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Abstract.

This is the second part of a series of articles explaining applica-
tions of Floer homology to mirror symmetry and D-brane. This arti-
cle is independent of part I [Fu9]. We will associate an Ao category
to a symplectic manifold. This is an improved version of previous
ones [Ful], [Fud] in which there were some flaw. The correction is
based on a book [FOOO] written jointly with Oh, Ohta, Ono. While
correcting the flaw, we find various interesting new phenomena which
are related to mirror symmetry.

We also discuss homological algebra of A category in this ar-
ticle.

This article is a survey article. So most of the material written
here are minor modifications of the results which are already known
to somebody. However it is rather hard to find a reference of them.
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§0. Introduction

This is the second part of a series of articles, describing a project
in progress to study homological mirror symmetry [Kol], [Ko2] and D-
brane using Floer homology of Lagrangian submanifolds. See [Fu5],
[Fué], [Fu7], [FOOOQ], [Kol], [Ko2], [KoS1], [Ot], [PZ], [Se2], [Se3], [ST],
[SYZ] for related or different aspects of homological mirror symmetry.
Though this is the second part, it is independent of the first part [Fu9].
In this second part, we focus the A, category constructed by using Floer
homology of Lagrangian submanifolds, and homological algebra of A,
categories. In this sense, this article is an updated version of author’s
previous papers [Ful], [Fu4]. Time has passed after [Ful], [Fu4] were
written. During those period, we made several progress, some of which
are explained in this article.

Among the points where the contents of this article overlaps with
[Fu4], there are three points where we improve the constructions there.
One is that we removed an assumption in [Fud], that all Lagrangian
submanifolds are monotone and have minimum Maslov index > 3. (See
§2 for the definition of Maslov index.) We assumed it in [Fu4] because
we used results by Oh [Ohl] to define Floer homology of Lagrangian
submanifolds. This assumption is not extremely restrictive for the pur-
pose of [Fud], that is to study relative Floer homology of 3 manifolds
with boundary. However, for the purpose of this article, that is to study
mirror symmetry, this assumption is rather restrictive. To study mir-
ror symmetry, the case of Lagrangian submanifolds in Calabi-Yau 3 fold
with Maslov index 0 is the most important. Such Lagrangian submani-
folds are monotone but do not satisfy the condition that minimal Maslov
index > 3.

To define Floer homology of non monotone Lagrangian submanifolds
or to remove the condition that minimal Maslov index > 3, we need the
obstruction theory developed in [FOOO]. The summary of a part of it
is included in this article. (See [Ot] for another summary of [FOOO].)
We generalize the construction of Ay category explained in [Ful], [Fu4]
to more general situation using the idea of [FOOO].

The second point is that we put precise sign in each formula. In the
side of geometry, this requires us to describe orientations of the moduli
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spaces of pseudoholomorphic discs involved in the construction. Actu-
ally the argument we need to do so is already developed in detail in
[FOOO] Chapter 6'. There, the case when only one or two Lagrangian
submanifolds appear, are studied. But the method there can be gener-
alized easily to the present situation where more than two Lagrangian
submanifolds appear at the same time.

We need to study sign also in the algebraic construction involved.
Various constructions on homological (homotopical) algebra of A, cat-
egory is developed in [Fud] Part II. There we worked over Z, coefficient.
In this article, we give precise sign to the discussion there. The sign
in the study of A, category is rather hard and is not at all a trivial
matter. Actually the author was unable to work over Z coefficient in
[Fu4] Part II, because he could not find correct sign when he was writing
[Fu4]. To fix the sign we develop more systematic way to write the for-
mulas in [Fu4] Part II. As a consequence, the description of this article
is considerably simplified compared to one in [Fud| Part IL.

Thirdly we solved in [FOOO] the trouble related to the existence
of the identity element in the A, category of Lagrangian submanifold,
which was discussed in [Fud] §13 in unsatisfactory way. In [FOOO] §20
we discussed the problem of identity in the A, algebra we associate
to a Lagrangian submanifold. As a consequence of [FOOOQ] §20 and §5
of present article, we have an A, category with identity. The identity
element plays a central role in the proof of Yoneda’s lemma which we
prove in §9 of present article, refining the proof given in [Fu4] §12.

Now the outline of each sections are in order. In §1, we introduce
the notions of Ay, category and filtered A, category. The other sections
of Chapter 1 are devoted to the construction of its example. Namely we
associate a filtered A, category to each symplectic manifold.

In §2, we describe an objects of this filtered A, category. The object
is roughly speaking a pair of a Lagrangian submanifold and a flat U(1)
bundle on it. But we need to add some additional topological data.
The main point of this section is to describe precisely the additional
data we add and explain the reason we need it. The additional data
are relative spin structure (which is related to the orientation or sign),
and the grading, (which is related to the degree). We follow [FOOO]

"When we quote [FOOOQ] in this article, we refer its preprint version
which was completed in 2000 December and can be obtained from the author’s
home page http: //www .kusm.kyoto-u.ac.jp/ fukaya/fukaya.html at the time of
writing this article. We are now adding more materials to it and there will be
some change of the order of the chapters in the final version.
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Chapter 6 on the first point and follow Kontsevich, Seidel [Sel] on the
second point.

83, §4 are devoted to the definition of the module of morphisms and
operations to define our filtered Ao, category. To define an operator
we need to consider two cases separately. The first case is when the
Lagrangian submanifolds involved are mutually transversal. This case
was discussed in [Ful], [Fu4]. We discuss this case in §3.

In §4 we discuss the general case, namely the case when we do not
assume transversality. Especially we need to study the case when two
Lagrangian submanifolds involved coincide to each other. In a similar
way, we can discuss more general case when they are of clean intersection.
But we do not do it in this article. (See [Po] and [FOOO] §16.) The
construction in §4 is a natural generalization of one in [FOOO] where
we associate a filtered A, algebra to a Lagrangian submanifold.

In §5 we discuss the problem of unit. Namely we define a notion,
homotopy unit (which was first introduced in [FOOO] in the case of A,
algebra) and sketch the idea how to construct the homotopy unit in the
case of the A, category of Lagrangian submanifolds.

In Chapter 2 we discuss homological algebra of A, category. After
writing [Fud], the author leaned that there are many works done in
this direction, in the case of A algebra or differential graded category,
especially by Russian mathematicians. However the reference on it is
rather scattered and it is rather hard to find a good reference where we
find an appropriate description (and its proofs) of the results we need,
especially in the case of A, category. So the author include it in this
article. But he does not assert so much credit on it. Namely they are
rather minor modification of the results already known to specialists in
closely related situations, though some of the results in Chapter 2 are
new in the sense they are not proved in the references. The author tries
to quote appropriate reference in case he found it. However, since the
author is far from being a specialist of homological algebra there should
be many works which is closely related to Chapter 2 but is not known
to the author.

In §6, we describe the notion of twisted complex and derived A, cat-
egory. Twisted complex is a natural analogue of chain complex. Namely
in the case of abelian category we study chain complex and use it to
construct derived category. In a similar way we use twisted complex in
the case of A, category. Twisted complex was introduced by Bondal-
Kapranov [BoK] in the case of differential graded category. Kontsevitch
[Ko1] proposed to use it in mirror symmetry. (It was also applied in
[Fu7] to mirror symmetry.)
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The author, in [Ful], [Fud], proposed to use the A, category of A,
functors in the study of Floer homology of 3 manifolds with boundary.
For each twisted complex of an A, category C, we can associate an A,
functor from C to CH. Here CH is the A, category whose object is a
chain complex. In this sense, A,, functor to CH is a natural generaliza-
tion of twisted complex. Also the idea of A, functor is important to
understand Floer homology of family of Lagrangian submanifolds (see
[Fu5]) and its application to mirror symmetry. Moreover, to clarify the
dependence (or independence) of the A, category described in Chapter
1, we need to define a notion of homotopy equivalence of A, categories
and hence we use the notion of A, functors. So we introduce the no-
tion of A functors in section 7. There we construct a representable
A functor and an A, category whose objects are A, functors.

In §8 we define homotopy equivalence of A., category. We prove
in §8 that an A, functor which induces isomorphismes on cohomolo-
gies is a homotopy equivalence. This result is an algebraic analogue of
J. H. C. Whitehead theorem in topology and is proved in [FOOO] §A5
in the case of Ay, algebra. (A similar results should had been proved in
various cases in the reference. The author was unable to locate the first
place where this kinds of results appeared.)

In §9, we prove another main result of the homological algebra of
A, category, an A,, analogue of Yoneda’s lemma. This result implies
that we can embed any A, category C to the A, category of A
functors from C to CH. (Namely we identify an object of C to a functor
represented by it.) As mentioned above, this point will be important
to the further study of mirror symmetry and of Floer homology of 3
manifolds with boundary. An A, analogue of Yoneda’s lemma was
proved in [Fud] except signs. We give a proof with sign here and also we
simplify the proof in [Fu4].

Those results on homological algebra of A, category will be used in
future to further study the filtered A, category constructed in Chapter 1
of this article. For example we will prove that the filtered A, category
constructed in Chapter 1 of this article is independent of the various
choices involved up to homotopy equivalence. This results together with
other results are not included in this Part II and is postponed to Part
III etc. So two chapters of this article are yet rather independent in this
article but will be unified in future.

The author would like to thank Professors Yong-Geun Oh, Hiroshi
Ohta, and Kaoru Ono, the joint authors of the book [FOOO]. He is
happy to share many of the ideas described in this article with them.

The author also would like to thank Professor Seiki Nishikawa for
his patience. The author apologize to other authors of this proceeding,
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since the delay of the completion of this article causes the delay of the
publication of this proceeding.

Last but not the least, this article is dedicated to Professor Kat-
suhiro Shiohama for his 60th birth day. The author owes much to Pro-
fessor Shiohama for his encouragement and support especially at the
time when the author started his career as a mathematician.

Chapter 1: Floer homology and A., category

81. Ao category and filtered A., category

To study the part of homological mirror symmetry conjecture we
concern with in this article, we need to use the notion of A, category
appeared in [Ful] in the study of topological field theory. (Ao struc-
ture had been studied in homotopy theory for a long time, especially in
[St].) Actually we need to include the obstruction theory we developed
in [FOOQ], and to modify the definition of A, category a bit, in order
to correct the flaw pointed out in [Ko2], [Ohl]. We call this modified
version filtered A, category. We start with the usual definition of A,
category. Most of the constructions in this section are straight forward
generalizations of the definition of filtered A, algebra in [FOOO] Chap-
ter 4.

We fix R, a commutative ring with unit. In our main application,
R will be C or Q.

Definition 1.1. An A, category, C, is a collection of a set Db6(C),
the set of objects, a graded free R module C(¢;,cq) for each ¢1,co €
Db(C), the operations

mg : C[l](CO,Cl) R---R C[l](ck_l,ck) — C[l](CO,Ck),

of degree +1 for k = 1,2,... and ¢; € Ob(C). Here C[1](co, c1) is C(co, 1)
with degree shifted. (C[1]™(co,c1) = C™"(co,c1)). They are assumed
to satisfy the A, formula (1.3) described below.

To describe the Ay formula, we introduce notations. Let a,b €
Db(C), we put

(1.2) BxC[1](a,b) = &b C[1](co,c1) ® -+ - ® C[1)(ch—1, ck)-

a=C0,C1,-.-,Ck—1,Ck=b

We define, in case k = 0,

BoC[l)(a,a) =R,  BoC[1](a,b) =0 ifa#b.
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We put

BC[1)(a,b) = (P BiCl1l(a,b), BiCll] = @Bkcp 1(a,b),

Befi] = @) BCi(a,b).

a,b
We define a homomorphism
A: BiCll)(a,b) > € €P B, Cl1l(a,c) ® B, Cl1](c,b)
k1+k2 k c
by
Az1® Q) = (21 Q- Q Ty ) @ (Thoy 41 ® - - @ Tk)-

It induces maps A : BiC[1] = @k, +k,=kBx, C[1] ® Bi,C[1], A : BC[1] —
BC[1] ® BC[1]. (BC[1](a,a),A) and (BC[1],A) are graded coalgebras.
(They are coassociative but not cocomutative.)

Operations my, define homomorphisms: BiC[1](a,b) — C[1](a,b). It
can be extended uniquely to coderivations

di : BC[1] — BC[1], dy : BC[1](a,b) — BC[1](a,b)

by
de(@1 @+ ® o) = Y (—1)Em et
¢
1@ @ME(Tey ., Topk-1) @0 @ Ty
We put

Now the Ao, formula is
(1.3) dod=0.
We can expand it and rewrite it using m;. We thus obtain, for example,

0 = mpmy,
0 = mmy(z®y)+ my(m(c) @y) + (—1)*F* my(z @ my(y)).

(See [GJ], [FOOOQ] Chapter 4.) Namely (C(a,b),m;) is a chain complex
and my is a derivation up to sign.
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Remark 1.4. Here we follow the sign convention of [FOOO] and
not of [Fu7).

Definition 1.5. Let c € Db(C). We say an element e. € C%(c,c) =
CH1)(c, ) is a unit if
(151) mz(ec, :vl) =, m2($2,ec) = (_1)degz2w2
for z1 € C(e, ), z2 € C(¢',¢) and
(1.5.2) Meter1(T1,. .., Te,€c,Y1,---,Yk) =0

for k4 ¢ # 1.

Definition 1.6. A, category with one object is called an A,
algebra.

Example-Lemma 1.7. Let (A,d,-) be a differential graded alge-
bra. Namely d : A¥ — A*1 A AR © A — AT with

(1.8.1) dod=0,

(1.8.2) (x-y) - z=xz-(y-2),

(1.8.3) d(z-y) =dz -y + (—1)%8%z . dy.
We put

(191) ml(l') — (_1)degmdw’

(1.9.2) mZ(CE,y) — (_1)deg w(degy-H):E Y,
(1.9.3) mp=0 fork>2.

Then (A,m) is an As algebra.

Proof. mym; = 0 follows from (1.8.1). We calculate using (1.8.3)
and (1.9.1), (1.9.2) that

my(ma(e,y) = (—1)deestdesyidensidenyin g )

= —my(my(2),y) = (~1)*E"  my(z, my (y)).

This is A formula on By A[1]. We can also check

mz(mz(w,y),z) + m2(£7m2(y7 Z))
—_ (_1)degwdegy+degwdegz+degmdeg z+degy((w . y) y—- (y . Z)),

which is zero by (1.8.2). O
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Definition-Example 1.10 ([BoK]). A differential graded category
C is a collection of a set Db(C), the set of objects, a differential graded
R module C(c¢q, ¢2) for each ¢, ca € Ob(C), the operations

0:C(c1,¢2) ®C(cz,c3) — Clea, c3),

which is a chain map and is associative in the sense of (1.8.2). We then
define my by (1.9). We obtain an A, category.

For later use, we introduce some other notations. Let C be an A.
category and c be its object. We put

BC[1](c) = P BiCli](c) = P ClLl(c, ) ®*.

k

(We remark that BC[1](c) # BrC[1](c,c).) BC[1](c) is a coalgebra and
my, defines a structure of A, algebra on it.

Actually our main example is a filtered A, category rather than
Ay category. We are going to define it. We first define a universal
Novikov ring [No], [FOOO].

Definition 1.11. Let T be a formal parameter. We consider a
formal power series

(1.12) > T
i=1

where a; € R, \; € R. We assume \; < Aj41 and lim; o A; = o0.
We denote by Apgnov the set of all such series. It has an obvious ring
structure.

We consider its subring consisting of (1.12) such that A; > 0 in
addition and denote it by Argnov- The ring Agnov has a maximal
ideal consisting of all series (1.12) such that X\; > 0 in addition. We
denote it by A4 nov.

We write Ajov, AO,nov, A+,nov in place of AR,nov, AR,O,nova AR,+,nov
in case no confusion can occur.

" For each A\, we define F' A Anov SO that it consists of the elements
(1.12) satisfying A; > A in addition. It induces a filtration on A,qy.
Namely each F*A,qy is an additive subgroup and F M Ayey - FA? Apoy C
FMtrp o Filtration on Ay, induces ones on Ao nov and Ay noy.

Our filtration induces a uniform structure on Angy, Agnov a0nd Ay oy
in a usual way. Then these rings are complete with respect to it.

Remark 1.13. In [FOOO], we considered the set of series
Z;’il a;T*ie™ where n; are integers, and denote by A, the set of all
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such series. However for the present purpose (that is to discuss Mirror
symmetry where the case ¢'(M) = 0 is important) it is more convenient
to use Definition 1.11.

Now we define filtered Ao, category.

Definition 1.14. A filtered A, category C is a correction of a set
Db(C), the set of objects, a graded torsion free filtered Ag nov module
C(c1, ¢o) for each ¢1,co € Ob(C), the operations

mg : C[1](co, 1) ® - -+ ® C[1)(ck—1, k) — C[1](co, ck),

of degree +1 for k = 0,1,2,..., and ¢; € Db(C). Note that k = 0 is
included in the case of filtered A., category. Here mg is a map

Mo : Ao nov — @C[l](c, c).
C
{mo is not included in the case of Ay, category.) We assume that my
respects the filtration in the sense that

iy M) @@ Pl o)
' C FEXC[1](co, cr).
They induce coderivations

dy, : BC[1] = BC[1], dy : BC[1](a,b) — BC[1](a, b)

in the same way as before. Our filtrations on C induces one on BC[1]
and we let BC[1] be the completion. dj, induces a map: BC[1] — BC[1],
which we denote by the same symbol. The sum

Q=3 d,
k=0
converges by virtue of (1.15). Now we assume
(1.16) dod=0.
We assume also

(1.17) mo =0 mod Ay nov.

We 'define a unit of filtered Ao category in the same way as Definition
1.5.

A filtered Ao category with one object is called a filtered A alge-
bra.
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For each filtered A, category C and ¢ € Db(C), the operations
my, : BrC(c) — C(c, ) define a structure of filtered A algebra on C(c, c).

We can construct an A, category (of Ao nov module) from a filtered
A category C in the following way. Let ¢ € Db(C). We define

Definition 1.18.  An element b of FTC!(c,c) is said to be a
bounding chain if

d(eb) = 0.
Here FTC(c,c) = UxsoF*Cl(c,c) and
e =1+b+bR@b+bRb®b+--- € BC(c,c).
We define M(c) be the set of all bounding chains of c.
Definition 1.19. Let b; € M(c;), i =0,...,k, k > 0. We define
mo ) C1)(co, 1) ® -+ - ® C[1] (-1, ck) — C[1)(co, ck)
by

bo,....bk
m;co )(:vl,..‘,a:k)
_ Y/ V4 L1 V4
= E mk+[0+...+gk(b00,.’r1,bll,.. '7bk~—1 ,:Ck,bkk).
Lo, sl

Here

£ times
£ .
b"=0®---®b.
Proposition 1.20. We put

o6(C) = |J M) x{c},

ceDB(C)

C'((¢,b), (<, b)) =C(c, ) and let mfcb"""’b’“) be the operations. Then C’
is an Ao, category.

The proof (which is easy) goes in exactly the same was as the proof
of [FOOO] Lemma 13.37. Hence we omit it. ‘

Actually M(c) is too big and it is more reasonable to define an
equivalence relation ~ on it and divide M(c) by ~. See [FOOOQ], [Fu5),
[Ot] on it.

We can continue and study A, functor, natural transformations
etc. We will do it later. We give our main example before continuing
the discussion on algebraic formalism. If the reader is mainly interested
in algebraic formalism then he can skip §2 ~ §5 and proceed to Chapter
2.
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§2. Floer homology and A, category I — the set of objects —

The idea of this section is rather old. Inspired by S. Donaldson’s
lecture [Do], the author [Ful] found that Floer homology and counting
of holomorphic polygons will define an A, category. However there
was a trouble in defining Lagrangian intersection Floer homology as was
mentioned in [Ko2], [Ohl]. We could overcome this trouble in [FOOO]
and the construction is now presented here in a modified way. The
notion of filtered A, category introduced in the last section is defined
for this purpose.

We explain, in this section, the definition of the objects of our filtered
A category LAG and define a graded Agnoy module LAG(c,c’) for
two objects when ¢ # ¢’. Basically an object of LAG is a Lagrangian
submanifold. However we need to add some topological data to it. One
of the topological data to be added is related to the orientation problem
of the moduli space of pseudoholomorhic discs. Another data to be
added is related to the way to fix the degree of elements of LAG(c, ).
To motivate those data we mention some comments on how they will be
used. During those comments we assume that the reader is familiar to
the Floer homology and pseudoholomorphic curves. (Please skip them
otherwise.) Let (M, w) be a symplectic manifolds. Let B be a closed 2

form which we call the B-field. We put = w + 27v/—1B.

Definition 2.1. Let Db, (LAG(M, ) be the set of all pairs (L, £)
such that:
(2.1.1) L is a Lagrangian submanifold. Namely dim L = dim M/2 and
w|L =0.
(2.1.2) L is a complex line bundle equipped with a unitary connection
V such that its curvature Fy coincides with the restriction of 27v/—1B
to L. (Here we identify the Lie algebra of U(1) with /—1R.)

Remark 2.2, One may consider more general objects than
b1 (LAG)(M, Q). There are at least two generalizations.
(2.2.1) One may relax the condition on L so that L — M is a La-
grangian immersion.
(2.2.2) One may consider the vector bundle £ together with its unitary
connection V whose curvature is 27v/—1B times the unit matrix.

The modification of the construction to include these cases will be
discussed elsewhere. (See [Ak] on (2.2.1).)

It seems impossible to define an A, category whose objects are
all elements of Ob;(LAG(M,2)) because of the transversality prob-
lem. (We use Bair’s category theorem to achieve transversality quite
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frequently.) So instead we take and fix a countable set of Lagrangian
submanifolds and let Dby (LAG(M, 2)) be the set of all elements (L, £) €
Oby(LAG(M, Q) such that L is in this countable set.

The module of morphisms LAG((L1,£1), (L2, £2)) of our filtered
Ao category is Floer’s chain complex, which is the free Ag nov module
generated by the intersection points € Ly N Ly. More precisely

(2.3) LAG((L1,£1),(L2,£2)) = @ Hom((£1)p, (£2)p) ®C Aonov-

pEL1NL,

However there are two delicate points which will soon come to the story.
The first of them is sign or orientation of the moduli space of pseudo-
holomorphic discs which we will use to define operations my, (see §3, §4),
and the other is the degree in the Floer homology.

We start with the first point. We refer [FOOO] Chapter 6 for the
thorough argument on the orientation and present only a sketch of it
in this article. We first fix an element st € H?(M;Zz). We take a
3-skeleton M®) of M. Then there exists a unique real rank 2 vector
bundles V (st) on M® such that w'(V(st)) = 0, w?(V (st)) = st, here
w is the Stiefel-Whitney class.

