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§1 Introduction

Let A O D C B be two von Neumann algebras together with
a common Cartan subalgebra. Then the amalgamated free product
M = Axp B with respect to the unique conditional expectations from A,
B onto D can be considered. In our previous paper [Ul], the questions
of its factoriality and type classification were discussed in detail, which
will be reviewed in §4. The main purpose of the paper is to give fur-
ther supplementary results obtained after the completion of the previous
paper together with discussions on some examples.

The author would like to express his sincere gratitude to the organiz-
ers Bruce Blackadar & Hideki Kosaki for inviting him to the US-Japan
seminar 1999 held at Fukuoka, Japan and for giving opportunity to
present this work.

§2 Amalgamated Free Products of von Neumann algebras

Let A 2 D C B be o-finite von Neumann algebras, and let E4 :
A — D, EB : B — D be faithful normal conditional expectations. Then
one can consider the amalgamated free product of A and B over D with
respect to the conditional expectations Ef, EB:

(M,E}) = (A,Ep) *p (B, EB).

It is defined as a pair of a von Neumann algebra M into which the triple
A D D C B is embedded and a faithful normal conditional expectation
E}:‘,/[ : M — D, and characterized by the following three conditions:

e M is generated by the subalgebras A, B;
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Epf|a = Ep, EY|s = Ep;
A, B are free with amalgamation over D in the D-probability
space (M D D, EM), see [VDN], i.e.,

EM ({alternating words in A°, B°}) =0,

where we denote A° = KerE#, B° = KerEZ as usual.

For the details, we refer to [P2],[VDN],[U1] (see also [BD]).

In analysis on type III factors, modular automorphisms are of central
importance so that we need to compute the modular automorphisms

M
of °Fb (t € R) for a faithful normal state ¢ on D.

Theorem 2.1. ([U1l, Theorem 2.6]) We have

M A M B
(2.1) of P |a=0f""P, 0P |5 =0f".

The modular operator A, EM and the modular conjugation J™ can

be also computed explicitly. (See [U1l, Appendix I].)

83 Amalgamated Free Products over Cartan Subalgebras

Let A and B be von Neumann algebras with separable preduals, and
we suppose that they have a common Cartan subalgebra D or equiva-
lently that there is a common subalgebra D satisfying:

e D is a MASA in both A and B;

e there are (automatically unique faithful) normal conditional ex-
pectations Eé :A— D, Eg : B — D;

e the normalizers N4(D), Np(D) generate the whole A, B, re-
spectively.

(See [FM].) Let
(M, E%[) - (A’ ES) *D (B?Eg)a

and we will write M = A *p B since there is no other choice of normal
conditional expectations from A, B onto D.

The triple A D D C B produces two countable non-singular Borel
equivalence relations R 4, R over a common standard Borel probability
space (X, u) in such a way that

31  A=W7,(Ra), B=W;,(Rp), D=L"X,p),



Amalgamated free product over Cartan subalgebra, IT 241

where W7, (Ra), W;,(Rp) denote the von Neumann algebras con-
structed from R4, Rp together with relevant 2-cocycles o4, op, re-
spectively, by the Feldman-Moore construction ([FM]). After fixing a
point realization D = L*(X, p1), such a pair (R4, Rp) is uniquely de-
termined up to null set. (This fact will be discussed in [U2] in detail.)
Therefore, the countable non-singular Borel equivalence relation

Ry :=RaVRp (CX xX)

is a canonical object attached to the triple A O D C B, and we call this
equivalence relation the canonical equivalence relation associated with
the amalgamated free product M = A xp B or the triple A D D C B.

§4 Factoriality & Type Classification ([U1])
In this section, we review our previous paper [Ul].

Let A D D C B be as in §3, i.e., two von Neumann algebras (with
separable preduals) and a common Cartan subalgebra. We here discuss
the amalgamated free product M = A xp B. The first problem is its
factoriality, namely, to find a suitable sufficient condition for the amal-
gamated free product M to be a factor. A satisfactory answer to the
problem was given in our previous paper.

Theorem 4.1. ([U1, Theorem 4.3]) If either A or B is a factor
of non-type 1, then the amalgamated free product M = A xp B over a
common Cartan subalgebra D becomes a factor. More precisely, if A (or
B) is a factor of non-type 1, then there is a faithful normal state ¢ on
D such that ’

(41)  (Apoms)NMC A (Tesp. (Bgoz) MM C B) .

Furthermore, if A (or B) is further assumed to be of type III, (0 < A <
1), then the state ¢ can be chosen in such a way that

(4.2) (AWE;;)/ NA=Cl1 (resp. (B¢0Eg)' NB= Cl) .

This result can be generalized further. Such a generalization will be
discussed later, see Remark 4.8 (2),(3).

The second problem seems Murray-von Neumann-Connes’ type clas-
sification of the amalgamated free product M. In this direction, we
obtained the following corollaries of Theorem 4.1:
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Corollary 4.2. [U1l, Corollary 4.5]) Suppose that both A and
B are factors of non-type 1. If M = A xp B is of type 11y, then both A
and B must also be of type I11;.

Corollary 4.3. ([U1, p.377]) Suppose that both A and B are
factors of non-type 1.
(1) If either A or B of type II; and if M = A xp B is semi-finite (i.e.,
has a faithful semi-finite normal trace), then M must be of type II;.
(2) If either A or B is of type 111\ (0 < A < 1), then M = A*p B must
be of type Il 1/~ or of type 111;.
(3) If either A or B is of type III;, then M = A xp B must be of type

I,
(4) If A is of type IlI\ and B of type 111, with log A ZQ, then M =

log 11
A xp B must be of type I11;.

