8], the submodule V' ()) has

(1) the unique bar involution ~ satisfying
7u =T U for z € Uy(g) [z;,ty]iel,,,=17,,_,mi, ueV(),

(2) the crystal base (£()), B())), and

(3) the IVJqZ('g\)-submodule VZ()) and the global crystal base {G(b) |
be B(\)}

The module V()\) contains the extremal vector @, of weight .
Therefore there exists a unique U, (g)-linear homomorphism ®5: V() —
V()) sending uy to @y. The image is contained in V().

Recall that a function ¢y € Ry — Zxq defines an I-tuple of partitions
(A®)er as §2.7. We define an endomorphism of 17()\) by

def.
Sco(2F) = Hs,‘(i)(z;,tl,...,z;,tmi),

el

where s, is the Schur polynomial corresponding to the partition (.
If I(A®) > m,, it is understood as 0.

Proposition 3.5. ®,(S5ux) = sc,(2)%x , PA(SE ur) = Sc,(271):
U.
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Proof. On level 0 modules, we have
Ahi 4m = hi+tm ® 14+ 1Q h; +m + a nilpotent term

by [7]. Up to sign, the transition between h;m’s and Py ;’s is the same
as that between power sums and elementary symmetric functions. The
above equation means that A coincides with the standard coproduct on
symmetric polynomials modulo nilpotent terms [15, Chap. I, §5, Ex. 25].
Therefore we have

k
AP ;= ZPS,i ® Pj_s,; + a nilpotent term.
s=0
Using Corollary 2.16 and Proposition 3.4, we have the assertion. O

3.3. Detemination of extremal vectors

Proposition 3.6. Suppose A€ P%*. Consider B, =F¢, - Se - Fe.

with wt B, € Z6, and set by def. B, mod gL (o) € B(oo) and b def.

b1 ®tr ® U—oo € B(ﬁq(ﬁ)a)‘). If b and b* are extremal, then we have
cs=0=cc andcy € (Zgg)()\).

Proof. Assume cs Z 0 and take the largest number k < 0 satisfying

c(Br) #0. Let w =54,8;_, -+ Siy,,-
Since b* is extremal, we can consider b as an element of B()). We
have

b = Bcuy mod gL ().
By Lemma 2.11, we have
Solb = (—1)N gVT 1 (B.) - S5 (ux) mod gL(A)

for some integers NV, N. By [11, 8.2.2] there exists a Uy(g)-linear
isomorphism

V) = V(™) S5 (ua) = w1,
respecting the crystal bases. Therefore we have
(——l)NVqNTuTl(Bc)uw—u mod gL (w™\) € B(w™\).

(In fact, this is equal to S* _, S,,-1b.) Let us denote this by b} ®t,,-1,®b5.
We have

T, (Be) = T (Fey) - Ty (5a) - T (Fev)-
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It is clear that T, 1 (Fe_) € Uq(g)~ NT;, Uqg(g) . We also have T, 1(Sc,)
€ Uy(8)” NT;,Uy(g) by [3, Lemma 2]. (More precisely, we apply [loc.
cit.] after composing oV. Note that T;'! = oVoT,o oV by [13,
39.4.5].) Moreover, by our choice of k, we have

TW(K) _ fﬂc(ﬁk)) T, (f(c(ﬂk—l))) . € f.(c(ﬁk)) (Uq('ﬁ)— n TikUq(’g\)_) .

1k Tk—1 (2

Therefore we have
by =tU_oo, by =Ty (Be) mod gl(o0), & (b)) = c(Br),

where the last equality follows from [13, 38.1.6]. Since b} ®t,,-1) @ U_o0o
is extremal, Lemma 2.12 implies

(3.7) c(Br) < max(—(h;,,w™N),0).

However, we have (h;,,w™')) = (wo},,)) > 0 for A € PO+ because
wa;, € R> by (2.13). So the right hand side of (3.7) is 0, and this
contradicts with the choice of k. Therefore cs = 0. Applying *, we
similarly get c« = 0. Now the last assertion is a consequence of Corol-
lary 2.16. O

Proof of Theorem 1. We first prove (2), (3), (4) and then (1).
(2) Recall that any vector b € B()) is connected to an extremal

vector [11, 9.3.3]. Moreover, an extremal vector can be mapped by ﬁ-max
to an extremal vector of the form b; ® t) ® u_o. (See [12, Proof of
Theorem 5.1]). Therefore

BO) = {Xi -+ X155 mod gL (A) | co € (223)(N), X, is & or i} \ {0}

by Proposition 3.6. Then L(A) is spanned by {X;--- XIE;—O_} over Ag,
by Nakayama’s lemma. Note that @ ) commutes with the operators €,
fi and L(}\) is invariant under €;, f;. Therefore it is enough to show

that ®,(Sz,) € L()). But this follows from Proposition 3.5.
(3) By Proposition 3.5, we have

39 (S, mod gL(N)) € B(A)  for co € (Zgg ().

