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81. Introduction

Let M be a connected l-dimensional C'°° manifold. An immersion
f: M — S™ to the sphere (resp. f: M — RP" to the projective space) is
called tangentially degenerate (or, developable, or, strongly parabolic) if
its Gauss mapping v: M — G;;1(R™"!) has rank < [. Here Gy (R™*1)
denotes the Grassmannian of (I + 1)-dimensional linear subspaces in
R"*!. A submanifold of S or RP" is called tangentially degenerate (or,
developable, or, strongly parabolic) if so is the inclusion.

In the present paper we construct new examples of tangentially
degenerate compact submanifolds satisfying the equality for the inequal-
ity proved by Ferus [19]. Remark that, if we have a tangentially degener-
ate immersed submanifold in S™ then, via the canonical double covering
m: 8™ — RP", we have a tangentially degenerate immersed submanifold
in RP™.

Remark also that the notion of tangential degeneracy is invariant
under the projective transformations. Recall that RP" = G1(R™*!) and
S™ = G1(R™*1) (oriented Grassmannian) have natural projective struc-
tures, respectively. In fact, M. A. Akivis clearly stated in [3] and [4] that
the study of tangentially degenerate submanifolds belongs to projective
geometry. Then our standpoint is as follows: We do not need the met-
ric structures on them for the formulation of the results, while, for the
proofs of the results, we use freely the metric structures.

Let M! be compact and connected, and f: M — S™ a tangentially
degenerate immersion. Denote by r the maximal rank of the Gauss
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mapping . Then, by [19], we know that there exists a number F(I)
(Ferus number), depending only on the dimension ! of M, such that, if
r < F(I) then r = 0, therefore M = S’ and f(M) is a great l-sphere
in S™. The Ferus number F(I) is defined by

F(l) := min{k | A(k) + k > 1},

where A(k) is the Adams number: the maximal number of linearly inde-
pendent vector fields over the sphere S¥—1.

In other words, if f: M! — S™ is a tangentially degenerate immer-
sion of rank 7, and f(M) is not a great l-sphere, then F(I) < r (Ferus
inequality).

Then the problem we are concerning with is the following:

Problem. Is the inequality r < F(I) best possible for the implica-
tion r = 07 Do there exist tangentially degenerate immersions M* — S™
with r = F(I)? Moreover can we classify tangentially degenerate immer-
sions M! — S™ with r = F(I)?

In contrast to the tangentially degenerate submanifolds in R™ such
as cylinders, cones or tangent developable of space curves, all of which
have singularities when considered in RP™, we construct many compact
tangentially degenerate submanifolds in the sphere, some of which even
satisfy the Ferus equality. In §2 we recall, in more detail, the Ferus
inequality on tangentially degenerate immersions. In §3, degeneracy
of the Gauss mapping of isoparametric hypersurfaces and their focal
submanifolds in the sphere is discussed as a model case. These pro-
vide us with an infinitely many tangentially degenerate submanifolds in
the sphere, which satisfy the Ferus equality for (I,r) = (2P + 1,2P) or
(27 + 3,29) for p > 2, ¢ > 3. This answers the first and the second
problem affirmatively. In §9, we construct further homogeneous exam-
ples with r = F (1) for (I,r) = (3,2), (5,4), (6,4), (9,8), (10,8), (12,8),
(17,186), (18,16), (20,16), (25,14), (26,24), (28,24), and possibly more.
In order to describe the idea of the construction, in §4, the Stiefel man-
ifold V(R™*1) of orthonormal 2-vectors is introduced as a circle bundle
over a complex quadric Q™. Then in §5, we study complex submani-
folds : ¥ — Q™~1, and using this, in §6, we construct a natural map
®: M = ¢*Vo(R"!) — S™ from the pullback bundle over ¥ to the
sphere, such that the image of ® is the union of [-parameter family of
great circles in S™. Then we show that, on the open set of maximal rank
of d® in M, each fiber of the circle bundle p*V5(R"*!) — ¥ lies in the
kernel of the differential of the Gauss mapping of ®, so ® is tangentially
degenerate. Examples in this context are given in §7.
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In §8, we recall austere submanifolds defined by Harvey and Lawson
[23]. They proved that from austere submanifolds in spheres, one can
construct special Lagrangian and volume minimizing varieties in com-
plex Euclidean spaces. Then we show that if a complex submanifold
p: ¥ — Q" ! is first order isotropic, then the corresponding map
®: p*Va(R™!) — S™ is always an immersion and is austere. In §9, we
give further examples of homogeneous austere submanifolds M*, which
can be considered as a generalization of Cartan’s isoparametric hyper-
surfaces, see §2. More precisely, M is the total space of KP*-bundle over
2-plane Grassmannian Go(K"*!) where K = R, C or H and each fiber
of the bundle lies in the kernel of the Gauss mapping of M.

In §10, we give a classification of tangentially degenerate hypersur-
faces in S* with 7 = 2. Moreover, using Bryant’s result [9], we construct
an example of tangentially degenerate immersions M3 — S* such that
the rank of Gauss mapping is not constant.

§2. Ferus inequality for submanifolds with degenerate Gauss
mapping

The proof of the Ferus inequality is achieved by considering the Levi-
Civita connection of the ordinary metric on S™, the co-nullity operator,
and a matrix Riccati-type equation [18] and [19]. Here we review the out-
line of the proof: Let f: M! — S™ be a tangentially degenerate immer-
sion. Assume that the induced metric on M from f is complete. It is the
case if M is compact. Now, assume 0 < r < [, for the maximal rank r of
the Gauss mapping of f. Let D C TM denote the Monge-Ampére dis-
tribution, namely the kernel of the differential of Gauss mapping, along
the open subset U of M consisting of points where the Gauss mapping
has the maximal rank r. Remark that f(U) is a union of totally geodesic
spheres of dimension [ — r. Take « from U. Then we get a linear map-
ping D& — {0} — (DF)!="+! defined by Y — (Y,Cx,Y,...,Cx,_.Y),
where Xi,...,X;_, are basis of D, and CxY := —pr(Vy X) denotes
the co-nullity operator, pr: T,M — Dz being the projection. Then,
by the assumption r # 0 and by an argument on Riccati equation, we
conclude that Y, Cx,Y,...,Cx,_ Y are linearly independent. Thus we
have [ — r < A(r), Adams number. Therefore [ < A(r) + 7.

It is well known ([6] and [19]) that the Adams number is determined
by

A((2k 4+1)2°744) = 2° 184 — 1, where 0 < ¢ <3, 0<d.
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Therefore the Ferus number F(I) is given for | < 24, by
(1) F (1) = {the highest power of 2 not larger than [}.

Remark that F'(I) = | — p(l) and A(l) = p(I) — 1, using the original
notations in [6] and [19].

Regard S™ as the unit hypersphere S(1) in R"*! with the ordinary
metric. For a submanifold M in S™(1), the indez of relative nullity v(x)
at x € M, introduced by Chern and Kuiper [17] and [30], is defined as
the dimension of

{XeT,(M)|o(X,Y)=0forany Y € T,(M)},

o being the second fundamental form. Notice that the rank r(z) of
differential mapping dv,: To M — Ty(z)Gip1 (R™11) at x € M is related
to v(z) by 7(z) =1 — v(x), because

(2) kerdy, ={X €T, (M)|o(X,Y)=0forany Y € T,(M)}.

Therefore the minimum v of v(x) over z € M is equal to [ — 7.

Theorem 2.1 ([6] , [12] and [19]). Let M be a complete subman-
ifold of n-dimensional unit sphere with dimg M = 1. If r < F(l), then
r =0 and M is totally geodesic.

For instance, in view of (1), we see that (cf. [6])
(i) if I is a power of 2, r < [ implies r = 0,
(ii) if { = 3, r < 2 implies r = 0,
(ili) if 5 <1 <7, r < 4 implies 7 = 0,
(iv) if 9 <1< 15, r < 8 implies r =0,
v) if 17 <1< 24, r < 16 implies r = 0,
(vi) if 25 <1 < 31, r < 24 implies r = 0.