For a while, we assume that A O D C B is a general triple of o-
finite von Neumann algebras together with faithful normal conditional
expectations E5 : A — D, EB : B — D, and let

(M,EY) = (A, Ep) *p (B,Ef)

be the amalgamated free product. Choose and fix a faithful normal state
@ on D, and we set:

A=A X pon RODD:=Dx,o, RCB:=B X _goBE R,
and .
M:=M x pomM R.
Then there are faithful normal conditional expectations

FA:A-D; FEA ( / ~ a(t)/\(t)dt) - / o; BB,

—0o0

BB:B-Ds  BR([ soaoa)= [ B0

—00 —00

B :0i-Ds BY ([ moroa)= [ B0

—0o0 -0

Theorem 4.4. ([U1, Theorem 5.1]) In the current general set-
ting, we have

(4.3) (M.EY) = (4 Ef) 5 (B, EE).
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Moreover, the dual action 0M (t € R) associated with M is determined
by those 07, 08 associated with A, B, respectively, in such a way that

(4.4) 015 =06{, 6M|5=06F.

Let us return to the original setting, namely, the triple A D D C B
consists of two von Neumann algebras with separable preduals and a
common Cartan subalgebra. By Theorem 4.4, we have

(4.5) M (= A/*\;B) ~ A+5B.

Since D is also a common Cartan subalgebra in both Aand B , we write
Axz B as the amalgamated free product von Neumann algebra of A and

B over D with respect to the conditional expectations ES’ Eg since no
confusion is possible.

We further suppose that both A and B are factors of non-type I in
what follows. Theorem 4.4 (or (4.5)) together with the proof of Theorem
4.2 implies

Theorem 4.5. ([U1, Theorem 5.4)) In the current setting, we
have .

(4.6) Z(M)=Z(A)nZ(B)C D.

Let (Xa,F#), (XB, FP) be the flows of weights ([CT]) of A, B,
respectively. Fix a point realization D = L°(X, u), and set Xp := X x
R equipped with the usual product measure du ® e~*dt and FP(x,s) :=
(z,s+t). Then there are two factor maps

7l'£ : (XDthD) - (XAthA)7 7(]15? : (XD7FtD) - (XBthB)

since D is a common Cartan subalgebra in both A, B. Let (X, FM) be
the flow of weights of M. Theorem 4.5 says that there are three factor
maps

Tyt (Xa, ) — (X, B, 7wl (Xg, FP) = (Xu, FM),

ﬂ'ﬁ : (XDthD) - (XM7FtM)
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Corollary 4.6. ([U1, Corollary 5.6]) The flow (Xar, FM) is de-
termined as the unique mazimal common factor flow of those (Xp, FP),

(XA, FtA), and (XB; FtB).

This corollary explains all the type classification results mentioned
before. Indeed, if A (or B) is a factor of type III;, then the flow of
weights (X4, F) (resp. (Xg,F}P)) is trivial (see [CT],[T2]), i.e., the
one-point flow, and hence the corollary says that so is the flow of weights
(X, FM), which means that M is of type III;. The others can be also
explained similarly.

Corollary 4.7. ([U1, Corollary 5.8]) If A and B coincide with
each other, i.e., A = B, then the amalgamated free product M = Axp B
(= A*p A) and A (= B) have the same flow of weights. In particu-
lar, any ergodic flow can be realized as the flow of weights of a certain
amalgamated free product.

Remarks 4.8. A few remarks are in order.

(1) Corollary 4.6 has the trivial reformulation: The flow of weights
(Xar, FM) coincides with the associated flow ([HOO],[Kr],[FM]) of the
canonical equivalence relation R s introduced in §3.

(2) Based on Theorem 4.4, (4.3) (or (4.5)) together with the proof of
Theorem 4.1, we can show the following: Let A and B be von Neumann
algebras (with separable preduals) having no type I direct summand,
and let D be a common Cartan subalgebra. Then we have

(4.7) Z(Axp B) = 2(A)n Z(B) (C D).

This implies

(4.8)

Z(AxpB) = Z(Axp B)’" = Z(A)*" nZ(B)"” = Z(A)nZ(B) (C D)
thanks to (4.4) and the continuous decomposition theorem [T2].

(3) The (4.8) in the above (2) can be reformulated as follows: Under
the assumption that both A and B have no type I direct summand, the

amalgamated free product M = A xp B is a factor if and only if the
canonical equivalence relation Ry, is ergodic.

§5 Miscellaneous Results

51.Les ADDC Band Efy: A— D, EB: B — D be as in §2, and let
(MaE;‘)/I) = (A’ES) *D (BaEg)
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be the amalgamated free product. Suppose that M has separable pred-
ual, or equivalently that so do both A and B, and further that we have
known that

(5.1.1) Z(M) = Z(A)n Z(B) C Z(D).

Then we have the following simultaneous direct integral decompositions:

@ 52 @
M:/Q M(w) dv(w) 2 A::/Q A(w) dv(w) D D:/Q D(w) dv(w)

55} @ @
M—:-/Q M (w) dv(w) QBz/Q B(w) dv(w) D D:/Q D(w) dv(w)

with Z(M) = L*(Q,v). Let

D
H:/Q H(w) dv(w)

be the corresponding direct integral decomposition of H = L2(M). We
may and do assume that w — H(w) is a constant field of the separable
infinite dimensional Hilbert space. The conditional expectations Eg[ ,
Eé, Eg are also decomposed as follows:

[S]
EY = /Q (EY), dv(w),

® (&)
Ef = /Q (Ef)o dv(w), EB = /Q (EB)o dv(w),

Theorem 5.1. Under the hypothesis (5.1.1), we have

(5.1.2) (M), (BY)w) = (Aw), (ED)w) *pw) (B), (EB)w)
for almost every w € Q.