Definition 2.4 ([FOOO]). L is said to be relatively spin in (M, st)
if it is oriented and if the second Stiefel-Whitney class of (the tangent
bundle of) L coincides with the restriction of st.

Let L be relatively spin in (M, st), and let L®) be the two skeleton
of L. Then V @ TL is trivial on L®.

A (M, st)-relative spin structure of L is by definition a spin structure
of the restriction of V @ TL to L®.

We remark that the two spin structures are equivalent if it is equiv-
alent on the first skeleton. Moreover oriented vector bundle is trivial
on two skeleton if it is spin. Therefore the set of (M, st)-relative spin
structures of L corresponds one to one to the set of trivializations of the
restriction of V @ TL to L™ which can be extended to L(?). We use
this remark to show the following;:

Lemma 2.5. The group H'(L;Zs3) acts simple transitively on the
set of all (M, st)-relative spin structures of L if it is nonempty.

Proof. Let ¢ € C*(L;Zs) be a cocycle defining an element of
HY(L;Zs). Let ¥ : V@ TL| 2 — L® x R**? be isomorphism of
bundles whose restrictions to V @ TL|; ) define a relative spin struc-
tures of L. For each one cell A! of L we define a map

Gyp,Ar - (AlvaAl) - (SO(’I’L + 2)71)
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representing ¢ (Al) € m1(SO(n +2)) = Zy. (I € SO(n + 1) is the unit
matrix.) We put

V' (z,v) = gy,ar(z)(z,v)

for (z,v) € V@ TL| a), z € Al. Since 9 is a cocycle it follows that
W V& TL|pa) — LY x R™2 can be extended to L(?). Tt is easy to
see that the relative spin structure determined by ¥’ depends only on
the cohomology class of 1 and the relative spin structure ¥. We put
(] - (@] = [,

Conversely, let U; : V ® TL|.» — L® x R be isomorphism
of bundles whose restrictions to V & TL|; ) define two relative spin
structures of L. There exists a map g : L2 — SO(n + 2) such that

Uy (2, ) = g(2)(¥1(z,v)).

Since mo(SO(n + 2)) is trivial we may modify ¥; so that g(z) = 1 for
x € L. Then for each 1 cell Al of L we have

[glar] € T (SO(n + 2)) = Zs.

We regard it as a cochain. It is a cocycle since ¢ can be extended to
L®). We thus obtain ¢ = g such that [¢] - [¥1] = [¥3]. 0

We denote by Dbs(LAG(M, Q, st)) the set of all pairs of (L, L) €
Dby (LAG(M,)) and an (M, st)-relative spin structure on L. The rea-
son we add relative spin structure is that it induces orientations of vari-
ous moduli spaces we use in a canonical way. (See the next section and
[FOOO] Chapter 6.)

Next we consider the degree problem. We use the notion of graded
Lagrangian submanifold due to M. Kontsevich and P. Seidel [Sel] for
this purpose. Let (R?",w) be a symplectic vector space of dimension
2n. We denote by Lag, = Lag(R*",w) the set of all oriented linear
subspaces V" of R?" of dimension n such that w|y = 0. We call it the
oriented Lagrangian Grassmanian. It is well-known that = (Lag,,) = Z
and it has a generator called the (universal) Maslov class. (See [AG]).
Let Ifle\tén be the universal covering space of Lag,,.

Let (M,w) be a symplectic manifold. Then we have a fiber bundle
Lag(M) — M whose fiber at p € M is identified with Lag(T,M). We
remark that we can find an almost complex structure compatible with
its symplectic' structure, and it is unique up to homotopy. Hence the

Chern classes of the tangent bundle of a symplectic manifolds are well
defined.
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Lemma 2.6. The following two conditions are equivalent.
(2.7.1) (M) = 0 where c'(M) is the first Chern class of TM.
(2.7.2) There exists a covering space Lag(M) of Lag(M) such that its
restriction to each fiber is identified with Iflg;gn — Lag,,.

Proof. _Since ITaTg — Lag is a covering space, the obstruction to
construct Lag(M) lies in the second cohomology. Hence it is easy to see
that (2.7.2) is equivalent to the triviality of the bundle Lag(M) — M
at the two skeleton M) of M.

Now let us assume (2.7.1). Then the complex vector bundle TM
is trivial on two skeleton. Since Symplectic group Symp(n) is homo-
topy equivalent to U(n), it follows that Lag(M) — M is trivial on two
skeleton. The proof of the converse is similar. O

From now on, we assume c¢' (M) = 0. (In the case when the compati-
ble almost complex structure is integrable, this condition implies that M
has a Ricci flat K&hler metric, due to Yau’s proof of Calabi conjecture.)

We also fix a covering space Ijz;/g(M) of Lag(M) as in (2.7.2).

Remark 2.8. In a way similar to the proof of Lemma 2.5, we can
show that the set of such lifts Lag(M) is an affine space over H!(M;Z)
if it is nonempty.

Let L be an oriented Lagrangian submanifold. We have a canonical
section s of the restriction of Lag(M) to L. Namely

s(p) =T,L C T, M.

Definition 2.9. A graded Lagrangian submanifold of (M, Lag(M))
is a pair of oriented Lagrangian submanifold L and a lift of s to 5 : L —
Lag(M). We call §, the grading of L.

Definition 2.10. We denote by Ob4(LAG(M,Q, st, Lag(M))) the
set of all triples (L, L, 3) such that (L, L) € Ob3(LAG(M,Q,st)) and
that (L, 3) is a graded Lagrangian submanifold.

Example 2.11. Let T*N — N be a cotangent bundle of an
oriented manifold N with a canonical symplectic structure. The tangent
bundle TT*N is isomorphic to the complexification of the pull back
*TN.

Hence its structure group is reduced to U(n) N GL(n;R) = O(n).
Moreover, since N is oriented, it follows that the structure group is
reduced to SO(n). Since Lag,, = U(n)/SO(n) it follows that the bundle

Lag, (T*N) is trivial. We thus obtain Lag(T*N) as in (2.5.2).
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We remark that the zero section is a Lagrangian submanifold. Hence
we have a section sg of Lag(T™*N) on the zero section. Since zero section
=~ N is homotopy equivalent to 7* N it induces a section sq of Lag(T*N).
It then induces a trivialization of Lag(T*N) and hence a section §j :
T*N — f,;é(T *N). We may choose 3 such that 3p(p) is transversal to
the tangent space of the fibers of T*N — N.

Now let L be a Lagrangian submanifold of T* N transversal to the
fiber. Then, for each p € L, there exists a path ¢, which joints T}, L to
so(p) in Lag(T,T*N) such that £,(¢) is transversal to the tangent space
of the fiber for each ¢t # 0. The homotopy class of such £, is unique.
We lift it so that so(p) will be lifted to So(p). In this way we obtain a
lift 5(p) € IT;g(TpT *N). It is easy to see that this lift is independent of
various choices. '

We thus obtain a graded Lagrangian submanifold (L, §).

In a similar way, we can consider the case when (M, w) has a singular
Lagrangian fibration as follows. Let m: M — N be a smooth map with
the following properties.

(2.12.1) There exists a subcomplex X C M of codimension > 2 such
that 7 is a submersion on M — X.

(2.12.2) The kernel of the differential of d,m at p € M — X is a La-
grangian vector subspace of T, M.

(2.12.3) 7 is proper.

Now we define a section s’ of Lag(M) on M — X by putting s'(p) =
Ker d,m. It defines a real vector bundle on M —X whose fiber at p is §'(p).
This vector bundle tensored with C is isomorphic to the tangent bundle
of M — X. Thus, in the same way as above, we have a trivialization of
Lag(M) on M — X. Tt induces a bundle Lag(M — X) on M — X. We can
extend it to I,;m;f(M ) — M uniquely since the codimension of X in M
is > 2. (Note the trivialization of the restriction of Lag(M) to M — X
may not be extended.)

Actually the condition for a Lagrangian submanifold to be graded
is related to the (absolute) Maslov index 1 : mo(M, L) — Z as follows.

Let us first review Maslov index. Let ¢ : (D?,0D?) — (M,L)
be a map representing an element of mo(M, L). The pullback bundle
©*(TM) has a trivialization since D? is contractible. We restrict this
~ trivialization todD?. On the other hand, for each ¢t € 0D? we have a
Lagrangian subspace Ty, )L C Ty,,)M. Hence we have S ! - Lag,. It
determines an element of m(Lag,) = Z. We call it Maslov index and
write 7({g]).
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We consider the composition my(M) — m(M,L) — Z. One can
verify easily that the composition coincides with the twice of the first
Chern class ¢' : m(M) — Z.

Therefore, in the case when c¢'(M) = 0, the homomorphism 7 in-
duces a homomorphism : Im(me(M, L) — 71(L)) — Z. We can extend
it to 1 (L) as follows. Using c*(M) = 0 there exists a lift IEE(M) — M.
Let £: S* — L be a loop representing an element of 71 (L). We define a
map

£t 81 — Lag(M)

by
£r(t) = TyuyL € Lag(T,M).
Since IEE(M ) — Lag(M) is a covering space we have a lift
(1) : [0,1] — Tag(M)

of £+, Since Lag /Z = Lag there exists 7j(£) € Z such that

7(¢) - £¥(0) = £5(1).
It is easy to see that 7] defines a homomorphism

n:m(L) - Z.

Now it is easy to show the following two lemmata.

Lemma 2.13. The composition of no(M, L) — my (L) with 7 is n.

Lemma 2.14. There exists a lift 5§ of s : L — Lag(M) if and only
yn:m(L) > 7Zis0.

We remark that 7 depends on the choice of Lag(M), while n does
not depend on it. Note the set of all choices of Lag(M) is an affine space
over HY(M;Z) = Hom(mw(M),Z). In view of the exact sequence

mo(M; L) — mi (L) — m (M),

the group Hom(m; (M), Z) controls the way to extend 7 (which is defined
on the image of ma(M; L) — w1 (L)) to 77 which is defined on 1 (L).

Now let (L1,381) and (Lg,32) be graded Lagrangian submanifolds
which intersect transversally each other. Let p € L1 N L. We are going
to define an index ng, 1, (p).
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We first consider a pair of family of Lagrangian submanifolds £ (7),
41(1) € Lag,,, 7 € R so that it is constant for |7| large. We assume that

(2.15) £y(—00) N1 (—00) = (o) N £1(c0) = {0}.

We want to associate an integer, Maslov-Viterbo index n(£, ¢1), for such
a pair. We need its relation to the index of Cauchy-Riemann operator
also. Let us now describe it. We consider the product R x [0,1] ¢ C
and identify 7 to the first coordinate. We consider the operator

9: WHP(R x [0,1];C™) — WOP(R x [0,1];C™ @ A1),

where WP denotes the set of sections of Sobolev (k,p) class, that is
the linear space of sections whose derivatives up to order k are of LP
class. (We take p > 2. So W'? C C°.) For an element u € W*+1L2(R x
[0,1]; C™), we put the boundary condition

(2.16) u(7,0) € bo(7), u(r,1) € £1(7).

We denote by WP(Rx [0, 1]; C"; £, £1) the subset of W1P(R x [0, 1]; C™)
satisfying the boundary condition (2.16). Then the 8 operator induces
an operator:

(2.17) 9: W'P(R x [0,1];C™; £, £1) — WOP(R x [0,1];C™ @ A™).
Lemma 2.18. (2.17) is a Fredholm operator.

The lemma is a consequence of (2.15). The proof is omitted.

We can calculate the index of (2.17) in the following way. We first
take g(7) such that g(7)fy(7) = €y(—00). Then we consider the pair
0y(1) = Lo(—00), £(7) = g(r)¢1(7). Tt is easy to see that the index of
(2.17) does not change if we replace £y(7), £1(7) by £4(7), €} (7). Hence
we may assume that o(7) is independent of 7. We put V' = £y(7).

For V € Lag,,, let X(V) be the set of all V' € Lag,, such that V’
is not transversal to V. X (V) is a (real) codimension one subcomplex
such that it is a smooth submanifold outside a set of (real) codimension
>1in X(V).

Proposition 2.19. There exists an orientation of the regular part
of X (V') such that the index of (2.17) is equal to the intersection number
b - X(V) when V = £o(T).

Sketch of a proof. We explain an idea of the proof of Proposition
2.19 by using the notion of spectral flow ([APS]). Let us consider the
operator (2.17). It is an operator

= 0
2.2 =< o
( 0) 3} or + Jt,T o ot
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Ji,r0(0/0t) is a family of elliptic operators on [0, 1] and is parametrized
by 7. Also the boundary condition (2.16) is 7 dependent. We choose
an appropriate bundle automorphism of ¢*TM on R x [0,1] and use it
to regard J; . o (0/0t) as a family of elliptic operators whose boundary
condition is 7 independent. We thus obtain an operator

0

2.21 —
(2.21) 5 T

where
Py W([0,1; €% E) — WO ((0,1]; 7).

Here Z is a boundary condition independent of 7. Then, as in [APS], the
index of (2.21) is calculated by the spectral flow of the family of elliptic
operators P,.. We remark that the operator P, will have a kernel in a
neighborhood of the points 7 where £1(7) are not transversal to £g.
Thus the index of the spectral flow coincides with the intersection
number ¢4, - X (V). O

For our purpose, we need to relax the condition (2.15) and consider
the case

(222)  fo(—00) = £1(~00), Lo(00) N €1 (c0) = {O}.

(We still assume £y(7) = £0(0).) We perturb £ so that it is transver-
sal to X (£(0)) on (0,1]. Then we will put

(2.23) (o, €1) “=" ti](0,1) - X (£(0))

where - is the intersection number. However, since £,(0) € X (£5(0)), we
need to be very careful to define the intersection pairing in (2.23). Actu-
ally £5(0) € X (40(0)) is a singular point of X (£y(0)) where n components
of codimension one meet each other. To define right hand side of (2.23)
rigorously, we modify ¢; in a neighborhood of 0 as follows. Let U(£y(0))
be a small neighborhood of 45(0) in Lag,,. We will define components
U;(£5(0)) such that

(2.24) U(£o(0)) — X (£4(0)) = U Ui(£0(0)),

as follows.
We take a symplectic isomorphism C™ ~ T*¢,(0). For each

V € U(£(0)) — X (£o(0)),
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there exists a non degenerate quadratic function f on 45(0) such that
V is a graph of df. We define U;(£y(0)) so that V € U;(4(0)) if f is a
quadratic function of index <.

We may choose U (£y(0)) so that U;(£o(0)) is contractible. Note that
Ui(£o(0)) N TU;41(£0(0)) is of codimension one in X (£(0)) and they are
all of the codimension 1 components of X (£(0)) N U(£(0)).

Now we modify #; so that ¢;(e) is in U, (£o(0)) for small e. Now we
define 7(£y, ¢1) by

(2.25) ﬁ(fo,fﬂ = £1][e,1) - X (£0(0)).

If we take another perturbation £ such that £} (€) is in Uy (£(0)) for.
small k, then

(2.26) eﬂle’ll . X(EO(O)) +n= yl'[e,l] . X(fo(())) + k.
Let —¢ be the path such that —¢(t) = £(1 — ¢) then we have

Lemma 2.27.  1(fo, #1) + n(£1,40) = —n, if (2.22) holds.

Proof. Let us perturb ¢; so that ¢1(¢) is in U, (€p(0)) for small e.
Then we have

£1|(0’1) . X(fo(())) + €0|(0,1) . X(fl(())) =0.

Let us change the pair ¢1, £y by the one parameter family of authomor-
phisms of C™ as follows: Let us denote the modified pair by ¢, £: we
take it so that £} is constant.

We then find that £)(e) € Uy(¢;(0)) for € small. Lemma 2.27 now
follows from (2.26). O

Now we are going to define an index of the intersection point of two
graded Lagrangian submanifolds (Ll, 51), (L2,82). Let p € L1 N Ly. We
take a pair (fg,fl) of path in Lag(T M) such that £,(0) = £1(0), and
Zo(1) = 51(p), £1(1) = 52(p). We put £; = 7 0 £;. We then put

(2.28) (L1 ,51),(La,32) (P) = N0, £1).

It is easy to see that the right hand side is independent of the path
(EO)el)'

Definition 2.29. Let

(L1,51,£1), (L2, 52, £2) € Obs(LAG(M, S, st, Lag(M))).
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We assume L; # Ls. We define:

(2.30)  LAG*((Ly,51,£1), (La, 52, £2))
= @ HO].’H((Sl)p, (£2)p) ®c AO,nov-

pELNLy
M(Ly1,81),(Lg,52)P)=F

We discuss the case Ly = Lo later. (We actually need one more small
modification to (2.30) for the orientation problem. We will discuss it
later. See (3.16).)

Lemma 2.27 implies:

(2.31) M(L1,50),(L2,52) (P) = =N — M(L4,55) ,(L1,5:) (P)

Example 2.32. Let u = df be an exact 1 form on N and L, C
T*N be its graph. Let L; be a zero section. We assume that f is a
Morse function. If p € Ly N Ly then p = (x, 0) and df (z) = 0. We define
31, & as in Example 2.11. We find

77(L1,§1),(L2,§2)(p) = Index(Vif) - n.

Here V2 f is the Hessian of f at z. Namely in this case the Maslov index
reduces to the Morse index.

Remark 2.33. Let (L4, 1) be a graded Lagrangian submanifold.
We assume that L; is connected. When we change the lift 5;, then
the degree 1 changes only by an overall integer. Let us state it more
precisely. We recall that IE%(M ) — Lag(M) is a normal covering whose
deck transformation group is Z. Let & be another lift of s1(p) = T,(L).
Then there exists an integer k such that §; = k- §]. We have:

(2.34.1) M(L1,51),(L2,52) (P) = M(L1,54),(L2,52) (P) + K

and

(2.34.2) MLy ,52),(L2,51) (P) = MLy ,52),(Lay5,) (P) — K

for every (L1,35) and p € L N Ly. More precisely the identification
of the deck transformation group of Lag(M) — Lag(M) and Z has an
ambiguity Aut(Z) = {£1}. We can fix it by requiring (2.34).

So far, we restricted ourselves to a symplectic manifold with ¢! =0
and Lagrangian submanifold with Maslov index 0. This allows us to
define Floer homology with Z grading. However it is useful for some
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other purposes to relax the condition ¢! = Maslov index = 0. Let us
discuss the general case here, following [Sel]. Let us define N € Z>q by

Im(c! : 7 (M) — Z) = NZ.

N is called the minimal Chern number of (M,w). In a way similar to
the proof of Lemma 2.6, we can construct a covering space

(2.35) x:Lag (M) — Lag(M)

such that m induces 2N hold covering on each fiber. (We remark that
two hold fiberwise covering of Lag(M) always exists because M is ori-
entable.)

For any N’ dividing N, we put

—~N' —~N
Lag' (M)=Lag  (M)/Zyn:

which is a 2N’ hold fiberwise covering of Lag(M).
Let L C M be a Lagrangian submanifold. We can define

m: 7T1(L) — Zon

using (2.35). Moreover the composition of mo(M;L) — 7 (L) and 7
coincides with the mod 2N reduction of 7 : mo(M; L) — Z. (Note that
the Maslov index 7 : mo(M; L) — Z is defined for any pair of symplectic
manifold M and its Lagrangian submanifold L.) Now we have:

Lemma 2.36. A lift
§:L—Lag" (M),
of the map s : L — Lag(M)|L ezists if and only if the image of 7 :
m1(L) — Zan is contained in 2N'Zsoy .

Such a lift § is called an N’ grading of L'. Let L; (i = 1,2) be a
pair of Lagrangian submanifolds with N’ grading. We assume they are
transversal to each other. Let p € Ly N Ly. Then we can define its index
n(p) € Zsn+ in a similar way to Definition 2.25. Thus we have a Zon-
graded Floer homology.

83. Floer homology and A, category II — the operator m, —
the transversal case —

We next define
my : LAG[1](co,c1) ® - ® LAG[](ck-1,cx) — LAG[1](co, ck)
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where ¢; = (L;, §i, £;) € Oby(LAG(M, 2, st,Lag(M))), under the addi-
tional asumption that L; # L;11. (Here Lgy1 = Lo by convention.) It
follows from our assumption that L; is transversal to L;+1. Again the
idea presented here is not new and is discussed already in [Ful], [Fu4].
However we here give a more precise argument especially on degree and
orientation. In fact there were several errors on those points in [Ful].

We use moduli spaces of pseudoholomorphic discs. Let us consider
a pair (D?, Z) of 2 disc D? with the canonical complex structure and
Z = (%0, ...,2k), the ordered set of k + 1 points on its boundary. We
assume that (zo, ..., z) respects the cyclic order. We denote by M1
the space of all such pairs. The group PSL(2;R) = Aut(D?,J) acts on
it, and let M4 be the quotient space. It is well known that Mg, is
diffeomorphic to R¥~2 and carries a natural orientation. We can com-
pactify it to CMy1 in a way similar to the Deligne-Mumford compact-
ification of the moduli space of marked closed Riemann surfaces. (See
[FOL], [FOOO] §3.)

Let (D?,%) € Mk;.'.l. Let 8;D? be the part of dD? between z;,_1
and z;. (Here z_1 = 241 by notation.)

Let p; € Ly N Liy1. (Lp41 = Lo by notation.) We fix a compatible
almost complex structure J on M. Namely we assume

w(JX,JY) =w(X,)Y), w(X,JX)>0.

We consider the set of all ((D?, 7), p) such that
(3.1.1) (D2, %) € Mgq1, ¢: D* > M,

(3.1.2) ¢ is pseudoholomorphic,

(3.1.3) (6;D?) C L;,

(314) (,0(21) = Pi.

z2
0;D?
2 N
B, D? v
0 o D?
Figure 3.1.

We denote by My 1(Lo, ..., L;p1, ..., pr) the set of all such
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((D?,2),¢)- 5
The group PSL(2;R) acts on Myi1(Lo,- .., Li;p1,-..,pk) by

u-((D?,2),¢) = (D*,u(2)),pou).

Let Mgy1(Lo,- .., Lk;p1,--.,Pk) be the quotient space. We can com-
pactify our moduli space My 1(Lo,...,Lg;p1,..-,pr) by using a no-
tion of stable map from open Riemann surface. (See [FOOO] §3.) Let
CMy1(Lo, ..., Lg;p1, ..., pr) be the compactification.