We have examples of compact connected tangentially degenerate
embedded hypersurfaces M3 c S*, M® c §7, M2 c S3, M?* C §%°
with » = 2, 4, 8, 16 respectively; Cartan hypersurfaces [12] and [27].
Remark that F(3) = 2, F(6) = 4, F(12) = 8 and F(24) = 16. Each of
them is defined by a real cubic polynomial, and it is a closed orbit of pro-
jective actions of SO(3), SU(3), Sp(3), Fy on S™ = G1(R"1), n =4, 7,
13, 25, respectively. Their projective dual MY = y(M) € G (R +1)*) =
RP™ are the images of Veronese embeddings of projective planes KP?,
for K =R, C, H, O (the Cayley’s octonians) respectively. The latter are
real parts with respect to properly chosen real forms of Severi varieties
in complex projective spaces, [45]. The reason of this coincidence has
not been explained fully, as far as the authors know.
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In {26], the first author showed that a homogeneous compact hyper-
surface in RP™ which is tangentially degenerate is projectively equivalent
to a hyperplane or a Cartan hypersurface. This result is the motivation
of our study. Cartan hypersurfaces are well-known as isoparametric
hypersurfaces, and we give some observation concerning this. Moreover,
motivated by their sphere bundle structure, we construct many exam-
ples of tangentially degenerate submanifolds (§7, §9). Simple examples
are obtained as follows:

Lemma 2.2. Let £* C CP"™ be a complex submanifold of complex
dimension k. Consider the Hopf fibration m: S2"+1(C C"*1) — CP",
and set M#+1 .= 7x=1(X) C S*™F1. Then M is a submanifold with
degenerate Gauss mapping of S*>"*1. If ¥ is compact and not a complex
projective subspace, then the rank of Gauss mapping is equal to 2k.

Remark that the codimension of M2*+1 equals to 2n+1—(2k+1) =
2(n — k) > 2. In some cases this construction provides examples of
compact tangentially degenerate submanifolds satisfying the equality

r=F(): (I,r)=(3,2), (5,4), (9,8), (17,16), (25,24) (see §7, §9).

Proof of Lemma 2.2. The Gauss mapping v: M — Gagy2(R?"12)
is decomposed into the projection 7jp: M — X, the complex Gauss
mapping Yc: ¥ — Gi4+1(C™H!) and the natural inclusion G4 1 (C™+!) —
Gakyo(R?"*2), Therefore M is tangentially degenerate; 7 is degenerate
along the Hopf fibers. We refer to the following:

Theorem 2.3 ([2] and [21]). Let ¥ be a k-dimensional compact
complez submanifold in CP" and let v¢c: ¥ — Giy1(C™FY) be the com-
plex Gauss mapping of & in CP". If the rank of ¢ is less than dim¢ X,
then ¥ is necessarily a complex projective subspace CP* in CP".

§3. Examples related to isoparametric hypersurfaces

Hypersurfaces in the sphere are tangentially degenerate if they have
zero principal curvature. In the simplest case where the principal curva-
tures are constant, i.e. in the case of isoparametric hypersurfaces (see [43]
for general facts), the principal curvatures are given by

p— 1
)\iZCOt(eo—FE(Z——)), O<90<zr-, i=1,...,9
g g
where g = 1, 2, 3, 4, 6. Then the tangentially degenerate isoparametric

hypersurfaces are
(i) g =1 and M is a great hypersphere



120 G. Ishikawa, M. Kimura and R. Miyaoka

(ii) g =3 and M is the Cartan hypersurfaces ([12]).

Each isoparametric hypersurface has two focal submanifolds My,
and some of them are tangentially degenerate. It is well known that all
the shape operators Sy of M. have constant eigenvalues given by

(i) Ofor g =2

(ii) £1A/3 for g=3
(iii) +1, 0for g =14
(iv) £v3, £14/3,0forg=6

When g = 2, M. are totally geodesic subspheres hence tangentially
degenerate. Other possibilities are when g = 4 or 6. If the kernel of
the shape operators have a common non-trivial vector, they are tan-
gentially degenerate. When g = 6 and M is homogeneous, both focal
submanifolds are tangentially degenerate [35]. Note that they are given
by singular orbits of the linear isotropy representation of the rank two
symmetric spaces G2/S0(4) and G2 x G2/G3. Moreover, these satisfy
the Ferus equality for (I,7) = (5,4), (10, 8).

Examples of isoparametric hypersurfaces with g = 4 are given in [39]
and [20]. Take the principal curvatures A;, Az, A3z, A4 so that m; and
mg are the multiplicities of A\oqq and Aeven Where my; < mo. Examples
in [39] are classified in [20] as

(i) Homogeneous ones of Clifford type:

(m1,me) = (1,k), (2,2k-1), (4,4k —1), (9,6)

(ii) Homogeneous ones with (mq,mo) = (2,2) and (4, 5)
(iii) Inhomogeneous ones of Clifford type: (mq1,m2) = (3,4k), (7,8k)
Following [20], we assume dimM_ = 2m; + mq and dmM, =
my+ 2mo. Now we summarize results and remarks on tangential degen-
eracy of these examples.

Proposition 3.1. Let M be a homogeneous isoparametric hyper-
surface with g = 4 and (my,mz) = (1,k-2), k > 3, (2,2k—3), (4,4k-5),
k > 2. When (m1,mz) = (1,k — 2), the focal submanifolds M is
tangentially degenerate with (I,7) = (2k — 3,2k — 4); while M_ is not.
When (m1, m2) = (2,2k — 3), (4,4k — 5), M_ is tangentially degenerate
with (I,r) = (2k + 1,2k), (4k + 3,4k), respectively; while M, is not. In
particular, there exist infinitely many tangentially degenerate homoge-
neous submanifolds in the sphere, which satisfy the Ferus equality.

On the last assertion, we can easily show that for p > 1 and ¢ > 2,
F(2P 4+ 1) = 2P and F(27 + 3) = 22 hold, hence examples are given by
M_ of isoparametric hypersurfaces with (mi,mg) = (2,2 — 3), p > 2,
and (4,27 —5), ¢ > 3.
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Proposition 3.2. Let M be a homogeneous isoparametric hyper-
surface with g = 4. When (m1,m2) = (2,2), the focal submanifolds
M, is tangentially degenerate with (I,7) = (6,4), satisfying the Ferus
equality; while M_ is not. When (m1, m2) = (4,5), M_ is tangentially
degenerate with (I,7) = (13,12); while M is not.

Corollary 3.3. The focal submanifold M, of homogeneous iso-
parametric hypersurface M with g =4 and (m1,mg) = (1,k — 2), (2,2),
and M_ with (2,2k — 3), (4,4k — 5), (4,5) is foliated by totally geo-
desic subspheres of dimension 1, 2 and 1, 3, 1, respectively. Along these
subspheres, the tangent space is parallel.

Remark 8.4. As for the case (iii), M, is not tangentially degen-
erate, since by Theorem 5.8 in [20], there exists a point = € M, at
which d(z) = dim["), Ker Sy = 0. In the case (mi1,mz) = (3,4k), M_
is homogeneous (6.4 in [20]). We will discuss these and the remaining
homogeneous case with (mi1,mg2) = (9,6) in another occasion, as well
as all other inhomogeneous examples of Clifford type. The tangential
degeneracy of M, for (mi1,m3) = (1,k — 2) and of M_ for (2,2k — 3),
(4,5) follows from Lemma 2.2, since the odd dimensional focal subman-
ifolds given by singular orbits of the linear isotropy representation of a
Hermitian symmetric space of rank two is tangentially degenerate. Then
use the classification in [24]. In the Appendix, we give a systematic proof
of the propositions, which is applicable to all the homogeneous cases.

84. Stiefel manifolds and complex quadrics

Let W be a real vector space with Euclidean inner product (, ). By
a 2-frame in W we mean an ordered set of 2 orthonormal vectors in W.
Let Vo(W) be the space of 2-frames in W, i.e.,

(3) Va(W)={(f1,£2) e W x W | (£, fp) = bap (o, B=1, 2)}.

Then V5(W) is a Stiefel manifold with dimg Vo(W) = 2 dimg W —3. The
tangent space T(g, ¢,)V2(W) is

R(—£5,£1) & {(x1,%x2) € W x W | x1, x2 L span{fy,f2}}:
The inner product on W x W defined by

((x1,%2), (¥1,¥2)) = (X1, ¥1) + (X2, ¥2)
for (x1,%2), (y1,y2) E W x W

induces a Riemannian metric g on Vo(W).
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Let Go(W) be the space of oriented 2-planes in W. Then Va(W)
is a principal fiber bundle over G2(W) with structure group S* and
projection map w: Vo(W) — G2(W) defined by

w((f1,£2)) = span{fy, f2}.
For each (f1,f;) € Vo(W), the fiber 7= (r(f1,f2)) is
{(cos0f; —sinf@fy,sinff; + cosffy) € Vo (W) |0 € Sty

The Riemannian metric g on V(W) is invariant by the structure group.
Thus we may define a Riemannian metric g on éz(W) such that 7 is a
Riemannian submersion.