Before going to the proof, we provide a suitable (for our purpose)
reformulation of freeness. Let (N 2 L, E : N — L) be a L-probability
space, i.e., N D L is an inclusion of unital algebras with the same unit
and F : N — L is a conditional expectation in the purely algebraic
sense. Assume that Nj, N, are unital algebras containing L in common.
We introduce the operation z € N — [z]° := z — E(z), and the freeness
(with amalgamation over L) of the pair N;, Ny can be interpreted as
follows:
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Lemma 5.2. The pair N1, No are free with amalgamation over L
if .and only if the mapping

Dy, N2 ¢ (T2, T2, 0+, Tn) € A(N1, Na) = E([1]%[22]” - - [2n]°)

is identically zero. Here, A(Ny, Ny) is the set of those finite alternating
sequences (X1, T2, -+, Tn) of elements in N1 U Ny with x; € Nj¢, j(1) #

3(2) # - #j(n).

In our case, the operation m € M v [m]® :=m — EM(m) € M° :=
KerEY is normal and linear, and can be (direct integral) decomposed
as follows:

52}
1= 112 o),
Q
where [m(w)]2, = m(w) — (E¥),(m(w)), a normal linear map, for almost
every w € (1.

Proof of Theorem 5.1. Since both A and B have separable preduals,
one can choose countable families {ax }ren, {0k }ren in such a way that
they generate A and B, respectively. Let

<] @

o = / ar(w) dv(w), br = / bi(w) du(w).

Q Q

Then we can choose a co-null Borel subset ; of £ in such a way that

for every w € )y

(a) M(w) is generated by A(w) and B(w);

(b) (Bp)w : M(w) — D), (Ep)w : A(w) — D(w), (ER)w :

B(w) — D(w) are faithful normal conditional expectations and

(B ola@w) = (ED)w, (ER)ulbe) = (EB)w;

(¢) A(w) and B(w) are generated by the ax(w)’s and the by (w)’s,
respectively.
Replacing the ag’s (resp. the bg’s) by all the finite products of them
and their adjoints from the beginning, we may and do assume, instead
of (¢), that
(c)’ the linear span of the ag(w)’s (resp. the by(w)’s) forms a o-
weakly dense *-subalgebra of A(w) (resp. B{w)).

The restriction of the map ® (4 p) to the subset A({a}ren, {bx}ren)
is identically zero by the freeness of the pair A, B (see Lemma 5.2).
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Therefore, there is a co-null Borel subset Qg of €21 such that

‘I’(Akw),B(w)) (M1 (w), ma(w), - -, mp(w)))

= (BB o ([m1 ()3 [ma(@))2 -+ [ma(@)]3) = 0

for every (mq(x), ma(z), -, mp(z)) € A({ar(w)}ken, {br(w)}ren) and
for every w € y. Since the operation y — [y]° is normal and linear,
the mapping ®(4(w),B(w)) itself is identically zero thanks to (c)’ with the
aid of the Kaplansky density theorem. Hence, A(w) and B(w) are free
with amalgamation over D(w) for every w € Qy by Lemma 5.2. Hence
we have proved the assertion. [J

5.2. We would like to apply Theorem 5.1 to amalgamated free products
over Cartan subalgebras. In what follows, we suppose that the triple
A D D C B consists of factors (with separable preduals) of non-type I
and a common Cartan subalgebra. The starting point of the discussion
is Theorem 4.5, (4.6):

Z(M)=Z(A)nZ(B) C D.
Theorem 5.1 implies

Corollary 5.3. Almost every factor M(z) in the central decom-
position
— e
M = M(z)dp(z)
XM

of the continuous core M can be written as an amalgamated free product
over a common Cartan subalgebra.

Here, we further suppose that M is of type IITy (0 < A < 1), or
equivalently that the flow of weights (Xas, F;M) is an (essentially) tran-
sitive flow with period —log A (see [CT],[T2]) so that we may and do
assume that

Xy =[0,—log)), FM = the translation by t (mod : —log \).

Since FM is transitive, we have M (0) = M(z) for every # € Xy =
[0, —log A), and hence we may and do assume that z € Xy — M(z) is
a constant field of the type 11, factor M(0). Hence, we conclude
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Corollary 5.4. In the current setting, the (unique) type Il factor
appearing in the discrete decomposition ([C1]) of M is written as an
amalgamated free product over a common Cartan subalgebra.

5.3. We keep the setting and the notations as in §§5.2. It is known that
an ergodic free action of a non-amenable discrete group may or may
not be amenable ([Z], see also §6), or equivalently the associated von
Neumann factor may or may not be injective (see [C2]) (or hyperfinite),
and hence it is somewhat non-trivial whether or not the amalgamated
free product M = A xp B is non-injective.

Theorem 5.5. In the current setting, there is a copy of the free

group factor L(F3) in the continuous core M which is the range of a
faithful normal conditional expectation. In particular, M s not injective.

The non-injectivity result follows also from a result in our resent
work [U2], where we have shown that the amalgamated free product
M = Axp B is not a McDulf factor (under the assumption that both A
and B are factors of non-type I). However, the proof below is still valid
even in the case that both A and B have no type I direct summand.
(See Remarks 4.8, (2),(3).)