Theorem 3.2. There exists a Kuranishi structure (with corners)
of  dimension nA4 (k+1) = > 0L;.5),(Lisn,sern) (Pi) — 3 on
CMyt1(Los - Li; p1y - - -, Pk)-

The notion of Kuranishi structure is defined in [FOn2], to han-
dle transversality problem appeared in the construction of fundamental
chains of various moduli spaces in a uniform way. We do not try to
define it here. Roughly speaking it is a way to restate the following
imprecise statement in a rigorous way:

7

“Theorem 3.27%2. B a “ eneric  perturbation ,
Y g
CMyy1(Lo, ..., Li;p1,- .., pr) will become a manifold with corner. Its

dimension is n+ (k+ 1) — Z77(Li,§i),(Li+1,§i+1)(Pi) — 3.

The word “generic perturbation” in “Theorem3.2’” should be made
precise. Kuranishi structure is a way to include as the most general
perturbation as possible. Usually the reader do not have to be bothered
with the detail of the study of a space with Kuranishi structure. The
frame work of Kuranishi structure is designed so that desired fundamen-
tal chain (usually over Q) which has the properties expected from naive
guess can be constructed in the situation we are interested in (that is
the moduli space of pseudoholomorphic discs). However if the reader is
interested in the most delicate parts of the proofs, he needs to investi-
gate Kuranishi structures. (For example the discussion of Remark 3.3
requires a detail of the frame work of Kuranishi structure.) We pretend
as if a statement like “Theorem 3.2"” is correct usually and give remarks
on Kuranishi structure when necessary.

Remark 3.3. In our case, the fundamental chain of
CMyy1(Lo, ..., Lg;p1,...,px) can be defined over integer. In fact, by
Lemma 2.10, the Maslov index is 0 in our case. Moreover by Lemma

i

?We write Theorem in the quote since the statement as is stated is not
correct.
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2.6, c!(M) = 0. It follows that our Lagrangian submanifold is semi-
positive in the sense of [FOOO] Chapter 3. Therefore, we can apply
the method of [FOOO] §9, §A3 to obtain a perturbation of our moduli
space so that it is a simplicial complex with fundamental chain over Z.
(It is actually a space with Whitney stratification.) Using this remark,
our filtered A, category is defined over Az o nov. Also we can work over
Az, 0.nov and forget all the orientation problems (as we did in [Fud]).
However to work over C (or Ac nov) seems to be natural when our main
interest is in mirror symmetry and not in applications of Floer homology
to symplectic topology.

The proof of Theorem 3.2 consists of two parts. One is to use im-
plicit function theorem and Taubes’ type gluing argument to construct
Kuranishi structure. This part is in fact a straightforward analogue of
the argument presented in [FOn2] Chapter 3, [FOh] and [FOOO] Chap-
ter 5. So we do not repeat it. The second part is a calculation of the
(virtual) dimension, which is related to the study of Maslov index in the
last section. We discuss this second point now. The argument here is
also an analogy of one in [FOOO] Chapter 6.

First we remark that the number k + 1 — 3 is the dimension of the
moduli space CMg 1. There is a natural projection

CMpi1(Loy ..y Lisp1y .-, pr) — CMpqr.

Hence we are only to show that the virtual dimension of the fiber of the
projection is n — D (L, 5,),(Lis1,5:1) (i)- (In the case of the space with
Kuranishi structure, its virtual dimension is its dimension by definition.
So it suffices to calculate the virtual dimension.)

Namely we fix (D?,2) € M1 and study the moduli space of pseu-
doholomorphic maps ¢. (Actually we need to study the case when the
domain of ¢ is singular also. However since the study of it is similar to
and is written in detail in [FOOO] Chapter 5, we omit it.)

The study of virtual dimension is a problem calculating the index.
We first choose a metric on the domain and fix a function space to work
with. For our purpose, it is convenient to use an alternative represen-
tative of (D?, 7). Namely we take a one dimensional Kéhler manifold 3
with the following properties:

(3.4.1) There exists a compact subset ¥y such that the complement
¥ — 3 is isometric to the disjoint union of k+1 copies of (—oco, 0] x [0, 1].
(3.4.2) X is conformaly equivalent to D? — {z1,..., 2k41}-

By using [FOh] Theorem 10.4, such ¥ with a singular Riemannian
metric is given in a canonical way. Also ¥ and metric in [FOh] Theorem
10.4 depends smoothly on (D?, 7). This fact is essential to work out the
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Taubes’ type gluing construction and the analytic detail of the proof
of Theorem 3.2, as in [FOOOQ] Chapter 5. For our purpose, that is to
calculate the index, we do not need it.

Note that k+1 copies of (—00, 0] x [0,1] in (3.4.1) corresponds to the
marked points zp, ..., zx11 by (3.4.2). We let End; 2 = (—o0, 0] x [0,1]
be the copy corresponding to z;.

Let ¢ : D? — M be a smooth map satisfying (3.1.1), (3.1.3), (3.1.4).
It induces a map X — M, which we denote by the same symbol. We
counsider the operator

(35)  D,8: WhP(S, 0" TM; *TL) — WOP(Z, o*TM @ A®'%).

Here (3.5) is a linearization operator of the pseudoholomorphic curve
equation:

dp =0,

WHP in (3.5) denotes the space of all sections whose derivative up to
order k is of LP class, and

WP (S, o*TM;o*TL)
= {ueW'P(S,o"TM) | u(z) € TyLi if z € T}

where 8;% is a part of 8% which corresponds to 8;D?. (We remark that
elements of W' is continuous since we assumed p > 2.)

Note that ends of ¥ are of product type. We also assumed that L;
is transversal to L;y1 at p;. Hence the operator (3.5) is nondegenerate
at the end. Therefore, by a standard argument, we can prove that (3.5)
is Fredholm. We are going to calculate its index.

We first trivialize ¢*T'M on X. The trivialization is unique up to
homotoy since X is contractible. We next take a path s; : ;2 — Lag,,.
s; is defied by s;(x) = To@)TL CTy@yTM = (p*TM), = C™.

We thus reduced the problem calculating the virtual dimension of
the moduli space CMy41(Lo,- .., Lg;p1,--.,Px) to the problem calcu-
lating the index of the operator

(3.6) 0:WLP(Z,C";s0,...,8,) — WO (X,C" @ A%'Y),
where

WLP(3, C"; 0, ..., 8k) = {u € WLP(E,C") | u(z) € s4(z) if x € 9;2}.
The index of (3.6) does not change if we change s; in a homotopy class.
Hence we may assume:
(37) si(r,1) =T, L if7<-T,(r,1) € End;11 %,

' si(1,0) =T, L ifr < -T, (,0) € End; X.
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We next construct an elliptic complex whose index is 1z, 5,),(Ls11,5:41) (P)-
We put:

Y=D*U{z+V-1y|z>0,yc[-1,1]} cC.

Figure 3.2.

We remark Y = R where —oo corresponds to oo — /—1 and oo
corresponds oo + /—1. We also define a path /; : R — Lag(T,, M) such
that Z,(—oo) = §;(p) and ll(oo) = $;4+1(p), where §; is the grading of the
Lagrangian submanifold of L; we have chosen. We may also assume that
£;(t) is locally constant if |¢| > T. We thus obtain a Fredholm operator

(3.8.4)  0:WUP(Y, Ty, M;£;) — WOP(Y,T,, M @ A*'Y).

Here ¢; = w o {; and WYP(Y, T, M; £;) is defined by

WYP(Y, Ty, M; ;) = {u € W'P(Y,T,,M) | u(x) € £i(x) if z € Y = R}.
Now we have the following two Lemmata 3.9 and 3.13.

Lemma 3.9. The index of (3.8.4) is 1(L,,5,),(Lis1,5001) (P)-

Proof. Take a biholomorphic map ¢ : R x [0,1] — Y — {-1}
such that (0o,t) corresponds co + tv/—1 and (—oo, t) corresponds —1 €
9Y. We pull back the boundary condition ¢; to R x {0, 1} and obtain
(4i0,4:,1). We then consider the operator

(3.10) 8 : WHP(R x [0,1];C™; £;.0,4i1) — WOP(R x [0,1];C™ @ A%Y).
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The operator (3.10) is similar to (2.17). However (3.10) is not a Fredholm
operator since the operator is degenerate when 7 € R goes to —oco. In
fact £; 0(—00) = £; 1(—0o0). So to obtain a Fredholm operator, we need to
use a weighted Sobolev norm. We consider the weighted Sobolev norm

8 )
[ull? s = lle” T ulZ + [[e®ITIVul|?
where || ||, is the usual L? norm and V is a covariant derivative. We

define WHP¥(R x [0,1]; C™; £;0,%;1) using this weighted Sobolev norm
and the same boundary condition as WHP(R x [0,1];C™; 4;0,4;,1). We
then consider

a: Wl’p?‘s(]R x [0,1);C™; 40, 4:1)

3.11.6
( ) — WOPS(R x [0,1]; C™ @ A™1).

(3.11.6) is a Fredholm operator for nonzero small §. We can prove the
following easily.

Sublemma 3.12. The index of (3.11.6) is n(€;0,4;1) —n if 6 >0
and if |6] is small, and is 1(€;0,4;1) if 6 < O and if |6 is small.

In fact, if we study (3.10) using spectral flow as in the sketch of the
proof of Proposition 2.19, then we find that n is the number of eigenval-
ues converging to 0 as 7 — —oo. Hence the index changes by n when
we move 6 from negative to positive. This difference corresponds to the
way to perturb £; 1(7) for 7 close to —oo. Namely if we perturb so that
?; 0(—o0) is transversal to £;1(—oco). (Then the operator (3.11.6) will
become Fredholm.) We can prove the sublemma using this observation.

Now we consider the case when 6 > 0. This means that we consider
the solution of du = 0 with u converges to 0 in the exponential order
as 7 — —o0o. Then when we transform u by v, it will corresponds to
an element of the kernel of (3.8.¢) such that its value at —1 is zero.
Therefore we find that the index of (3.11.4) for § > 0 is the index of
(3.8.7) minus n. Lemma 3.9 follows from Sublemma 3.12. O

Lemma 3.13.  The index of (3.6) plus the sum of the indices of
(3.8.4) fori=0,...,k is n.

Proof. 'We glue the elliptic operator (3.6) with the elliptic operators
(3.8.7) on their boundaries. Then we obtain an elliptic operator

(3.14) 8 : WhP(D?,C™; 4) — WOP(D?,C™ @ A%,

Here notations in (3.14) are defined as follows.
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¢: 8! — C"is a path obtained by joining sq, %o, $1,%1,52,%2,. - . , £k, Sk
in this order. W1?(D?;C";¢) is the set of WP sections u of C" on D?
such that u(t) € £(¢) for t € ST = 0D2.

Now the index of (3.14) is equal to the index of (3.6) plus the sum
of the indices of (3.8.7) for i = 0,...,k by excision property of indices.

On the other hand, the homotopy invariance of index implies that
the index of (3.14) depends only on the homotopy type of £. Moreover,
in fact, £ is lifted to Ijz\;gn since s, Yo, 81,41, S2, 42, ..., Lk, s are all lifted.
Hence we may assume that £ is constant. Then it is easy to see that the
index of (3.14) is n. The proof of Lemma 3.13 is complete. |

From Lemma 3.9 and Lemma 3.13 we find that the virtual dimen-
sion of the moduli space CMyy1(Lo, ..., Lk;po,. - .,pr) is as asserted in
Theorem 3.2. O

We next discuss the orientation. To define an orientation of the
moduli space CMy11(Lo,. .., Lg;po,-..,Pr), we need one extra data,
which we discuss now. We consider the complex (3.8.7). Its index as a
virtual vector space depends only on the homotopy class of the path ;.
Since ¢; = wol;, and /; is a path joining §; (p) and ;11 (p) which is unique
up to homotopy, it follows that the homotopy class of ¢; is defined in a
canonical way for graded Lagrangian submanifold. Therefore the virtual
vector space, which is an index of (3.8.7), is well-defined. Now we choose
the orientation of this virtual vector space, the index of (3.8.7).

Remark 3.15. In a similar context of finite dimensional Morse
theory, we need to fix an orientation of the stable (or unstable) manifold
of each critical point in order to fix an orientation of the moduli space
of connecting orbit. (See for example [FOn2] §21.)

The orientation of the index virtual vector space of (3.8.7) corre-
sponds to the choice of orientation of stable manifold in the finite di-
mensional Morse theory.

To describe the choice of the orientation of the index of (3.8.7) in
more canonical way, we proceed as follows. We modify the definition in
(2.30) and put

E-Agk((Lla 81, Sl): (L27 82, 22))
= @ Hom((£1)p, (£2)p)

pELyNLy
M(L1,51),(Ly,52) (PI=F

(3.16)
®¢ Ao nov ®r AP (Index (3.8.7)).

(3.16) is isomorphic to (2.30). The choice of isomorphism corresponds
one to one to the choice of orientations of the index of (3.8.7). In case
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we fix a choice of the index virtual vector space of (3.8.7) for each p, we
use (2.30) in place of (3.16).

Remark 3.17. In (3.16) we include the determinant of (3.8.7) in
Floer’s chain complex. The necessity of it becomes more apparent if we
consider more general situation. Namely let us consider the case when
L; may not be transversal to Lg but is of clean intersection. (It means
that the Ly N Ly is a submanifold and the T,,L; NT,Ly = T,(Ly N Lo)
for p € Ly N Ly is of constant dimension.) In that case the right hand
side of (3.16) will become

LAG((L1,31,£1), (L2, 32, £2))
=T'(Ly N Ly; Hom(L1 |1, 010, L2|LinLs)
®C AO’nov ®R AtOP(IndeX(3.8.i)).

Here A*P(Index(3.8.7)) is one dimensional real vector bundle on LN Lo,
which corresponds to a local system m1(L; N Lg) — {£1}. See [FOOO]
Chapter 6 §25.6 for detail.

Theorem 3.18. A choice of (M, st)-relative spin structures on L;
and a choice of an orientation of the index virtual vector space of (3.8.7)
induce an orientation of CMyy1(Lo, ..., Lg;po,--.,Pk), in a canonical
way.

Here orientation of CMy11(Lo, - .., Lg; po, - . . , Di;) means orientation
in the sense of Kuranishi structure [FOn2].

Proof. The idea of the proof is a combination of ones in [FOOO)]
Chapter 6 and [FOn] §21, (the later is suggested already in Floer’s paper
[F13]). Let E; be the index virtual vector space of (3.8.7). For each
¢ : (D?,8D?) — (M, L), let E(p) be the index virtual vector space of
(3.6). ¢ induces paths s; : 8;2 — Lag,, as explained during the proof of
Theorem 3.2. Joining them with ¢; we obtain a loop £ : ¥ — Lag,, as
in the proof of Theorem 3.2. ¢ depends continuously on ¢, so we write
£(p). We thus find a family of elliptic operators

(3.19)  8: WhHP(D%C"™;4(p)) — WOP(D?,C™ @ A%
parametrized by . The following result is proved in [FOOO] Chapter
6 Theorem 21.1 (see also D. Silva [Sil]).

Theorem 3.20. The choice of (M, st)-relative spin structures on
L; induces an orientation of the index bundle of (3.19).

Let E’(p) be the virtual vector space which is the index of (3.19).
Let E(¢) be the virtual vector space which is the index of (3.5). Let F;
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be the index of (3.8.7). Then by family of index gluing theorem (see for
example [Fu8] §4) we have an isomorphism

k
(3.21) - Ew)ePE =E@).
1=0
Here E'(¢), E(p) are virtual vector bundles and E; are virtual vector
spaces. Theorem 3.18 follows from Theorem 3.20 and (3.21). O
Remark 3.22. We may take an orientation of

CMyy1(Lo,- .., Lg;po,--.,pr) such that (3.21) holds as an identify of
oriented vector space. However in order to define an operator my, satis-
fying Ao, formula, we need to change this orientation in a way depending
on the dim E; and n in a similar way to [FOOO] Chapter 6. Namely we
put

k .
E'(¢) @ (1) EP E:i = E(p),
=0

(Compare the above formula to [FOOO] Remark 25.2 (1).)

The problem of degree and orientation being understood, we are
. ready to define my, in the case L; # L;41.
We consider the case when the dimension

dimC My (Lo, ..., Lk;po, - - -, Pk)
k

=7+ (k + 1) - Zn(Li,§i),(Li+1,§i+1)(pi) —-3=0.

=0
This (together with (2.37)) implies

k—1
(3:23) 14> (115 (Lirrsiirn) 0) = 1) = M(Lo,50).(Liir) (P) — 1.

1=0

Let us put degp; = M(L;.5,),(Lis1,5000)(Pi) for i = 0,...,k — 1, and
deg pr = 7(Ly,50),(Lr,5x) (Pk)- Then (3.23) implies that

1+ Z(degpi —1)=degpr — 1.
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We are going to define the matrix elements
(324) <mk(p07 .. )pk—l)vpk>

k—1
€ Hom <® Hom((£:)p;, (Lit1)p; ) Hom((Lo)p, s (Sk)pk)> ®c Anov

=0

when (3.23) is satisfied.

Before defining (3.24), we explain how (3.24) defines my. We recall
that an element of LAG((L;,3;, £:), (Lit1, 8i+1, £i11)) 1, by definition,
a formal sum

Z T)\gj) [’U(J)]
=0

where
v’ € Hom((£:) 0, (Li41),00), P € Li O Liya.

Then we define

mk(vijl), ... ,v,?_’“;l)),

(3.25)  mi(0l,. .. vlE)

1) (Gr—1)
- Z Z T)\ljl Feot AT

J1ye-Jk pe€LoNLy

(o’ o)) () © - @ ulTY),
using (3.24). Now we define (3.24).
Definition 3.26. We define (3.24) by

(3.27) > TR B V=IIME@) o (p(D?) e,
wECMy1(Lo,.-.,Lg;po,.-Pr)

where F, h, € are defined below. First we define FE by

E(g) = /D .

Re E and Im E are its real and imaginary parts, respectively.
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Py,(p4(D?)) ps

P2
Py, (p3(D?))
n
Py, (¢1(D?))
Po
Figure 3.3.

Next we define h. Let v; € Hom((£;)p,, (£i+1)p;). Then

(3.28)  hv(p(O@D*)(vo ® - @ ve_1)
= Py, (¢(0xD?)) o vp_1 0+~ 0 Py, (p(01D?)) o vo.

Here Pg,(p(8;D?%)) : (£:)p, — (£i)p,,, is the parallel transport along
the path (8;D?) of the bundle £; with respect to the connection V.

Finally e, € {£1} is determined by the orientation of
CMyy1(Lo, ..., Li;po,...,px) defined by Theorem 3.20. (See also Re-
mark 3.22.)

Lemma 3.29. (3.27) is an element of Hom((£0)p, » (£k)p, )@ A+ nov-

Lemma 3.27 is a consequence of Gromov compactness theorem. (See
[FOOO] Proposition 5.8 for the proof of a similar statement.) The fol-
lowing lemma is used in the proof of A, formula.

Lemma 3.30. TReEW@V-1ImE@)hg (p(8D?)) depends only on
the homotopy class of p.

Proof. We can prove that Re E(¢) depends only on the homotopy
class of ¢ by using Stokes’ theorem and the fact that L; is a Lagrangian
submanifold. Homotopy independence of eV=1ImE(@)hg(o(dD?)) fol-
lows from the condition that the curvature of V; is 2my/—1B (Condition
(2.1.2)). O

Remark 3.31. We remark that we are working under the
hypothesis L; # L;;11 in this section. In this case we put my = 0.



64 K. Fukaya

We also remark that in this case the coefficient of the operator belongs
to the maximal ideal Ay nov, since the energy of nonconstant pseudo-
holomorphic map is always positive.

Remark 3.32. Theorem 3.2 implies that
CMy (Lo, ..., Lg;po, - .-, pr) has a Kuranishi structure but it is in gen-
eral not true that we can find a generic perturbation using J so that it is a
manifold. So in order to make sense of (3.27) we need to take multivalued
perturbation (multisection) as in [FOn2] and use it to define a fundamen-
tal chain over Q of our moduli space CMgy1(Lo,. .., Lk;po,.--,Pk). In
the situation of (3.27) where the moduli space is of dimension 0, it means
that we need to put multiplicity = +1/integer in place of ¢, € {£1}.

However, in our situation, all of our Lagrangian submanifolds are
semipositive in the sense defined in [FOOO] Chapter 3. Hence by using
normally polynomial sections described in [FOOO] §A3, we can prove
that CMy41(Lo, ..., Le;po, . .., pr) has a fundamental chain over Z. In
other words our operation my, is defined over Az g nov.

R The next task to be carried out might be the proof of A, formula
d o d =0. However the formula

(3.33) Zﬂ:m*(xo, ces Zo 1, My (Tl oo oy T )y Ty -, L) =0

does not holds if we consider only m, with * > 0. In other words we
can not prove Ay, formula when we consider only L;’s with L; # L, 4.
We need to include the case L; = L;4+1 and mg, which is nonzero in the
general case. Namely, for example, we are not able to prove

0= my(ms(zg,1,T2))

+ma(my(z0, 1), T2) + (—1)48 =0+ my, (2o, my (21, 22))
+mz(my(z0), 1, £2) + (—1)98 20T mg (2o, my (21), 22)
+(_1)deg :1:0+1+deg:c1+1m3(1:07x17m1 (m2)),

(3.34)

which is (3.33) in case k = 2, if we consider only m, with * > 0. In place
of (3.34), we will prove

0= my(mz(zo,z1,72))
+mg (my (o, 1), T2) + (—1)48 %0 my (20, ma(21, 22))
+mg(my (), 21, 22) + (—1)4°8 2o+ ms (29, m; (21), Z2)
(3.35) +(—1)desrotltdesaitlmg(zg, 21, my(z2))
+my(mo(1), xo, 1, z2) + (—1)4e8%0+lm, (z, mp(1), 21, z2)
+(_1)degxo+1+deg $1+1m4($0, 501,“10(1)7 .’L‘Q)
+(_1)deg zo+1+degx1+1+deg m2+1m4($0’ x1, T2, mo(1)).
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Here, for example, the element mg(1) which appeared in my(mg(1), zo, =1,
x2) is an element of the Agnov module LAG((Lq, 50, £o), (Lo, S0, £0)).
Thus mg and my in (3.35) are not defined in this section. So we gener-
alize the definition of this section and discuss the case when L; = L;y;
for some ¢, in the next section.

84. Floer homology and A, category III — the operator m, —
the general case —

The discussion of this section is a combination of the argument of
[FOOO] (especially its Chapter 4) and one of the last section. Namely,
in the case when ¢o = - - = ¢pq1 = ¢ = (L, §, £), the operator

my : LAG[1](c,c) ® - - - ® LAG[1](c,c) — LAG[1](c,c)

(k=0,1,...) is the operator of the filtered A, algebra structure con-
structed in [FOOO] Theorem 13.22.