The distribution given by

T(s, £,) (V2(W))
= {(x1,x2) € T(g,,8,)(Va(W)) | x1, x2 L span{fy,f>}}

defines a connection in the principal fiber bundle Vy(W)(G2(W), S1),
because T, (Ifl,fz) is complementary to the subspace R(—f3,f;) tangent
to the fiber through (fi,f), and invariant under the Sl-action. The
natural projection 7 of Vo(W) onto éz(W) induces a linear isomorphism

of T(’fhfz)(‘?(W)) onto Tp(ég(W)), where 7((f1,f2)) = p. The complex

structure J on T{g, ¢ (V2(W)) defined by

(4)

(5) (x1,%2) — (—x%2,%1)

induces a canonical complex structure J on éz(W) through dr.
Let Q(C™*!) be a submanifold of S?™+1(1/2) defined by

(6) Q(C™M) = {z € ™ (V2) | 'zz = 0}.

There is an identification between Q(C™*) and V5(R™) as:
Q(C™ 1) 5z — (Rez,Imz) € Vo(R™1).

Then G (R™*1) is identified with the complex quadric

(7) Q™" = {r(z) € CP™ |z € Q(C™)},

such that the following diagram is commutative:

Q((Cm+1) AN ‘/Z(Rm+1)

-] |~

Qm—l ~ éz(Rm+1).
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§5. Complex submanifolds in complex quadrics

Consider an isometric immersion ¢: & — Q"1 = Gy(R™!) of
a Riemannian manifold ¥ with dimg ¥ = ! to the complex quadric.
Let n: U’ — V,5(R™*1) be a local cross section of the circle bundle
7 Va(R™1) — Go(R™*1) on an open set U’ C Go(R™+!) and let U be
an open neighborhood of a point p in 3 such that o(U) C U’. Denote

(8) (noe)(q) = (fi(q), f2(q)) for geUCXL.

Here f, is an R™"'-valued function on U with (f,,f3) = 6ag (o, B =
2). Write differential maps of f,: U — R™"*! (a =1, 2) as
(9 df(X) = MX)f +p(X), dfa(X)=-AX)fi +q(X)
for X €T, (%),
where )\ is a 1-form on U, and p, q are R™t!-valued 1-forms on U such
that p(X), q(X) L span{f;,f>}. Hence differentials of 170 ¢ and ¢ are
given by
(df1(X), dfz(X))
= (MX)f: + p(X), -A(X)fs +q(X)),
dip(X) = (dm o d(n 0 ©))(X)
(10) = dr(p(X), q(X)).

d(nop)(X) =

Suppose that (X™,.J) is a Kéahler manifold with dim¢ ¥ = m and
p: T™ — Q" 2 Go(R™!) (m < n — 1) is a holomorphic isometric
immersion. Then (5), (10) and dp o J = J o dy imply
(JX)

) = dp(JX) = Jdp(X) = Jdn(p(X), q(X))
= dr(-q(X), p(X)),
and q(X) = —p(JX). Hence
dp(Ty(%) = {dn(p(X), ~p(JX)) | X € T,(%)}.

dr(p(JX),q

With respect to the metrics on ¥ and Q™1, we have

(dp(X),dp(Y)) = (p(X), p(Y)) + (P(JX), p(JY))
(11) = (X,Y).

Let V€ and VY be the Levi-Civita connections on G(R™!) and
Vo(R™+1), respectively. If X and Y are vector fields on ¥, then we have
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Vgp(x)dw(Y) = dﬂ(V}i/w(X),dgo(Y)') where dp(X)" and dp(Y)" are the
basic vector fields corresponding to de{X) and dp(Y), respectively. Let
0¥ denote the second fundamental form of . Then we can see that

o?(X,Y) = component of dr((Vxp)Y,—(Vxp)JY)
orthogonal to dp(T,(X)) in TLp(q)(éQ(Rn+1)),

where Vp denotes the covariant derivative of p: Ty(X) — R™™!. Let
s: Ty(Z) x Ty(X) — R™*! be a bilinear mapping defined by

(12) s(X,Y) = the component of (Vxp)Y orthogonal to
{p(X)| X € T,(2)} in R,

Then 0¥ (X,Y) = 0¥(Y, X) and 0¥ (X,Y) +0%(J X, JY) = 0 imply that

(13) s(X,Y) =s(Y,X), s(X,Y)+s(JX,JY)=0.

§6. Submanifolds with degenerate Gauss mapping in spheres

Let p: ¥ — Q1 = a’g(R"‘H) be a mapping from a differen-
tiable manifold » with dimg ¥ = [ to the complex quadric, and let
7o ©*Va(R™1) — 3 be the pullback bundle of the circle bundle

7: Va(R™H) = Go(R™+1) with respect to ¢

(P*V2(Rn+1) ¥ V2(Rn+1)

(14) j l

pM -7 éz(Rn'H).
Let ®: o*Vo(R™*1) — S"(1) be the mapping defined by
(15) ® = pry 09,

where 1: *Vo(R™"1) — V,5(R"*1) is the bundle mapping in (14) and
pry: V2(R™1) — 87(1) is the projection given by

PP1(f1,f2) =f,.
Then we have

O(p*V(R™)) = U {cosOf; +sinbf; | n(fy, ;) = p(p), 6 € S*}.
pED
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Hence ®(p*V2(R™*1)) is a union of (real) I-parameter family of great
circles in S™(1).

By the local triviality of the circle bundle m,: ¢*V2(R**!) — X,
every point p of ¥ has an open neighborhood U such that there is a
diffeomorphism ¢y : 751 (U) — S x U defined by ¢y (u) = (6(u), 7y (u))
where 6 is a mapping of 7,;'(U) into S' satisfying 6(ua) = 6(u)a
for all u € 7,;'(U) and a € S'. Let n' be a local cross section of
Tt *Vo(R") — X on U, and denote (¢ o n')(q) = (f1(g), f2(q)) for
g € U. Using (7), we see that oriented 2-plane spanned by (fi(g), f2(q)) €
Vo(R™*1) is identified with ¢(q) € Q™ !. We define the mapping
Py =®o qb[_]l: S1 x U — S™, where @ is defined by (15). Then ®y is
written as

(16) Oy (0,q) = cosOf(q) +sinbf(q), (0,9) € S* xU.

Let X be a tangent vector of ¥ at ¢ in U C ¥. Then (9) and (16)
yield that the differential of @y is

(17) d®y(0/00,0) = —sin 0 f; + cos b f3,
d®y(0,X) = cosf (AM(X)f2 + p(X)) +sin 0 (—A(X)f1 + q(X))
(18) = MX) d®y(8/96,0) + cos 8 p(X) + sinf q(X).

Let e1,...,€; be an orthonormal basis of the tangent space T4(X) at
g € U C . Then the mapping @ is non-singular at (0,q) € S* x U if
and only if

(19) (TSN d<I>U(6/80, 0) A d<I>U(O,e1) VARERIVAN d<I>U(0,el) # 0.

By (16) and (17) we have

(20) Oy A dPy(0,0/00) = 1 A fa.

With respect to R"*1-valued 1-forms p, q on U C ¥ defined by (10),
denote p(e;) = p; and q(e;) = q; for j =1,...,l, and put

(21) U; =cosfp; +sinfq; € Tp,0,9(S") for j=1,...,L
Then by (18) and (20), (19) is equivalent to
(22) WUy A--- AW #£0.

Consequently we obtain
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Proposition 6.1. The mapping ®y: S* x U — S™(1) defined by
(16) is non-singular at (q,0) if and only if at ¢ € U C X, the mapping
p: X — Q"L satisfies

costOpL A Apy

+cos' ™ Osin@(q Apz A AP+ +P1IA - API—1 AdQr)

—i—cos@sinl_le(pl/\qz/\‘--/\ql—i-~-+q1/\~--/\ql_1/\pl)
+sint@qi A---Aqp £ 0.

Suppose that (2™, J) is a Kahler manifold with dim¢ ¥ = m and
@: ™ — Q" ! (m < n—1) is a holomorphic isometric immersion. Let
{ex_1, € = Jegg_1 | kK = 1,...,m} be an orthonormal basis of the
tangent space T,(X™) at ¢ € U C ™. Then we obtain

Wor—1 A Uop = (cosf pag—1 + sinf qax—1) A (cos § pax + sin 6 qzx)
= (cos 0 pag_1 — sin O pag) A (cos @ pox, + siné par—1)
=pop—1A P2, (k=1,...,m)

and Uy A--- AWy, =p1 A+ APam- By (22) we get

Proposition 6.2. Let (X™,J) be a Kdhler manifold of dim¢ ¥ =
m and let p: ™ — Q" ! (m < n — 1) be a holomorphic immer-
sion. Then the mapping ®: p*Vo(R™™1) — S™(1) defined by (15) is
non-singular at each point in 7r;1(q) if and only if at ¢ € ™, ¢ satisfies

(23) P1 A Apam # 0.
Remark 6.3. Jensen-Rigoli-Yang [28] studied holomorphic curves
(m = 1) in complex quadrics. A point p in the holomorphic curve

p: B — Q™1 is called a real point if p1 A pz = 0 at p. They showed
that if any p € X! is a real point, then ¢(X') is contained in a totally
geodesic Q' in Q" 1.