Proof. Let Trﬂ, Try, Trg, Trﬁ be the canonical traces on M, A,

B , 13, respectively, (scaled in the usual way under the dual actions). Tt
can be checked that

TI"MZTI‘BOE%;[, TI‘A'V:TI‘BOEf), TrngrﬁoEg,

WhereEg']f\/Iv%ﬁ EZ A— D, EE . B — D are as in §4. As
in §86.1, we consider the s1mu1taneous direct integral decompositions
of the inclusions M D A B D D and the conditional expectations
Ef_l,/[ : M — D, ES C A > D, Eg B> D subject to the central

decomposition
—_ ® __
M= [ M@ du)

X

thanks to Theorem 4.5, (4.6), and let

Try = /XG; (Trﬁ)m du(x)

be the corresponding direct integral decomposition.
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Note that the continuous core M is of type II or of type IT;. (Recall
that, the continuous core of a von Neumann algebra of type III must
be of type I, while there is no type change for the other types.) We

assume that M is of type Il in what follows, since the quite similar
(actually simpler) argument as below apparently works in the type II;
case.

Let X be a co-null Borel subset of X s sétisfying the same conditions
(a), (b), (¢) as in the proof of Theorem 5.1 with the additional ones:

(e) Both A(z) and B(z) are von Neumann algebras of type II for
every z € X. (This follows from the assumption that A and B
have no type I direct summand.)

) (Tr 5) o (E{‘? ) is a faithful normal semi-finite trace, and thus
x

so are both (Tr5>m o <Eg>m, (Tr5>w o (Eg)z.
By choosing a much smaller co-null subset instead of X if necessary, the
set of those (z,p) € X x B(Hy) with the separable Hilbert space Hg (on

which almost every D(w) act), satisfying

o p=p?=p* € D(a);

. (15), =1
can be assumed to be Borel. Therefore, the measurable selection prin-
ciple enables us to choose a measurable field z € X +— p, € D(z) of

projections such that (Tr5> (pz) =1 for every x € X, and we set
x

p= /Ga pedp(z).

X

Since M is of type I, we have

o __ — —
| M(x) du(a) = M = (pMp) & B(Ho)

= /GB (pwﬁ(m)pz> ® B(Ho) du(z)

X
with the separable Hilbert space Hy. Then we see that, for every x € X,
e both p, A(x)p, and p, B(z)p, are of type II; (thanks to (e),(f));
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° pwﬁ(m)pw, pwg(x)pgg are free with amalgamation over 5(m)p$
: ~ i 7 M ~
in the D(z)p,-probability space ( e M ()P, (ED )w lpr(gc)pm)
(use (b),(c) and the proof of Theorem 5.1).
Repeating the argument of the type Il case in the proof of [Ul, Lemma

4.2], we choose two measurable fields z € X — ug € po A(z)ps, ¢ € X —

vy € prB(x)p, of unitaries satisfying
(E3) (@)y=0, (BE) ((w)")=0

for every n(# 0) € Z, and set

u = / Y vedu(z), o= / ? vedu(z).

XM XM

Then u, v are free Haar unitaries, and hence the von Neumann subalge-
bra N := {u,v}" of pMp is isomorphic to the free group factor L(Fs).

Notice that N is decomposable relative to Z(M) = L> (X, 1) and that
Uz, Uy also are free Haar unitaries for almost every x € X ;. Therefore,

we have

L(F3) & N(z) = {ug,vz}" C p:M(z)p, for almost every z € Xy,
and thus

L(Fy) ® B(Ho) ® C1 C L(F3) ® B(Ho) ® Z(M)
D
= /. L(F2) ® B(Ho) du(z)

c [ (peiwp.) B dute)
= © M(z) du(z).
X

Since pMp is of type II;, the copy of L(F2) ® B(Ho) in M {or in ﬁ(m)
for almost every « € X)) is clearly the range of a faithful normal
conditional expectation. Hence we are done. O

Since the copy of L(Fs) constructed in the proof is well-behaved
with the central decomposition of M, we have
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Corollary 5.6. We enjoy in the same setting as in Theorem 5.5.
If the amalgamated free product M = A xp B is of type 111y, then the
type Il factor appearing in the discrete decomposition of M contains
a copy of the free group factor L(F3) which is the range of a faithful
normal conditional expectation. Therefore, so does the M itself.

Proof. The first part of the assertion is clear from the proof of
Theorem 5.5 together with Corollary 5.4. The latter follows from the
first half and the discrete decomposition theorem ([C1]) for type III,
factors. O

For a while, we assume that both A and B are general factors (not
necessary of non-type I) and that D is a common Cartan subalgebra.
If either A or B is of type I,, with possibly n = oo, then both must
coincide, i.e., A = B = M,(C) or B(H). In this case, we can see that
M = Axp B (= Axp A) is isomorphic to L(F,,_1) ® A. Therefore, we
obtain

Corollary 5.7. The amalgamated free product M = A*p B of
factors (with separable preduals) over a common Cartan subalgebra is
injective if and only if either A or B is of type I (and hence A = B =
M5(C) and D is the diagonals).

This corollary can be thought of as an analogue of the following
classical group theoretical fact: A free product group G x H is amenable
if and only if G = H = Zs.

5.4. We keep the same setting and the notations as in §§5.2 even in
this subsection. We would like here to show that the amalgamated free
product M = A xp B is not related to any free group factor as a simple
application of the striking result [V2] of D. Voiculescu with the aid of
Theorem 5.1 (or Corollary 5.3, Corollary 5.4). A similar application of
Voiculescu’s result was also given by D. Shlyakhtenko [S1] in a different
context.