We consider the following situation. Let L(;, j = 1,...,m be La-
grangian submanifolds such that L;y # Ly1). Let £; € Zso. We
put Lo = -+ = Loy = Ly, Loy, = -+ = Leyyez—1 = Ly, -5
szmz—ol g == LZ;’LO ¢;—1 = L(m). We take §;, £; so that

¢; = (Ls, 5i, £) € Oby(LAG(M, Q, st, Lag(M))).

We write also

(4 _ (@)
Sy = Stot-Ali1+j>y L7 = Loot ot 45>

sometimes. We are going to define:
my : LAG[1](co, 1) @ - - @ LAG[1](ck—1,cr) — LAG[1](co, ck)-

(Here k = 0,1....) Note that we defined the graded Ag no, module
ﬁAg[l](Ci, Ci+1) if L; # Liyqin Definition 2.29. But in case L; = L; 41
we need to start with the definition of LAG[1](c;, ciq1). Let us put
L= Ll = Li+1. ‘We have (gi,gi), (§i+17£i+1) on Li, Li+1.

Roughly speaking the graded Ap oy module LAG((L, £;),(L, £iy1))
we are going to define is a singular chain complex with local coefficient
Hom(£;, £;11). (We remark that the curvature of £; coincides with the
curvature of £;11 by (2.2.2). Hence Hom(£;, £;+1) is aflat U(1) bundle.)
But we need to be a bit careful in defining it, so that the definition of my,
which is based on the smooth correspondence, works. (See also [FOOO]
§A1.)
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Let 0 : A? — L be a smooth (singular) simplex. Let (1,0,...,0) €
A? be the base point. We take a trivialization o*£; 22 A% x (£;)s(1,0,...,0)
by using a parallel transport along the o image of the straight line joining
(1,0,...,0) with a given point on A?. A smooth singular simplex with
local coefficient Hom(£;, £;11) is a pair (o, u) such that o : A? — L and
u € Hom((£i)o(1,0,...,0)5 (£i+1)0(1,0,...,0))- We now put:

aiG(C}/Nl.

Here (0;,u;) are smooth singular chain complexes with local coefficient,
>~ is a finite sum, and ~q is defined by a; (03, u;)+a} (04, u) ~1 (04, a;ui+
aju}). We can define a boundary operator 9 on it using a trivialization
0L = A X (£i)0(1,0,...,0)-

We need to divide it further by an appropriate equivalence relation
and then take a countably generated subcomplex, in order to obtain the
chain complex we use. Let us now describe this process.

Let Hom(£;, £;+1)* be the dual bundle of Hom(£;, £,11). We con-
sider the vector bundle Hom(£;, £;11) ® A2(L) on L and let

(41) Sq(L,Hom(Sl,Sz_H)) = {Z a,(ai,ul)

W™ (Hom(&;, £i11) ® AY(L))

be the set of all distribution valued sections of it. Note an element of it
can be identified with a linear map

€ (Hom(&;, £i41)* ® A" (L)) — C

TH(wH/LTAw)

(We assume that L is oriented.) We use this identification to define a
map

by

T : Sq(L; Hom(£;, £i41)) — W™ (Hom(L;, £i41) @ A" 4(L))

by putting

(4.2) / T(oi,ui) Nw = / (us, 0% w),

L Adg
and extending it to a complex linear map in an obvious way. Note that
we used the trivialization o*£; = A? x (Si)J(LO,_N,O) mentioned before
to define the right hand side of (4.2).
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We define an equivalence relation Sg(L;Hom(£;,£;11)) such that
x ~o y if and only if T(z) = T(y). We now put

Sq(L;Hom(Si,SiH)) = Sq(L; Hom(Ei,£i+1))/ ~9 .

Let P be a simplicial complex of dimension ¢ and f : P — L be a
piecewise smooth map. We assume that P has a base point. We assume
that the pull back f* Hom(£;, £;41) is trivial and we fix a trivialization.
Let u be an element of the fiber of f* Hom(£;, £;11) at the base point.
Then, from f and u, we obtain an element of S,(L; Hom(£;, £;41)) in
an obvious way. This element is independent of the subdivision of the
simplicial complex P (as a chain). We denote it by [P, f,u]. Every
element of S, (L; Hom(£;, £;41)) is realized in this way. We remark that,
if we do not divide by the equivalence relation ~s, then the element we
obtain will depend on the subdivision of the simplicial complex P.

We use cohomology rather than homology (since the product struc-
ture is the main issue here). We write

S (L; Hom(£;, £i41)) = Sn_q(L; Hom(&;, £541))-

Next we need to take a countably generated (over C) subcomplex of
S%(L; Hom(£;, £,41)). We recall that we have fixed a countable set of
Lagrangian submanifolds and we assumed that the Lagrangian subman-
ifold part of the objects of our category is always in this set. We next
choose a countably generated subcomplex of £l (L) for each member L
of the countable set of Lagrangian submanifolds we have chosen.

The condition that this subcomplex is assumed to satisty, is rather
delicate and is not mentioned here. (See [FOOO] §A1, §A5.) The reason
we need to choose a countably generated subcomplex is that we need to
use frequently Bair’s category theorem to achieve transversality in vari-
ous situations and in Bair’s category theorem countability is an essential
issue. The transversality here is not only a technical problem but also
is related to many essential points of the story. It is related to the fact
that, for example, the square of delta function is ill-defined, and hence
is also related to the problem of infinity in quantum field theory.

We denote by C9(L; Hom(£;, £;+1)) the countably generated sub-
complex we have chosen. We put

LAGY((L, £), (L, £i41)) = C4(L; Hom(L;, £i41))®cAo,nov-

Here ®c means that we take a completion by using topology induced
by the filtration of Appnoyv. (Note we assumed L; = L;11 = L.) In other
words an element of LAGY((L, £;), (L, £i+1)) is realized by countable
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sum
ZT'\i [P, fi,ui)

where A; — oo. Using the grading of our Lagrangian submanifold,
we shift the degree as follows. Let 3; and 3,17 be two gradings of our
Lagrangian submanifold L. Then, as mentioned in section 2, there exists

a unique integer k such that §;;; = k-§;. Here Z acts on Ijgén as a deck
transformation group. We put

(4.3) k=841 —-§ €Z
Now we define:
Definition 4.4.
LAGU((L,5:,£:), (L, 8541, £iv1))
= C9FE=5) (L Hom (€4, £i41))&cAonov-

We thus defined LAG(c, ¢') in our general situation. We turn to the
definition of our operators my.

Let L(j), Kj, (_] = 1, . ,m), C; = (Lzygugz) (Z = 0, ceey E;n:O KJ) be
as in the beginning of this section. For i with L(;) = L; # Liy1 = Lj41),
we take p; = Py € L(j) N L(j+1) and

v; € Hom((gi)P(g‘)) (S:H—I)P(j))'
For ¢ with L(jy = L; = L;1, we take
Ty = [P'L? fia uz] S Cgi+(§i+l_§i)(L(j); HOIH(SZ', £i+1))~

We are going to define

mz;’;_ol £; ($07 sy Tho—15Vegs Tlo+1y -+« s Llo+L1—15 Veg+Ly 5
(4'5) -'1720+£1717 e 7:I"lo+-'-+(mA1—17
Vet +lm_1) Tlot+Llm_1+1s+ > $l0+"'+zm~1)‘
Hereafter we write (4.5) as m(zo, . . ., Ty +-..+-¢,, ~1), for simplicity. There

are two cases:

(4.6.1) Lm) # Lo)-
(4.6.2) L(my = L(o)-

Case (4.6.1): In this case we take p(m) € L(m) N L(o) and are going to
define the matrix element
<m(x07 ERRX} $€0+--~+£m—1)7p(m)>

(4.7)
€ Hom((250+"'+zm‘1)ll(m)a ('Qo)p(m))'
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P(o)

Figure 4.1.

We need to define (4.7) only in case the degree is correct. Namely in
case

(4.8) D g+ 1)+ Y ((pg) +1) = n(pemy) + 1.

To define (4.7) in case (4.8) is satisfied, we use a moduli space which
is similar to but a bit more complicated than one we used in the last
section. Let us define it now. Let us consider the system

(D%, 2,w©), ... &™), ) such that

(491) ((D27 5)7 (P) € Mm+1(L(O)7 B L(m)ap(1)7 -e- 7p(m))7 where the
right hand side is as in (3.1).

(4.9.2) @0 = (!, ..,wg)_l). wi € 8;D?. Here 8;D? is as in the
last section. ' ] ' )

(4.9.3) Ifi#4 then wzw # wl(,J). ng), e “’2)—1 respects the order of
0;D2. »

The totality of such ((D2,Z;@w(®, ... w™), ) is denoted by

Mm+1(L(0), .. .,L(m);p(l), ce ,p(m);fo, . .,Em).

We divide it by an obvious action of PSL(2;R) and denote the quotient
space by

Mo 1(Loys - - s Lim); P(1)s -+ P(m) €0y - - -5 &)
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We can compactify it by using the notion of stable maps. (See [FOOO]
§3 for its definition in the case Riemann surface has a boundary.) We
denote the compactification by

CMupg1(Loy, - - Lim); PA)s - - - > P(m); €05 - - - bm)-
We define evaluation maps
ev = (é’v(o), e ,é’v(m)), evld) = (ev&j), ... ,evg)_l),
such that

gv(]) : CMm+1(L(O)7 T aL(m))p(l)a v ap(m);‘€07 ce 7€m) - L(])_

is
&P [(D2, 20, ..., ™), ¢] = p(w).
We consider the fiber product

CMm+1(L(O)7 o 7L(m)7p(1)1 R ap(m);EOa v azm)
£;—1

(4.10)
&v X fu H H PZO+"‘+Zj~1+i'
j i=1

Now we have:

Lemma 4.11. If (4.8) is satisfied then (4.10) has a Kuranishi
structure of dimension 0. The choice of relative spin structure on Lj
and the choices of the orientations of the index virtual bundle of (3.8.7),
determine an orientation of (4.10) in a canonical way.

Proof. The proof of Lemma 4.11 is a straight forward combination
of the argument of [FOOQ] Chapters 5, 6 and one in the last section.
We remark that to prove Lemma 4.11 we need to restrict the chains P;
so that only countably many of them are studied, since we need to use
Bair’s category theorem to prove Lemma 4.11.

We need to choose the orientation by modifying the fiber product
orientation in a way combining [FOOO] Chapter 6 and (3.21) as follows:

We remark that each P; is regarded as a cochain rather than a
chain. This means that we coorient it. Namely for each z € P; such
that f; : P, — L (f; is the map defining P; as a differential form valued
distribution) is an immersion at z, we have an orientation of the normal
bundle Ny, g fi(F;).

For each marked point z; we define E; as follows. If L; # L;4+1 then
we define E; as in (3.21) namely it is the index of (3.8.i). In case L; #
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L;41, then z; corresponds to some Fy. Then we put E; = Ny () f; (P;)
here f;(z) = ¢(z;). Then (3.21) holds. So we define an orientation by
(3.22). O

Now to define the matrix element (4.7), we need to define a weight.
We put

E((D?, 2w, ... &™), o) :/DZ 0w,

Then the “absolute value” of the weight we put is T (D%2@ ... 5™ )

We next are going to define the “phase factor”
H((D?* 2d,...,d"™), 0);d,7)
€ Hom((220+ Al —1)p(m)7 (EU)P(M))

Here @ denotes the totality of u; € Hom((£;)g,, (£i+1)q,) here g; is the
image by f; of the base point of P;, and ¥’ denotes the totality of v; €

Hom((£:)p,,, (Lit1)p;,)- We put
o = { w; if Ly = Liya,
CT O v if Ly # Liga.
Now we put
Py (p(0D%)
= Pogn ., (¢00sr 0, D)) oasm 4,-10--0ay0 Py, (p(01D%).
We remark here that we use the trivialization of f* Hom(£;, £,+1) to

regard u; as an element of Hom((£;) «,(Li+1),») where £ + -+ +

¢;_1 + 14 =4i. (A priori, u; is a homomorphism between the fibers at

qi = fi(]-)oa e 70))

Now we define
H((D?,2,w?,...,w"™), ¢); i, 7)
= exp (2%\/—1/ ap*B) Py (¢(8D?)).
DZ

Definition 4.12. We assume that (4.6.1) and (4.8) are satisfied.
Then we define the matrix element (4.7) by

Z ¢, TE(D* 5T @, 5™),0)
(4.13)  ((D2,25©,... B0™),p)e(4.10)
H(((D27 57 "D’(o)a e 7“7(m))) 90)7 ﬁ"a 17)
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Here ¢, = =+1 is determined by the orientation of the moduli space
(4.10).

It is a consequence of Gromov compactness that (4.13) is an element
of ‘

Hom((sfo-‘r- -l —1 );D(m) s (’Q‘O)p(m) )®AHOV'

We thus defined the operator my in Case (4.6.1).

Case (4.6.2): This case is similar to the case of (4.6.1) and we proceed
as follows.
Let us define a moduli space

Mini1(L(oys - s Lim); P@ys - - - » Pim—1); €05 - - -5 €m)

as follows. We have p(;) € L(;yNL(;41) for j =0,...,m—1. We consider
the system ((D?, 2;w©, ..., @™, u), p) such that
(4.14.1) PutZ= (20,...,%m), 2= = (20,--,2m—1). Then ((D?%,(22)), 9)
€ Mu(Loys--+> Lim); P(1)» - - -1 Pm—1))- Where the right hand side is as
in (3.1).
(4.14.2) @V = (ng), o ,wéj:)_l). wl(j) € 9;D%. Here 9;D? is as in the
last section. ’
(4.14.3) If ¢ # ¢/ then ng) # wg,j). ng), - ,wg)_l respects the order of
9;D?,

Figure 4.2.
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L,

-

Ly

L. \ Loy

Ly

Figure 4.3.

We split this moduli space according to the homotopy type of the
map . We denote a homotopy class by 8 and let

Mo 1(8; Loy, - - s Lm); P1ys - -+ Pem—1); €05 - - - Im)

be the corresponding component of the moduli space. We define an
evaluation map

o (4 £;—
&t CMuns1(B; Loy, - - - » Limyi P(1)s - - > Plam—1): £0s - - - » bm) — L, '
in a way similar to the case (4.6.1). Using it we define the fiber product.

Ms(Pys - -« Pm—1); Prs- -, Psoy)

= CMumi1(B5 L0y, - -+ Lm); P1)s - - -2 Pm—1)3 405 - - - > €m)
(4.15) £;—1

&v X f. H H P€O+“'+Zj41+i'
7 i=1

We also define another evaluation map at the remaining mark point z,,.
Namely we define

ev : CMumi1(85 Leoys - - > Lim)i P(1ys - - - s P(m—1)5 €05 - - - €m) = Li(m)
= L)

by

ev((D?, ;w0 .., w™ ), ) = p(zm).
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It induces
ev: Ma(py, - -+ Pm-1: Prr---, Por,) = Loo)-
Now we put

Z TE(D? 25, w™),0p)

B
(4.16) H(((D?, 2,0, ..., @), pp); i@, 7)

evs[Ms(p1ys - -+ Pm—1); P1,-- - Pse;)),
where ¢g is a map with homotopy class 5. (4.16) is an element of
€9+ =% (L; Hom(L0), L(m)))-
(g=4to+---+ £y —1.) We define
m(Zo, ..., Togt-tl—1) = (4.16).

Now we have:

Theorem 4.17. The operation my defined above satisfies Ao
relations.

Since the detail of the definition of module of morphisms and op-
erations are already discussed, the proof of Theorem 4.17 is in fact a
straight forward generalization of the argument of [FOOOQ] and one of
[Ful], [Fu4]. So we do not repeat it. The main idea is that the degen-
eration of elements of My, can be described as in the Figure 4.3 and
they correspond to the terms in the A, formula.

§5. Unit and Homotopy unit

We have thus constructed operations m; which satisfy the A,
relations. To complete the construction of our filtered A, category
LAG(M,w) we need to construct a unit. There is a delicate prob-
lem related to transversality to construct a unit of our A, category
LAG(M,w). This problem is solved in [FOOO] §20. We discuss an
outline of it here (together with its slight generalization. Namely we
generalize from the case A, algebra discussed in [FOOO] to A. cate-
gory).

Let (L, 5, £) be an object of LAG(M,w). Then, by definition, the
module of morphisms, LAG((L, 5, £), (L, §, £)) is a subcomplex of the de-
Rham complex W~°(L; C ® A*(L)) of distribution valued forms, since
Hom(£, £) together with its connection is trivial. Then1 € W=°(L; C®
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A°(L)) is an element of LAG®((L, 5, £),(L,3, £)). Actually 1 is the el-
ement corresponding to the fundamental chain [L] by our identification
(4.2), the Poincaré duality. So we write [L] rather than 1.

“Theorem 5.173, [L] is a unit of our filtered A, category
LAG(M,w).

“Proof”*.  'We need to show
(5.2) mg(z1,. .., i1, (L], Tiz1y- - Tk) =0
for k > 2. We also need to show
(5.3) m([L) =0, (~1)%*E°my([L],z)=mq(e,[L]) = z.

(5.3) can be “proved” in a way similar to (5.2). So we explain the
idea of the “proof” of (5.2). There are two cases to study. Namely
the transversal case (which corresponds §3) and the nontransversal case
(which corresponds to §4). Actually the general case is a mixture. In the
case when Ly = - -+ = Ly, the argument is explained in detail in [FOOO]
Chapter 5 (and is outlined in [FOOO] Chapter 2 section 7). So we
restrict ourselves to the following special case. Suppose we have mutually
transversal three Lagrangian submanifolds Lo, L1, Ls. We put L3 = L.
We also assume £3 = £5. Let p; € L;NL;y1,1=0,1and let po € LiNL,.
Let u; € Hom(&;, £i41)p;, ¢ = 0, 1 and uy € Hom(Lo, £2)p,. We want
to show that the matrix element

(5.4) (m3((po, uo), (p1,v1), [L2]), (P2, u2))

is zero. (This is a part of Formula (5.2) to be shown.) We recall that
the matrix element (5.4) is defined as follows. We consider the set of
(¢, (20, 21, 22), w) such that the following holds:
(5.5.1) ¢ : D% — M is a pseudoholomorphic map.
(5.5.2) 20, 21, w, z2 € OD?. And they are in this order, with respect
to the usual cyclic orientation on D2,
(5.5.3) ¢(%0,21) € L1, ¢(71,22) € L2, ¢(22,%0) € Lo.

We divide the set of all such (i, (20,21,22),w) by an obvious
PSL(2;R) action and let

M3 (Lo, Ly, L2; po, p1,p2;0,0,1)

3We put this statement in the quote since it is not correct as it is stated.
We will state a precise theorem later (Theorem 5.13).

4We put proof in the quote since it contains a gap. The correct proof
of the theorem will be explained later. We need to go into the detail of the
framework of Kuranishi structure to make it precise.
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be the quotient space. (This definition is a special case of the definition in
the last section.) We compactify it to CM3(Lo, L1, L2; po,p1,02;0,0,1).
We define an evaluation map

ev : CM3(Lo, L1, L2; po, p1,p2;0,0,1) — Ly
by
€U((p, (20)217‘32)’7”) = <p('w)

Now, by definition, the matrix element (5.4) is given by the order counted
with sign of the (finite) set

(5.6) CM3(Lo, L1, L2; po, p1,p2;0,0,1) X1, La,

in the case when the moduli space and the fiber product is transversal
and the virtual dimension of (5.6) is zero. We need to show that this
number is zero.

To “prove” it we consider the moduli space

CMs3(Lo, L1, La; po, p1, p2) = CM3(Lo, L1, L2; po, p1, p2; 0,0,0)

defined in section 3. This moduli space consists of isomorphism classes
of (o, (20, 21, 22)) satislying the same conditions as (5.5). So we can
define a map

(6.7) m: CMs(Lo, L1, L2;po, p1,p2;0,0,1) — CMs3(Lo, L1, La; po, p1, p2)
by
77'((,0, (ZO)Zl-;ZQ)aw) = ((p,(20,21,22)).

It is easy to see that the fiber of the map (5.7) is one dimensional and
is parametrized by the position of w € papg.
It follows that

Virdim CMs(Lo, L1, L2; po, p1, p2; 0,0, 1)
= Virdim CM3(Lg, L1, L2; po, p1,p2) + 1.

One the other hand, by the definition of fiber product and virtual di-
mension, we have, in general

Virdim A x g C = Virdim A + Virdim C — Virdim B.
Hence

Virdim CM3(Lo, L1, L2; po, p1,p2;0,0,1) X1, Lo
= Virdim CM3(Lg, L1, L2; po, p1,92;0,0,1).
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We are studying the case when the virtual dimension of (5.6) is zero.
Therefore we have

(58) ViI‘dimCMg(Lo,Ll,Lg;po,phpQ) = —1.
(5.8) implies that (if everything is transversal then)

CM3(L07 L17 L2§P07P1ap2)

is empty. Hence CM3(Lo, L1, L2; po, p1,p2; 0,0, 1) is also empty.

Thus we are done ? a

Actually there is a gap in the above argument. (5.8) implies that the
space CM3s (Lo, L1, L2; po, p1,p2) is empty, only in case it is transversal.
Using the theory of Kuranishi structure and multivalued perturbation,
we can always make it transversal. However the trouble is whether we
can make this perturbation to be compatible with the map 7 in (5.7).
Namely if we take a perturbation compatible with (5.7), then it is not
consistent with other maps we mention below.

The boundary of moduli spaces

CMm(L07- .- 7Lm;p(0)7~ .. ’p(m);ela e 7€m)

can be described by products of similar moduli spaces (but with smaller
m or £;). This consistency is essential to show A, formula, Theorem
4.17. Tt is possible to make the perturbations consistent with this iden-
tification of the boundary to other moduli spaces. However, we cannot
find, in general, a perturbation which is compatible to both. Namely
in general there is no perturbation which is compatible with 7 and the
identification of the boundary of the moduli space with the product of
the other moduli spaces.

This problem looks rather technical. But it is quite delicate and es-
sential point. It is explained in detail in [FOOO] Chapter 5 and is solved
there. In [FOOO], the case we have only one Lagrangian submanifold is
discussed. But the general case is completely parallel. So we only give
a statement here.

To state the precise version of “Theorem 5.17 ) we need to introduce
a notion of homotopy unit. To explain it, let us start with a geometric
model of this notion. We first review the following well know notion in
topology.

Definition 5.9. An H-spaceis a space X withamapp: X x X —
X and a base point e € X such that p(z,e) = p(e, z) = .

Homotopy H space is (X, p, e) such that the restrictions of p to {e} x
X =2 X and to X x {e} &2 X are homotopic to identity.
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Lemma 5.10. Homotopy H space is homotopy equivalent to an
H space.