Suppose that a holomerphic immersion ¢: ™ — Q"1 satisfies
(23) at each point of ™. Let V = d¢;(8/88,0) be a tangent vec-
tor of the fiber m7%(q) of the submersion 7,: @*V3(R™') — T at
g € X. Then Rd®(V) +span{¥; | j =1,...,2m} = Rd®y(9/06,0) +
{d®y(0,X) | X € T,(X)}. Denote 0® the second fundamental form of
the immersion ®: *V3(R™*') — S™(1). Since each fiber m;'(g) is a
great circle of S™(1), we have

(24) o®(V,V)=o0.
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On the other hand, if we denote D the Euclidean connection of R**!,
then using (21) we get

D5/59¥2r—1 = —sinf pag—1 — cos 0 pag,
Dj5/56V2r = —sin 0 pag, + cos 0 pax—1,

(k = 1,...,m) and both of these terms are contained in the tangent
space of ®(p*V(R™*!)). Hence we obtain
(25) o®(V,d¢;*(0,X)) =0 for X € T, ().

Combining with (2), (24) and (25), we obtain a generalization of
Lemma 2.2:

Theorem 6.4. Let p: ¥™ — Q™! (m < n—1) be a holomorphic
immersion from a Kdhler manifold ¥™ to the complex quadric for which
(23) holds. Then with respect to the immersion ®: *Vo(R*+1) — S7(1)
given by (15), any tangent line of the fiber 7 (p) at each u € m;(p),
p € X™ lies in the kernel of differential of the Gauss mapping of .
Hence @ is tangentially degenerate.

Remark 6.5. Let m: S?™*1(1) — CP™ be the Hopf fibration, and
let f: M — CP™ be an isometric immersion from a real I[-dimensional
Riemannian manifold M. Then there is a natural immersion
F: 771 (M) — S$*™*1(1) such that the following diagram is commu-
tative:

T (M) —T— §2mH(1)

(26) ﬂl lw

M —I . cpm

It can be seen that any tangent line of each fiber 77'(p) (p € M) of the
Sl-bundle m: 7=1(M) — M lies in

{X € Tp(r*M) | o¥(X,Y) =0 for any Y € T,(M)}, (r(z) =p)

if and only if [ is even and M is a complex submanifold of CP™.

Let ¢: £¥ — Q?™ (k < 2m) be a holomorphic immersion from
a Kéhler manifold ©* with dim¢ ¥ = k to the complex quadric Q*™ sat-
isfying (23). Then the immersion ®: ¢*Vo(R"T!) — S§2m+1(1) defined
by (15) is congruent to the inverse image of a complex submanifold M k
in CP™ if and only if p(X*) is contained in a totally geodesic CP™ in
Q%™ [16] and [29]. In fact the set of fibers of the Hopf fibration 7 is
identified with totally geodesic CP™ in Q*™.
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§7. Examples

Now we give examples of homogeneous complex submanifolds of
complex quadrics, which satisfy the assumption of Theorem 6.4.

Let M(m + 1,C) be the space of all complex (m + 1) x (m + 1)
matrices, and let

Sym®(m +1) = {A € M(m+1,C) | A = A},
SymS(m +1) = {A € Sym®(m + 1) | trace A = 0}.
Then Sym®(m + 1) (resp. Sym§(m + 1)) can be considered as a real

(m + 1)(m + 2) (resp. m(m + 3))-dimensional vector space with the
inner product given by

27) (Ay, Ag) = %Re(trace(AlAZ)).
Similarly, let
Sym®(m +1) = {A € M(m+1,R) | ‘A= 4},
Syng(m +1)={A4¢€ SymR(m + 1) | trace A = 0}.

Then Symg(m + 1) can be considered as a real m(m + 3)/2-dimensional
vector space with the inner product given by

(28) (B1, Bz) = %Re(trace(Ble)).

Let S,(Sym®(m + 1)) (resp. S,(Sym$(m + 1))) be the hypersphere
of radius >0 in Sym®(m + 1) (resp. Sym§(m + 1)), and let
P(Sym®(m + 1)) (resp. P(Sym§(m + 1))) be the complex projective
space which is considered as the quotient space of S,(Sym®(m + 1))
(resp. S.(Sym§(m + 1))) obtained by identifying v with v, where
A € C with |\| = 1. Let 7: S,(Sym®(m + 1)) — P(Sym®(m + 1))
(resp. m: S,(Sym§(m + 1)) — P(SymS(m + 1))) be the Hopf fibration.

Define a mapping &, : S?™+1(v/2) — Symc(m +1) as

2

29 2021 .e. R202m
2
1 1 Z129 21 ce. Z1Zm
29 Om(2) = —=2'2 = —
(29) Pm (2) 7 7
Zm?Z20 2ZmZ1 .- Zgn

for z=(2;) € S?™*+1(/2). Then it can be verified that ($,,(2), m(2)) =
1 with respect to (27) for z € §?™*1(/2) and &,, induces a mapping
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©m of CP™ into P(Sym®(m + 1)) = CP™™+3)/2 guch that the following
diagram is commutative:

§2mt1(y/3) —%m 8 (SymS(m + 1))
Wl er
cp™ 7, P(Sym®(m + 1)).
om is nothing but the complez Veronese embedding.
If we restrict @y, to the submanifold Q(C™*!) which is given by (6),
then the image $,,(Q(C™*1)) is contained in the submanifold
(30)  Q(SymS(m +1)) = {A € S1(Sym§(m + 1)) | trace A% = 0}.
Putting W = Sym§ (m+1) in the argument in §4, we have a commutative
diagram:
Q(Sym§(m +1)) —~— V;(Symg(m +1))
Q(SymE(m+ 1) —=— G(SymB(m+1)),
where we can write
Q(Sym§(m + 1)) = {n(A4) € P(Sym§ (m + 1)) | trace A% = 0}.

Consider a Riemannian metric on Q(SymS (m + 1)) which is induced by
the inclusion into Sym$(m + 1) of (27). Then we have the Riemannian
metric on Q(SymS (m+1)) such that the fibering 7: Q(Sym§ (m+1)) —
Q(Sym§(m + 1)) is a Riemannian submersion. Hence @,, induces a
mapping @, of Q™! into Q(Sym§ (m + 1)) = Q(m~1(m+4)/2 gych that
the following diagram is commutative:

Q(Cm+) —£m— Q(Symg(m+1))
(31) "l lw
Qm1 = Q(Sym§(m + 1)).
We can see that the image of é((CmH) under @,, is given by
Fm(QC™H)) = {A € Q(Sym{(m +1)) | A* =0, AA*A=4A}.
The special orthogonal group SO(m + 1) acts on Q™! isometrically as

(32) 7(z) — n(Tz), (T €SO(m+1), z€ QC™)).
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This action is transitive [30, p. 279] and the isotropy subgroup at the
point o = 7w(*(1,1,0,...,0)) € Q™! is SO(2) x SO(m — 1). SO(m + 1)
acts on Q(Sym§ (m + 1)) isometrically as

(33) n(A) — m(TAT™),
(T € SO(m +1), A € Q(Sym§(m + 1))).

By (29) and (31), we have
om(m(T2)) = T(Teom(2)T71).

Hence the embedding ¢m: Q™' — Q(SymS(m + 1)) given by (29)
and (31) is equivariant with respect to the actions (32) and (33)
of SO(m + 1).

We calculate differential of @p,: Q™! — Q(Sym§(m + 1)) at
n(fy +if2) € Q™. Here we identify (31) with

Vo(R™1) —— V5(Symg (m + 1))

Go(R™FY) —2ms Go(Symg(m + 1)).
Let t — (fi(t),f2(t)) be a curve in Va(R™*1) such that (f,(0), f2(0)) =
(f1,f2) and (f{(0),£5(0)) = (x1,x2) € T(’fl’fz‘)(Vz(Rm"”l)) (cf. (4)). Then

we have

Pm(f1(8), £2(2)) = —1\5 (BL(®)1(8) — £2(0) (1), f1 (1) fa(t) + (1) f1(2))
and
dPm(x1,X2) = 7 t_o[ﬁm(fl(t)’fz(t))

1
iy (Xltfl + fltxl — thfz b fti2,X1tf2 + fltx2 + thfl + fgtxl)

V2
€T3, (,8) (Va(Symg (m + 1))).