As in the proof of (1), we conclude that ®(B(\)) c B(A) U {0}. From
the definition, it is obvious that the image contains B()). Consider
Ker ®} NB(A). It is invariant under €;, f;. Since any vector is connected
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to an extremal vector, Ker ®} N B()\) contains an extremal vector if
it is nonempty. But we already checked that every extremal vector is
mapped to a nonzero vector. Hence Ker ®,NB()\) = . Now suppose b,
by € B()\) satisfy ®9 (1) = @2(1)2) We Wa.nt to show b; = by. Applying
&, fi’s, we may assume b; = Sg, mod gL(X). By [12, §5.1] by is also
extremal. Applying f:“ax’s if necessarily, we may assume b, is of form
by ® tan ® u_o, and hence by = SC_B mod ¢L(A). By this process, by
may be changed, but still is of form b; @ t) ® u_o, S0 We may assume

by = Se, mod gL(A) after we change ¢o. By Proposition 3.5, we have
Sco(2) - U = B (b1) = B3 (b2) = sc;(2) - Wx. This implies co = cf and
hence b; = bs.

(4) By the uniqueness, @) respects the bar involutions on V() and
V(X). Since VZ()) = UZ(g)un, we have ®»(VE())) C VZ()). Therefore
we have

o (L) NTM) NVEW)) € LX) NEQ) N VEW).

Now the assertion follows from (3).

(1) It is easy to see that B()) is linearly independent. Therefore
39: L(A)/qL(N) — L(N)/gL(N) is injective.

Let {G(b)} be the global crystal base of V()). Let 0 # Y fo(¢)G(b) €
Ker ®,. Multiplying a power of q, we may assume f;(q) € Ap for all b -
and fp,(0) # O for some by. Then Y fo(0)b € L(N\)/qL () is mapped to
0 by ®9. The injectivity of ® implies that f,(0) = 0 for all b. This is a
contradiction. |

Remark 3.8.  Theorem 1 together with Proposition 3.5 implies that
Sc ux and S¢ uy are elements of the global base.

3.4. Standard modules

Let us briefly recall the properties of the universal standard module
M()) with a weight A = 3_m;w; € P>" introduced in [16, 18]. (We
do not review its definition, which is based on quiver varieties.) Let

» = II; GLm,(C). Its maximal torus consisting of diagonal matrices

is denoted by H)y. Their representation rings are denoted by R(G,),
R(H)) respectively They are isomrphic to @), Z[:c:tl, ]6"%' and
X Z[zl 100+ Tim, £ ] respectively. The universal standard module M(X)
is a U’Z(g) ®z R(G a)-module which is integrable (in fact, it satisfies a
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stronger condition ‘/-integrability’) and contains a vector [0], with

z;fr[O]A =0 foranyicl, reZ, q¢"[0]x=q"M[0],,
M(X) = (UZ(8) ®z R(G»)) [0]x,

. +
e (T 1—q tziu
"p'lfh(u)[O]A =q (H 1 — qZTi U ) [0})\7
v=1 ny

where ( )* denotes the expansion at u = 0 and oo respectively. (In
fact, we have M()) = U%(§)[0] by the proof of Theorem 1.) Moreover,
M()\) is free of finite rank as an R(G»)-module. And M()) is simple if
we tensor the quotient field of Z[g, ¢ !] ® R(G)).

On the other hand, we have a @),; Z[zz?'fl, .. .,zii’mi]s"‘i -module
structure on V (X) given by se, (z)ux = Sz, ux and sc, (27 )ux = SZ, ux by
the above discussion. We make it a R(Gx) = @;¢; Z[a:i:l, eeeh zfmi]em
-module structure by setting ; , = o(i)(—1)*""¢™* 2 ,.

