Advanced Studies in Pure Mathematics 40, 2004
Representation Theory of Algebraic Groups and Quantum Groups
pp. 219-252

Quantum affine algebras
and crystal bases

Seok-Jin Kang*

§1. Introduction

The notion of a quantum group was introduced by Drinfel’d and
Jimbo, independently, in their study of the quantum Yang-Baxter equa-
tion arising from 2-dimensional solvable lattice models ([3, 9]). Quan-
tum groups are certain families of Hopf algebras that are deformations
of universal enveloping algebras of Kac-Moody algebras. For the past
20 years, the quantum groups turned out to be the fundamental alge-
braic structure behind many branches of mathematics and mathematical
physics.

In [18, 19, 25], Kashiwara and Lusztig independently developed the
theory of crystal bases (or canonical bases) for quantum groups which
provides a powerful combinatorial and geometric tool to study the rep-
resentations of quantum groups. A crystal basis can be understood as a
basis at ¢ = 0 and is given a structure of colored oriented graph, called
the crystal graph, with arrows defined by the Kashiwara operators. The
crystal graphs have many nice combinatorial features reflecting the inter-
nal structure of integrable modules over quantum groups. In particular,
they have extremely simple behavior with respect to taking the tensor
product.

In this paper, we will discuss some of the recent developments in
crystal basis theory for quantum affine algebras in connection with com-
binatorics of Young walls ([12, 16, 17]). In Section 2, 3 and 4, we briefly
review the basic properties of Kac-Moody algebras, quantum groups and
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crystal bases ([8, 11, 19]). In Section 5, we fix some notations for quan-
tum affine algebras, and in Section 6, we recall the path realization of
crystal graphs for quantum affine algebras using the notion of perfect
crystals ([13, 14]). In Section 7, we discuss the surprising connection
between the crystal basis theory for the quantum affine algebra Uq(s/l;)
and the modular representation theory of Hecke algebras ([1, 6, 26]). In
Section 8, we explain the combinatorics of Young walls using the exam-
ple of the quantum affine algebra Uq(B,(Ll)) and give a realization of the
crystal graph for the basic representations in terms of reduced proper
Young walls. In Section 9, we give a construction of the Fock space
representation of quantum affine algebras using combinatorics of Young
walls ([16, 17]).

This paper is based on my talks given at the International Con-
ference on Representation Theory of Algebraic Groups and Quantum
Groups which was held at Sophia University, Tokyo, Japan, in August
2001. I would like to express my sincere gratitude to the organizing
committee of the conference and the staff members for their hospitality
and cooperation.

§2. Kac-Moody algebras

Let I be a finite index set. A square matrix A = (a;;);,jer is called
a generalized Cartan matriz if it satisfies: (i) a;; =2 for alli € I, (ii)
aij € Zo for all 4,5 € I, (iii) a;; = 0 implies aj; = 0. In this paper,
we assume that A is symmetrizable; i.e., there is a diagonal matrix
D = diag(s; € Z-¢|t € I) with positive integral entries such that DA is
symmteric.

Consider a free abelian group

corank A
PV = (@zm) o P zd; |,
j=1

el

and let h = Q ®z PV. The free abelian group PV is called the dual
weight lattice and the Q-vector space h is called the Cartan subalgebra.
The weight lattice and the set of simple coroots are defined to be

P={xep*| \(PY) CZ}, v = {hy| i € I}.

We denote by IT = {a;| i € I} the set of simple roots, which is a linearly
independent subset of h* satisfying

ai(hj) =aj; forall 4,5 €l
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Definition 2.1. The quintuple (4, PV, P,IIV,1I) defined above is
called a Cartan datum associated with A. '

We denote by Pt = {A € P| A(h;) > 0 forall i € I} the set
of dominant integral weights. The free abelian group Q@ = @,c; Zo;
is called the root lattice. We set Q. = >, .;Z>oa; and Q- = —Q4.
There is a partial ordering on h* defined by A > pifand only if A — pu €
(@ +. Since the generalized Cartan matrix A is symmetrizable, there is a
nondegenerate symmetric bilinear form ( | ) on h* satisfying

_ (aioq) o 2eilay)

§; = ——= =a;; forall 4,7¢€l.
2 (i) J

Definition 2.2. The Kac-Moody algebra g associated with a Car-
tan datum (A, PV, P,IIV,1I) is the Lie algebra over Q generated by the
elements e;, f; (¢ € I) and h € b subject to the defining relations:

[h,, hl] =0, [6i, f]] = (5”]’1,1 for all h, h e h, 1, € I,
[hv e'i] = ai(h)eia [ha.fl] - _-a't(h)f’t for all h e b? (A Ia
(ade;)' =% (e;) = (adfi)' =% (f;) =0 for i#j.

Let g* (resp. g~) be the subalgebra of g generated by e; (resp. f;)
for i € I. Then we have the triangular decomposition:

s=9g dhdgt.

A g-module V is called a weight module if it admits a weight space de-
composition V = @, ¢y Vu, where V,, = {v € V| hv = p(h)v for allh €
h}. If dimq V,, < oo for all u € h*, we define the character of V by

chV = Z (dimg V,,)e*,
HEH*

where e# are basis elements of the group algebra Q[h*] with the multi-
plication given by e*e” = e#*¥ for all u,v € h*.

A weight module V over g is called a highest weight module with
highest weight A if there exists a non-zero vector vy € V such that (i)
V =Ul(g)vy, (ii) hvy = A(h)vy for all h € b, (iii) e; vy = 0 for all
i € I. For example, let J(A) denote the left ideal of U(g) generated
by e;;, h — A(h)l for i € I, h € B, and set M(\) = U(g)/J(N\). Then,
via left multiplication, M ()\) becomes a highest weight g-module with
highest weight A\. The g-module M()) is called the Verma module, and
it satisfies the following properties:
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Proposition 2.3 ([11]).

(a) M(A) is a free U(g™)-module of rank 1.