Hence

dgpm(dﬂ'(XhXZ))
1
= —zdr(x:*f1 + fi'x1 — %'y — £'%2, %12 + fi'x2 + %21 + £2x)

V2
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implies that ¢, is holomorphic, i.e., dp,, o J = J o dp,,. With respect
to the notation (9), we obtain

1
p(d’/T(Xl,Xz)) = 'ﬁ(xltfl + fltxl - thfz — thXQ) S Symé)R(m + 1),

and
(p(dm(x1,x2)), p(dn(y1,¥y2))) = %(txm + 'x2y2)
(34 = 5 dn(x1, %), dr(y1,y2).

In particular, the holomorphic embedding ¢y, : Q™! — Q(SymS (m +1))
satisfies (23). Therefore, applying Theorem 6.4, we obtain homogeneous
examples of tangentially degenerate submanifolds:

d: ‘P;VZ(R"H_I) N S(m2+3m—2)/2(1)

§8. Austere submanifolds in spheres

A submanifold M in a Riemannian manifold is called austere [23]
if for each normal vector £, the set of eigenvalues of the shape operator
A¢ is invariant under multiplication of —1. Clearly austere subman-
ifolds are minimal, and they are closely related to special Lagrangian
submanifolds (see also [10]). In fact, Harvey and Lawson showed (Theo-
rem 3.17 in [23]) that from any compact austere submanifold of S™, one
can construct an n+ 1-dimensional special Lagrangian cone of least mass
in R?"*2, In this section we will show that if X is a complex submani-
fold of first order isotropic in Q™~1, then the corresponding submanifold
M in S™ with 2-parameter family of great circles is austere, as well as
tangentially degenerate.

We will use notations of §5 and §6. Let (X™,( , ),J) be a
Kihler manifold of dim¢ X = m and let p: ¥™ — Q"1 = Gy(R™H1)
(m < n — 1) be a holomorphic isometric immersion, i.e., (11) holds. We
say that holomorphic immersion ¢: ¥ — Q77! is first order isotropic
(cf. (9), (18) and (34)) if

(35) (p(X), p(Y)) = 3 (X,Y).

This condition is independent of the choice of local cross section
n': U — o*Va(R™!) for an open subset U C ¥.. Moreover, using (11)
and (35), we see that
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Proposition 8.1. Let ¢: ¥ — Q™! be a holomorphic isometric
immersion of a Kihler manifold and let v: Q™! — CP™ be the inclusion.
Then  is first order isotropic if and only if d(v o ¢)(X) is an isotropic
vector for each X € TX.

For holomorphic curves (i.e., 1-dimensional complex submanifolds)
in the complex quadric, the definition of first order isotropic is given by
Jensen-Rigoli-Yang [28]. In this case, (23) holds for ¢, and by Propo-
sition 6.1, the mapping ®: p*Vo(R"*1) — S™(1) defined by (15) is an
immersion. Let &y = ® o (;S[_Jl: S x U — S™ be the local expression
of ® defined by (16). For each § € S, we define a linear mapping
Wo: T(E) = Tay (6,9 (S") as

Uo(X) =cosfp(X)+sinfq(X) =cosfp(X) —sinf p(JX).

By (18), we have Wy(X) = d®y(g,q)(0,X) — MX)d®y (9,4)(8/08,0).
Then (17), (18), (23) and q(X) = —p(JX), imply

d®y(T(9,q)(S* x U)) = Rd®y(8/09) ® {p(X) | X € Ty()}
= Rd®y(8/00) ® {Ty(X) | X € T,(S)}.

With respect to the submersion m,: *Va(R*1) — ¥, dé;;' (8/99) is a
unit vertical vector and {¥y(X) | X € Ty(X)} is the image of horizontal
subspace in T¢(—Il(97q)(go*V2(]R”+1)) under d®. Using (35) we see that for
each 0, (Ug(X), To(Y)) = (1/2)(X,Y) and in particular ¥y is injective.

Hence we have

Proposition 8.2. Let v: ¥ — Q" ! be a first order isotropic
holomorphic isometric immersion from a Kahler manifold to the complex
quadric, and let ®: p*Va(R™T1) — S™ be the corresponding immersion
defined by (15). Then restriction of the differential of the projection
7o @*Va(R™1) — X to the horizontal subspaces is a homothety with
respect to the metric on @*Vo(R™ 1) induced by 9.

Let D denote the Euclidean covariant derivative on R?t!, Then we
obtain

Dy, x)¥e(Y) = cos0 {(Vxp)Y + p(VxY) + A(X)p(JY)}
—sinf {(Vxp)JY +p(Vx(JY)) — MX)p(Y)}.

Then (25) yields

o®(do5' (0, X),dé5"(0,Y)) = cos0s(X,Y) — sinfs(X, JY)
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where X, Y € T,(X). Hence by virtue of (13), we obtain
(36)
o®(dgy" (0, X),dp5 (0,Y)) + o (doy" (0, JX), dpi (0, JY)) = 0.

As a generalization of Theorem 1 in [29], we get

Theorem 8.3. Let ¢: ¥ — Q™! be a first order isotropic holo-
morphic isometric immersion from a Kdhler manifold to the complex
quadric. Then the corresponding immersion ®: *Vo(R™"t1) — Sn
defined by (15) is austere.

Proof. Let U be an open subset in X and let &y = ® o qbglz St x
U — S™ be the local expression of ® as (16). By Proposition 8.2,
at each point u = qﬁljl 0,q) € T, L(U), we can choose an orthonormal
basis {V,e1,...,e2,} of the tangent space T, (¢*Vo(R™*1)) such that
V = d¢y;'(0/06,0) is a unit vertical vector and e; = Hd¢;(0,v;),
(j = 1,...,2m) are horizontal vector with respect to the submersion
My ©*V2(R"1) — ¥ where H denotes the horizontal component of
the tangent vector and vi,..., Vo, is a basis of orthogonal vectors of
Ty(X) with Jvog_1 = v for K = 1,...,m. Then by Theorem 6.4 and
(36), we can see that ® is an austere immersion. O

Remark 8.4. It is well-known (cf. [11] and [28]) that there is a
one-to-one correspondence between totally isotropic holomorphic curves
in Q*™~1 and pseudoholomorphic surfaces (superminimal surfaces, or
isotropic minimal surfaces) in S?™. Hence from full minimal 2-spheres
in $?™, we can construct 3-dimensional full austere submanifolds in $2™
[29]. As for tangential degeneracy, see §10.

§9. Examples satisfying Ferus equality in spheres

In this section, we give further examples of homogeneous subman-
ifolds with degenerate Gauss mapping, and list up those which satisfy
Ferus equality.

Let K be the field R of real numbers, the field C of complex numbers
or the field H of quaternions. In the natural way, R C C C H. The
conjugate of each element ¢ € H is defined as follows:

d=q —qi—gaj— gk for g=go+qi+qj+gk
where {1, i, j, k} is usual basis for H. Define a number d by
1 ifK=R,

d={2 ifK=C,
4 ifK=H.
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Let x € K**! be a column vector. The usual inner product on K**! =
R4 is given by

(x,y) = Re(x*y) for x,ye K"

where Re(x*y) denotes the real part of x*y.

The projective space KP™ over K is considered as the quotient
space of the unit ((n+ 1)d —1)-dimensional sphere S(*t1d-1 =
{x € K" | x*x = 1} obtained by identifying x with x\ where X\ €
Sl =t e K| |t| = 1}. Let w: S™+Vd=1 _, KP™ be the Hopf fibra-
tion and denote 7(x) = [x] € KP" for x € §(*14=1  Then the canon-
ical metric in KPP"™ is the invariant metric such that = is a Riemannian

submersion.
Let

Va(K™H) = {(uy,uz) € SO+ 5 gD~ | yru, = 0}

be the Stiefel manifold over K. Then T(ul’uz)(Vz(K"“)), the tangent
space at (ug,up) € Vo(K"t!) is
Tus i) (Va(K™F1)) = {(x1, %x2) € K"H x K™+ |
(x1,u1) = (x2,u2) = 0, xjuy + uixs = 0}.

The subspaces To(u1, uz), Th(u, uz), Ty(uy, ug) of Tiu, uy)(V2(K**1))
are defined as

To(ug,uz) = {(x1,%x2) € K" x K**! | xtug =0 for o, 8= 1, 2}

T)‘(ul,ug) = {(-—*1125\, 111)\) < K?’H—l X K"+1 | A€ K}

Tyu(wi,u) = {(wip1,uaps) € K™ x K™ | pq, pp € ImK}.

