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Finite approximations and physics over
unconventional fields

Trond Digernes

In this talk we will discuss some ideas and results from ‘unconven-
tional physics’, partly from the point of view of finite approximations.

Finite approximations play an important role in many areas of math-
ematics. In operator algebras there are several notions of approximate
finiteness, for example hyperfinite algebras, AF-algebras, residually fi-
nite algebras, to mention some.

In the context of locally compact abelian groups there is a useful
notion of closeness which takes into account the Weyl structures of the
groups. It was shown in [4] that — with respect to this concept of close-
ness — any (separable) locally compact abelian group is a limit of finite
abelian groups. This notion of convergence — called convergence of Weyl
systems — involves approzimation from the outside, i.e., the approximat-
ing groups need not be subgroups of the given group.

Convergence of Weyl systems takes place at the kinematical level.
The deeper problem of approximating dynamical operators requires a
more detailed analysis, and was treated in [6] for the case R™. Here it
was shown that for quantum systems with potentials of ‘oscillator type’
(essentially those with discrete Hamilton spectrum), the finite approxi-
mands converge to the continuous system in the strongest possible sense:
eigenvalues and eigenfunctions for the finite systems converge to the cor-
responding objects for the continuous system. These results have later
been generalized to the setting of a general locally compact group [1].
(In this general setting, though, the position and momentum operators
do not have obvious interpretations.)

The above approximation results may serve as motivation for study-
ing quantum systems over fields other than R and C - like Q,, for in-
stance — since, after all, such systems, too, can be obtained as limits of fi-
nite systems (where most computations will have to take place). This is,
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however, a rather modest approach to the subject of ‘physics over uncon-
ventional fields and rings’ (or ‘unconventional physics’ for short). There
are other, and more profound, reasons, of which we mention just a cou-
ple here: 1) It can be argued that the structure of space-time below the
Planck scale is best described by a number field with a non-archimedean
metric (like Qp; see [13] and further references there). 2) Regularization:
the well-known divergences in quantum field theory disappear when the
underlying field is non-archimedean; and unbounded operators become
bounded [2]. -It should be mentioned that simple quantum mechani-
cal models, like the harmonic oscillator, can be successfully formulated
over Q,, although it is not obvious what the nature of ‘time’ should be:
should it be p-adic, real, or discrete? [13, 10, 7]

Since there does not seem to be a preferred prime p in nature, one
eventually has to work with all the primes at the same time, which leads
to the adelic theories (the ring of adeles is the restricted product of
all the Q,’s, including Qo = R). An adelic string theory has been
formulated (see the excellent review article by Brekke and Freund [3]
and the references therein), and Manin gives a beautiful argument for
the adelic nature of our physical world in [8].

In a forthcoming paper [5] we study some other phenomena which
may occur in general models. More specifically, we study irreducible
models for Heisenberg groups based on compact maximal isotropic sub-
groups. It is shown that if both the Heisenberg group and the subgroup
are 2-regular, the “vacuum sector” of the associated representation is
1-dimensional and thus gives rise to a unique vacuum state (this gen-
eralizes a result in [13] for Q, with p # 2). On the other hand, if the
Heisenberg group is 2-regular, but the subgroup is not, the vacuum sec-
tor exhibits a fermionic structure. This will be the case, for instance,
in a quantum mechanical model built on the 2-adic numbers, with a
maximal isotropic subgroup constructed from the 2-adic integers.

Finally it should be mentioned that the idea of doing physics in a
setting other than ordinary space-time appears already in the works of
Weyl [14, 15] and Schwinger (see, e.g., [11] and further references there;
this article served as a starting point and motivation for the paper [6]).
In fact, some of these ideas go back to Riemann [9] (for an English
translation, see [12, page 135]).
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