(b) Evey highest weight g-module with highest weight A is a homo-
morphic image of M()).

(c}) M(X) contais a unique mazimal submodule R(X).

The irreducible quotient V{(A) = M(A)/R(\) is called the irreducible
highest weight g-module with highest weight .

Definition 2.4. The category O;y; consists of g-modules M satis-
fying the following properties:
(i) M =D,cp My, where M), = {ve M| hv = p(h)v forall h e

b},
(ii) there exist finitely many Ay, -+, As € P such that

s

wt(M) = {ue P| M, #0} C [ J (N —Q4),

j=1
(iii) e; and f; (i € I) are locally nilpotent on M.

The basic properties of the category O;,; are given in the following
proposition.

Proposition 2.5.

(a) For each i € I, let g(;) be the subalgebra of g generated by e,
fi, hi, which is isomorphic to the 3-dimensional simple Lie algebra sls.
Then every g-module M in the category Oint is a direct sum of finite
dimensional irreducible g;)-submodules.

(b) The category O;ns is semisimple. Moreover, every irreducible
object in the category Oin: has the form V(\) with A € P+.

§3. Quantum groups

Let (A, PY,P,I1V,TI) be a Cartan datum associated with a sym-
metrizable generalized Cartan matrix A. For an indeterminate g, set
¢; = ¢° and define

= B2 = [T 7] =

G — g P ni.  [m=nj!nl!

We will also use the notation e{™ = e?/[n];!, ™ = fr/n]:\.
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Definition 3.1. The quantum group U,(g) associated with a Car-
tan datum (A, PV, P,11V,1I) is the associative algebra over Q(q) with 1
generated by the symbols ei, fi (i € I) and ¢" (h € PV) subject to the
following defining relations:

qO — 1’ qhqh’ _ qh+h (h, hl c PV),

q"eig™h = ¢*We,, ¢Mfigh =g f, (he PV, iel),
K,—K!

eif; — fiei = §ij———, where K;=¢"",

% %

1-a;j
1—a;; l1-aij—k . ,
N ] e !
k=0 i

1-a;j

E ] Y )

The quantum group U,(g) has a Hopf algebra structure with the
comultiplication A, counit £, and antipode S defined by

A(gh) = ¢" @ ¢,
Ale)=e;i®K ' +1®e;, A(fi)=fi®1+K;® fi,
eg") =1, e(e) =e(fi) =0,
S(g") =q7*, S(e)=—eiKi, S(fi)=-K 'fi

for he PV andi€l.

Let Ut (resp. U™) be the subalgebra of U,(g) generated by the
elements e; (resp. f;) for i € I, and let U° be the subalgebra of U,(g)
generated by ¢" (h € PV). Then we have the triangular decomposition:

Uyg) 2U- U°®UT.

A U,y(g)-module V7 is called a weight module if it admits a weight
space decomposition VI = @, cp Vi, where VI = {v € V9| g =
g*My for all h € PY}. If dimgg V§ < oo for all 4 € P, we define the
character of V2 by

chV =)~ (dimq(q) Vi) e

neP

where e# are basis elements of the group algebra Q(q)[P] with the mul-
tiplication given by e*e” = e#* for all u,v € P.
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A weight module V¢ over U,(g) is called a highest weight module
with highest weight A if there exists a non-zero vector vy € V7 (called the
highest weight vector) such that (i) V9 = Uy(g)vy, (ii) ¢"vx = ¢*Puy
for all h € PV, (iil) e;vy =0foralli e I.

We construct the Verma module over Ug(g) as in the Kac-Moody
algebra case. Let J7()) denote the left ideal of U,(g) generated by e,
" — ™1 forieI, he PV, and set M9()\) = U,(g)/J9(N). Then, via
left multiplication, M9()\) becomes a highest weight U, (g)-module with
highest weight A called the Verma module.

Also, as in the Kac-Moody algebra case, we have:

Proposition 3.2 (cf. [8]).

(a) M%(X) is a free U~ -module of rank 1.

(b) Ewvey highest weight U,(g)-module with highest weight X\ is a
homomorphic image of MI(N).

(c) M9(X) contains a unique mazimal submodule RI(X).

The irreducible quotient VI(\) = M9(X)/RI(A) is called the irreducible
highest weight Ug(g)-module with highest weight X.

Definition 3.3. The category Of . consists of U,(g)-modules M4
satisfying the following properties:
(i) M? = @, p M2, where M7 = {v € M? | ¢hv = ¢*Moy for all h €
PV},
(ii) there exist finitely many A1, ---,As € P such that

S

wt(M?) :={ue P| M2 #0}C |J (N - Q4),

Jj=1
(iii) e; and f; (¢ € I) are locally nilpotent on M9.

Proposition 3.4.

(a) For each i € I, let Uy be the subalgebra of Uy(g) generated by
e, fi, Ki , which is isomorphic to the quantum group Uy, (sl2). Then
every Uq(g)-module MY in the category OF, is a direct sum of finite
dimensional irreducible U ;)-submodules.

(b) The category OF., is semisimple. Moreover, every irreducible
object in the category (’)mt has the form VI()) with A € P*.

Let A1 = {f/9€ Q(q)| f,9 € Qlg], g(1) # 0} be the subring Q(g)
consisting of the rational functions in ¢ that are regular at ¢ = 1. We
define the A;-form of the quantum group U, (g) to be the A;-subalgebra

Ua, generated by the elements e;, fi, ¢", ¢ for he PV ,iel.
q—
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Similarly, for the irreducible highest weight module VI(X) = Uy(g)va
and the Verma module M2(A) = U,(g)uy over Uy(g), we define their A, -
forms by

Vq(’\)Al = UA1U/\7 Mq()‘)A1 = UA1U)\-

Let J; be the unique maximal ideal of A; generated by ¢ — 1 and
consider the isomorphism of fields

A;/J; —Q givenby  f(g) +J1— f(1).
(In particular, g is mapped onto 1.) Define the Q-linear vector spaces

Ur = (A1/J1) ®a, Ua,,
V= (A1/31) ®a, VI(N)a,,
M = (Al/Jl) A, Mq()‘)Ar

They are called the classical limits of Uy(g), V() and M9I(}A), respec-
tively.