Then we have Ty, u,) (Va(K™*1)) = To(ug, uz) ®Th (ug, uz) T, (ug, uz).
Put

Fa(K™*) = {([ua], [uz]) € KP" x KP" | ujuz = 0}.

Then V2(K"*!) is a principal fiber bundle over F>(K"*!) with struc-
ture group S9! x S9! and projection map 7: Vo(K"*!) — Fp(K"t!)
defined by

(w1, ug) = ([w], [uz)).
The distribution To(uy, uz) @7 (u1, uz) defines a connection in the prin-
cipal fiber bundle Vz(K"*1)(Fy(K"*1), 891 x S9-1) because this is
complementary to the subspace 7, (u;, up) tangent to the fiber through
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(u1,uy), and invariant under the S9~! x S%l.action. The projec-
tion 7 of Vo(K"*') onto F5(K"*!) induces a linear isomorphism of
To(uy, uz) ® Th(ug,up) onto Tp(Fo(K™*1)), where 7((uy,us)) = p. We
mention that F»(K"*!) is considered as the total space of “tautological
KP!-bundle” over 2-plane Grassmann manifold G5(K"*1) with projec-
tion 7(uy,ug) > spang{u;,uz}.

Let 9X(n + 1) be the space of all (n+ 1) x (n+ 1) matrices over K.
The inner product on 9 (n 4 1) = R(+D*d is defined as

1
(4, B) = S Retrace(AB") for A Be MmE(n + 1).

Let

Herm®(n + 1) = {A e ME(n + 1) | A* = A}

HermX(n + 1) = {A € Herm®(n + 1) | trace A = 0}

S(Herm¥(n + 1)) = {A € Hermi(n + 1) | (4, A) = 1}
1) =

U¥(n+1)={PcM®(n+1)| P*P=E}
where A* = 'A and E is the identity matrix. UX(n+1) acts on Vo(K"t1),
F(K™*1) and Go(K"*1) transitively as
P (uj,u) = (Puy, Puy) for (ug,uy) € Vo(K™*)
P - 7(uy,up) = 7(Puy, Puy) for m(uy, us) € F(K™)

P . spang{u;,us} = spang{ Puy, Puz} for spang{u;,uz} € G (K™t1)

and P € UX(n + 1). Hence as homogeneous spaces, we have
Vo(K"H) = UX(n + 1)/U%(n — 1)
Fy(K™Y) = UX(n 4 1)/UK(1) x U*(1) x UX(n - 1)
G2 (K™ = UX(n 4+ 1) /UK (2) x U¥(n — 1).

Define a map &% : V3(K"*t') — S(Hermg (n + 1)) as follows:
(37) FE(ug,ug) = ujul —wgul  for (uy,uy) € Vo(K™).

It is easy to see that 3K gives a map pK: Fy(K™*+!) — S(Hermg (n+ 1))
such that K = X o 7. For simplicity, we denote ¢ = k.
UX(n + 1) acts on Herm& (n + 1) orthogonally as

P(A) = PAP* for PecUX(n+1), AcHermg(n+1).
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It is well-known that for each A € HermX(n + 1), there exists P €
UX(n + 1) that PAP* is a diagonal matrix whose elements are real
numbers. The map ¢ is equivariant, since
(P - m(uy, up)) = p(r(Puy, Puy)) = 3&(Puy, Puy)
= (Puy){Pu1)* — (Puz){Puz)* = Po(n(u,uz))P*
for any m{uy,uz) € FQ(K"H).

Take an element (x3,x32) € Tp(uy, ug) with ||x1]| = |Ix2]| = 1. Then the
curve t — w(u; cost + x; sint, ug cost + Xg sint) is tangent to dn(x1,x2)
at m(ur, uz) in Fa(K"*!). We have
(38) <p(7r(u1 cost + X; sint, Uy cost + Xo sin t))

= (wyu} — upu}) cos? t + (x1x} — xox3) sin? ¢

+ (wx] + x1u] — uzxj — Xpul) costsint.

Thus we obtain

(39) dp(dm(x1,%2)) = wix] + x1u] — uzxj — xau}

for (Xl,XQ) S To(lll, u2)
and
(40) |dp(dm(x1,%2))|| = V2.

Take an element (—_uzj\, w;A) € Th(ug, ug) with [A| = 1. Then the curve
t — m(u; cost—upAsint, ug cost+uy Asint) is tangent to dm(—upA, ug A)
at m(u;, uz) in F>(K"*t1). We have

(41) @(m(uy cost — upAsint,uy cost + uy Asint))

= (uuj — ugu}) cos 2t — (wy duj + ugAul)sin 2¢.

Hence we get

(42) do(dm(—ugh, uiA)) = —2(ug duj 4+ ugdu})
for (—upA, wy) € Ty(uyg,uz)

and

(43) ldp(dm(—uzd, wiX))|| = 2.

By (40) and (43), the map ¢ is an immersion. If ¥ (uy, uz) = g (v, va)
holds for (uy,uz), (v1,v2) € Vo(K™*1), then ujuf —ugu} = vivi—vovi
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and (wu} — ugu})? = (vyvi — vov3)? imply ujul = vivi and upuj =
vavy. By comparing the components, we see that v; = ujpuq and vo =
ugp for some py, pe € K with |pu1] = |pu2| = 1 and hence ¢ is an
embedding.

Let o be the second fundamental form of p. Take a tangent vector
(—u2,uiA) € Th(ug,uz) (A = 1) at (ur,uz) € Vo2(K**1). (41) implies

d? _
pres g0(7r(u1 cost — ugAsint, ug cost + u; Asin t))
t=0
= —4(uwyu] — ugu3),
which is proportional to ¢(7(uy,us)). Hence we get o(dn(X), dn (X)) =
0 for any X € Ty(uy,uz) and

(44) o(dn(X),dn(Y)) =0 forany X,Y € Ty(us,us),

by polarization. Put (x1,%2) € To(ug,uz) with ||x;1]| = ||x2|| = 1.
Using (38), we obtain
d2

T ¢(m(ug cost + xq sint, uz cost + xz sint))
t=0

= 2(—uyu] + upuj + x31X7 — XoXx3).

By taking the component which is orthogonal to ¢(m(uz, u2)), and using
(39) and (42), we have

o (dm(x1,%2), dr(x1,%2)) = 2(x1%} — X2%3)
for any (x1,%2) € To(ug,ug). Hence
(45) o(dm(x1,%2),dr(y1,¥2)) = X1y; + y1X] — X2¥5 — ¥2X3
for any (x1,x%2), (¥1,y2) € To(uz, uz)
holds by polarization. Finally we consider the curve in V3 (K"*!) defined
as:
t > (ugcost + ((x1 — upX)/v/2)sint, up cost + ((x2 + us\)/V2) sint)
((x1,%2) € To(u,uz), [Ix1]| = [[x2]| = 1 and |A] = 1),

which is tangent to ((x1,%x2) + (—u2X, ur)))/v2 at (ug,uz). Then we
have

d? X1 — U2j\ . Xo +ui Ay .
— <p(7r(u1 cost + (———— sint, up cost + —-————) sin t)
dt2? =0 V2 ) ( V2 )
= —3(u1u] — uguj) + (x1X] — X2X3)

— ((xaA)ud + ua(x1A)* + (x2A)uf + ug(x2X)*).
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By (39), we get

1 - -
—2-0'(d7l'(X1, x2) + dm(—ug A, wy A), dr(x1, X2) + dr(—ugA, ul)\))
= X1X] — X2X5.
Then (44) and (45) yield
(46) o(dn(x1,%2),dn(X)) =0
for any (x1,%2) € To(uy,uz) and X € Ty (uy, up).
Hence the index of relative nullity [30] of the embedding ¢: Fh(K"*!) —
S(HermX (n+1)) is equal to dimg T (u;, uz) = d at any = = 7(uy, u) €
(K1),
Our examples ¢: Fy(K*t1) — S(Hermg(n + 1)) = S™ satisfying
Ferus equality » = F(I) (or equivalently v = u(l)) for I < 32 are as
follows:

Embedding Ll | r|v]|m
& : Fy(R3) — S(Hermg(3)) 3121 4
R Fy(R*) — S(Hermf(4)) 514 (|1] 8
@S : Fy(C3) — S(Herm$(3)) 6 42| 7
@R : F3(RS) — S(Hermg (6)) 9|18 1|19
@S : F3(C*) — S(Herm§ (4)) 10| 8 |2 14
o Fo(H?) — S(Hermg (3)) |12 8 |4 13
©%: Fp(R°) — S(Hermg(10)) |17 |16 |1 | 53
@€ : F5(C®) — S(Herm§ (6)) 18|16|2| 33
O Fy(H*) — S(Hermg (4)) |20|16 | 4| 26
Ry Fp(R™) — S(Hermb(14)) | 25 [ 24 | 1 | 103
% : F5(C8) — S(Herm$(8)) 26242 62
Ol Fy(HP) — S(Herm (5)) 28|24 |4 43

Note that oX: Fp(K3) — S(HermX(3)) = $3#+! is nothing but the

Cartan’s isoparametric (minimal) hypersurfaces.
With respect to : Fp(K*+1) — S(Hermg (n + 1)), (45) implies

(47) U(dr(x, 0),dr(y, 0)) + O'(d?T(O, x), dr (0, y))
= U(dﬂ‘(x, 0),d7r(0,y)) =0,
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where x*u; = x*u; = y*u; = y*uz = 0 at any n(u;,up) € Fp (K1),
Hence the embedding ¢ is austere (§8) and minimal.