Theorem 2. There ezists a unique UZ(§)®zR(G») -isomorphism
VZ()\) — M()) sending uy to [0]y.

This result follows from Theorem 1 as explained in [18, 1.23]. The
calculation of Drinfeld polynomial, which was not given there, is done
in Proposition 3.1.

Correction to [18]:

Delete G, x --- x G, in Theorem 1.22.

Replace R(G)) in page 411, line 5 by R(H,).

Delete ‘and forgetting the symmetric group invariance’ in
Remark 1.23.

Replace ‘the submodule above’ in line 8, ‘the submodule

UZ(Lg) [k ]kt v=t, . e Orer015".

§4. A bilinear form

Kashiwara proved that the crystal base B(A) is an orthonomal base
with respect to a natural bilinear form when A is dominant [10, 5.1.1].
We prove a similar result for A € PO+ in this section. This general-
izes a result of Varagnolo-Vasserot [20, Theorem A] from fundamental
representations to arbitray A.
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Proposition 4.1 (Kashiwara). The extremal weight module V/(\)
has a unique bilinear form (, ) satisfying

1 ifG(b) =,

0 otherwise

(4.2) (ur, G(b)) = {
(4.3) (zu,v) = (u,P(z)v) for x € Uy(g), u,v € V(A).

Proof. We define a Ugy(g)-module structure on Hom (V' (X), Q(q))
by

(@f,u) & (f,9()u), @€ Uy(@),f € Hom(V(A),Q(g)),u € V(N).

This defines a Uy(g)-module structure since 9 : Ug(g) — Uq(g)°PP is an
algebra homomorphism. Let u* be the unique linear form such that

1 if G(b) = ua,
0 otherwise.

(u*, G(b)) = {

Then u* has a weight \. We claim that u” is an extremal vector. From
the definition all elements in a weight space Hom (V(}), Q(g)), vanish
on V(A)e. Since weights of V() are contained in the convex hull of WA
[12, Theorem 5.3], the weights of V/()\) also have the same property.
Therefore u* is an extremal vector. Now we have a U,(g)-algebra ho-
momorphism V(A) — V’(A) C Hom (V (), Q(g)) sending uy to u*. This
defines a bilinear form satisfying the desired properties. The uniqueness
follows from the uniqueness of the above homomorphism. O

Remark 4.4. The uniqueness holds even if (4.3) holds only for z €
U,(9). In fact, this condition together with (4.2) automatically implies
(4.3) for z = % as follows. When u = uy, (4.2) implies (4.3) for = = ¢¢.
For a general case, we write u = zuy with z € Ug(g)¢. Then

(q%u,v) = ¢““9) (zqux, v) = ¢4 (¢%ur, Y(2)v) = ¢*¥ (ur, g% (2))
= (U/)‘, 1/1(37)‘1‘1”) = (I'U,A,qd’l)) - (’LL, qdv)a
where we have used 9(z) € U[(g)-¢-

Lemma 4.5. Let M be an integrable Uy (g)-module with a bilinear
form (1, ) satisfying (4.3) for x € Uy(g). Then

(Twu,v) = (—1)NVqN(u, Tp-1v) foralwe W, ue Me,ve M,
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where N and NV are as in Lemma 2.5.

Proof. Let T;, be the operator defined in [13, 5.2.1]. A direct
calculation shows (Tu v) = (u,T;v) for u € Mg, v € M. (We may
assume that v is contained in a weight space. Thanks to (4.3) for z €
U/ (8), both hand sides are 0 unless the weight of v is s;¢ +mé for some
m € Z.) By [loc. cit., 5.2.3], we have T} ;v = (— 1){ri8) (28 Ty, The
rest of the proof is the same as that of Lemma 2.5. a

Lemma 4.6. Let M and (, ) be as above. Let u, v € M be
extremal vectors. Then

(Swu,v) = (u, Syp-1v).
Proof. Let £ be the weight of u. Using Lemmas 2.11, 4.5, we have
(Swu,v) = (1NN gL NAN (5, 1),

where

N = Z (o, €), Ny = Z max((e, £),0),

aeR nw-1(R_) a€R Nw-1(R_)

N} = Z max((a’, w€),0),

a’E§+ﬂw(§_)

and NV, NY, NY' are defined in similar ways. Noticing o/ € ﬁ.’. N
w(R_) & —wle) € Ry nw 1 (R_), we have N = N, + N . Similarly
we have NV = NY + NY'. Therefore we have the assertion. O

In order to study (, ) on V(A) we need to relate it to a bilinear
form on the tensor product module V().