As we can see in the following proposition, the structure of the
quantum group Uy(g) tends to that of U(g) as ¢ — 1. Similarly, asg — 1,
the structure of the irreducible highest weight module V9(\) (resp. the
Verma module M?())) over U,(g) with highest weight A € P* tends to
that of V/(A\) (resp. M()\)) over U(g). Moreover, the dimensions of the
weight spaces are invariant under the deformation.

Proposition 3.5 ([8, 24]).
(a)
U 2U(g), VIV, M= M)

(b)

dimqg(q) VI(A), = dimq V(A),,
dimg(q) M¥(A\), = dimq M(A), for all pe P.

84. Crystal bases

In this section, We briefly review the crystal basis theory for quan-
tum groups developed by Kashiwara ([18, 19]). For simplicity, we will
drop the superscript ¢ from U,(g)-modules. Fix an index ¢ € I and
let M = @,.p My be a Uy(g)-module in the category OF ,. By the



226 S.-J. Kang

representation theory of U,(slz), every element v € M) can be written

uniquely as
k
v= fo Yok,
k>0

where k£ > —)\(~hi) and vg € kere; N Myjka,- We define the endomor-
phisms é; and f; on M, called the Kashiwara operators, by

B = Z fi(k—l)vk, fw _ Z fz-(k+1)'0k‘

k>1 k>0

Let Ag = {f/g9 € Q(¢)| f,9 € Qlg], g(0) # 0} be the subring of
Q(q) consisting of the rational functions in ¢ that are regular at ¢ = 0.

Definition 4.1. A crystal basis of M is a pair (L, B), where
(i) L is a free Ag-submodule M such that M = Q(q) ®a, L,

i) B is a basis of the Q-vector space L/gL,

ii) L= @/\EP Ly, where Ly = L N My,

iv) B = |_|ycp Bx, where By = BN (Lx/qLy),

v)&LC L, fiLc Lforalliel,

(vi) &B c BU{0}, fiBc BU{0} for all i € I,

(vii) for b,b’ € B, fib ="V if and only if b = &}’

The set B is given a colored oriented graph structure with the arrows
defined by

i
i

(
(
(
(

b— b ifandonlyif fib=1".

The graph B is called the crystal graph of M and it reflects the combi-
natorial structure of M. For instance, we have

dimQ(q) My =#B) forall Ae P.

Let B be a crystal graph for a Uy (g)-module M in the category O ..
For each b € B and i € I, we define

£,(b) = max{k > 0|&*b € B},  ¢;(b) = max{k > 0| f*b € B}.
Then the crystal graph B satisfies the following properties.

Proposition 4.2 ([19, 20, 21]).
(a) Foralli € I and b € B, we have
QDZ(b) = Ei(b) + <hz,Wt(b)>,
wt(€;b) = wt(b) + oy,
wt(fib) = wt(b) — .
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(b) If &b € B, then
gi(€;b) =&;(b) — 1, @;(€:d) = p;(b) + 1.
(c) If ;b € B, then
ei(fib) =) + 1, @i(fib) = ¢i(b) — 1.
Moreover, the crystal bases have extremely simple behavior with
respect to taking the tensor product.

Proposition 4.3 ([18, 19)]).
Let M; (j = 1,2) be a Uy(g)-module in the category OF , and let
(Lj, Bj) be its crystal basis. Set

L=1I; ®A, Ly, B =B x Bs.

Then (L, B) is a crystal basis of My ®q(q) M2 with the Kashiwara oper-
ators on B given by

€ib1 ® bz if pi(b1) > €i(b2),
b1 ® €iba  if pi(b1) < ei(b2),

z {fibl ®by  if pi(br) > €i(b2),

€;(b1 ®b) = {

| ) )
For®b2) = o by if i(by) < i(ba).

The tensor product rule in Proposition 4.3 gives a very convenient
combinatorial description of the action of Kashiwara operators on the
multi-fold tensor product of crystal graphs. Let M; be a Uy(g)-module
in the category O , with a crystal basis (L;,B;) (j =1, ---,N). Fix
an index 7 € I and consider a vector b =56, ® ---Qby € B1 ®--- ® By.
To each b; € B; (j =1,---,N), we assign a sequence of —’s and +’s

with as many —’s as €;(b;) followed by as many +’s as ¢;(b;):

b=01®b® - Qby
._>(_,...,_’+,...,+’ ...... ,_7...’_,_;_,...,_}.).
—_— —— ——
€i(b1) i(b1) ei(bn) pi(bn)

In this sequence, we cancel out all the (+, —)-pairs to obtain a sequence
of —’s followed by +’s:

Z."Sgn(b) - (_7-"" 7‘7+’+a"' 1+)'

The sequence i-sgn(b) is called the i-signature of b.
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Now the tensor product rule tells that €; acts on b; corresponding to
the rightmost — in the i-signature of b and f; acts on by corresponding
to the leftmost + in the i-signature of b:

Eb=b1® - Q&b ® - Dby,
fib=b® - ® fiby ®--- R bn.

We define &b = 0 (resp. fib = 0) if there is no — (resp. +) in the
i-signature of b.

We close this section with the existence and uniquenes theorem for
crystal bases.

Theorem 4.4 ([19]). :

(a) Let V(A) be the irreducible highest weight Ug(g)-module with
highest weight A € Pt and highest weight vector vy. Let L(\) be the free
Ag-submodule of V() spanned by the vectors of the form fi, --- fi ux
(i € I,7 € Zxp) and set

B(A) = {fi, -+~ fi,ux +qL(A) € L(A)/aL(\)} \ {0}

Then (L(X), B(X)) is a crystal basis of V(X) and every crystal basis of
V() is isomorphic to (L(A), B(A)).
(b) Define a Q-algebra automorphism of Uy(g) by

g=q', &=e, fi=fi, ¢"=q" for iel,hcPV.