When the amalgamated free product M = A xp B is of type II;, we
can apply directly Voiculescu’s theorem to the case since the normalizer
N (D) generates the whole M, and hence M is not isomorphic to any
(interpolated) free group factor L(F,.) with 0 < r < co. Thus it suffices
to consider only the infinite cases, and we start with the following lemma;:

Lemma 5.8. Let N O C be a factor of type Il and an abelian
von Neumann subalgebra. Let Tr be a faithful normal semi-finite trace
on N such that Tr|c is semi-finite. Suppose that the normalizer Nn(C)
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generates the whole N. Then, for each finite (in N) non-zero projection
p € C (such a projection indeed exists since Tr|c is semi-finite), the
normalizer Npnp(Cp) generates the whole pNp.

Proof. By assumption, we see that the linear span of Ny (C) forms
a o-weakly dense *-subalgebra in N. Hence, the linear span of elements
of the form pup with v € Ny (C) also is o-weakly dense in pNp. Since
p is finite in N, pNp is a factor of type II;. Let us denote ¢ and 7
the support and the range projections of pup, respectively. Then the
projections q,r are in pNp since ¢,7 < p. We here need the following
fact:

Fact. If p # q (or equivalently p # r thanks to the fact that pNp
is finite), then there is an element w € GNpN,(Cp) with w*w = p — g,
ww* =p —r. Here, GNpnp(Cp) denotes the normalizing groupoid, i.e.,
the set of those partial isometries v € N such that v*v,vv* € C and
vCv* = Cvv*, v*Cv = Cv*v.

Proof of Fact. Since N is a factor, we have (p —r)N(p — q) # {0},
and hence there is a unitary v € Ny(C) such that (p — r)v(p — ¢) is
not equal zero. Thus, there is a non-zero element vy € GN,n,(Cp) such
that v§vo < p— g and vou§ < p—r. We can do the standard exhaustion
argument thanks to the fact that pNp is finite. Hence we get a desired
partial isometry. [

Let w := pup with u € Ny(C), and the above fact says that we
can choose a unitary @ € Npnp(Cp) in such a way that w = rwg.
Moreover, ¢,r can be written as finite linear combinations of unitries
in Cp, and hence rwq is a finite linear combinations of elements in
Npnp(Cp). Therefore, any element in pNp can be approximated o-
weakly by finite linear combinations of elements in Npn,(Cp). Hence
we complete the proof of the lemma. [J

Proposition 5.9. We enjoy in the same setting as in Theorem
5.5.
(1) If the amalgamated free product M = Axp B is of type 1, then M
is not isomorphic to any L(F,.) ® B(H) with 0 < r < co.
(2) If the amalgamated free product M = A xp B is of type II1, then
almost every type 11, factor appearing in the central decomposition of

the continuous core M is not isomorphic to any L(F,) ® B(H) with
0<r<oo.

(3) If the amalgamated free product M = A xp B is of type III, (0 <
A < 1), then the type 11, factor appearing in the discrete decomposition
is not isomorphic to any L(F,) ® B(H) with 0 < r < co.
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Proof. All the assertions follow from [V2, 5,3 Theorem, 7.4 Corol-
lary] with the aid of Lemma 5.8. When showing the assertions (2), (3),
we further need Corollary 5.3, Corollary 5.4, respectively. [J

§6 Example I. Boundary Actions of Free Groups

6.1. Let X be a finite set with |X| > 2, and we set X! := {z7!;z € X}.
We consider the free group I' := F(X) over the generators X and its
boundary OT'. In this case, the boundary 9T is defined as the one-sided
shift space of the alphabets XU X! determined by the forbidden blocks
(z7z), (zz™1), equipped with the usual product topology. It is plain
to see that I is identified with the set of semi-infinite reduced words
in XUX~'. We will freely use these two different descriptions in what
follows. The group I' acts topologically on the boundary o1" by the left

multiplication, i.e., for v € " and for w = wjwy --- € 9T,

~ - w := the reduced form of the word ~ywiws - - -.

6.2. We decompose the set X into two disjoint non-empty subsets X,
X2 with X = %7 U X3. Then we have T’ = I'y % 'y with I'1 = F(X;),
'y =F(X2). The boundaries dT';, 8Ty can be (topologically) embedded
into 9T" as follows:

OI'y =the shift subspace of oI’

with extra forbidden blocks (z), = € X3,
OI'g =the subset of oI

with extra forbidden blocks (), = € X;.

Therefore, the subspaces 0I'y, OI's are closed and invariant under the
actions of I'y, I'g, respectively. We consider the following disjoint de-
compositions:

8T = (8T1)°L ATy, AT = (8T%)° U dly,

and note that (9I'1)¢, (8'3)° are open and invariant under the actions
of I'1, Iy, respectively. We define

(A = {w = (w,)S2, € (A1) ; wy € XU (%)M,
(OT2)* = {w = (wn)p2y € (B0)° 5 w1 € £1 U (%1)—1}'
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Let us define the map ®; : I'; x (8'1)* — (8T'1)° as the restriction of
the action map I' x 9" — 9T, i.e.,

(e,w) = w,

('71 ce Y2, (wn)zozl) — (’Yl) ceey Yy W1, W2, .. )

(6.2.1) P, : {

for each reduced word ~; - - - 7,. Similarly, the map ®, : I'y x (8T'3)+ —
(8T'2)¢ is defined as the restriction of the action map I' x o' — oI'. We
here note that the topology on II' is generated by the family of clopen
sets of the form:

Q(ry) {w - (wn) E ar ; y W1 =1y yWn :’YTL}
with a reduced word v =1 - - - ¥p,.-

Lemma 6.1. We have

(6.2.2) @ry°= 1] || 20w,

YET1 weXU(X,) L

(6.2.3) @ryc= | | L] Q@w).

vyel2 weXU(X1) 2

It is plain to check that

(1) the maps ®,, &, are bijections;
(2) Be({7} X Qwr -+ wn)) = Qe -+ wn) (k =1,2)

with a reduced word wy - - - wy,.