Proof. Let us consider X U [0,1] and identify 0 with e. We get a
space X which is obviously homotopy equivalent to X. By assumption
there exists a homotopies

H:Xx[0,1]—-X, H,:Xx[0,1]—>X
such that
Hy(z,0) = ple,z), Hq(z,0)=p(z,e), H(z,1)=H. (z,1) ==z
We extend p to X, x X by putting
p(t,z) = Hi(z,t), p(x,t) = H.(x,1).
Then (X, ,p,1) is an H space. O

Now we translate the definition of X in the proof above into the
algebraic language and define homotopy unit as follows. Let C be an
Ao category without unit. Let

e. € CO(c, c)
be elements. We define
Cle,c)y =C(c,c) ®R-e.t DR,
such that dege,; =0, degf, = —1. We extend m; to C(c,c) by
mi{f.) = ey —e,
mi(ecy) = 0.
We put C{¢, ') = C(e, ¢’). We then define BC, as in §1.

Definition 5.11. We say that e, is a homotopy unit if we can
extend my to BCy so that it will become an A, category with unit e.y.

We remark that, by the definition of unit, the extension of my, to BC+
is automatically determined in the case e.y is included in the formula.
So to extend my we only need to define

(512) mk(xl,h-"a$17417fC7$271,...,51,‘2’22’

9 fC? m3,1) ey xmfl,ém,p f67 xm,ly ey mm,lm)7

where k = 3" (¢; + 1) — 1. We can write down the equation they are
supposed to satisfy by rewriting A, formula. See [FOOO] §20 for such
a formula.
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We can define a notion of homotopy unit of filtered A, category in
the same way. Now we have:

Theorem 5.13. [L] is a homotopy unit of LAG(M,w).

The proof is a straight forward generalization of the argument in
[FOOO)] §20. So we discuss it only very briefly. As we mentioned above,
the reason that [L] fails to be a unit (or in other words the reason (5.2)
can be nonzero) is that the perturbation is not compatible with maps
(5.7) (and its analogues). Let us restrict ourselves to the case of (5.4).

On the other hand, we can find another perturbation so that it is
compatible with 7 but is not compatible with other operations. We now
choose these two perturbations and take a homotopy between them. We
now have a moduli space using this one parameter family of perturba-
tions. Taking its fundamental chain (or counting its order with sign) we
obtain a matrix element

(m3((po,uo), (P1,u1),fiL,)), (D2, u2)) -

The other operations in (5.12) can be defined in a similar way.

Using Theorem 5.13 we can modify our filtered A., category
LAG(M,w), (which has only a homotopy unit) so that it has an (ex-
act) unit. From now one, we write LAG(M,w) for this modified one.

Chapter 2: Homological algebra of A, category

86. Twisted complex and derived A,, category

We have constructed our main example in §2 ~ §5. So we go back
to the continuation of Section 1 and further study algebraic formalism.
In this section we follow Bondal-Kapranov [BoK] and Kontsevich [Kol]
(see also [Fu7] §16), to define twisted complex and derived A, category.

In the case of abelian category, its derived category C is constructed
in the following way. First, we consider the category CC of chain complex
of objects of C. We then consider the weak equivalence between objects
of CC. (Weak equivalence is a chain map which induces an isomorphism
in cohomology.) We divide our category CC by weak equivalence and
obtain DC. The category DC is not an abelian category, but has an op-
eration which is an algebraic version of the construction of the mapping
cone (in topology). This construction of mapping cone gives a notion of
distinguished triple on DC. Then DC will become a triangulated cate-
gory. (See [GM], [KaS], [Ha| etc. for detail.)

To generalize this construction to A, category, we need to generalize
the notion of chain complex (of elements of C) to twisted complex.



80 K. Fukaya

Remark 6.1. The twisted complex is defined by Bondal-Kapranov
[BoK] in the case when my, = 0 for k > 3. Kontsevitch [Kol] mentioned
its generalization to A, category and suggested its application to mirror
symmetry. The twisted complex was also applied in [Fu7] to mirror
symmetry. (The author learned some part of the contents of this section
from P. Seidel’s talks and papers [Se2], [Se3].)

Let C be an A, category. We first increase the objects of it a bit in
the following way. Let ¢ be an object of C and k be an integer. We add
an object c[k] and put

(6.2) C(d[),clk]) =C(c,c)[¢ — k.
We add all of c[k] and define mj, as follows. Let
z; € CIeEmi—Rimithi(e, | oe). 2 CIB T (op_y [k, cilks).

We write s*z; when we regard it as an element of C4°8 % (¢;_1 [k;_1],ci[k:]),
and write z; when we regard it as an element of Cde8®itki—ki-1(c, | ¢)).
Now we put

(6.3) mp(s*zy,...,8%z;) = (—DFs*my (e, ..., zx).
Then we have
Z (_1)degs*z1+-~+degs*z¢_1+£—1
1<b<m<k

Wit (87T, o, My g1 (87 Te, ., 8™ Tm), -, 8 Tk)
_ § (_1)degw1+~~~+degm¢_1+2~ko+keq—1

1<e<m<k
Mpemtet1 (85T1, Moy 1(8% e, o0, 8% T0), ..., 8 T)
— Z (_‘l)degz1+~~-+degwg_1+l~1
1<t<m<k
S*(Mp—mtetr1 (@1, oy M1 (Tey ooy )y - -+ TE))

= 0.

Thus A, formula holds.
We add more objects to C as follows. Let us consider formally the

direct sum ¢1 @ - - - @ ¢ and regard it as an object of our A, category.
We then define

m
Cle @ Denc @) = PEPClec)).

=1 j=1
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We define operations my in an obvious way.

From now on, we always extend the set of objects of Ay, category
in this way. Then, for any objects ¢, ¢, we have c[k] and ¢ & ¢’. The
object ¢ @ ¢’ is the direct sum in the sense of additive category.

Actually in our main example, the object c[k] exists already since it
corresponds to the same Lagrangian submanifold, U(1) bundle, etc. as
¢ but with different grading 3.

On the other hand, the direct sum c® ¢ (already) exists if ¢ and ¢/
correspond to Lagrangian submanifolds I, L’ such that LN L' = §. In
this case, ¢ @ ¢’ corresponds L U L’ together with line bundle, framing,
relative spin structure induced ones from ¢ and ¢'.

However, in case L N L' # @, the disjoint union L U L’ is not an
embedded Lagrangian submanifold and hence is not an objects of our
Ao category. (If we include immersed Lagrangian submanifold as an
objects, then again ¢ @ ¢’ will be included (geometrically).) Here we
simply add ¢ ® ¢’ formally.

Now we start the construction of twisted complex and derived A,
category. Let ky < k3 be integers. We consider a finitely many objects
ci € Ob6(C), (i = k1,...,k2) and elements

@iy € C[1°(cili], ¢5l3]) 2 € (e, ¢)
for each ¢ < j.

Definition 6.4. We say (ck,,...,Ck,; (25 5)) is a twisted complex
if for each ¢ < j, the equation:

(6.5) Z Z mm(xgo’gl,...,xgm_hgm) =0
m>1i=Lo <o <l =3
is satisfied. The set of all twisted complex is denoted by Ob(DC).
Example 6.6. If z; ; =0 for j# ¢+ 1 then (6.5) is

(6.7.1) Mo(Ti 541, Tig1,i42) = 0,
(6.7.2) my(zii11) = 0.

(6.7.2) implies that x; ;11 is a cocycle. Since my is the composition of
morphisms (upto sign), (6.7.1) implies that

Thky,ky+1 Tha—1,ky

0—c¢ ¢, — 0
kl 2

is a chain complex in our additive category C. (Note degxz; ;11 = 0 if we
regard it as an element of C(c;, ¢;+1) (and not of C(¢;i], ciy1[t + 1])).
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We are going to show that twisted complex consist a triangulated
category. (See [GM], [Ha], [KaS] for the definition of triangulated cate-

gory.)
We first define an additive category whose object is a twisted com-

plex. Let ¢ = (cgcll),_.., ,(612) (x (1))) c?@ = (0(2) e, ,(622) (z (2))) be
twisted complexes. We first define a morphism between them. VVe put

(68) CF(e™,e®) = Pl & 14).
1,J
We define a boundary operator m; on it by
y(yi;) = (2i4)

where

ae Y% >

i<a<b<jmi>1,ma>1 i=z81)<,..<e§,{)l :a<b=e(()2)<‘..<eg)2 =5

m $(3)><> ()) ()ybw(?) @ w?) 2
m 1 1) 1 1) » Ja,by 2 PRI 2 2 .
e0 ’Zl inl 1’["”1 eD )’Zl £m2—17[m2

Lemma 6.9. m;om; =0.

Since the formulas which we need to prove Lemma 6.9 are rather
long, we develop some notations before starting calculation. We define

x(") e B[1)°(ctV i), P [])

by

1 1 1
( ) = Z Z x£07)£1 Q- ®x§7r3—lyem'

m>1i=Ly< <L,
Then (6.5) is
(6.10) m(x)) = mx{?) = 0.

Here and hereafter m : BC[1] — B;C[1] is the operation which is my on
BiC[1]. The definition of t is rewritten as

(6.11) zj= Y mxl) @ yap ®xp)).
i<a<b<j

We may further simplify the notation as follows. We consider BC[1] and
define a product e on it as follows. Let x € BC[1](a,b), y € BC[1](c,d),
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Then:

Koy — x®y ifb=c,
y= 0 if not.

We put
Kipx = E :xi,j, Xij = E Xijr K = E :Xi,j-
J i iJ

We define ¥ «, Ys j, Ys vy % %) Z,js 2« i & similar way. Then (6.10) is
equivalent to :

(6.12) d(x) = d(x) = 0.
(6.11) can be written as
(6.13) Zow = m(x) 0y, 0 xZ)).
Proof of Lemma 6.9. We have
iy (M (ys,5)) = (wij)
where
(1) 1) (2) (2))

Wy x = m(x*,* L4 m(x*,* ® Yy ® x*,*) ® Xy x)-

1

(Here we assumed ¢; # c; for ¢ # j for simplicity.) Note the degree of
x; ; are all zero (after shifted). Hence A, formula implies

m(x{) e m(x{) ey . e x{2)) 0 x{2))
Fm(d(e) @y, 0 0) + (“1)TE G 0 g 0 d(xi2)) = 0
The second and the third terms vanish by (6.10). The lemma follows. O

Definition 6.14. We say an element of C(c(!),c(?) a morphism
wn DC. Tt is said to be a closed morphism if it is iy closed. We also put:

DC(cM,c®) = H*(C(cW,cP);1y).
We next define (higher) compositions:
(6.15) My C(c(o), MNg-..@ C(c(’“‘l),c(k)) N C(C(O)’ c(k))
by

6.16)  mk(y, ..o = mxQ ey ex{ ey 0 x)).
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Theorem 6.17. We have an A, category DC such that the set
of objects is Ob(DC), the set of morphisms is given by (6.8), and the
operations are given by (6.16).

Proof. We are only to check the A, formula. The proof of it is
quite similar to the proof of Lemma 6.9 and is left to the reader. O

We next are going to define the mapping cone in our category DC.
For this purpose, we introduce a systematic way to associate an object of
DC to each object of DDC. (More precisely we can define an A, functor
DDC — DC. See the next section for the definition of A, functor.)

Let c®) = ((cgk);i eIk, (scgkj))) be a twisted complex, where k € I.
(I, I* be subsets of Z of the form {a,a+ 1,a +2,...,b}.) Let

y®&™ e (DE)[1)°(c®[k], ™ [n)) @c 1°(cSP [k + £, ¢ [n + m)).

We write its C[I]O(cl({k) [k + 2], [n + m]) component by y(k )

We assume ¢ = ((c®);k € I), (y*™)) is a twisted complex of the
Ao category DC. We are going to construct an object |c| of DC. The
construction is an analogy of the construction of double complex.

We put

(6.18) i = € .

k+0=i

Let i < j. We are going to define z; ; € C°[1](|c|;[d], |¢|;[5]). Let k, £, m,n
be integers such that kK + ¢ = i, m 4+ n = j. We define Rl "), the

1,3
C (02'“),c5n)) component of z; ; by:

yékn?) ifk<n

(k(mn)

(6.19) 2%

Tem fk=ndl<m
0 otherwise.

Lemma 6.20. |[¢| = (|c|;, 2:,;) is a twisted complex.

Proof. The condition (6.5) for |¢| reduces to the condition (6.5) for
¢ and ones for c;. O

Suppose we have two twisted complexes ¢, ¢’ and y € C%c,c') =
C[1]%(c[-1],¢’), be a closed morphism. We put ¢_; = ¢ and co = c'.
Then (c_1,cp;y) is an object of DDC. Hence |¢_1,¢p;y]| is an object
of DC. We call it the mapping cone of y : ¢ — ¢’ and write it as
Cone(c, c’;y).
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Lemma 6.21. There exists T : ¢’ — Cone(c,c’;y), J : Cone(c,c’;y)
— ¢[1] such that, for any twisted complez b, we have a long exact se-
quence

H*(DC(b, C)? ml) H*(DC(b, cl)aml)
H*(DC(b, Cone(c,c’;y)), m1)
H*(DC(b,c[1]),m;)

H*(DC(b,c[1]),my) — - -

& s s &

Here Ry is induced by the right multplication by y.
Proof. We remark that

! /
Cone(c,c’;y); = cip1 ® c;.

Hence we can define 7 as an inclusion ¢, — ¢;+1 @ ¢, = Cone(c, c’;y);-
And we define J as a projection Cone(c,¢’;y); 2 cip1 Bt — cipp. Lt is
easy to see that 7 and J are morphisms in DC. By definition we have
an exact sequence of chain complex

0 — (DC(b,c’),my) = (DC(b, Cone(c, c’;y)),my)
% (DC(b, e[t]), m1) — 0.

By definition, the operator H*(DC(b,c),m;) — H*(DC(b,c’),my) of
the associated long exact sequence is Ry . O

So far we defined a notion corresponding to chain complex and to
mapping cone, in the case of A, category. Usually to construct the
derived category from the category of chain complex, we need to divide it
by weak equivalence. We define a similar notion, homotopy equivalence
between two objects of Ay, category.

Definition 6.22. Let C be an A, category and ¢, ¢’ € Ob(C). Let
z € C%c,c’). We say that = is a homotopy equivalence if there exists
y € C%(c, ¢) such that
(6.23.1) my(z) =my(y) =0.
(6.23.2) my(y,x) —e. € Immy, my(z,y) — er € Immy.

Two objects ¢, ¢’ € Ob(C) are said to be homotopy equivalent to each
other if there exists a homotopy equivalence between them.

Lemma 6.24. Let ¢, € Db(C), z € C%c, ') with my(z) = 0.
Then the following five conditions are equivalent to each other.

(6.25.1) =z is a homotopy equivalence.
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(6.25.2) For each b € Db(C) the map R, : C(b,c) — C(b,c), z
ma(z, z) induces an isomorphism on homology.
(6.25.3) The map R, : C(,c) — C(c, ) induces a surjection on ho-
mology and Ry : C(c,c) — C(c, ) induces an injection on homology.
(6.25.4) For each b € Ob(C) the map L, : C(c,b) — C(c,b), z —
ma(z, z) induces an isomorphism on homology.
(6.25.5) The map L, : C(c',¢) — C(c, ¢) induces a surjection on homol-
ogy and L : C(c', ) — Clc, ') induces an injection on homology.
Proof. (6.25.1)=(6.25.2): m;(z) = 0 together with A, formulae
implies that R is a chain map. Let y be as in (6.23). Then it is easy to
see that R, o R,, R, o R, induces identity in homology. (6.25.2) follows.
(6.25.2)=(6.25.3): Obvious.
(6.25.3)=-(6.25.1): By (6.25.3) there exists y such that my(y,z) —er €
Imm;. Hence

my(ma(z,y),z) = —(—1)%% *my(z, my(y,x)) mod Imm,

(_1)degzm2(x7 ec’) mod Imm1

z mod Imm,

i

ma(e.,z) mod Immy.

Hence ma(z,y) = e, mod Imm;.
The proof of equivalence between (6.25.1), (6.25.4), (6.25.5) is sim-
ilar. O

Lemma 6.24 implies that the composition of homotopy equivalences
is a homotopy equivalence.

We define a category DC as follows. (It is a category in the usual
sense and is an additive category.) Its object is a homotopy equivalence
class of the objects of Ay, category DC. Morphism between them is
defined by Definition 6.14. By (6.25.2), (6.25.4), a homotopy equivalence
induces an isomorphism on Hom(c™),¢(®)) in Definition 6.14 hence the
set of morphisms is well defined. The composition of the morphisms is
induced by my. The A, formula implies that the composition in the
homology level is (exactly) associative.

(Actually to perform this construction in a rigorous way we need to
define and use a notion of quotient category. Since it is standard we do
not discuss it. See for example [GM], [KaS].)

We next define distinguished triangles in DC and prove that DC
will be a triangulated category. We use the notion of mapping cone for
this purpose. To do so, we need to show that the homotopy equiva-
lence classes of Cone(c™), c¢(?);y) depends only of the homotopy class of
(c™,c?;y). More precisely we prove the following,
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Lemma 6.26. Let u; € DC(cM, /M), uy € DC(c@, /@) be
homotopy equivalences. We assume mo(uy,y’) — ma(y,uz) € Imm;.
Then Cone(cV),c®;y) is homotopy equivalent to Cone(c'V,c/®);y’)
in the Ass category DC.

Proof. We put
ma(uy, y') — ma(y, u2) = my(2).
Then (uy,ug,z) defines a closed morphism
DC((cV,c®sy), (¢, s y")).
Hence we have a closed morphism
(6.27) Cone(cV,c®;y) — Cone(c'™, /?;y").
- Then we obtain a commutative diagram:

y
cW —p () m— Cone(cM), c?);y)

} ! |

/

ey s O — Cone(c'™, /@, y")

Diagram 6.1.

comparing exact sequences in Lemma 6.21. Then Lemma 6.21 and five
lemma implies that (6.27) induces an isomorphism

DC(b, Cone(cM, ¢?;y)) = DC(b, Cone(c'V, ¢/P; y'))
for any b. The lemma now follows from Lemma 6.24. a

Using Lemma 6.26 we can define a notion of distinguished triangle
in DC as follows.

Definition 6.28.
[c] — [¢®] = [Cone(c™, c®;y)] — [cM[1]]
is said to be a distinguished triangle.

Theorem 6.29. DC is a triangulated category.
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@ @ L -— -@
Figure 6.1.
-0
Figure 6.2.

We omit the proof, which is rather a straightforward check of the
axiom.

Definition 6.30. DDC is called the derived Ao category of our Ay
category C.

In case we start with filtered Ao, category C we first construct an A
category as in Definition 1.14 and then construct derived A, category.
We call it also the derived Ao, category of C and write it also as DC.

Note that the objects of derived A, category of a filtered A, cat-
egory C can be regarded as ¢ = ((¢;51 € {k1,k1 +1,...,k2}), (z (k))).
But, in this case, x;; may be nonzero, (z;; should be in C[1]° (c,,cz)
and moreover x; ; € UxsoF*C[1]%(c;, ¢;).) x; ; is supposed to satisfy an
equation

(631) Z Z My xfo,fn ey xem—lyzm) = 07

meO’ 7m

which is similar to (6.5). However, in (6.31), m = 0,1,...,, {g < {3 <
- < £p,. (Namely the case ¢; = £; 11 is included.) Actually, in the case
bo=---=4L, =¥ (6.31) is

m(e®4t) =0,

that is the definition z¢ ¢ to be a bounding chain.

An element ¢ = ({¢;;¢ € {k1, k1 +1,...,k2}), (z* by )i < j)) can be
described by Figure 6.1 above. On the other hand, an element ({(¢;;4 €
{k1, k1 +1,... k2}), (x(k-)'i < 7)) can be described by Figure 6.2 above.

2,3
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§7. Ao functor and natural transformation

In sections 6, we consider more general objects than the original
objects (that is the twisted complex) of our A, category C. In this
section, we further generalize it and define a notion, A, functor C —
CH, which was defined in [Fud]| over Zy coefficient. We simplify the
description of [Fud] using Bar complex and also we put here the precise
sign, which was not discussed in {Fu4].

Definition 7.1. Let C;, Co be A, categories. An A, functor F
from C; to Cy is a collection of Fi, k = 1,2, ... such that

(7.2.1) Fo:9b(C1) — O6(C2) is a map.
(722) For C1,C2 S 95(01),
fk(cl, Cg) . Bkcl[l](cl, CQ) s Cz[l](fo(cl),]:o(CQ))
is 'a homomorphism of degree 0.
(7.2.3) We extend Fg(c1,cz) to a coalgebra homomorphism

(73].) .7:(01, Cg) . BCl[l](cl, Cz) incd BCQ[I](fo(Cl),fo(Cz)).

Then F (c1,¢2) is a chain map with respect to the boundary operator d
in Definition 1.1.

Note

.7:-($1®"'®1Ek)
= Z Z Froati-1(To,41 @ - Qxg,) ® -+

m 0=by<ly < b=k
@ Fby by 1Tl 1 ® - R Ty,

Our homomorphism F on ByCy[1] is defined as follows. We remark

R = ¢q,
Bcilllenen) = { o 2%

We put

=« [z ifxe BoCil](c,c),
(7.3.2) Flz) = { 0 ifzxe BgCi [1](c1, c2), €1 # ca-

We next give an example of A, functor, that is a representable
functor. We first define an A, category C'H for this purpose.
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Definition 7.4. ©Db(CH) is the set of (all) chain complexes of free
R nodules®. Let (C,d), (C’,d) € Ob(CH). Then

CH*((C,d),(C',d)) = @ Hompg(C*,C"*).
4

‘We define

7.5.2

mZ(I) y) =

dozx + (_1)degz+1m Od,
(_1)deg$(degy+1)y ox.

We put my =0 for & > 3.

Remark 7.6. The sign in (7.5.2) is the same as one we need
to regard differential graded algebra as an A, algebra. (See Example-
Lemma 1.7.)