Let A = Qq,q7'] and define V(A\)a = Ujvx, where Uy is the A-
subalgebra of Uy(g) generated by fi(") (i € I,n € Zsg). Then there
exists a unique A-basis G(A) = {G(b)|b € B(A\)} of V(A)a such that

G(b) = G(b), G(b)=b modgL()\) for allbe B(A).
The basis G(A) of V(A) given in Theorem 4.4 is called the global

basis or the canonical basis of V() associated with the crystal graph
B()) ([19, 25)).

§5. Quantum affine algebras

Let I = {0,1,---,n} be an index set and let A = (a;;)ijer be a
generalized Cartan matrix of affine type. We denote by

PV =Zhg®Zh1 & - B Zh, D Zd
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the dual weight lattice and IIV = {h;| © € I} the simple coroots. The
simple roots a; and the fundamental weights A; are given by

ai(hj) = aji, ou(d) = do,
Ai(hj) = bi5, A(d)=0  (i,je€l).

We define the affine weight lattice to be

P={Aeb | A(PY)C Z}.

The quintuple (A,IL IV, P, PV) is called an affine Cartan datum.
To each affine Cartan datum, we can associate an infinite dimensional
Lie algebra g called the affine Kac-Moody algebra ([11]). The center of
the affine Kac-Moody algebra g is 1-dimensional and is generated by the
canonical central element

c=cohg +crhy + -+ + cphp.

Moreover, the imaginary roots of g are nonzero integral multiples of the
null root

0 = doog +dyoy + -+ - + dpan.

Here, ¢; and d; (i € I) are the non-negative integers given in [11].
Using the fundamental weights and the null root, the affine weight
lattice can be written as

P=ZADZALD---DZA, ©Z6.

Set
Pt ={AeP|\h)€Zs forall icI}.

The elements of P (resp. PT) are called the affine weights (resp. affine
dominant integral weights). The level of an affine dominant integral
weight A\ € Pt is defined to be the nonnegative integer \(c).

Definition 5.1. The guantum affine algebra Uy(g) is the quantum
group associated with the affine Cartan datum (A, I1,I1V, P, PV).

The subalgebra of U,(g) generated by e;, fi, KfEl (i € I) is denoted
by U;(g), and is also called the quantum affine algebra.
Let

P =Zhy®Zhi @ - ®Zh, and h=Qez P .
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Consider a; and A; (¢ € I) as linear functionals on B, and set
P=ZA®ZA & --- D ZA,.

The elements of P are called the classical weights. The algebra U,(g) can
be regarded as the quantum affine algebra associated with the classical
Cartan datum (A, 11,11V, P, —pv)‘

The projection cl: P — P will be denoted by A — X and we will
fix an embedding aff : P — P such that

cloaff =id, affocl(oy) =a; for ¢ #0.
We define
Pr=cl(PH)={AeP| Ah;) >0 forall i eI}

The elements of P are called the classical dominant integral weights. A

classical dominant integral weight A € P is said to have level | € Zsy
if A(c) = [. Note that it has the same level as its affine counterpart.

§6. Perfect crystals and paths

By extracting properties of the crystal graphs, we define the notion
of abstract crystals as follows (20, 21}).

Definition 6.1. An affine crystal (resp. classical crystal) is a set
B together with the maps wt : B — P (resp. wt: B — P), &;: B —
ZU{-o0}, p;: B— ZU{~o0}, & : B — BU{0}, and f; : B — BU{0}
satisfying the following conditions:
(i) for all s € I, b € B, we have

pi(b) = €i(b) + (hi, wt(D)),
wt(€;b) = wt(b) + au,
wt(fib) = wt(b) — i,

(ii) if é;b € B, then
Ei(éib) = Ei(b) — 1, (pi(éib) = QOi(b) + 1,
(iii) if f;b € B, then

i(fib) =ai(d) +1, @il fid) = i(b) — 1,
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(iv) fib ="V if and only if b = &’ for all i € I, b,b’ € B,

(v) if €;(b) = —oo, then &b = f;b = 0.
For instance, the crystal graphs for U,(g)-modules (resp. U, (g)-modules)
in the category OF , are affine crystals (resp. classical crystals).
Definition 6.2. Let B; and Bs be (affine or classical) crystals. A
morphism v : By — Bj of crystals is a map ¢ : By U {0} — By U {0}
satisfying the conditions :
(i) ¥(0) =0,
(ii) if b € By and 9(b) € By, then
wt((b)) = wt(b), &:(¥(b)) = €i(b), @i(¥(b)) = @i(b),
(iii) if b,b" € By, ¥(b), (V') € By and fib = ¥, then fip(b) =
().
A morphism of crystals is said to be strict if it commutes with the
Kashiwara operators é; and f; (i € I).
Definition 6.3. The tensor product B; ® Bs of the crystals By and
B is defined to be the set By x By whose crystal structure is given by
Wt(bl (24 bz) = Wt(bl) + Wt(bz),
Ei(b1 & bz) = max(si(bl),ei(bg) — (hz,Wt(bl))),
i(b1 ® bz) = max(pi(b2),€i(b1) + (hs, wt(b2))),
é; by if i(b1) > €i(b2),
€i(b1 ® ba) = ebl@f 2 #ilby) 2 £:(ba)
by ® €y if @i(b1) < €i(b2),
z fi if @i(b i(b2),
fi(b1 ®b2) = Jibr & by ) #ilby) > €3(b)
b1 ® fiby if @i(b1) < €i(ba).
Here, we denote by ® by = (b1, b2) and use the convention that b; ® 0 =
0®b, =0.

‘We now define the notion of perfect crystals. Let B be a classical
crystal. For b € B, we define

e(b)=§:ei(b)Ai and w(b):Zwi(b)A,-.