Lemma 4.7. We have (zu, z;v) = (u,v) for u,v € V(w;).

Proof. By the uniqueness, it is enough to show that (z;u, z;v) sat-
isfies (4.2, 4.3). The property (4.3) is clear. If z € U.(g), then it

holds since z; is Uj(g)-linear. It also holds for z = ¢? thanks to
ziqlzy ! = gmoodigd,

Let us check (4.2). Since dim V' (w;)w, = 1 by [12, Proposition 5.10],
it is enough to show that (z;uw,, 2iuw,) = 1. But this follows from the

previous lemma. ad
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We define a Q(q)[zf]-valued bilinear form (( , )) on V(w;) by

2" (z7 ™ u,v)  if wt(u) = wt(v) + md;8 for m € Z,
(o) = { &) ) =w()
0 otherwise.
Since 2; is Uy (g)-linear, we have
(zu,v)) = (u,¥(z)v) for € Uy(), u,v € V(w;).
By Lemma 4.7 we have

(4.8) (7" vy, 2] U, ) = 2777

We define a Q(q) [zz:u]ie Iu=1,..m.-valued bilinear form ((, )) on V(})
by v

(u,0) = T (i vin),

i,V

where u;,, v, is the v-th V(w;)-factor of u,v € V(). We define a
bilinear form (, )~ on V(X) by

(u,v)™ def. H ml'.' l:((u,'u)) H (1- zi,,‘zi_,,,1 :I ,

iel Y p#v
where [f]; denote the constant term in f.

Lemma 4.9. Let co, c) € (Z33)()). Then (se,(2)x, se; (2)Tr)™

= begrct -

Proof. Let f = f(z) and g = g(2) be polynomials in z;,’s (i € I,
v=1,...,m;). By (4.8) we have

(f(z)ﬂA,g(z)ﬁ,\)“’ = H % [fg H(l - zi,p,zg;} ] )
ier Y p#v 1
where g = g(.. ., z;, 1. ...). Considered as a bilinear form on the Laurent
polynomial ring, it coincides with one in {15, Chap.VI, §9] with ¢ = t.
The Schur functions give an orthogonal base with respect to that bilinear
form. Therefore we have the assertion. O

Proposition 4.10. Let u,v € V(A). Then (u,v) = (®x(u),
P (v))"~.
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Proof. It is enough to show that (®y(u),®x(v))™ satisfies condi-
tions in Proposition 4.1. It is clear that the condition (4.3) holds for
z € Uj(g). By Remark 4.4, it is enough to check (4.2). From (4.3)
for € U (g), it is enough to check (4.2) when cl(wt(b)) = cl(}), ie.,
wt(b) = A+ mé for some m € Z. Since weights of V(A) is contained in
the convex hull of W, b is an extremal vector. We have

(@a(ua), @A(G(1)))™ = (Pa(Swur), PA(SwG(D)))™

by Lemma 4.6. We take S,, as sufficiently many compositions of f{“a",
we may assume Sy,ux = S ux, SuG(b) = Sc_;’u,\. (Recall that Sz uy is
an element of the global basis as we explained in Remark 3.8.) Then

(@a(ua), PA(G()))™ = (8o (2)tn, Scy (2)Ur)"™ = beo,cfy = bus,c(0)
where we have used Proposition 3.5 and Lemma 4.9. O

From the proof of Proposition 4.10 the bilinear form ( , ) on V()
defined in Proposition 4.1 also has the following characterization: it
satisfies (4.3) and (Scoux, Scjua) = 8cy,cy- Since these conditions are
symmetric, we have the following:

Corollary 4.11. The bilinear form ( , ) on V()) is symmetric,
t.e., (u,v) = (v,u).

Proposition 4.12. (1) (L(X),L(N)) C Ao.
Let (1, )o be the Q-valued bilinear form on L(X\)/qL(\) induced by
() amo on LY.

(2) (giu) ’U)O = (’LL, fiv)O fO'I" U,V € L(A)/qL(A)

(3) B(A) is an orthonormal base with respect to (, )o. In particular,
(', )o is positive definite.

4) LA)={ueV | (u,u) € Ag}.