Therefore, thanks to Lemma 6.1, we see that ®;, ®, send all the basic
clopen sets to all those, when the product topologies of the discrete
one and the induced one from OI" are considered on both I'; x (8T';)*,
Iy x (8'2)*. Tt is also plain to check that

Dp(v172,w) =71 - Pr(r2,w) (k=1,2),
and hence we conclude

Proposition 6.2.  The maps ®; : Ty x (T1)+ — (8I'1)¢, &5 : T'yx
(T'2)t — (8T2)¢ are homeomorphisms, and via these homeomorphisms,
the actions of I'1, T'y on (0T'1)¢, (8T'2)¢ are conjugate to those of T'y, Ty
on Ty x (0T'})L, Ty x (8T3)* which are defined as the product action of
the translation and the trivial one.
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6.3. Let n = |X| and ny = |%X1|, na = |X2|. We discuss here the proba-
bility measure p on the boundary OI' defined in such a way that

woe) = & ()

2n —

with the word length function £( - ). It is known that the measure
is quasi-invariant under the action of I'. (See [KS].) The non-singular
action of T on the probability space (8T, 1) can be checked to be free
and ergodic (see [RR],[KS],[PS]). Moreover, J. Ramagge & G. Robertson
[RR] showed that the action of I" is of type III_1_ so that the crossed-

product M = L*®(dT,u) x T is a factor of type .. Moreover,

S. Adams’ result [A] (see also [Ver, Example 2 in p. 89]) implies that
the factor is injective. (It should be remarked that the Cuntz-Krieger
algebra interpretation for boundary actions provided by J. Spielberg
[Sp] together with M. Enomoto, M. Fujii & Y. Watatani [EFW] also
shows that the crossed-product is the injective factor of type III . J)
Set A := L®(8T,u) x 'y, B := L*(dT", u) x I'z, and it is plain to see
that, the crossed-product is written as an amalgamated free product
over a common Cartan subalgebra, that is, we have M =2 A xp B with
D := L*°(0T, u). Therefore, the boundary action of the free group I'
provides an example of an injective factor arising as an amalgamated
free product over a common Cartan subalgebra.

6.4. Since
{y €Tk 5 £(y) = m}| = 2nk(2n — )™ (k= 1,2),

we have

w@r))=pl || ] QOw| (Lemmaé.1)

YEl1 weX2U(X2) 1t

= 3w+ Y Y weew)

wWEXU(X2)1 m=1 ~v€l'n weX U(X2)"?
£(y)=m

1 s m—1 1 ! "
—2”2‘2—T—L+Z (2n1(2n1—1) )2112 (% (271"1> )

_ @ 2TL1’I’L2 Z 2711 -1 -1
n(2n -1) 2n—1

=1 (bynznl—l—nz).
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Similarly, we have u((0I'2)¢) = 1. Hence, we obtain
(6.4.1) u{8T) = u(dT'y) = 0.

Furthermore, we have

L(y)+m—1
p(Pr({vIxQwr - wm))) = % <2nl_ 1>

_ 1 e('Y)X 1 1 m—1
T \2n-1 oan \2n—1 ’

(6.4.2) (mlaryye) © @k = 6k ® (lar,yr) (k=1,2)

and hence

£(v)
with the measure §;({7}) = < ) equivalent to the counting

2n—1
measure. From the discussions above, we conclude

Proposition 6.3. We have

(6.4.3) L®0T, p) x Ty = L=®((0T'1)%, u) x Iy
= (£%°(T'1) x T1) ® L®((801) ", plar,y )
L°°(8F,p,) Xy = L°°((8F2)C, ,u) x Ty

(6.4.4) ~ (ZOO(FQ) » Fz) ® Loo((al—‘Z)J‘,/d(an)J-).

The isomorphisms are induced from the maps ®1, ®,, respectively. In
particular, the crossed-products both are of homogeneous type I .

Therefore, we have seen that the free components of our injective
amalgamated free product M = A xp B both are of homogeneous type
Too.

6.5. At the end of this section, we give a criterion on injectivity of
amalgamated free products over Cartan subalgebras. Let M = Axp B
be an amalgamated free product over a common Cartan subalgebra.
Here, we do not assume that A and B are factors nor that they have no
type I direct summand. We choose central projections p4, pg of A, B
in such a way that both Aps and Bpg have no type I direct summand.
Since D is a Cartan subalgebra in both A and B, the projections pa, pp
are in D so that p := pspp = pppa is also a projection in D. Suppose
here that p is non-zero. Then the reduced von Neumann algebra pMp
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contains both pAp and pBp, and their freeness can be easily checked
with respect to the conditional expectation

(E?D/I)p = EgIIPMP : pMp — Dp.
It can be easily checked that the continuous cores satisfy
(6.5.1)  pMp=pMp, pAp=pAp, pBp=pBp, Dp=Dp.
Hence we get the inclusion relations
(6.5.2) pMp 2 pAp 2 Dp, pMp 2 pBp 2 Dp.