Note that
wt(b) = p(b) — e(b).
For a positive integer [ > 0, set

(6.1) P ={eP (N =1}
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Definition 6.4. For [ € Z.(, we say that a finite classical crystal
B is a perfect crystal of level | if

(i) there is a finite dimensional U, (g)-module with a crystal basis
whose crystal graph is isomorphic to B,

(ii) B ® B is connected,

(iii) there exists some Ao € P such that

wt(B) C Ao + Z Z<oa;, #(Bx,) =1,
z;éO

(iv) for any b € B, we have {(c,£(b)) > I,
(v) for each A € ﬁr, there exist unique b* € B and by € B such
that
e®) =X p(by) =

A finite dimensional U, (g)-module V is called a perfect representation
of level I if it has a crystal basis (L, B) such that B is isomorphic to a
perfect crystal of level [.

Remark. For a perfect crystal B of level [, define
B™" = {b € B|(c,e(b)) = I}.
Then the maps e, ¢ : B™" = {b€ B | (c,&(b)) =1} — F;_ are bijective.

In the following, we give an example of perfect crystals of level 1 for
the quantum affine algebra Uq(B,(Ll)) (n>3).

Example 6.5.

0

T 2 ned el 2
o rl@gteg-t@e - 2@
‘\

0

Here, we have

bro =[0, ba, =[0; ¥ =[, ba, =[0;
bA'"' =@7 bAn Z@'

Fix a positive integer [ > 0 and let B be a perfect crystal of level [.
By definition, for any classical dominant integral weight A € ﬁf, there
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exists a unique element by € B such that ¢(by) = A. Set
u=X—=wt(by) = e(by),

and denote by u, the highest weight vector of the crystal graph B(u).
Then, using the fact that B is perfect, one can show that the vector
Uy, ® by is the unique maximal vector in B(u) ® B. Moreover, we have:

Theorem 6.6 ([13]). Let B be a perfect crystal of level | > 0.

Then for any dominant integral weight A € ?j, there exists a crystal
isomorphism

U : B(A) = B(e(by)) ® B given by ux — uc(py) @ ba,

where by is the unique element in B such that p(by) = A.

Set
)‘0 = )‘7 )‘k‘+1 = E(b)\k)7

and
bo =bx, bry1="0bx,-

By taking the composition of crystal isomorphism given in Theorem 6.6
repeatedly, we obtain a sequence of crystal isomorphisms

B(\) =5 B(A))®B 5 B(A\) @ BB 5 ...
given by
Uy — U, ® by — Uy, b1 @bg— -+ -+ ,
which yields the infinite sequences
Wi = (Ak)hzo = (=, Akt 1, Ak, o+, AL, Ao)  in 20
and
Pr=(bk)2o="®b1®b ® - ®b;®by in B
Thus for each k£ > 1, we get a crystal isomorphism
T, : B(A) = B(\) @ B®F

given by
Uy — Uy, Rbr_1® - Qb1 R bg.
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Since B is perfect, we have ¢(b;) = A; and €(b;) = Aj41. It follows that
the sequences

Wi = ()‘k)zo:O = ( o 7)‘k+11 )‘ka Tt 1)‘1; /\0)
and
Pr=0r)izo="""Qb110br® - ®b; ®bo
are periodic with the same period. That is, there is a positive integer
N > 0 such that Ajyn = Aj, bjyny =b; forall j=0,1,--- ,N — 1.

Definition 6.7.
(a) The sequence

Pr=0k)izo =" Qbrt1®br ®--- ®b1 ®bo

is called the ground-state path of weight A.
(b) A A-path in B is a sequence

p=(pk)ilo=®pk)®- - ®p(l) ® p(0)

such that p(k) = by for all k > 0.

Let P(A) = P()\, B) be the set of all A-paths in B. We define the
U,(g)-crystal structure on P()) as follows. Let p = (p(k))z2, be a A-
path in P(A) and let N > 0 be a positive integer such that p(k) = by
for all kK > N. For each ¢ € I, we define

WE(P) = An + Yhso wip(k),

&p = --~®p(N+1)®éi(p(N)®~-®p(0)),
fip=-®p(N+1)® fi(p(N) ® -+ ® p(0)),
€:(p) = max(g;(p’) — ‘Pz(bN) 0)

vi(P) = ¢i(P') + max(pi(bn) — €i(p’),0),

where p’ = p(N - 1)® --- ® p(1) ® p(0).
Then we have the path realization of the classical crystal B(\):

Theorem 6.8 ([13]).

(a) The maps wt : P(\) — P, &, fi : P(\) — P(\) U {0}, &, :
P(A\) — Z define a classical crystal structure on P(A).

(b) There exists an isomorphism of classical crystals

U : B(A) = P()\) given by uy+— p,.
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In the following example, we give the ground-state paths for the ba-

sic representations of the quantum affine algebra Uq(Bél)) and illustrate
the top part of their crystal graphs.

Example 6.9.
(a) Ground-state paths:

Pa, = (pA(;(k))z(;O = ( Tty
pA1 = (pA1 (k))zozo = (. R L]
pA‘nr = (pAn (k))l?;o = ( ] 07 07 07 01 07 0)

(b) Crystal graph P(Ao)

(---111110)
lo
(---111112)
‘2
(---111113)



236 S.-J. Kang

(c) Crystal graph P(A3)

(- - -000000)
3

(- - - 000003)
2

(- -- 000002)

.-000001) (---000001) (---000032

b4
.000002) (---000031) (---000031)
N5

(---000003) (---000032) (---000021) (---000021)

§7. Hecke algebras and crystal bases

Let Uq(s/l;) be the quantum affine algebra associated with the Car-
tan datum (A, PV, P,IIY,II), where A = (aij)?,;:ll is the generalized

Cartan matrix of affine type An 1>
PY =Zho®Zh1 & D Zh,_1 & Zd,
P=7ZADZAN, D ---DZA,_1 S ZJ,
V= {h07 h17 e 7hn—1}7
II={ag, a1, ,an_1}.
Here, A; are the fundamental weights defined by
Ai(hj)zéij, Al(d):() for ’i:O,l,"' ,n—l,
and d = ag + a1 + -+ + ap—1 is the null root.