Proposition 7.7. CH is an A. category.
Proof. 1t is easy to check m; om; = 0. We calculate

(miomo)(z,y) = (-1t Dioyoy
__I_(_l)deg z+deg y+1(_1)deg z(deg y+1)y oxod
_ (_l)degzdegy+degmdoyom
+( 1)degw(degy+1)+deg y+1y odor
1 (degz+1)(degy+1)y odox

—(-1)
_(_l)dega:eregy(_l)degx(deg y+1)y orxod
—(=1)

148 my (2, my (y)) — ma(ma (), y)-

This implies m o d =0 on By. We next calculate

m2(m2($7 y)7 Z) + (_1>degz+1m2(x’ mZ(y7 Z))
— (_1)degm(degy+1)+(degz+degy)(degz+1)z ° (y ° JJ)

+(_1)deg z+1+deg y(deg 2+1)+deg z(deg y+deg z+1) (Z o y) or
which is the third and the last part of the A, formulae to be checked. O

We next define:

5To avoid Russell paradox in set theory, we fix a sufficiently large set (a
universe) and consider only free R modules contained in this set.
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Definition 7.8. Let C be an A, category. We define its opposite
Ao category C° as follows.

(7.9.1) Db(C°) = Ob(C).

(7.9.2) Let ¢, € Ob(C%) = Ob(C). We put C°(c, ') = C(d, ¢).

(7.9.3) We define (higher) composition operators m$ of C° by:
mz(xl, o ,Ik) = (—1)€mk(xk, ce ,:El),

where

€= Z (degx; + 1)(degz; + 1) + 1.
1<i<j<k

Lemma 7.10. C° is an Ax category.

Proof. First we introduce some notations to simplify the formula.
Weput x=2, Q-+ Q zx € BiC and

(7.11) A" lx =) "xP - @xi™.
Here

A™ =0 (A®1®1)o(A®1)oA.
Let
(7.12.1) degx =degzi +--- +degzg

be the degree of x and
(7.12.2) deg’'x =degxy +---+degzy +k

be its degree after shifted. We use notations (7.11), (7.12.1}, (7.12.2)
frequently for the rest of this article. We put

(7.13.1) xP =z, ® - Quwy,

and

(7.13.2) e(x) = Z (deg z; + 1)(deg z,; + 1).
1<i<j<k

The A, formula for m can be written as

(7.14) S (=1 = (), m(x ), xP) = 0.

a



92 K. Fukaya

We have
(1) (2)),X¢(;,3)) — (_l)e(x((ll))+€(xf12))+e(xf13))+e1(a)

(7.15) m(xe’, m(xg
: me (ng)OP, mo (XSLQ)OP), xt(ll)ol’)7

where e(xgj)) are as in (7.13.2) and
é1(a) = (deg’ x(M) + deg’ x(P) (deg’ xP + 1) + deg’ x(V) deg’ x(3).
We remark that
e(x(Y) + e(xP) + e(xV) + (deg’ x(" + deg’ x()) deg x )
+ deg’ x{V) deg’ x®) = e(x),
and is independent of a. Hence (7.14) and (7.15) imply
Z(_l)deg’ x((l3)°pmo(x((13)op7 mO(ng)op)7 x((ll)op) —0.

a

This is the Ao, formula of m° to be checked. L]

Definition 7.16. Let C be an Ay, category and ¢ € Ob(C). We
construct an A, functor ¢ = Hom(-,¢) : C — CH" as follows.

(7.17.1) F§5(b) = C(b,c). (We take my as the boundary operator.)
(7.17.2)  Fi(za,...,z6)(y) = meya(z1,. .., Tk, y). Here

y € C(b,c),by,...,bpt1 =b € DB(C),x; € C(bi,big1)-
Proposition 7.18. F°¢ is an Ao functor.
Proof. We calculate

m3(F(xM), F(x))
= —(—1)esFE)IN[Ees FO )Ty (F(x@)), F(x(1))
—(—1)(deg F (e D)+ 1) (deg () +1)+ (dog F (xV) +1) deg F(x()
Fxg) 0 F(x?)

= ()P FED) 0 Fx).

We recall my, = 0 for k > 3 in CH. Hence the condition that F is a chain

map is

0= Y (-1)d' =" F(x(V) o F(x)

(7.19) +(=1)%*F(x) omy +my o F(x)
+ ) (=1)%F 0 FD, m(x),xP)).

a
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(We use also m§ = —m; to deduce (7.19).) We plug in y to the right
hand side of (7.19). Then the first term of the right hand side will be

(7.20) 3 (1) = m(x (D, m(x(2, y)).

The second and the third terms of the right hand side will be

(7.21) (—1)%° *m(x, m1 (y)) + m1(m(x,y)).
The fourth term will be
(7.22) 31 = m(x (), m(x (), %, ).

a

(7.20) + (7.21) 4 (7.22) = 0 is the A, formula for m. We thus proved
(7.19). O

We next define a similar but a bit different A, functor Repgy(c) :
C° — CH. (At this stage Repy(c) is just a symbol. We will define Rep,,
in section 9.) For this purpose, we prove the following.

Definition-Lemma 7.23. For each Ay, functor F : C; — Cq, we
can construct its opposite A, functor F° : C? — C3 as follows.

(7.24.1) F§ = Fo.
(7.24.2) F2(x) = (1)) Fy,(x°P). Here we use notation (7.13).

Proof. We need to check

Y S me(Fo(xM), ..., Fo(x))

(7.25) )
= 3 (—1)des’ = Fo(x (D mo(x{P), xP)).

The left hand side of (7.25) is
(7.26) EZ D+ mg(F(xP), ..., F(xDP)).

In a way similar to the proof of Lemma 6.8, we can check that the right
hand side of (7.25) is

(721) YD) F D, mP), x(07).
(7.26) = (7.27) is the condition that F is an A functor. d

In view of (7.24) and (7.17), we can define an A, functor Repy(c) :
C° — CH as follows.
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Definition 7.28.
(7.29.1) Repo(c)o(bo) = C(bo, c).
Let x € BrC°(bo, b) = BiC(bx, bo), y € Repo(c)o(bo) = C(c, bp). Then
(7.29.2) Repy(c)u(x)(y) = (~1) X F°(xP)(y) = (1) @m(x,y).

We next apply the construction of F¢ and Repy(c) to the opposite
Ao category C° and define ¢F, OpRepy(c) as follows.

Definition 7.30. ©“F :C — CH is defined by
(7311) C]'-o(b()) = C(C, bo)
(7.31.2) “Fi(x)(y) = mfy, (x,y) = —(=1) It dE xm, 4 (y, xP),
where x € BkCO(bO,bk) = BkC(bk,bo), RS Cfo(bo) S C(C, bo)

OpRep,(c) : C° — CH? is defined by
(7.32.1)  OpRepy(c)(bo) = C(c, bp).
(7.32.2)  OpRep(x)(y) = (~1)® F (x) (1)

= —(=1)d VB Xmy 5 (y, xP).
It follows from construction that °F and Rep,(c) are A, functors.

Definition 7.33. We say an A, functor : C — CH’, C° — CH,
C — CH, C° — CH? to be representable if it is homotopic to F¢, Repy(c),
¢F and OpRepy(c), respectively. (Homotpy between Ao, functors will
be defined in the next section.)

We next generalize the constructions above to the case when c is
a twisted complex. For this purpose we first define a composition of
two Ay functors. Let Cq, Ca, C3 be Ay, categories and F : C; — Ca,
G : Cy — C3 be A, functors.

Definition 7.34. The composition G o F : C; — C3 is defined as
follows.

(7.35.1) (GoF)o = GooFo
Go F(c1,ca) G(Fo(er), Folea)) o Flew, e2)
(7.35.2) 1 BCi(c,c2) = BC3(Go(Fol(er)), Go(Folez)))-

It is easy to see that the composition is an A, functor.
We remark that there is an obvious A, functor C — DC.

Definition 7.36. Let ¢ be an twisted complex of A, category C.
We then consider the composition

(7.37) c—pctene
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where F€ is defined by applying Definition 6.15 to A, category DC.
We write also F€ the composition (7.37). Similarly we define °F as the
composition

c° — (DC)° Z ene,

where ¢ is a twisted complex of C°. (Actually the twisted complex of
C° can be constructed from one on C by changing the sign of the maps
x;,; appropriately. We leave the reader the problem to find the correct
sign.) We define Repg(c), OpRep,y(c) in a similar way.

Definition 7.38. An A, functor: C — CH°,C° — CH,C — CH,
C° — CH? is said to be derived representable if it is homotopic to F€,
Repy(c), °F, OpRepy(c), respectively.

We next explain that A, functors are natural generalization of the
notion of differential graded modules. Let (A,d,A) be a differential
graded algebra. It defines an A, algebra as in Example-Lemma 1.7.
We write it (A, my, mz). (mg =--- =0.) We may regard it as an A
category A with one object.

Lemma 7.39. Homotopy classes of Ao functors F : A — CH°
such that F, =.0 for k > 2, correspond one to one to the homotopy
equivalence classes of graded differential left module over (A, d, A).

Proof. Let (D,d,-) be a graded differential module over (A,d, A).
We define

Fi(eo) = (D, d).
Here cg is the unique object of A. we define
Fé: A— Hom((D,d),(D,d))
by
Fi(z)(v) = (—1)eerlderrtlp .y,

As in Example-Lemma, 1.7, we can easily check that F¢ is a chain map
and

Fi(ma(z,2")) = F(a') o Fi ().

Hence by putting ]-",‘f =0, k> 1 we find an A* functor F : A — CH°.
The converse can be proved in a similar way. (N

We remark that a representable functor F : A — CH® corresponds
to A itself (regarded as an A module) by Lemma 7.39.
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Definition 7.40. A left Ao, module of an A, algebra C is an Ay,
functor C — CH’. A right Aso module of an A, algebra C is an Ay
functor C — CH.

In a way similar to the proof of Lemma 7.39, we can check that this
definition coincides with one given in [FOOO] §14.

Let C be an A, category and c,c’ be objects of it. There is an
obvious As functor C(c) — C. (Here we regard C(c) an A, algebra,
that is.an A, category with single object c.) We compose it with F <
C — CH and we obtain a left A, C(c) module, which is C(¢,¢) as an R
module. In a similar way, C(c, ¢) has a structure of right C(c¢’) module.
In other words, C(c,c’) is a left C(c) and right C(¢’) bimodule in the
sense defined in [FOOO] §14.

In the case of LAG(M,w), this implies that we have a LAG(L,b),
LAG(L', V') bimodule LAG((L,b), (L',V')). (Here b and b’ are bounding
chains.) This is what is constructed in [FOOO] §14. The homology
of LAG((L,b),(L',b")) is the Floer homology between two Lagrangian
submanifolds.

Remark 7.41. Let X be a scheme over R. We can associate the
following category C(X ), which is an A, category. (Note that it satisfies
mg = 0 for k +# 2, and that my is commutative.)

The object of C(X) is an affine open subsets Uy = Spec(A) C X.
The set of morphisms from Uy to Up is {0} unless Ug C Uy. In the
case Up C Uy, the set of the morphisms C(X)(Uga, Ug) is the ring A. If
Uc CUp CUs then AC B C C. myis defined as A® B — B (the
product of ring B).

A functor from C(X) to the category of R modules can be identified
with a presheaf on X.

We further study relations of A., functor to twisted complex.

Lemma 7.42. Let F : C; — C3 be an A functor. Then there
exists an A® functor DF : DCy — DCy such that the following diagram
commutes.

Sketch of the proof. Let (ck,,...,ck,; (i )) to be a twisted com-
plex of C;. We put

ya,b: E E Fk(mila'-wwik)'
k a=i)<--<ip=b

It is easy to see that (Fo(ck,),...,Fo(ck,); (¥55)) is a twisted complex
of C3. We put



Floer Homology and Mirror Symmetry II 97

F
(1 ——m— C,

L,

DOy =———> DC,
Diagram 7.1.

(DF)o(Ckis -+ -5 Cha; (i) = (Folcry)s - - Folcra ) (¥i5))-
We omit the definition of (DF)g, k > 1. O

Lemma 7.43. There exists an A® functor P : DDF — DF such
that Py(c) = |c|. Here |c| is defined in Lemma 6.20.

The proof is straightforward and is left to the reader.

We now proceed to the definition of an A., category Fun€(Cy,Cs)
whose objects are Ay, functors. (Here C;, Cy are Ay, categories.) This
section is almost the same as [Fu4] §10. However we put signs to every
formula and check the formula with signs. (In [Fud] we worked over Z,.)
The presentation of the proof is improved also.

Let F!, 72 be Aw functors from Cj to Ce. Let a,b € Ob(C1). Let ¢
be an integer. We consider a family of operators

(744)  Ti(a,b) : BxCi[1)(a,b) — C2[1](F5(a), FE (b))

of degree t. (Here k = 1,2,... for a # b and k = 0,1,2,... for a =
b.) We write t — 1 = 0egT, t = deg’T. We use 0eg in place of deg
here to avoid confusion. 0egT will be a degree of T' as a pre natural
transformation as we will define below (Definition 7.49). degTk(a,bd) is

a degree as a homomorphism between graded modules. We remark that
veg'T = deg Ti(a, b). We also remark that, for x € BC[1](a, b), we have

deg’ Tk (a,b)(x) = veg’T + deg’ x = vegT + deg’ x + 1.
For a', ¥ € Db(Cs), let
o pr + BC2[1](a’, V') — Ca[1)(a’, )

be the projection.
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Lemma 7.45.  For each family Ty(a,b) there exists uniquely a
family

T'(a,b) : BCi[1](a, b) — BC[1)(F5(a), 7§ (1)),
of homomorphisms with the following properties.
(7461) 71']:3 (a),]:g(b) e} T(a, b) = Tk(a, b) on BkCl [1](0,, b).
(7.46.2) AoT(a,b) =Y (F'&T(c,b) +T(a,c)@F) o A.
Here & is defined by (A®B)(x,y) = (—1)de8 Bdeg'x A(x) ® B(y). (Note
deg B = deg’ B and deg’ x is the degrees after shifted.)
Proof. Let x € BCy[1](a,b). We use notation (7.11). We define

(7.47)  T(x) =) (~1)deeTdee =V F1(x(V) @ T(x?) @ F3(xP).

a
It is easy to check (7.46). Uniqueness is also easy to show. d

Hereafter we write T etc. in place of Tk (a, b) etc. in case no confusion
can occur.

Lemma 7.48. For each family Ty(a,b) with t = veg'Ti(a,b) =
deg T, there exists a family (6T)k(a,b) such that
T =doT + (-1)"'Tod.
Proof. We calculate
Ao(doT + (—1)* T od)
= (d®1+1&d)oAoT + (1) AoTod
= (d&1+1&d) o (F1&T + TR®F?) 0 A
+(~1)THFRT + T&F?) o (d&1 + 1&d) 0 A
= (F'®doT+ (1) Tod)+ (doT + (—1)'"'T o d)RF?) 0 A.
Lemma 7.48 then follows from Lemma 7.45. O

Definition 7.49. We say a family T as in (7.44), a pre natural
transformation from F' to 2. We let Fun€(F*, F2) be the set of all pre
natural transformations. (It is a graded module over the commutative
ring R we work on.)

We define a boundary operator 9t; = —6 on it by Lemma 7.48.

We say that T is a natural transformation or Ay transformation if
it is 6 closed.
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We remark that deg(T") = deg(To(1)), where Ty(1) € C[1](c, ¢).
We put minus sign in 9; = —§ since we need it to show Theorem
9.1 later.

Corollary 7.50. 6§06 = 0. In other words, (Funb(F!, F2),9M;)
is a chain complex.

Corollary 7.50 is immediate from Lemma 7.45. We use the symbol
9 to denote the operations on Funt(F!, F2) in order to distinguish it
from operations on Cj, Cs.

Remark 7.51. If T is a natural transformation, then
To(a) = Top(a)(1) is a closed morphism in Co(F3(a),F2(a)). (Here
1 € ByC;[1] = the coeflicient ring R.) Moreover we have

ma(T1(a, b)(z), To(b)) = tma(To(a), T1(a,b)(z)) mod Imm;.

for each = € C1(a,b). Thus natural transformation in our sense defines
a natural transformation in the usual sense in homology level.

We next define my, k > 2. Let F%, i =0,..., k be Ao functors from
C; to Cy and T* € Funt(F'~1 F*) be pre natural transformations. We
put ; = deg’T". Let x € B(C;[1]). We consider

A%RHlx = foll) ® - @ xR,

and put
T(x) =
(7.52) cor (70 (DY 71 (1@ k(o (20 2k (2h41)
= D (=1)em (Fo6), TH D), ., THER), P D) )
where
ok 21
(7.53) € = Z E t; deg’ x(9.
j=1 i=1

It is easy to see that T satisfies (7.46.2). Hence we can use it to define
a pre natural transformation T. We also remark that degT =t; 4+ - - %
and is 0eg'T =ty + -+ -t + 1.

Definition 7.54. We put 9 (T%,...,TF) =T.

We remark that 9 is of degree one in the sense of deg’. Namely
we have

Oeg'T = veg/T! + -+ - 4 Deg' T + 1.
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We remark that the overall minus sign in (7.52) will be necessary for
Theorem 9.1 to hold.

Theorem-Definition 7.55. There exists an A, category
Funk(Cy,Cs) such that its object is an A functor : C; — Ca, the set of
morphisms are the set of pre natural transformations, and that (higher)
compositions are defined by Definition 7.54.

Proof. The Ay formula we are going to check is:
0= Z (—1)t1+m+tm‘19ﬁk_g+m(T1, ceey val,

(7.56) 1<m<e<k
Mp—mir (T, T, T, T*)(x),

where t; = deg’T". To prove (7.56), we compare it with

7.57 A .
T3T) (1)@ (mo dy(F0), TH ), ..., THE), A,
where
k 2j—-1
(7.58) €1(a) = Z Z t; deg’ x(.
j=1 =1

The formula (7.57) follows from the Ao formula of C3. We study the
terms appearing in (7.56) and (7.57).

We first study the terms appearing in (7.57). There are two types
of them. One is:
Type 1: Let 1 <m < £ < k. Then we have

m (FO)), T (), .., Ft (),
m (Fmt D), P ),
TN, P ))
FEDE), L THEED), B D))

(7.59)

Here we put

AGD) =Y x M oxG®.
b

For a moment we do not put sign in the formula. We will check the sign
carefully later.
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Type 2: This is an analogue of (7.59) in the case when 1 <m =/{ < k.
That is:

m(FO (=), T (xD)), ..., T (x ™),
(7.60) (i(]}m(xl(lzm-’-l)))’ Terl(X(()‘Zm-i-Z))7
T, P,

Now we turn to the terms appearing in (7.56).
Type 3: This is exactly the same as (7.59).

The other types of terms in (7.56) are the cases when 91; appears.
We remark that 9t appears in (7.56) in case f=m+k—lor{=m
The terms of Types 4, 5 below correspond to the case either £ = m+k—1
and the terms of Type 6 correspond to the case £ = m

Let us first consider the case £ = m + k — 1. We recall

(D1 (M(T*, ..., TF)))(x) = (m o M (T, ..., TF)") (x)
+(=1)nt “’“(fmk(Tl ,T*) 0 d)(x).

We remark that deg’y (T, ..., T%) =t + -+ +t; + 1. Note that the
first term of (7.61) is already included in Type 3. So we only need to
consider the second term. They are one of the following two types.
Type 4:

(7.61)

m(FO(x M), T xP), ..., T (x3™),

(7.62) )
Frdx™ ), T ), TR, FHGEY)).
Type 5:
FO), T (D), ..., Fmt (xE7 ),
(o) )TN0 (a™ )

T (), THER), PG )),
We next consider the case £ = m. we recall

E):nk:(T’ly . »ml(Tm) Tk)(x)
(7.64) =M (T, ..., moT™, ..., T*)(x)

+H(=1)tm 9, (T, .. od,...,TF)(x).

The first term again is included in Type 3. The second term then gives:
Type 6: This type is actually the same as Type 5.

We have finished describing all the types of the terms in (7.56).
We now can prove the case when the coefficient ring is Zo immediately.
Namely terms of Types 1 and 3 cancel each other and terms of Types 2
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and 4 cancel each other, since F is a chain map, and terms of Types 5
and 6 cancel each other.

Let us now check the sign.

The sign in Type 3 is given by (—1)(@+t++tm—1 where

2j-1
e(a) = Z t; (deg x(2m D) 4 Z deg’ xZ)

i=2m
m—12j-—1
+Z Zt deg’ x*
j=1 i=1
(7.65) F(tm + -+ e+ 1) X

2m—2

X ( Z deg’ xt + deg’ x((f;"_l)’(l)>

i=0
25—1

+Z thegx

Jj=£+1 i=1

Note that the first line in (7.65) comes from My i1 (T™,...,T¢) in
(7.56) and the rest comes from My_p4m-
We calculate (7.65) and obtain

2m—2
e2(a) — e1(a) = Z deg’ x! + deg’ xg;n_l)’(l).
i=0

On the other hand, the sign in the case of Type 1 in (7.57) is
(—1)er(@)t+es(a) where

es(a) = deg’ xg) + deg'Tl(x(2)) + -+ +deg X(Qm 1),(1)
2m—2
= Z deg’ x% + deg’ x(2m D Z t; mod 2.
‘ =1

Thus Types 1 and 3 coincides together with sign.
We next consider Types 2 and 4. We find using (7.61) that the sign
of both of them is

m 2m
e1(a) + Zti + Z deg’ xJ
=1 j=1

and coincides to each other.
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Next the sign of the terms of Type 5 is (—1)%4(®)| where

2m-+1

m
es(a) = €1(a) + Zti + Z deg’ xJ.
i=1 j=1

We study Type 6. Note that we have sign (—1)2++im-1 ip (7.56). So
using (7.64) we find that the sign of the terms of Type 6 is (—1)c(®)+1,
The proof of A, formula (7.56) is now complete.

Finally we define unit, that is the identity transform Id” for each
F € Ob(Cy,C2). Let e. € CY(c,c) be the unit in Co. Namely we assume
that (1.5) is satisfied for it. We put

(7.66.1) Id{(a) = —€gry(a) ECg(fo(a),fo(a)),
(7.66.2) df = o, for k > 1.

(Note that Id7 (z) # z.) It is easy to see from definition that Id%
satisfies (1.5) for M. (We remark that we need minus sign in (7.66)
since we put overall minus sign in the definition of My.) U

§8. Homotopy equivalence and A, analogue of J. H. C. White-
head Theorem

‘We now define homotopy equivalence between A, categories.

Definition 8.1. Two A functors F', F? : C; — Cy are said to
be homotopic to each other if they are homotopy equivalent as objects
of Funt(Cy,Cs) in the sense of Definition 6.22.

Definition 8.2. The identity functor 1d° : C — C is defined as
follows.
(8.3.1) IdS(c) =ec.
(8.3.2) Id(z) = z.
(8.3.3) Id§ =0 for k> 2.

Remark 8.4. The identity functor is similar to but is different
from the identity transformation defined at the end of the last section.

Definition 8.5. An A, functor F : C; — Cy is said to be a
homotopy equivalence if there exists an A, functor F’' : Co — C; such
that the composition F o F’ is homotopic to Id°? and that F’ o F is
homotopic to Id%.