Proof. We shall prove

o there exist representatives bfor all b € B(A)e C L(N)e/ah(N)e
such that (b,b) = 6y mod gAy for b,b’ € B(\)¢

by the induction on (§,£). Since L())¢ is spanned by b’s over Ag, this
implies the above equations for any representatives b. It also implies (1)
and (3). Recall (;b,0") = (1 —g;)(b, fib') by (2.6). Therefore the above
assertion also implies (2).

First suppose that b is extremal. Since we may assume that wt(b) =
wt(b') by (4.3), we may assume b’ is also extremal by [12, 5.3]. Then
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we may assume b = Sc,uy, b = Se;ux by applying S, for some w € w.
But, in this case, the assertion has been already shown in Lemma 4.9
and Proposition 4.10.

Now we start the induction. Recall that (£, £) is bounded from above
and b € B(]) is extremal if (wt b, wt b) is maximal ([11, §9.3]). Therefore
when (£,£) is maximal, both b and b’ are extremal. We have already
proved the assertion this case.

Now assuming the above for £ such that (£,£) > a, let us prove it
for £ with (£,£) = a. For i € I, suppose that (h;,£) > 0. We consider
e;b. If €;b # 0, then we have

(wt(eib), wt(€;b)) = (£ + i, € + o) > (£, ).

Therefore we have

(f;a%,’z?') -

1—g (gib, E,;b’) = 6Eib,3ib’ = fpy mod qu

by the induction hypotheis. Hence the assertion holds if we replace the
representative b by another representative f{é{l;. Similarly, if (h;,£) <0
and Eb # 0, we replace b by 'é,-ﬁ-z to get the assertion.

Since we may suppose that b is not extremal, there exists w € w
such that S,b satisfies €;S,b # 0 if (h;,w€) > 0 and };wa #+ 0 if
(hi,w€) < 0. Then we have (ﬁ’é’iSwg, Swg’) or (E,-f:Swz, Swg’) is in
bvyr + qAo. Therefore we are done.

The statement (4) follows from [13, 14.2.2). O

The following result generalizes [20, Theorem A] from fundamental
representations to arbitrary A:

Theorem 3. (1) {G(b)}sen(r) is almost orthonormal for ( , ),
that is, (G(b), G(V')) = Spy mod ¢Z]q].
(2) {£G(®) |be BN} = {ue VE\) | =u, (u,u) =1 mod qZ[q]} .

Proof. We claim
(u,v) € Zlg,q7 Y] for u,v € VE(N).

The assertion is obvious for the special case u = uy) by (4.2). For gen-
eral case, we may assume u = zu) for z € Ug(ﬁ). Then (zuy,v) =
(ux, ¥(z)v). Since ¢Y(z) € Ug(ﬁ) and VZ()) is stable under the action
of UZ(g), the assertion follows from the special case.

Combining with Proposition 4.12, we have

(G(b),G(V')) — buw € Zlg,q~ '] N qAo = qZg].
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This is the statement (1). The statement (2) follows from the argument
of [13, 14.2.3]. ]

Remark 4.13. Lusztig conjectures that the universal standard mod-
ule M()), more precisely its tensor product of ®p(g,)R(H»), which is
isomorphic to VZ()\), has a signed base characterized by the almost
orthogonality property Theorem 3(2), with respect to geometrically de-
fined bilinear form and bar involution [14]. (See §3.4 for notations.) Re-
cently Varagnolo-Vasserot [20] give a proof of the conjecture by showing
that {G(b) | b € B(\)} satisfies the property. They also conjecture that
the global base {G(b) | b € B(A)} of V()) satisfies the almost orthogo-
nality property with respect to the geometric bilinear form and bar invo-
lution. Their conjecture follows from Theorem 3(2) since the geometric
bilinear form and bar involution coincide with ones used in this paper, as
Varangnolo and Vasserot proved that the formers satisfy the conditions
in Proposition 4.1 (more precisely (4.3) and (Scoux, Scyun) = beq,ch)
and the equality Zu = T @. Remark that these hold only after an ap-
propriate normalization of universal standard modules so that we have
x;» = £2;,. This is the normalization in [20] different from ours. This
point is clarified during discussion with Varagnolo-Vasserot in Februrary
2002.

Added in Proof. Results of this paper are generalized to the case
of arbitrary affine algebras in the paper “Crystal bases and two-sided
cells of quantum affine algebras” by J. Beck and H. Nakajima, to appear
in Duke Math. J.
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