In [26], Misra and Miwa gave a realization of the crystal graph B(Ag)
for the basic representation V/(Ag) of the quantum affine algebra Uy (sl,,)
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in terms of n-reduced colored Young diagrams. More precisely, we will
build a colored Young diagram Y = (yx)%,with each box colored by

0,1,---,n — 1 following the pattern given below:
0]1
n—1| 0
n—2[n—1
01112]3 0]1
in—1]1 0 |1 ]2 n—1] 0

Here, yx (kK = 0,1,2,---) denotes the k-th column of Y reading from
right to left. The heights of the columns of Y are weakly decreasing as
we proceed from right to left and we have yi = 0 for k& > 0.

A colored Young diagram Y = (yi)52, is called n-reduced if yr —
Ye+1 < n for all k£ > 0. Let Y(Ag) be the set of all n-reduced colored
Young diagrams. We will define the Kashiwara operators on Y(Ag) as
follows. Fix an index ¢ € I = {0,1,--- ,n—1}. To each column y; of Y,
we assign its i-signature by

+ if the top of yx is ¢ — 1,
i-signature of yp = ¢ — if the top of yx is t,

otherwise.

Then we get an infinite sequence of +’s and —’s. From this infinite
sequence, we cancel all the (+, —)-pairs to obatin a finite sequence of
—’s followed by +’s:

i-signature of Y = (—,--- ,—,+,--- ,+),

which is called the i-signature of Y. Now we define &Y (resp. f;Y) to be
the colored Young diagram obtained from Y by removing the i-box from
the column (resp. by adding an i-box to the column) corresponding to
the rightmost — (resp. leftmost +) in the i-signature of Y.
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Proposition 7.1 ([26]). With the Kashiwara operators defined in
this way, the set Y(Ag) becomes a Uq(sly)-crystal. Moreover, there exists
a Uq(sly)-crystal isomorphism

Y(Ao) — B(Ao).

For a nonzero complex number ¢, let Hy({) denote the Hecke alge-
bra of type Any_1. Recall that when ( is a primitive n-th root of unity,
every finite dimensional irreducible Hy (¢)-module appears as the unique
irreducible quotient D(Y’) of the Specht module S(Y') corresponding to
an n-reduced Young diagram Y with N boxes (see, for example, [4, 5).
Since Y can be viewed as a crystal basis element of B(Ag) for Uq(s/l;),
using the Uq(s/l;)—module action on the space of all colored Young di-
agrams (see, for example, [7, 10, 26]), one should be able to write the
global basis element G(Y') as a linear combination of colored Young
diagrams:

G(Y) =) dy y(q)Y' for dy.y(q) € Zq).
v

In [23], Lascoux, Leclerc and Thibon gave a recursive algorithm of com-
puting the polynomials dy+ y(q) and conjectured that

dy'y(1) = [S(Y") : D(Y)],

where [S(Y’) : D(Y)] denotes the multiplicity of D(Y) occurring in a
composition series of S(Y”). This conjecture was proved by Ariki ([1])
and Grojnowski ([6]). In fact, the polynomials dy y(g) coincide with
the affine Kazhdan-Lusztig polynomials.

Example 7.2. By Proposition 7.1, the crystal graph B(Ag) for the

quantum affine algebra Uy (sl3) is realized as the set of 3-reduced colored
Young diagrams.
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Ya,

1
0 2]0]
k /
1]
2lo [1]2]0]
0 0
1 2 —
_ 2 |
1 0]1 1
0 2 0

(1]2 0 [o]1]2]0] [2

§8. Combinatorics of Young walls

In [12], we generalized the idea of [26] to the other classical quantum
affine algebras (except Uq(C’T(Ll))) and gave a realization of the crystal
graphs B(A) for the basic representations in terms of new combinatorial
objects called the Young walls, which can be viewed as generalizations
of colored Young diagrams. We will explain the main idea of [12] with
the example of the quantum affine algebra Ug( 7(11)) because this case
contains all the characteristics of combinatorics of Young walls.

The Young walls are built of colored blocks of three different shapes
(called the blocks of type I, type II, and type III, respectively):

L/
’ (2 <j <n—1): unit width, unit height, unit thickness,

: unit width, half-unit height, unit thickness,
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@, : unit width, unit height, half-unit thickness.

For each fundamental weight A of level 1; i.e., for A = Ap, A; or
A, we fix a frame Y, called the ground-state wall of weight A:

n = Pfifolif.
1]0J

Ya, = ng

Ya, = &L 27
A ‘

b

On these frames, we build the walls of thickness less than or equal to
one unit extending to the left. For convenience, we will use the following
notations:

9 - O
) — = F —

For example, when n = 3, we have

2 0
Ep 1

The rules for building the walls are given as follows:

(1) The walls are built on top of the ground-state walls.

(2) The colored blocks should be stacked in columns. No block can
be placed on top of a column of half-unit thickness.

(3) Except for the right-most column, there should be no free space
to the right of any block.

(4) The colored blocks should be stacked in the pattern given be-
low:
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On Yy, : On Yy, :
2121212 n—1ln—1jn—1jn—1
1./10/11 /10 ninlnln
oL 11 /0o0/1 nlnlinln
2121212 n—1|n—1|n—1{n—1
n—1in—1|n—1jn—1 212121 2
nlinln|n 1./10 /11 /10
nln[n|n o101
n—1in—1{n—1jn—1 21212 2
2121121 2 n—1jn—1{n—1in—1
14041 40

A wall Y built on the ground-state wall Y, following the rules given
above is called a Young wall on Yy, for the heights of its columns are
weakly decreasing as we proceed from right to left. We often write
Y =(ye) 2o =(""-- ,Y2,Y1,Y0) as an infinite sequence of its colums.