We can easily see that the conditional expectation

——~———

(EM), : pMp — Dp

coincides with

(Eg)p = EAgﬂpﬁp : pMp — Dp.

Hence we can show that, the von Neumann subalgebra
N = pApV pBp (C pMp)

is identified with the amalgamated free product over a common Cartan

subalgebra
(v40) 5 (vB)
Notice here that

e both pAp and pBp have no type I direct summand;
e there is a faithful normal conditional expectation from pMp

. e : o(BM),
onto IV since N is invariant under the modular action a;/) (E5)»

(t € R) with a faithful normal state 1 on Dp thanks to [T1]
and Theorem 1.1.
Thus we apply the same argument as in the proof of Theorem 5.5 (see
after the statement of that theorem) to the amalgamated free product
N, and as a consequence we get a copy of the free group factor in pMp
as the range of a faithful normal conditional expectation from N (and

hence from M) Therefore, pMp is not injective, and neither is M.
Therefore, we conclude



258 Y. Ueda

Proposition 6.4. In the current setting, if the amalgamated free
product M = A xp B is injective, then the non-type I direct summands
in A and B need not meet (in D), i.e., their support central projections
are disjoint (in D).

Remark 6.5. One can construct two von Neumann algebras A, B with
a common Cartan subalgebra D in such a way that (i) A has the non-
type 1 direct summand and B = L*®°(Q) ® B(H) (possibly with any
dimension dimH > 2); (ii) the amalgamated free product A xp B is
injective. (Compare with Proposition 6.3, 6.4.)

87 Example II. Number of Free Components

Let A D D C B be o-finite von Neumann algebras with faithful
normal conditional expectations EB‘ :A— D, EB: B — D, which are
assumed to be of the form:

A= Ao® B({*(N)), B=By® B({*(N)), D= Dy ¢*(N),
Ep(a®eij) = 6i;Ep0(a), Ep(b®eij) = 8 Ep)(b)
with
B(¢*(N)) = {ei;}" 2 £2°(N) = {ess}”,
where the e;;’s are the natural matrix units and will be denoted by e;‘;

or eg- instead of e;; when regarded as elements in A or B, to avoid any
confusion. We further suppose that By (and hence B itself) is injective
or hyperfinite, has no type I direct summand, and that Dy is a Cartan
subalgebra. Thanks to A. Connes, J. Feldman & B. Weiss [CFW], we

may and do assume that there is a unitary u € By such that
By =< Dg,u >", Egg(u") =0 as long as n # 0,

and the automorphism Adu € Aut(Dy) is denoted by a.
In this setting, we will investigate the reduced von Neumann algebra
pMp of the amalgamated free product:

(M’ Ei]\)/l) = (Av ES) *D (B,Eg)

by a minimal projection p := 1 ® e;; in the common subalgebra C1 ®
£°(N).

We introduce the following notation rule:

[a]fj ::a®ef‘j inA, and [b]g- ::b®eg in B,



Amalgamated free product over Cartan subalgebra, IT 259

and, in what follows, will freely use the identification:
A _ A _ A B
e; =1®ej; =[la]i;, eij=1 ®ei'§ = [130]5-

Lemma 7.1. We have

(7.1) [aalf} - [aalfy = bjn - [araaly,  [01)E - (2] = 65 - [b1ba)F.
(7.2) efy-laliy = jk-[alfy = [alfy-efy,  eB-[0) = Sju-[0]F = b5 -ef)

(7.3) [alf*=la"l5 IS =15

Lemma 7.2. The von Neumann algebra B is generated by Do®C1
and partial isometries [u"]g, ne€z,i=2,3...
Set u(n,i) :=efl - [u"B, n€Z, i=2,3,..., a unitary in pMp.
Lemma 7.3. We have, for eachn€Z,i=2,3,...,
EM(u(n,i)¥) =0
whenever k # 0 (€ Z).

Proof. We may and do assume k > 0 since E¥(u(n,i)™*) =
EM (u(n,i)*)*. Notice that

{ EN(efy) = Ep(efy) =0 as long as i # 1,

EM(wMEB)=EE(u" ®e8) =61 -Egg(u”) =0 aslongasi#1.

Therefore, by the freeness, we have, for n € Z, i # 1,
Ef (u(n,)*) = By (ef; - [u"]7 - ef; - [u"]F}) = 0.

Hence we are done. [J

We define the faithful normal conditional expectation

(ED)p = ED lpmp : pMp — Dp = Do ® Cp

(which is well-defined since p is in the smaller algebra D).

Lemma 7.4. The family

{4 ® Cp} U{u(n,i) :neZ,i=2,3,...}
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is free with amalgamation over Dy ® Cp with respect to (EM),.

Proof. Since all the u(n,1)’s normalize the subalgebra Dy ® Cp and
since (Dy ® Cp)(A§ ® Cp) and (A5 ® C1)(Dgy ® C1) are contained in
(A§ ® Cp), it suffices to show that

Eff ([ax)fyu(n, ia)*™ [aaiiu(na, i2)*

7.4
4 e [am]ﬁu(”mvim)km [am-i-l]fl) =0

whenever all k;’s are not equal to 0, the beginning and the ending letters
a1,am+1 are the identity 1 or in A§ := KerEgg, and the other a;’s are

in A° or the identity 1 if (nj_l,ij_l) 75 (nj,ij),

(75)  ajis { _

m A8 if (nj_l,ij_l) = (nj,ij).
We have, for a € A,

u(ng,iy) ™" - [a]fhu(ng, ig)*?
M en TR el B e, - )
u(ny,i1)" [a]1u(ng, ia) ~*2

= ey, ™)y efy, WS [alf [u TR e - TR e,

=[u

Thus, if k1, ke # 0 and if a is such as in (7.5), we see that

u(”’l) 7:1)_11:1 [a]iqlu(n2$ iz)k2 € [u-nl]ﬁl \A AO,[ n2]lzl

alternating
QBOAO"'AOBO,
u(nl, ’il)kl [a]llu(ng, ’L'Q)_Vk:2 c u(nl, 7,1) A° ... A° u(nz, iz)*
alternating

CA°-B°-A°..-A°.B°. A°.