Remark 9.1. When K = R, the submanifold F5(R"*!) is given
in §7. Also when K = C or K = H, the submanifold Fp(K"*!) is
obtained as a pull-back bundle over 2-plane Grassmannian Ga(K"*1)
of canonical d-dimensional sphere bundle over real Grassmannian
G, (HermX (n + 1)) with respect to the embedding:

Case K=C:  Go(C"*') — GR(Herm§ (n + 1)),
spanc{u, v} — spang{uu* — vv*, uv* + vu* i(uv* — vu*)}
Case K=H:  Go(H"t') — GR(Hermf(n + 1)),
spang{u, v} — spang{uu* — vv* uv* + vu*,
uiv® — viu*, ujv* — vju*, ukv* — vku*},
where u*u = v*'v = 1 and uw*v = 0. For K = R, C and H,

@: Fp(K™1) — S(Herm§(n + 1)) satisfies B. Y. Chen’s equality
(cf. Theorem 4.1 in [15])

6((n—1)d,(n—1)d) = (n—1)(nd + 1)d
(n=02n—-1d, ny=ny=(n—-1)d, H=0, e=1).

810. Hypersurfaces with degenerate (Gauss mappings in the
four dimensional sphere

In this section, we study the simplest case n = 4,1 =3, r=F(3)=2.

Recall that the Cartan hypersurface M3 C S* is a homogeneous
space of SO(3) and written as M = O(3)/(0(1) x O(1) x O(1)). The
Gauss mapping v: M3 — G4(R®) = G1(R®) = RP* into the dual
projective space, has the constant rank 2. Moreover its image v(M),
that is the projective dual in this case, is a linear projection RP? ¢ RP**
of the Veronese surface RP? ¢ RP°* in the sense of algebraic geometry
[26]: The Veronese surface has the crucial property that its secant variety
is of positive codimension in RP** (cf. [45]). Notice that it lifts to the
Veronese surface i: RP? — G4(R5) = G;(R®*) = $**, in the sense of
differential geometry. The liftability means just that M is orientable.
Consider the double covering m: S2 — RP? and take the fiber product
M of 7 and v: M — RP%:

M —— §2
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We call M the doubled Cartan hypersurface. Then we have the tangen-
tially degenerate immersion M — S4, that is the composition of the
double covering II: M — M and the inclusion M C S* M is con-
nected and realized by O(3)/(SO(1) x O(1) x O(1)) as a homogeneous
space. Also remark, by the spherical-projective duality, that M is the
total space of the associated Gy (R?) = S? bundle over S? to the normal
bundle of the immersion i o 7: §2 — §**.

Then we give the following characterization of the diffeomorphism
type of compact connected tangentially degenerate hypersurfaces in S*,
using the result of Asperti [5].

Theorem 10.1. Let M’ be a compact connected 3-dimensional
manifold, and f': M3 — S* a tangentially degenerate immersion.
Assume that the rank of the Gauss mapping of f’ is everywhere 2. Then,
there exists a tangentially degenerate immersion f: M — §4 from the
doubled Cartan hypersurface M with f (]T/.f )= f'(M").

Proof. We may assume M’ is orientable. If not, we take its con-
nected double covering. Then the Gauss mapping v(f'): M’ — RP**
of f'lifts to ¥(f'): M’ — S**. Then rank¥(f’) is identically 2. There-
fore ¥(f') is decomposed into 7 and j, where 7: M’ — N’ is an S!-
fibration and j: N’ — S** is an immersion. Since M’ is connected, N’
is connected. Moreover we may assume N’ is orientable without loss
of generality. (If not, we may take connected double covers of M’ and
N'). Since ¥(f’) is an immersion, we see that the second fundamental
form of j has no singular quadratic form [27] and [26]. Then, j has
non-vanishing normal curvature, relatively to the ordinary metric. Now
we recall that any oriented immersed surfaces in S* with non-vanishing
normal curvature is parameterized by an immersion S? — S$* with the
normal Euler number +4 [5]. Thus we can assume that N’ = S? and
the normal Euler number of j is equal to 4. If it is equal to —4, we take
another lifting (f’), changing the orientation of M’. Now consider the
associated G1(R2?) = S* bundle M” over 52 to the normal bundle of
the immersion j: 2 — S**. Then we see that the Euler number of the
Sl-bundle M" — S? is equal to 4. Since the diffeomorphism type of such
bundles is uniquely determined, and since also the immersion M — §4
induces the S* fibration M — S2? with Euler number 4 as well, we see
that there exists a diffeomorphism p: M — M". On the other hand, by
the projective duality, if we set f = f” o p: M — S*, then we see that
f is a tangentially degenerate immersion and f (H )= f'(M"). O



Submanifolds with Degenerate Gauss Mappings in Spheres 141

Lastly we proceed to construct an example of tangentially degener-
ate immersions from a compact submanifold M of dimension 3 to S*,
the rank of whose Gauss mapping is not constant 2.

Recall that for a Riemannian surface ¥, a holomorphic immersion
p: ¥ — Q! is called first-order isotropic if the complex derivative
¢+ ¥ — CP" lies in Q™! again. This condition is equivalent to that
the tangent developable, the union of tangent lines, to ¢ is contained in
Q™! (cf. Proposition 8.1). A holomorphic immersion ¢: ¥ — Q™!
has no real point if ¢'(X) N RP™ = @, which is the case for first-order
isotropic immersion. Using the notation in §8, let M = p*V5(R™*1) be
the pull-back bundle over the Riemannian surface ¥, and let ® be given
by (15).

Theorem 10.2 ([29]). If ¢: ¥ — Q™! has no real point, then
f: M3 — S™ is a tangentially degenerate immersion. If ¢: ¥ — Q"1
is a first-order isotropic immersion, then f: M3 — S™ is a minimal
tangentially degenerate immersion, with respect to the ordinary metric
on S™.

Now, in the case n = 4, there exist first-order isotropic holomorphic
immersions (unramified) ¢: §?(= CP') — Q* C CP*, [9]. Thus we have

Proposition 10.3. There exist a minimal tangentially degenerate
immersion f: M3 — S* such that M is a circle bundle over S?, and
that the oriented Gauss mapping 7: M — G4(R%) = §* splits into a
fibration M — S? and a ramified minimal immersion X : S2 — S*. The
rank of ¥ is not constant 2.

Proof. Take 73: S? — @3 of [9], page 237. The corresponding
complex contact curve Az: S2 — CP? has the ramification degree 2.
Therefore the induced minimal immersion X = 7o A3: §2 — 8% is
ramified as well, and X is a parameterization of the image of 7. O

Remark that, in [8}; it is proved that there exist minimal immer-
sions ¥ — S* from any compact Riemann surface ¥ of arbitrary genus.
Then, by taking their directrix, we have first-order isotropic homomor-
phic mappings ¢: ¥ — @3, however, in general, ramified.

§11. Appendix

Here we give proofs of Propositions in §3. Let D, D?, D3, D* be
the curvature distributions with respect to the principal curvatures Ay,
A2, A3, As. Using an orthonormal basis of each D?, take an orthonormal
frame ei,...,€2(m,4+m,) of M. Then the shape operator B; of M_ is
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given by [33] and [34]

0 By Bis
Bi=c|'Biz 0 Bys|, c=(sin(arccot )7t
‘Big 'Bas 0

where B;; = (Afm/()\i - /\4)), 1 <4, j < 3is the m; x m; matrix with
Ai‘l = <Veke4,el>, e € Di, e € D’

and ¢ € D* is a unit normal vector for M_.
Similarly, the shape operator C¢ of M is given by

0 Cy Oy
Ce=c |1Cs 0 Csa|, ¢ = (sin(arccotAy))™!
‘0 'C3y O

where C;; = (AL, /(X — A1), 2 <4, j < 4 is the m; x m; matrix with
J k1 j
ALy = (Ve.er,er), ep €D, e €D

and ¢ € D! is a unit normal vector for M.