Definition 8.1.

(a) A column of a Young wall is called a full column if its height is
a multiple of the unit length and its top is of unit thickness.

(b) A Young wall is said to be proper if none of the full columns
have the same height.

We denote by P(A) the set of all proper Young walls on Y. We will
define the action of Kashiwara operators é;, f; (i € I) on P(A).

Definition 8.2. Let Y = (yx)72, be a proper Young wall on Yj.

(a) A block of color ¢ in Y is called a removable i-block if Y remains
a proper Young wall after removing the block. A column in Y is said to
be i-removable if the top of that column is a removable i-block.

(b) A place in Y is called an i-admissible slot if one may add an
i-block to obtain another proper Young wall. A column in Y is said to
be t-admissible if the top of that column is an i-admissible slot.
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Fix an index ¢ € I and let Y = (yx)3>, € P(A) be a proper Young
wall. To each column yi of Y, we assign its i-signature as follows:

(1) we assign — — if the column yy is twice i-removable (the i-block
will be of half-unit height in this case);

(2) we assign — if the column is once i-removable, but not -
admissible (the i-block may be of unit height or of half-unit
height);

(3) we assign — + if the column is once i-removable and once -
admissible (the i-block will be of half-unit height in this case);

(4) we assign + if the column is once i-admissible, but not i-
removable {the i-block may be of unit height or of half-unit
height);

(5) we assign + + if the column is twice i-admissible (the s-block
will be of half-unit height in this case).

Then we get an infinite sequence of +’s and —’s. From this infinite
sequence, we cancel out every (+, —)-pair to obtain a finite sequence of
—’s followed by +’s, reading from left to right. This sequence is called
the i-signature of Y. Now, we define the crystal structure on P(A) as
follows.

(1) We define €;Y to be the proper Young wall obtained from Y
by removing the i-block corresponding to the rightmost — in
the i-signature of Y. We define ;Y = 0 if there exists no — in
the i-signature of Y.

(2) We define f;Y to be the proper Young wall obtained from Y by
adding an i-block to the column corresponding to the leftmost
+ in the i-signature of Y. We define f;Y = 0 if there exists no
+ in the i-signature of Y.

We also define the maps
wt:PA) — P, g :PA)—Z, ¢;:P(A)—12Z

Wt(Y) =A- Z kiai,
il
€:(Y") = the number of —’s in the i-signature of Y,
;(Y) = the number of +’s in the i-signature of Y,
where k; is the number of i-blocks in Y that have been added to the
ground-state wall Yj.
Proposition 8.3 ([12]).
The set P(A) together with the maps wt : P(A) — P, &;, f; : P(A) —
P(A) U {0} and €;,¢; : P(A) — Z becomes a Uq(B,(ll))-crystal.
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Recall that 6 = apg + a1 + 2a + -+ + 2,1 + 2, is the null root
of the quantum affine algebra Uq(B,(LI)).

Definition 8.4.

(a) The part of a column in a proper Young wall is called a é-column
if it has the same number of colored blocks as the null root ¢ in some
cyclic order.

(b) A 4-column in a proper Young wall is called remowvable if it can
be removed to yield another proper Young wall.

(¢) A proper Young wall is said to be reduced if none of its columns
contain a removable §-column.

Let Y(A) € P(A) be the set of all reduced proper Young walls on
Y.

Theorem 8.5 ([12]).
The set Y(A) is a connected Uq(B,(Ll))-crystal. Moreover, there is a
Uq(Bﬁl) )-crystal isomorphism

Y(8) = B(A),

where B(A) is the crystal graph of the basic representation V(A) of the
quantum affine algebra Uq(B,(ll)).
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Example 8.6. (a) The crystal Y (Ao) for Uq(Bél))

Ya,
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(b) The crystal Y (As) for U,(BSV)

Ya,

Remark. (a) For the other classical quantum affine algebras (except

Uq(Cr(Ll))), one can prove that the crystal graph of a basic representation
can be realized as the affine crystal consisting of reduced proper Young
walls ([12]).
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(b) As an application, we obtain a realization of crystal graphs for
finite dimensional irreducible modules over quantum classical algebras
(see [15]).

(c) The colored Young diagrams introduced in [26] can be regarded
as the Young walls consisting of regular cubes only. In [10], Jimbo,
Misra, Miwa and Okado extended the idea of [26] to higher level irre-

ducible representations of Uy(sl,). The crystal graph of a level I ir-
reucible highest weight representation was characterized as the set of -
tuples of n-reduced colored Young diagrams satisfying certain addtional
conditions. From our point of view, they can be viewed as reduced
proper Young walls with [ layers, which provides us with a clue to the
construction of crystal bases for the higer level irreducible highest weight
representations of other classical quantum affine algebras.

(d) As we have seen in Section 7, when ( is a primitive n-th root of
unity, the finite dimensional irreducible H n{¢)-modules can be paramet-
rized by n-reduced colored Young diagrams with N boxes. We expect
that there exist some interesting algebraic structures whose irreducible
representations (at some specialization) are parametrized by reduced
proper Young walls. In [2], Brundan and Kleshchev verified this idea
by showing that the irreducible representations of the Hecke-Clifford
superalgebra Hy(¢) with ¢ a primitive (2n + 1)-th root of unity are

parametrized by reduced proper Young walls of type Agl) with N blocks.

§9. Fock space representation

Let F(A) = @ycpn) Q@)Y be the Q(g)-vector space with a basis
P(A). In [16, 17], Kang and Kwon defined a U,(g)-module structure
on F(A), the Fock space representation, and showed that the crystal
P(A) is exactly the crystal graph of F(A). The Fock space F(A) can be
regarded as the ¢-deformed wedge space arising from a level 1 perfect
representation ([22]).