Two Ay categories are said to be homotopy equivalent to each other
if there exists a homotopy equivalence between them.
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Now the main result of this section is:

Theorem 8.6. Let F : Cy — Co be an Ay, functor such that:

(8.7.1) Fy:Ci(cr,ch) = Ca(Foler), Fo(ch)) induces an isomorphism on
my homology:

(8.7.2) For any cy € Ob(C2) there exists ¢y € Ob(C1) such that Fo(cr)
is homotpy equivalent to cy.

Then F is a homotopy equivalence.

Remark 8.8. In the case of A, algebras, Theorem 8.9 was proved
in [FOOO] §A5. (8.7) is used as a definition of homotopy equivalence in
[KoS1]. It seems that Kontsevich-Soibelman announced in [KoS1] that
they will prove in [KoS2] a result similar to Theorem 8.6.

To prove Theorem 8.6, we start with the following special case.

Proposition 8.9. We assume (8.7.1) and that Fo : Db(C1) —
Ob(Cz) s a bijection. Then F is a homotopy equivalence.

Proof. The proof is similar to the argument of [FOOO] §A5. We
need to construct an A., functor F' : Co — C; and a natural transforma-
tion T : F o F' — 1d°?. For this purpose, we construct Fi. : BiCo[l] —
B1Ci[1] and Ty, : BiCa[1] — Bi1C2[1] inductively on k. To describe the
induction hypothesis, we define the notions, A functor and A; trans-
formation.

Let C, C’ be Ao categories, G : BoC — ByC’ be a map and Gy :
BC[1]{c1,c2) — BiC'[1](c1,¢2), 1 < ¢ < k be R module homomorphisms
of degree 0.

We put:

_ @?:0 B¢C[1]
@, Bl

The boundary operator of the chain complex BC[1] induces a boundary
operator on B, . ;C[1]. Hence B, . ,C[1] is a chain complex.

B,... »C[1]

Lemma 8.10. There exists uniquely a coalgebra homomorphism
¢ : BC[1] — BC'[1]
such that

(8.11.1) G =Go, & on @r_,B:C[1].
(8.11.2) B1C'[1] component of G(B;C[1]) is O for i > k.
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Proof.  We define G : BC[1] — B1C'[1] by G = G on ByC[1] 1 <
{<k,and G =0 on B,C[1] £ > k. We now define G in the same way as
(7.3

). Namely
x) =Y 6 ® - 0g(x).

Here
Z x(1) . (1)

(The definition of G on BoC[1] is the same as (7.3.2).) It is easy to check
(8.11). O

G induces a homomorphism :Bg,... C[1] = Ba,... »C[1] for each a < b.
We denote it by G, .. 5.

Definition 8.12. We say G; ¢ < k is an Ay, functorif G 1 is a
chain map.

Lemma 8.13. IfG;, i <k is an Ax functor then G,,...p is a chain
map forb—a <k—1.

The proof is easy and is left to the reader.

Let us next denfine an A; transformation. Let G and G’ be A
functors from C to C’'. Let Sy : ByC[1](c1, c2) — B1C'[1](Go(c1), G (c2)),
1 < /¢ < k be R module homomorphisms of degree s + 1. It induces

k
(8.14) So,..k : @ BiCl1] - €D BiC'[1]

as follows. We define S : BC[1] — B1C’[1] by S = Sy on ByC[1],0 < £ <
kand S =0on ByC, £ > k. We then put:

So,... k(%)
=Y (~1rdeExVgy G (xM) @ sxP) @65 (xD).

(]

(8.15)

We remark here in (8.15) the case xP =1¢ ByC[1] is included. As a
consequence, the image of S, is not contained in @f:o B;C[1].

Definition 8.16. We say Sy, 0 < £ < k, is an Ay transformation
if

doSo,. i+ (=1)°*'8y  rod=0,

on @y BiC[1]. We put deg'S = s.
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Now we go back to the proof of Proposition 8.9. We are going to
construct an Ay, functor F; £ < k, and an A transformation Ty £ < k,
from FoF’ to Id°? by induction on k. (We remark that the composition
of two Ay functors is well defined and is an A functor.)

We start with the case k = 0. We put
(8.17) Fo=F51 : Db(Ca) — DB(Cy).

We remark that

BoC[1] = @ R

c€OB(C)

hence a map Ob(Cz) — Db(C;) induces a homomorphism ByCs[l] —
BoCi[1].

We next put
(8.18) To(c) = e. € C1(Fo(Fy(c)),c) = Ci(c,c).

Now we assume that we have an Ai_ transformation F;, 0 < £ <
k—1 and an A;_; transformation Ty, 0 < £ < k—1 and will consider the
case of k. It follows from Lemma 8.13 that .7-'2, 0 < /¢ < k—1 determine
a chain map

(819) fé,...,k : BQ’.“,kCQ[].] — Bz,,_.,kcl[].].

Using the obvious R module isomorphism

k
B, . kC[1] = @BiC[l]

(8.19) induces an R module homomorphism

k k
(8.20) 73,k € Bicll] - @ Bicul.
=2 i=1
Note however that (8.20) is not a chain map in general.
It is easy to see that (8.20) coincides with f{’...,k_l on G}f:—zl BiC.
Hence we extend (8.20) to

k k
(8.21) ﬁ{,...,k : @Bzc — EBBZC
i=1 i=1

We remark however that (8.21) is not a chain map in general. Neverthe-
less, using the fact that 7, , and Fj , , are chain maps (Lemma
8.13), we can easily prove the following:
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Lemma 8.22. The image of -7:-{,.,.,1@ od—do F! .k 18 contained
in B1C1[1]. Moreover f{’.“’k od—do f{’...’k vanishes on @f;ll B;Cy1].
We put

E=F_ ,od—doF| :BiCl] - BiGi[1].
Note that m; defines an R module homomorphism
dq : BkCa[1] — ByCo[1],
by

dl(xl ® .. ®.’Ek)
- Z(_l)deg’ z1+---deg’ Titly @---® ml(wz) Q- Tk.
B
We can prove did; = 0 easily.
We define a boundary operator on Hom(ByCz[1], B1C1[1]) by

(8.23) dp =myo0¢+(—1)8 ¢ od;.
Lemma 8.22 then implies
dE = 0.

We moreover have the following;:
Lemma 8.24. = is contained in the image of d.

Proof. We define a boundary operator d on Hom(BCs[1], B1C2[1])
in a way similar to (8.23). Then F; induces a chain homomorphism Fi , :
Hom(ByCy, B1C1) — Hom(ByCy, B1C2). By assumption Fi , induces an
isomorphism on homology. So it suffices to show that 71 o Z is a d
boundary.

We next rewrite the Definition 8.16 (Sublemma 8.26). We need some
notations for it.

We define T : BC1[1] — B1C1[1] by T =Ty on BeC1[1],0 < £ < k—1
and T = 0 on ByCi[l], £ > k. We define T : BC1[1] — B1Ci[1] by T = T,
on ByCi[1],1<¢<k—1and T =0o0n BeCy[l], £ >k or £=0.

We then define 7' and T in the same way as (8.17). Namely we put
T(x) = Y,(-1)9 " F(FM) o T(x) @ x?,

8.25 R
(5:2) T(x) = Y,(~1)% < F(F M) o T(xP) @ x.
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We consider a filtration § (the number filtration) of BC;[1] such that
F*BCy[1] = @f:o B;Cy[1]. Note that T" does not preserve this filtration

since Tp(ByC1[1]) C B1C1[1] is nonzero. But T does preserve this filtra-

tion. Therefore T induces an R module homomorphism B, Ci[1] —
B,,...5C1[1]. We write it as Ta, b

We next recall that 7’ : BC3[1] — B1Cz][1] is equal to F, on ByCo[1]
1<¢<k—1,and is equal to 0 on ByC5[1] £ > k.

Sublemma 8.26. T, 0 <{ <k —1, is an Ax_1 transformation,
if and only if

(8.27)  FoF| 4y —id-moTi 41 —Tod=0.
Here (8.27) is a formula for an element in
Hom(Bs,... k—1C2[1], B1C2[1}),
and
id € Hom(B1Cz[1], B1C2[1]) € Hom(Bs,.. x—1C2[1], B1C2[1]).
Proof. We consider
(828) U = —doTy, k-1 +To.. k10deHom(By,  x-1C2(1], BC2[1]).

Let W be its Hom(By, _x_1C2[1], B1C2[1]) component. It is easy to see

U(x) = ngl) @ ¥(x?)ox®.

Hence W is zero if and only if ¥ is zero. On the other hand W is zero if
and only if Ty, 0 < £ < k—11is an Ag_; transformation, by definition.
Hence, to prove Sublemma 8.26, it suffices to show that ¥ is the left
hand side of (8.27). This can be easily seen by using (8.18) and the fact
that e, is the unit as follows.

Let us consider the Hom(By, ... ;—1C2[1}, B1C2[1]) component of (8.28).
We find that the sum of the terms of it which contains Tj is

(829) x— Y m ((-1)0‘%’ O F(F D) @e® xg2>) .

The terms of the right hand side of (8.29) are zero unless x? =1 or

x,(ll) = 1. In the first case it is

(—1)%F *ma(F(F'(x)), €) = —F(F'(x)).
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In the second case, it is

[ x ifxe]l],
m(e®x) = { 0 otherwise.

Thus they correspond to the first and second terms of (8.27). The terms
of the Hom(By, . ,-1C2[1], BiC1[1]) component of (8.28) which do not
contain Ty correspond to the third and fourth terms of (8.27). (Note
deg7 =0.)

The proof of Sublemma 8.26 is complete. a

We go back to the proof of Lemma 8.24. (8.27) implies
fa,...,b o f(;,,,,,b —id _'do Ta,...,b - Ta,...,b © Ci = 07

if b—a < k— 1. (Here id is the indentity on B, .. 5C2[1].) We put

P = ]:1,“.,19 o ﬁ{,...,k —id —dAO T7_“7k - Tl,...,k od.
Since ® induces zero on By . ;C2[1] and on Bi, .. ,—1C2[1] it follows that
® € Hom(ByCs[1], B1Ca[1]).

In other words, ® = 0 on By, x—1C3[1] and the image of ® is contained
in 31C2[1]
Now we calculate:
fl [¢] E == .7:17_,_7
= Fr.koF pod—Fi kodoF|
= Fi,..k0 ]?{,,‘,,k od— myoFy ko ﬁ{k
= (id +do T1,. k—1+T1, k10 d+ ®)o d
—do(id+do Ty, k-1+T1, k-10 d+®)
= —do.

kOE

The proof of Lemma 8.24 is complete. O
We define F}, € Hom(ByCz[1], B1C1[1]) such that
(8.30) dF;, = —E.

It is now easy to see that F;, 0 < £ < k is an Ay, functor.
We remark that Fj satisfying (8.30) is not unique. Namely we
can take any element ¥ in the kernel of d : Hom(BxCz[1], B1C1[1]) —
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Hom(ByCs[1], B1C1[1]) and can replace F}, by F;, + ¥. We will use this
freedom in the next step.

Now we are going to construct Ty. Using Ty, £ = 1,...,k — 1 (and
F,) we define

Ta,...,b : Ba,...,bc2[1] hd Ba,...,bCZ[]-]-

Using Ty, £ =0,1,...,k — 1 (and F;) we define

k—1 [}
Th,...k-1: €D BeCal1] — €D BeCalll.
£=0 £=0

Ti,... k-1 is a chain map by induction hypothesis. We consider

k k
T,k @Bi@[l] - EDBiCZ[l]~
i=1 i=1

We put

(831) T=F . joF] p—id—doT —Ti, kod.

In the same way as the proof of Sublemma 8.26, we can use the fact that
Th,... k-1 is a chain map, to show the following:

Lemma 8.32. The image of T is contained in B1C3[1]. Moreover
T vanishes on @f:_ll B;C,[1].

We may regard ¥ € Hom(BCz[1], B1C2[1]) by Lemma 8.32. Then,
by definition and Lemma 8.32 we have d¥ = 0.

Lemma 8.33. We can choose Fj, so that ¥ € Imd.

Proof. If we replace F}, by F|, + ¥, then, by (8.31), ¥ is replaced
by ¥ + F; o ¥. The lemma now follows from the fact that F; induces
an isomorphism

H(HOIII(BkCQ[l], Blcl[l]), d) = H(HOIII(BkCQ[].], Blcg [1]), d)
O

Lemma 8.33 and Sublemma 8.26 immediately imply that we can
choose T}, such that Ty, £ =0,...,k is an Ay transformation.

Thus we have constructed F’ and T : F o F' — Id“?. We next show
that T" is a homotopy equivalence. We prove it by using the following
general result:
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Proposition 8.34. LetG, G’ be Ay, functorsC — C’. LetT : G —
G’ be a natural transformation. We assume that To(c) : Go(c) — Gg(c)
15 a homotopy equivalence for any c.

Then there exits a natural transformation T : G' — G, and pre
natural transformations S: G — G, S’ : G' — G’ such that

149 -, (T, T) = My (S), 1d9 —9M(T, T') = My (S).

Proof. The proof is similar to the construction of 7/ and T above.
Namely we construct

T} : BiC[1] - B:C'[1], S, : BiC[1] — BiC'[1]

inductively. More precisely we prove the following lemma by induction
on k.

Lemma 8.35.k. Suppose Ty, for £ = 0,...,k is an Ay, trans-
formation and S} : BeC[1] — BiC[1] for £ = 0,...,k are R module
homomorphisms. We define T(’k), Szk) by putting T(’k)ﬂ. = Szk),i =0 for

i >k, and T(’k)ﬂ. =T/, Sék)’i = 5] fori < k. Then we have:

(8.36) 17 —9My(TY,), T) = Mi(S(y)), on BirCa[l].

Proof. For k = 0, we let T}(c) € C2(G’'(c),G(c)) be a homotopy
inverse to Tp{c). Then there exists S(c) € C2(G'(c), G (c)) such that
(8.37)  mi(T5(c)) =0, mi(Sp(c)) =ma(Tp(c), To(c)).

Thus, we have proved Lemma 8.35.0.
We assume Lemma 8.35.k — 1 and will prove Lemma 8.35.k.

Sublemma 8.38. 9 (S5(,_,y) is zero on Be_1C'[1}. The image

of the restriction of Eml(SEk_l)) to ByC'[1] is in B1C'[1].

The proof is similar to the proof of Lemma 8.22 and is omitted.
We let U be the restriction of 9M1(S(,_,;)) to BxC'[1]. Sublemma
8.38 implies

¥ € Hom(BxC'[1], B1C'[1]).
Sublemma 8.39. dyo¥ —W¥od; =0.

Proof. 'This follows immediately from sml(fml(sgk_l))) = 0 and
Sublemma 8.38. O

Sublemma 8.40. There exists ® € Hom(ByCa, B1C2). such that:

UV=dyod+dod;.
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Proof. We define
Tox : Hom(ByC'[1], B:C[1]) — Hom(ByC'[1], B1C'[1])

as follows. Let V € Hom(BkC'[1], B1C[1]) and cg, ..., cr € Db(C'), x; €
C’'(¢;i-1,¢i). We then put

To*(V)(xl, PN ,CL‘k) = mQ(V(ml, P ,mk),To(Ck)).

It follows from assumption that Tj, induces an isomorphism on coho-
mology. Hence, by Sublemma 8.39, it suffices to show that Tp. () is a
boundary. By Sublemma 8.38, we find that T, (V) is a restriction of
Mo (P, T) to BpC'[1]. By Ay formula of 9, we have

M3 (W, T) = M (O (T 1)), T) = My (M (T ), ).
By induction hypothesis
ML)y, T) = 147 —9M1(S(y—1))

on Bi_1C'[1]. Let —® be the restriction of DJTQ(T(’k_l),T) on BiC'[1].
Then, by induction hypothesis, & € Hom(ByC'[1], B;C'[1]). We now
have

My (M2(Ty 1)), T) = I (B) =d1 0P+ @ o0d
as required. O

If we put T}, = ® then we have

We remark that ® satisfying the conclusion of Sublemma 8.39 is not
unique. Namely we may change it by any cocycle in Hom (B C'[1], B1C'[1]).

We next define S},. Using induction hypothesis, we can prove that
the restriction of

1d9 —My(Th_ 1), T) — M (S_1))

to ByC'[1] defines an element of Hom(ByC'[1], B1C'[1]). We denote it by
=. We can prove that = is a cocycle in a way similar to the proof of
Sublemma 8.39. Therefore, we may choose T}, so that

E — To.(T})

is a coboundary. Hence we may choose S}, such that (8.36) is satisfied.
The proof of Lemma 8.35.k is now complete. O
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By Lémma 8.35, we obtain 77 and S’. To construct S, we proceed
as follows. We apply the above construction to T” in place of T and
obtain T” and S” such that

1d9 -, (T, T") = M1 (S”).
Then
T" = W (M(T,T7), T"y = M (T, Mo(T', 7)) =T mod Im(My).
Therefore
—My(T',T) =149 —9M(T', T") =0 mod Im(My).
The proof of Proposition 8.34 is complete. ]

We need here some elementary properties of homotopy equivalence.

Proposition-Definition 8.41. An A functor F : C; — (o
induces Aso functors F, : Funt(C,Cy) — Funk(C,Cs), F* : Funt(Cy,C) —
Funt(Cy,C) such that (Fi)o(G) =F oG, (F*)o(G) =Go F.

Proof. Let T* € Jun€(G'1, G%) be pre natural transformations such
that deg'T” = t;. We put
(5.4) (Fe(T, ... Z( 1) FGO (), 71 (x2),
8.42
L TR(ER), R (xR

where
25—-1

k
= Z t; deg x(l

j=1 i=1

We can prove that (8.42) defines an A, functor in a way similar to the
proof of Theorem 7.55. (We omit the detail.)
We next define

(F(T))(x) T (F(x)),
(FH(T,...,T*H(x) = 0 k> 2.
It is easy see that F* is an A, functor. O
The following two corollaries are immediate consequences.

Corollary 8.43. If F:Cy — Cy is homotopic to F' : C; — Co and
G : C; — C3 is homotopic to G' : Co — C3, then G o F is homotopic to
gl o fl.
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Corollary 8.44. IfF :Cy — Cy and G : Co — C3 are homotopy
equivalences then G o F is a homotopy equivalence.

‘We are now in the position to complete the proof of Proposition 8.9.
We have constructed F’. By using Proposition 8.34, we can prove that
F o F' is homotopic to identity.

We next prove that F'oF is homotopic to identity. For this purpose,
we apply the same argument to 7’ and obtain F" such that F' o F" is
homotopic to identity. It follows that F”’ is homotopic to F. Hence by
Corollary 8.43, F' o F is homotopic to identity. The proof of Proposition
8.9 is complete. O

We continue the proof of Theorem 8.6. In this section we complete
the proof in the case of differential graded category and postpone the
proof of the general case to the next section.

Our next goal is the proof of Lemma 8.45, which is another case of
Theorem 8.6. We define the notion of full subcategory of A, category
in an obvious way.

Lemma 8.45. Let C; be an Ay category such that my = 0 for
k > 3. LetCy be a full subcategory of Co and F : C; — Cy be the inclusion.
We assume (8.7.2). Then F : Cy — Cq is a homotopy equivalece.

Proof.  Let ¢ € Db6(C2) — Ob6(C1). We choose Fj(c) € Ob(C1) which
is homotopy equivalent to ¢. If ¢ € Ob(C;) we put Fg(c) =c.

By the choice of F{(c), there exists

T5(c) € Cale, Fo(c)),  To(e) € C2(F(c), )

and
So(e) € Ca(c, ), Solc) € Ca(Fp(e), Fo(c))
such that
eryc) — M2(To(c), To(e)) = mi(So(c))
exyc) —m2(T5(c), Tolc)) = mi(SH(c)).

For ¢ € Ob(Cy) we put Ty(c) = T{(c) = Id° and Sp(c) = S§(c) = 0.
We next define Fj,. We first put

zoy=(-1)"%"my(z,y), d(z)=mi(x).
Then, using the fact that my = 0 for k > 3, we have
dwoy) = dooy+(—1)iEr+ody,

(zoy)oz = zo(yox),

eor = x=xoe.
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In view of the second formula, we may write
X10X20--- 0Tk
etc. Now let z; € Ca(c;—1,¢;). We put

Fr(x1,...,z8)

= T§(co)oz10S)(c1) om0+ 0Sh(ck_1) oz o Ty(ck)-
We remark that
d(So(€)) = exo(e) = To(€) o To(e).
It follows from definition that

d(Fl(z1,...,71))
= (1)t e den kU ()

i
Y (1Tt Rt (o) w0 miga, ..., Tk)
7

+ Z(_l)degzl—f—mdega:i,l-i—i—l-i—l]:l{(xl’ ceey IB,) o fl;_i($i+17 ey :Ek).
A

Therefore

ml(fllc(xly' .- axk))

+ Z(_l)degz1+~~.degwi_1+i—1];-i/(xl’ o wz) ° fllc—i(wi+1a L ,wk)
i
= Z(—l)deg ortodegmia izl () my (), .., 2k)
%
+(—1)degw1+mdegzi71+i_1.7:llv($1, - ;m2($i,$i+1), “e ,:l?k).

It follows that F}, k= 0,... is an A, functor.

The composition F' o F is an identity functor. We are going to show
that F o F' is homotopic to identity. For this purpose, we are going to
construct T' : F o F' — 1¢, satisfying the assumption of Proposition
8.34. We already constructed Tp. We remark that

(FoF ) z1,-..,xk) = Fr(z1, ..., Tk)-
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Hence the condition T : F o F' — Id“® to be an A, functor can be
written as

Y (~1)desmrt et Ty () 0 2y 0 Sp(er) 0wz 0 Splez) o+
croxmy 0 Ty(e;) 0 Tomi(Tig1, -+ - Tk)
=my (Tk(z1,...,21))
8.46 .
( ) +Z(—l)degwl—}'mdegmi71+l—1Tk(I1,...,ml(l’i),...,a)k)

i
+ Z(—l)degﬁﬁ—m degwi_l_H_lTk(wl, e ,mz(:ci, :Ci+1), ey xk).
i

We put
T(z1,...,2) = To(co) oz 0 Sh(c1) o 29 0 -+ 0 ) 0 Sp(ck).

(8.46) can be checked easily.
Lemma 8.45 now follows from Proposition 8.34. O

Now we show:

Proposition 8.47. Theorem 8.6 holds if mp = 0 for k > 2 in Cq,
Cs.

Proof. Let C} be the full subcategory such that Db(C) is the image
of Fy. Lemma 8.41 implies that the inclusion C} — C, is a homotopy
equivalence.