M_ or M, is tangentially degenerate if there exists a frame with
respect to which a certain row (then column) of By (C¢) in the middle
block vanishes for all ( = e4 (e1). This is because, if we take n =
cosOp + sinf &, where &, is the unit normal of M at p € M and § =
arccot Ay, (arccot A1, respectively), B, is given by diag(1m,,0m,, —1m,)
(C,, = diag(lm,,Om,, —1lm, ), respectively), (see [33]) and we should have
Mneremr_ Ker By # {0}, (Ngopr, KerCn # {0}, respectively). Note
that any n € T*M_ (n € T+ M, ) can be written as a combination of 5
and vectors in D* (D?).

By the argument of 3.1 in [33], the Codazzi equation implies

Ai‘cj()\j —Ak) = A (Me — X)) = AL (N = Aj)

hence, vanishing of Afj where X;, Aj, A are distinct, depends only on
the set {i, 7, k}. We calculate Afj for necessary indices. For this we need

root vectors of the symmetric Lie algebras given in section 4 of [39].
For (mq,mq) = (1,k — 2), (2,2k — 3), (4,4k — 5), the Lie algebra is

g={Acgl(k+2K)|T(A) =0, A% + ®A = 0}

where K = R, C, H, respectively, and

(1, 0
o= (5 )



Submanifolds with Degenerate Gauss Mappings in Spheres 143

The Cartan involution is given by 0(A) = —!A hence the %1 eigenspaces
¢, p are, respectively

{9
p= {X: <)O( t?) lX: (zi;) € Mkyz(K)}.

We use a metric

(X,Y) = RTx(*XY).
A maximal abelian subalgebra a of p is given by

a={H(&,&) =& (Es1 + Ei3) + &(Fag + Eaq) | &1, &2 € R},

where we use the standard basis E;;. Following the notation in [39], X}
consists of

y1=8& =&, 2=6&1, 13 =& +&, va= &

The corresponding root vectors in M, 2(K) are, respectively, given by
(we omit ")

X1 = 221{Es1 + F23) + Z21(F14 + Es2), (To1 = T12)
Xi=mz; 91F;y +%_21Fy, 5<i<k+2

X; =x11(—E13+ E31), (2114 Z11 =0)

X3 = y21(Eq1 — E23) + 921 (E1a — E32)  (J21 = —12)
Xi =2 22F; 00+ Zi2F2, 5<i<k+2

X} = x93(—F24 + Es2), (T22 + T22 = 0).

Here z;;, y;; € K and noting that X; and X} are trivial for K = R, we
have

(1,k—2) K=R

(ml,mg) = (2,2k—3) K:C

(4,4k —5) K=H.
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Putting T; = [H, X;] € ¢ up to constant, we get
Ty = Z21(Er2 + Es4) — z21(E21 + Es3)
T =%i21E3 —xi_21Ei3, 5<i<k+2
Ty = z11(F11 — E33), (@11 + %11 =0)
T3 = go1(—E12 + E34) + y21(E21 — Ey3)
Ti =Zi 924 — xi—22Ei, 5<i<k+2
Ty = z92(Ea2 — E4a), (%22 + 222 =0).

By the argument in [42] and in [33] and [34], we know that

VX?XIIC ~ [T1J7Xllc]7

where ~ means be equal up to constant.
Noting that [Eij, Ek:l] = 6jkEil — 5liEkj, we obtain

Vx, X1 ~ [Ts, X1] = [#21(—E12 + E34) + y21(E21 — Ea3),
z91(Eq1 + E23) + Z21(E14 + Fsg)]

which vanishes only when K = R, and then we have

0 0 Cou
Ccc=d| o o o[,
tCos 0 O

hence M, is tangentially degenerate. When K = C and H, noting that
(Eij, Ext) = 61651, we know that Vx, X; has X3 and X} components,
hence M, is not tangentially degenerate.

Next, we have

VX;Xi ~ [T3,X]] = [Zi—21Esi — xi—21Ei3,%j-22Ej2 + j-22E;]

which has X; and X3 components if i = j, hence M_ is not tangentially
degenerate if K = R. On the other hand, when K = C and H,

VX;XZ ~ (T3, X]] = [21(E11 — E33),zj—22Fj2 + Zj_22F2;] =0
Vx; Xy ~ [Ty, X4] = [221(E1y — Es3),222(—E24 + Eyg3)] =0

implies that the row in B¢ corresponding to the vector X; van-
ishes identically, hence M_ is tangentially degenerate with (I,7)=
(2my + ma,m; + mg + 1). Thus we obtain Proposition 3.1.

Next we consider the case (m1,ms2) = (2,2), (4,5). By [39], we have

g={Acgl(5H) |"AV + VA =0, ¥ =+—115} =& +p,
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where
¢ =1u(5)
p=1{iZ|2eMs(C), *Z = -2),

t=o0(5)
p={V-1Z|Z e Ms(R), 'Z = -7},
and the former corresponds to (mq,mg) = (4,5). We identify jZ — Z,
and v/—1Z — Z, respectively. We use
(Z,W) = ——;—?RTr(ZV_V).
A maximal abelian subalgebra of p is given by

a={H(&,&) =&1(F2 — Er2) + &(Ess — E3a) | &1, &2 € R}

Then ¥ is as before and the corresponding root vectors are given by

X] = z13(E13 + Eas) — Z13(Es1 + Eg),

X? = 214(E14 — E23) — Z14(Eq1 — E32),

X} =z15E15 — 21551, X3 = 235 F25 — Za5 Eso,

(X3 = V=1s(—En + Ex)),

X3 = wi13(F1s — Ez4) — W13(Es1 — Eg),

X3 = wi4(E + Ez3) — W14(Es1 + Es2),

X; = z35E35 — Z3sFs3, X = 245B45 — ZasEsa,

(X3 = V-1¢(E33 — Ew)),

where x5, yi; E.]R or C apd s, t € R, and in the real case, X3 = X3 = 0.
Now putting 77 = [H, X]] up to constant, we obtain

T} = z13(—E14 + Ea3) — Z13(—Es1 + Es2),

T? = z14(E13 + F24) — Z14(E31 + Eaz),

Ty = z15E25 — Z15Es2, T3 = —z25E15 + Zo5 Bs1,

(T3 = V—=1s(E + E2)),

T3 = wi3(E14 + Ea3) — w1s(Ea + Es2),

T3 = wia(—F1s + E24) — ®14(—FEs1 + Es2),

Tf = z35E45 — Z35Fs4, Tj = 24535 — Za5 Ess,

(T} = V=1t(E34 + Es3)),
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From these, we have

(T3, X1] = [w13(E14 + Ez3) — W1s(Eg1 + Fs2),
z13(E13 + E24) — Z13(E31 + Eg2)] = 0
(T3, X3] = [wia(—F13 + Eas) — W1a(—Es1 + Ey2),
z14(B14 — Eg3) — Z14(Eq1 — E32)] =0
[wls(Em + E3) — W13(Ea + Es2),
214(E14 — Eo3) — Z14(Egn — Eaz)]
= — wi3Z14(E11 — Fa2) — Wis214(Faa — E33)
(T3, X1] = [wia(—FE13 + E24) — w14(—Es1 + Eag),
z13(E13 + F24) — Z13(Es1 + Ea2)]
= —wiaZ13(—FEr1 + E22) — W14213(— E33 + Ea4).

(T3, X7]

Note that the latter two vanishes when K = R, hence M, is tangentially
degenerate. When K = C, each vector has distinct one of X3 and X3
components, thus M, is not tangentially degenerate.

On the other hand, we obtain

(T3, X;] = 215235 Fas + 215235 E32,

[Ty, X7] = —215245F24 + Z1s2as Eg2,  [T3,X5] =0,
(T3, X 3] = 225Z35E13 — Za5235 Fs1,

[12,X3] = 205245 B14 — Z252asEq1, [Ty, X3] =0,
[T237X4] [Tz,X4] =0, [TZ?X43] =0.

When K = R, the last three are trivial, and the four non-vanishing
vectors have distinct one of X}, X? and X1, X? components, thus M_
is not tangentially degenerate. When K = C, from the last three, the row
corresponding to X3 in B¢ vanishes, hence M_ is tangentially degener-
ate. This completes the proof of Proposition 3.2.
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