We recall how to define the action of e;, f; (i € I) and ¢" (h € PV)
on proper Young walls in P(A). Let Y = (yx)32, be a proper Young wall
on Y5. We denote by |yx| the number of blocks in yx added to Y. Then
the associated partition is defined to be |Y'| = (--- ,|ykl, - 5 lv1l, |[vol)-
For Y = (yk)i2¢, Z = (2k)j2p in P(A), we define Y| > |Z] if and only if
Soreilyel = > pe; lzk| for all I > 0.

Since the action of ¢" is easily defined :

Y = ¢t for he PV, Y € P(A),
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we will focus on the action of ¢; and f; on Y (3 € I).

Case 1. Suppose that the i-blocks are of type 1.

If b is a removable i-block in yx of Y, then let Yr(b) = (yk—1, - , 1,
yo) be the wall consisting of the columns lying at the right of b, and set
R,(0;Y) = vi(Yr(b)) — €i(Yr(D)). (The wall Ygr(b) should be regarded
as a U)-crystal, where no block can be added on y; for [ > k.) We
denote by Y " b the Young wall obtained by removing b from Y. Then
we define

&Y =) ¢ Y ),
b

where b runs over all removable i-blocks in Y.

On the other hand, if b is an admissible i-slot in yi of Y, then let
YL(b) = (-, Yk+2,Yk+1) be the Young wall consisting of the columns
in Y lying at the left of b, and set L;(b;Y) = ©i(YL(b)) — &:;(YL(D)).
(The wall Y7, (b) may be a proper Young wall on another ground-state
wall Ya..) We denote by Y / b the Young wall obtained by adding an
i-block at b. Then we define

LY =3¢ /),
b

where b runs over all admissible i-slots in Y.

Case 2. Suppose that the i-blocks are of type II.

Let b be a removable i-block in yr of Y. If the i-signature of yi is
——, or if the i-signature of y; is — and there is another :-block below
b, define Y /' b to be the Young wall obtained by removing b from Y.
If the i-signature of yi is —+, or if the i-signature of yx is — and there
is no i-block below b, define Y /b = ¢~ 1(1 — (—¢?)!®*1)Z, where Z is
the Young wall obtained by removing b from Y and [(b) is the number

of yi’s with | < k such that |y;| = |yx|.

— Yr(b)
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Y /b= (1_’(__‘1_2)l(b_)+ﬁx R B
q

In either case, set Yr(b) = (y1—1,- - ,¥o), where [ is the integer such
that |ye| = |yk-1] = -~ = lyip1] < |yl and let Ri(b;Y) = ¢i(Yr(D)) —
£;(Yr(b)). Then we define

aY =3 ¢ v /),
b

where b runs over all removable i-blocks in Y.

On the other hand, suppose that b is an admissible i-slot in y; of
Y. If the i-signature of yi is ++, or if the i-signature of y is + and
there is no i-block below b, then we define Y /b to be the Young wall
obtained by adding an i-block at b. If the i-signature of yx is —+, or
if the i-signature of y; is + and there is another i-block below b, then
we define Y /b = ¢ (1 - (—¢?)!®+1)Z, where Z is the Young wall
obtained by adding an i-block at b and [{b) is the number of y;’s with
I > k such that |y;| = |yx|. That is,

1(b

Y:_{ | ERK NN I'\\b
Y1 (b)
Y /b= (1-(=d)O
q

In either case, set Yz(b) = (- ,yi+2,y14+1), where [ is the inte-
ger such that |yiv1| < lyi| = lyi=1| = -+ = |yk|, and let L;(b;Y) =
(Y, (b)) — &i{YL(b)). Then we define

LY =3 a/ " /v),
b

where b runs over all admissible i-slots in Y.



Quantum affine algebras and crystal bases 249

Case 3. Suppose that the i-blocks are of type IIL.

If b is a removable i-block in yi of Y, then we define Y 7 b to be
the Young wall obtained by removing b from Y. We also consider the
following i-block b in yx of Y, which we call a virtually removable i-block:

l(b.)"'—/’ Yr(b)

N

where [(b) is given in the above figure. In either case, set

Yr(b) = (Yk-1,""",%0), Ri(b;Y) = i(Yr()) — i(Yr(D)),

and define Ry
ey =Y ¢ v ),
b

where b runs over all removable and virtually removable i-blocks in Y.
On the other hand, if b is an admissible i-slot in yi of Y, then we
define Y b to be the Young wall obtained by adding an i-block at
b. We also consider the following i-slot b in yi of Y, which we call a
virtually a;imissible i-slot: \
AA Lo = or [ Lo

YL (b) YL (b)

In this case, we define Y b to be

N

(—Qi)l(b)x V m (_qi)l(b)><

or

where [(b) is given in the above figure. In either case, set

Yo(0) = (- s yk+2,Yk+1),  Li(B;Y) = i (YL (b)) — (YL (D)),
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and define

LY =3y /b,
b

where b runs over all admissible and virtually admissible i-slots in Y.

Theorem 9.1 ([16, 17)).

(a) The Fock space F(A) is an integrable U,(g)-module in the cate-
gory OF ..

(b) Let L(A) = Dyepn)AoY. Then the pair (L(A),P(A)) is a
crystal basis of the Fock space F(A).

(¢)

P v(r-ms®rt™  if g# D2,
FA) = ™3°
P V(A -2ms)®™ if g=D2,,.

m=0

Remark. In [16, 17], Kang and Kwon generalized the Lascoux-Leclerc-
Thibon algorithm to obtain an effective algorithm for constructing the
global basis G(A) of the basic representation V(A) for all classical quan-
tum affine algebras except Uq(CT(ll)). More precisely, for each reduced
proper Young wall Y € Y(A), the generalized Lascoux-Leclerc-Thibon
algorithm yields the global basis element

GY)= Y  Kyy(q)Y,
Y'eP(A)

where the coefficients Ky y(g) satisfy the following conditions:
(i) Kv,y(q) € Zlg],
(ii) Ky,y(¢) = 0 unless |Y| > |Y’|,
(iii) Ky,y«(q) =1 and KY,Y'(O) =0ifY £#Y".
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