For each ¢ € Ob(C)) we take and fix a(c) € Ob(C;) such that
Fo(a(c)) = c. Let C} be the full subcategory of C; such that Ob(C;)
is the image of a. Proposition 8.9 implies that the restriction of F to
C’ induces a homotopy equivalence C; — Cj. Therefore, using Corollary
8.43 and 8.44, it suffices to show that C{ — C; is a homotopy equivalence
to complete the proof of Proposition 8.47. This follows from Lemma 8.45
and the following Lemma 8.48. d

Lemma 8.48. We assume (8.7). If Fo(b) = Fo(b') then b is
homotopy equivalent to b’.

Proof. By (8.7) we have
Fia : H(Cy(b,0');my) — H(Co(Fo(b), Fo(b'));my)

is an isomorphism. We take [f] € H(Cy(b,b');m;) which is mapped to
[exo(5)] Y Fix. It is easy to see that

m2(f’ ) : Cl(bl7 a’) - Cl(b’ (1)

ma (-, f) : Ci(a,b) — Ci(a,b')
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induces isomorphism on homology. The lemma then follows from Lemma
6.24. (I

We need the following proposition in the next section.

Proposition 8.49. If C1 is homotopy equivalent to Cy, then
Funt(C,C) is homotopy equivalent to Funt(C,Cz2) and Funk(Cy,C) is ho-
motopy equivalent to Funk(Ca,C).

Proof. Let F:Cy — Ca, ' : C3 — C; be as in Definition 8.5 and
let H, H' be natural transformations from F o F’ to identity functor
and from identity functor to F o F’ respectively. Let G : C — Cz be an
A functor. We put

90(9) = (G")1(H) € Funk((F o F,)o(G), )
Hr = 0, k>0. (Note (G*)r=0fork>1.)

It is easy to check that §) is a natural transform from F, o F, to the
identity functor Idgne(c,c,)- We define in a similar way a natural trans-
formation $’ from Idgyne(c,c,) to Fy o F,. We assume that

mZ(Ha Hl) - Idldgune(cl,cl) = 9Jt1<T)'

(Note that the confusing symbol Idyq,,,, (€1:C1) denotes the identity trans-
form from the identity functor: C; — C; to itself.) We assume also that

My(H', H) — ldror =M (T).
We put

T(G) = (G 1(T) € Funt((Fx © F1)o(9),9)
T = 0, k>0

And we define ¥’ in a similar way. Then we find

Idldgu“e(c,cl)_gﬁz(ﬁaf}l) = fml(i’),
Id(For, —9512(35/,5’3) = M (T).

Here 90 is the Ao, structure on Funk(Funk(C,Cy), Funt(C,C1)).

Thus we proved that (F o F’), is homotopic to identity. This com-
plete the proof of the first half of the Proposition 8.49. The second half
can be proved in a similar way. O
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§89. An A, analogue of Yoneda’s lemma

In §7 we constructed an A, functor Rep,y(c) : C° — CH for each
object ¢ of C. The purpose of this section is to make it functorial.
Moreover we prove that ¢ — PRepy(c) defines a homotopy equivalence
between the A, category C and one of representable A, functors : C° —
CH. Namely we prove the following Theorem 9.1. We let Rep(C°,CH)
be the full subcategory of Funt(C° CH) such that Ob(Rep(C°,CH)) is
the set of all representable Ao, functors. We define a full subcategory
DRep(C°,CH) of Funk(C?,CH) such that Ob(DRep(C°,CH)) is the set
of all derived representable A, functors.

Theorem 9.1. There exists a homotopy equivalences of Ay func-
tors Rep : C = Rep(C°,CH), DRep : DC = DRep(C°,CH), such that
Repy(c) s an in Definition 7.28.

Remark 9.2. The first half of Theorem 9.1 was proved in [Fu4]
812, over Zy coefficient. In this article we are going to put precise sign
in its proof. We also improve the presentation of the proof in [Fu4].

Remark 9.3. In the case of usual category, the first half of The-
orem 9.1, which is Yoneda’s lemma, is well known.

We remark that actually Rep(C°,CH) is a differential graded cate-
gory, since all the higher compositions are zero. Therefore Theorem 9.1
implies the following;:

Corollary 9.4. Any A, category is homotopy equivalent to a
differential graded category.

Proof of Theorem 9.1.  We already defined SRep,. We will define
Repy, : Br(C) — B1(Rep(C°,CH)). Let

Co,---,ckx € OB(C), z; € Cci—1,¢:).
We need to define a natural transformation
(9.5) Repy (21, ..., k) : Repg(co) — Repg(ck)-

Let bg,...,by € Db(C), Y; € Co(bi_l, b,,) = C(bz, bi—l)- To define (95) we
need to define

Repr(z1, .-, k)e(y1, - - -, ye) € Hom(Repg(co)o(bo), Repo(ck)o(be)).

Let z € Repy(co)o(be) = C(bg,c0)- Wepubt x =2, ® -+ @, y = 11 ®
-+ ®ye. We use the notations x? = z;, ®- - ®z1, €(x) = 3, ;(deg z; +
1)(degz; + 1) etc. introduced in §7. Now we define
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Definition 9.6.
(9.7) (Repy, (x))e(y) (2) = (—1) @ F(des" ) deg ydee" D)y, ) (9P 2 x).

We remark that the right hand side of (9.7) is in Repy(ck)(be) =
C(bg,cr). We also remark that

veg’(Repy (x))e(y) = deg' x + deg'y.
Lemma 9.8. (9.7) defines an A functor.

Proof. By A, formula of m we have

eo’ (3) N - 1o
0 = Y (-1)*EY m(yPr m(yPor),y ", 2, x)
(9.9) + 3 (1) Y m(y P m(y i, 2, %), x4
a,b

+(—1)degl y+deg' 20 (yP 2, dx).
We will rewrite each term of (9.9). The first term is equal to:
(9.10) (=1)Rep(x) (v, m*(yP), yP)(2) = (~1)2Rep(x)(d°y)(2)
where d°P is the coderivation induced by m? on C° and

e = deg'y® +e(y(?)+ 1+ (deg’x)(deg’y +deg 2 + 1)
+e(y(), m°(y?),y®)
deg’y () + (deg’ x)(deg'y + deg’ z + 1) + €(y).

Hence
(9.11) €2 = (deg’ x)(deg' y + deg’ z + 1) + €(y).

We divide the second terms of (9.9) into the following five cases.
Case 1: xj # 1€ BoC, x/ #1 € ByC:
The second term of (9.9) of this case is

> (—1)= P m(y P, Rep(x}) (4) (2), x5
a,b

(9.12) =D (-1 @D%Rep(x}) () (Rep(x3) (v2) (2))
a,b

= (1) =@ my(Rep(x}) (L), Rep (x5 ) (y2)) ()
a,b
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where ms in the third line is an operation in CH and

e3(a,b) = deg'y” + (deg' x)(deg’ y!, + deg’ z) + €(y’,)

es(a,b) = es(a, b) + (deg’ x})(1 + deg’ y” + deg’ z + deg’ x},
+deg'yg) + €(ya)

es(a,b) = esa,b) + (deg' x;, + deg’ y/, + 1)(deg’ x} + deg’y’) + 1.

We calculate (using deg’Rep(x})(y%,) = deg’ x, + deg’y, + 1) that
es(a,b) = e(y) + deg’ x deg’ z + deg’ xdeg’ y + deg’ x}, deg’ y’,.

Therefore (9.12) is equal to

(9.13) > (=1) oM (Rep(xy), Rep(x;))(¥)(2)
b

where

(9.14) €6 = €(y) + (deg’ x)(deg’ z + deg’ y) + 1.

Case 2: x;=1€ ByC, y, #1€ ByC:
In this case the second term of (9.9) is:

Z(— ) @y, Repg (co) (va) (2), %)

— 68 (a) " co l/l 2
0.15) azb: Rep(x)(yq ) (Repo(co)(ya)(2))

= Z 1)@ my(Repg(co) (va), Rep(x) (y4)) ()
= (C 1)ty (Repy (co), Rep(x))(¥) (2)

where €6 is as in (9.14). In fact

er(a) = deg’ yr+ e(ya)
es(a) = er(a)+ (deg'x)(y, +y, +deg' z+ 1)+ €(yl)
eo(a) = es(a)+ (deg'y, +1)(deg'x + deg’yy,)

= € +deg xdeg'y, mod 2.

Case 3: x;=1€ BoC,y, =1€ BoC:
In a similar way, we have

(9.16) (—1)cotderxtdeg"y gep (x) (y) (my (2)).-
In face we have

deg'y + (deg’x)(deg’ z + deg’ y) + €(y) = €g + deg’ x + deg’ y.
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Case 4: xj/=1€ BoC,y #1€ BC:
In a similar way we have

(9.17) (1) Mz (Rep(x), Repg (ck)) (¥)(2)-

Case 5: x) =1€ BoC,y! =1€ ByC:
In a similar way we have

(9.18) (=D)*m1(Rep(x)(y)(2))-
We remark that the sum of (9.10), (9.16) and (9.18) is
(9.19) (=1 (Rep(x))(¥)(2)
Finally the third term of (9.9) is:
(9.20) (=1)%+ Rep(dx) (y) (2).

Thus (—1)% times (9.9) implies

D My(Rep(xy), Rep(xy)) (v) + Ma(Rep (co), Rep(x))(y)
xp#1, xp#1
+ Mz (Rep(x), Repo (k) (y) + D1 (Rep(x))(y)
= Rep(dx)(y)-

(We remark that we need over all minus sign in the definition of 91 to
show this formula.) The proof of Lemma 9.8 is complete. a

Using Lemma 9.8 and Proposition 8.9, it suffices to check (8.7.1) for
Rep to complete the proof of Theorem 9.1. Namely we need to show

Rep, : C(cy, c2) — Func(Repy(c1), Repg(ca))
induces an isomorphism on homology. We define

IT : Func(Repg(c1), Repg(c2)) — Ce1, c2)

I(T) = (—1)°*¢ TTy(c1) (ec, )

(Note e, € C(c1,c1) = Repg(c1)olcr). Hence To(cr)(ee, ) € Repy(cz)o(er)
- C(cl 5 CZ)‘)
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Lemma 9.21. TI is a chain map.

Proof. Let T € Func(Repy(cy), Repg(cz)). We have
OE(T) = (=17 O (T))o(er)(ecy)
= (=1 T my (To(er) (ecy ) = ma(II(T)).

(We remark that overall minus sign in the definition of 90t is essential
here.) O

We have
(ITo MRep, ) () = (—1)%°F *(Rep, (x)o(c1))(ec,) = ma(ec,, ) = 7.

So, to complete the proof of Theorem 9.1, it suffices to show that SRep, oll
is homotopic to identity. We define an operator

H : Func(Repy(cr), Repg(c2)) — Func(Repg(c1), Repg(c2))
of degree +1 by
(H(T))k(y)(2) = (—1)de8 =deg’ ydeg’ z4dea’y 320" Ty ) (2 y) (e, ).

Here y € ByCI(by,bx), 2 € C(b1,c1) = Repy(cy)(b1). (Then Tiy1(y, 2)
(ec,) € Repg(ca)(br).)
Lemma 9.22.

(9.23) T — (Rep, o IN(T) = (M1 o H + H o My )(T).
Proof. We have

(=1)°* T (H(T)(y)(2))

= m(HT)()() + ()P TR E@y)()
+(—1)78 THIE Y (T) () (ma (2))
+Zm2 (H(T)(ya), Repo(yi))(2)

+ Z(—l)(m T+1) deg’Yiom, (Repy (v4), H(T) (y2)) (=)

= (=D)rmi(T(z y)(e))
+Z DT (z,y, m(yP),y?)(e)

+( )EsT(ml(Z),Y)( )
+Z D “m(yq, T(z y4)(e))

+ Z DS T(m(y'?, 2),y")(e).
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Here

€1 = deg’ ydeg' z +deg’y + deg’ 2,

€2 = Deg/T + (deg’'y + 1)(deg’ 2) + deg’ y + 1 + deg’ z + deg’ y(V
+e(y?),

€3 = 0eg'T +deg'y + (deg’ y)(deg' z + 1) + deg’y + deg’ z + 1,

er = (0eg'T +1+deg'y,)(deg'y;) + deg’ zdeg’y, + e(ys) +deg'y,,
+ deg’ 2,

s = (0eg'T +1)(deg'ys) + (deg'y, + 1)(0eg'T + deg'y, + 1) + e(ys)
+deg'y”(deg’ z + deg’y!, + 1) + deg’ y! + deg’ z + deg’ y!, + 1.

We also have
(—1)° T (7)) (3) (=)
— ( 1)deg y+deg’ z+deg’ z deg yml(T(z, y)(e))

+ Z T (m(yq?, 2),yq)(e)
(9.24) +Z DTz, y, m(yP?), y&)(e)

(- 1)deg y+deg’ z+deg’ zdeg’y Z my(T(z,y.), Rep(y”))(e)
degy(/#0

+(_1)deg/ y+deg’ z+deg’ z deg’ ym2 (TO; mepo(z’ y))(e)

+(_1)deg' y+deg’ z4+deg’ zdeg’ y+veg’ T deg’ sz(mepo(z)’ T(y))(e)

Here
€¢¢ = deg'y+deg’ z+deg' zdeg'y +deg’ zdeg'y!, + €(y),)
+0eg'T + 1 = 5,
e7 = deg'y+deg’ z+ deg’ zdeg'y + veg'T + 1 + deg’ z + deg’ y,(ll)

+e(y?) = ea.
The fourth term of (9.24) is
(—1)=m(y"?, T(z, y,) (@),
where
es = deg y +deg’ 2z + deg’ zdeg'y + (0eg'T + deg’ z + deg’ y.) deg’ y
+e(ya) =€
The fifth term of (9.24) is
(-1)*°m(y”, z,T(e)) Rep (T(e))(y)(2)
= (-1 (Rep, o (D)) (¥)(2),
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where
€0 = deg'y+deg z+ deg zdeg'y + (0eg'T)(deg’ y + deg’ 2)
+deg’ ydeg' z + €(y).
Finally the sixth term of (9.24) is:
(wl)deg' y+deg’ z4+deg’ zdeg’ y+0eg' T deg’ z+(deg’ 2-+1)(veg’ T+deg' y)
T(Y) (m2 (e’ Z))a
= (=19 THT(y)(2).
The lemma follows. O

The proof of the first half of Theorem 9.1 is now complete. We omit
the proof of the second half. (Which is analogous to the argument of
the last section of [Fu7].) O

We are now in the position to complete the proof of Theorem 8.6.
We consider the following Diagram. We can easily see that the diagram

F

C, —_— Cy
1 s
Rep (Cfv CH) —_— Rep (Cé)v CH)
Diagram 9.1.

commutes. Moreover
Fx : Rep(CY,CH) — Rep(C3,CH)

satisfies the assumption of Theorem 8.6, by the proof of Proposition
8.49. Hence by Proposition 8.47 it is a homotopy equivalence. Moreover
by Theorem 9.1 the vertical allows are homotopy equivalence. Therefore
by Corollary 8.44 ¥ is a homotopy equivalence. The proof of Theorem
8.6 is now complete. O



[BaK]

[BBS]
[BoK]

[Do]
[F11]

[F12]
[F13]

[Ful]

[Fu2]
[Fu3]

[Fu4]

Floer Homology and Mirror Symmetry I 125

References

M. Akaho, An Intersection theory of Lagrangian Immersion, Thesis,
Kyoto University, 2000.

V. Arnold and A. Givental, Symplectic geometry, Encyclopaedia of
Mathematical Sciences, Dynamical system IV (V. Arnold and S.
Novikov, ed.), Springer, Berlin, 1980.

M. Atiyah, V. Patodi and I. Singer, Spectral asymmetry and Rie-
mannian geometry III, Math. Proc. Cambridge Phil. Soc., 79
(1976), 71-99.

S. Barannikov and M. Kontsevich, Frobenius manifolds and formality
of Lie algebras of polyvector fields, Internat. Math. Res. Notices, 4
(1998), 201-215.

K. Becker, M. Becker and A. Strominger, Fivebranes, membranes and
nonperturbative string theory, Nucl. Phys., B456 (1995), 130-152.

A. Bondal and M. Kapranov, Framed triangulated categories, Math.
USSR. Sbornik, 1 (1991 (1990 in Russian)), 93-107.

S. Donaldson, A lecture at University of Warwick, 1992.

A. Floer, Morse theory for Lagrangian intersections, J. Diff. Geom.,
28 (1988), 513-547.

A. Floer, Witten’s complex and infinite dimensional Morse theory, J.
Diff. Geom., 30 (1989), 207-221.

A. Floer, Symplectic fized point and holomorphic sphere, Commun.
Math. Phys., 120 (1989), 575-611.

K. Fukaya, Morse homotopy, A™-category and Floer homologies,
Proceedings of GARC Workshop on GEOMETRY and TOPOL-
OGY (H. J. Kim, ed.), Seoul National University, 1993.

K. Fukaya, Morse homotopy and Chern-Simons Perturbation theory,
Comm. Math. Phys., 181 (1996), 37-90.

K. Fukaya, Floer homology of connected sum of homology 3-spheres,
Topology, 35 (1996), 89-136.

K. Fukaya, Floer homology for 3 manifolds with boundary I, preprint,
never to appear, (in http://www.kusm.kyoto-u.ac.jp/ fukaya
/fukaya.html) (1995).

K. Fukaya, Floer homology for families - report of a project in
progress -, preprint, 2000.

K. Fukaya, Floer homology of Lagrangian foliations and noncommu-
tative mirror symmetry, preprint, 1998.

K. Fukaya, Mirror symmetry of Abelian variety and multi theta func-
tions, J. Alg. Geom. (to appear).

K. Fukaya, Floer homology for oriented 3-manifolds, Aspects of Low
dimensional manifolds, (Y. Matumoto and S. Morita, ed.), 1992,
pp. 1-92.

[FOOO] K. Fukaya, Y. Oh, H. Ohta and K. Ono, Lagrangian intersection

Floer theory - anomaly and obstruction -, preprint.



126
[FOR]

[FOn1]

[Ko1]
[Ko2]

[Ko3]

[KoS1]

K. Fukaya

K. Fukaya and Y. Oh, Zero-loop open strings in the cotangent bundle
and Morse homotopy, Asian J. Math., 1 (1997), 96-180.

K. Fukaya and K. Ono, Arnold conjecture and Gromov-Witten in-
variants for general symplectic manifolds, Fields Inst. Comm., 24
(1999), 173-190.

K. Fukaya and K.Ono, Arnold conjecture and Gromov- Witten invari-
ants, Topology, 38 (1999), 933-1048.

E. Getzler and J. Jones, A algebra and cyclic bar complex, lllinois
J. Math., 34 (1990), 256-283.

S. Gelfand and Y. Manin, Methods of Homological algebra, Springer,
Berlin, 1991.

M. Gromov, Pseudoholomorhpic curves in symplectic manifolds, In-
vent. Math., 82 (1985), 307-347.

M. Kashiwara and P. Schapira, Sheaves on Manifolds, Springer,
Berlin, 1994.

R. Hartshone, Residues and duality, Lecture Notes Math., 20,
Springer, Berlin, 1966.

M. Kontsevitch, Ax-algebras in mirror symmetry, preprint.

M. Kontsevitch, Homological algebra of Mirror symmetry, Interna-
tional congress of Mathematics, Birkhauser, Ziiich, 1995.

M. Kontsevitch, Deformation quantization of Poisson manifolds I,
q-alg/9709040.

M. Kontsevitch and Y. Soibelman, Homological mirror symmetry and
torus fibration, Symplectic Geometry and Mirror Symmetry (K.
Fukaya, Y.-G. Oh, K. Ono and G. Tian, ed.), World Sci. Press,
Singapore, 2001.

M. Kontsevitch and Y. Soibelman, Deformation Theory, a book
anounced in [KoS1].

M. Khovanov and P. Seidel, Quivers, Floer cohomology, and braid
group actions, QA/0006056.

S. Novikov, Multivalued functions and functionals - an analogue of
the Morse theory, Soviet Math. Dokl., 24 (1981), 222-225.

Y.-G. Oh, Floer cohomology of Lagrangian intersections and pseudo-
holomorphic disks I & II, Comm. Pure Appl. Math., 46 (1993),
949-994 & 995-1012.

Y .-G. Oh, Floer cohomology of Lagrangian intersections and pseudo-
holomorphic disks III, Floer Memorial Volume, Birkhauser, Basel,
1995, pp. 555-573.

H. Ohta, Obstraction to and Deformation of Lagrangian Intersection
Floer Cohomology, Symplectic Geometry and Mirror Symmetry
(K. Fukaya, Y.-G. Oh, K. Ono and G. Tian, ed.), World Sci. Press,
Singapore, 2001.

A. Polishchuk and E. Zaslow, Categorical mirror symmetry: the el-
liptic curve, Adv. Theor. Math. Phys., 2 (1998), 443-470.



[St]

[SYZ]

Floer Homology and Mirror Symmetry I 127

M. Pozniak, Floer homology, Novikov ring, and clean intersections,
Thesis, Univ. of Warwick, 1994.

V. Schechtman, Remarks on formal deformations and Batalin-
Vilkousky algebras, math/9802006.

P. Seidel, Graded Lagrangian Submanifolds, preprint, 1999.

P. Seidel, Vanishing cycles and mutation, math.SG/0007115 (2000).

P. Seidel, More about vanishing cycles and mutation, Symplectic Ge-
ometry and Mirror Symmetry (K. Fukaya, Y.-G. Oh, K. Ono and
G. Tian, ed.), World Sci. Press, Singapore, 2001.

P. Seidel and R. Thomas, Braid group actions on derived categories
of coherent sheaves, math.AG/0001043 (2000).

M. Schlessinger and J. Stasheff, The Lie algebra structure on tangent
cohomology and deformation theory, J. Pure Appl. Algebra, 38
(1985), 313-322. :

V. D. Silva, Products on Symplectic Floer homology, Thesis, Oxford
Univ. ,1997.

V. Smilnov, Simplicial and Operad Methods in Algebraic Topology,
Translations of Amer. Math. Soc., 198, Amer. Math. Soc., Provi-
dence, 2000.

J. Stasheff, Homotopy associativity of H spaces I € II, Trans. Amer.
Math. Soc., 108 (1963), 275-292 & 293-312.

A. Strominger, S. Yau and E. Zaslow, Mirror symmetry is T-duality,
Nucl. Phys., B476 (1996), 243-259.

Department of Mathematics
Faculty of Science

Kyoto University
Kitashirakawa, Kyoto, 606-8224

Japan

fukaya@kusm.kyoto-u.ac.jp