Notice that

[unlllB’il [u#n2]ﬁ2 [ e "2]7/112 E Bo
w(ny,i1) u(ng, is) = { [U_nl]ﬁl f‘uz [Unz]B € B°A°B° (i1 # i2),
[um>™]P € B° (i1 = i2)

as long as (n41,41) # (n2,42), and one can easily check the desired equality
(7.4) based on the above facts. O



Amalgamated free product over Cartan subalgebra, IT 261

Thanks to Lemma, 7.2 together with [V1, 3.1.Lemma), we see that
the reduced von Neumann algebra pMp is generated by

e’{‘i-((J,(X)l)-ef1 =6;;- (a®p), a € A

A LA LA _ .
€li " €ke " €51 = bik - 05 - ;3

ety - [uh]p) - el = bk - 651 - u(n,i), n€Z,i=2,3,....
We set

N(n,i) := {Do ® Cp,u(n,i)}’ = Dy Xgn Z (thanks to Lemma 7.3)
with the conditional expectation

E@mg = ED N : N(n,i) = Do ® Cp 2 Dy,

which coincides with the canonical one from Dg X4» Z onto Dy.
Summing up the discussions above, we conclude

Theorem 7.5. We have

(76) (pMp7 (Eg[)}?) = (AO) Egg) *Dg nZZ (N(’I’L,Z), E(n,z))
1=2,3,...

Here, the amalgamated free product

A_nzng (N(n, ’L), E(n,i))

s noting less than the crossed product of Dy by the free group Fo, with
countably many generators, whose action is defined as follows:

(7.7) Ad)*™N % ()N x (@) Mok (@) N (@) N
Here, (B3)*N means the free product of countably infinite copies of an

automorphism (.

We further suppose that A = B, that is, Ag = By = Dy X4 Z. Theo-
rem 7.5 says that the reduced von Neumann algebra pMp is isomorphic
to the crossed product of Dy by the free group F, whose action is

k ((Id)*N % (a)*N * (a——l)*N .- x (an)*N * (a—n)*N - )

= (1) # ()™ # (@) Nk (@) Nk (a7 N s

Here, this equality follows from the simple fact: o * (a)*N = (a)*}.
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Remark 7.6. The result obtained in this section is thought of as a neg-
ative evidence towards generalizing the work [G] on the invariant “cost”
of D. Gaboriau to general non-singular discrete measured groupoids.
Roughly speaking, the “cost” counts the number of free components
in a given finite-measure preserving countable equivalence relation, and
recently D. Shlyakhtenko [S2] generalized further to finite-measure pre-
serving discrete groupoids from the free entropic viewpoint. Our result
here says that the number of free components cannot be determined in
the general non-singular case. Indeed, we suppose that our A = B is a
factor of type III (or of type II,) and that D is a Cartan subalgebra as
before. Then the amalgamated free product M is also a factor of type
ITT and captured as a groupoid von Neumann algebra (see [Ks]). We
can then choose an isometry v € A in such a way that vDv* = Dp with
vw* = p € D. The Adv gives rise to an isomorphism between M 2 D
and pMp 2 Dp. Moreover, we can show

(7.8) (E¥)po Adv = Advo EY,

and hence (M 2 D, EM) can be identified with (pMp 2 Dp, (E¥),),
and the former has two free components, but the latter has infinite
ones.

The discussions here (with trivial changes) also implies

Corollary 7.7. Let N be an infinite injective factor of non-type 1
with a Cartan subalgebra D. Then we have

(79) N*DNEN*DN*DNg-~~’EN*DN*DN*D“'.

Remark 7.8. One may replace B(¢£2(N)) by k x k matrix algebra M (C)
in the setting, and the discussion here still works without any essential
change and the assertion (7.6) should be changed to

(7.10)  (pMp, (EY)p) = (Ao, ER?) *p, x_ (N(n,i), Egny)

so that if Ag = By then pMp is the crossed-product of Dy by the free
group [, whose action is:

(7.11) (Id)*(k_l) * (oz)*’C * (az)*(k‘l) Kook (a”)*(k—l) P

This is in particular thought of as a reduction formula of the amalga-
mated free product R xp R of two copies of the injective 1I; factor R
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over a common Cartan subalgebra D thanks to [CFW]. The result says
that, if the amalgamated free product R *p R had the whole fundamen-
tal group (defined as in [P1]) F(R*p R 2 D) = R}, then the number
of its free components would not be able to be determined uniquely.
This is completely analogous to the situation of free group factors L(Fy,)
with finite n (see [V2, 6.13 Remark]). This analogy is very natural in
a certain sense, because the amalgamated free product R *p R can be
regarded as one candidate of the true generalizations of the free group
factor L(F3) from the view-point of the idea generalizing the group von
Neumann algebra construction to the group-measure space construction.
(D. Shlyakhtenko [S1] provided another candidate “A-valued semicircu-
lar systems” from the view-point of Voiculecu’s free Gaussian functor

(see [VDN]).)
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