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Spaces of Cauchy-Riemann Manifolds

Laszl6 Lempert

§1. Introduction.

This work deals with the embeddability problem for three dimen-
sional, compact, strongly pseudoconvex Cauchy-Riemann (CR) mani-
folds. Such a CR manifold is given by a compact manifold M without
boundary, dim M = 3; a rank two subbundle H € T'M; and an endo-
morphism J : H — H that satisfies J2 = —id. (All manifolds, bundles
etc. in this paper are C* smooth.) Strong pseudoconvexity means that
for any nonzero local section X of H the vector field [X, JX] is trans-
verse to H; or, equivalently, H defines a contact structure on M. By
declaring the frame X, JX,[JX, X]| positively oriented, M acquires a
canonical orientation.

A C? function f : M — C is CR if it satisfies the tangential Cauchy-
Riemann equations

(1.1) Xf+iJXf=0, XeH.

A central problem of the theory is to understand how many solutions
(1.1) has; in particular, if there are sufficiently many C* solutions
f1,--., fx to give rise to a smooth embedding f = (f;) : M — Ck
into some Euclidean space. If this is so, the CR manifold (M, H, J) is
called embeddable. In contrast with the higher dimensional case (see
[3]) there may be very few CR functions on a three dimensional CR
manifold; in fact, typically, the only CR functions are the constants, see
[4,8,10,20,21].

We would like to describe the space of all (three dimensional, com-
pact, strongly pseudoconvex) CR manifolds (M, H,J); the subspace
of embeddable manifolds; and also to understand how many non iso-
morphic embeddable CR manifolds there are. Here two CR manifolds
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(M, H,J), (M',H',J') are isomorphic if there is a diffeomorphism ® :
M — M’ such that &, H = H' and ®,.J = J'.

The above classification problems have two components. One is to
classify all contact manifolds (M, H). This is a problem of differential
topology, and we shall not consider it here. Instead, we shall deal with
the other component of classification: given a contact manifold (M, H)
describe the space of (embeddable) CR structures J on it. Thus, given
a compact three dimensional (M, H), let So = So(M, H) denote the set
of smooth CR structures J : H — H on it. It is easy to endow this set
with the structure of a smooth Fréchet manifold (in the sense of [9,19)).
Further, let By C Sy denote the set of embeddable CR structures, and
Mo = By/ ~ the moduli space of CR structures on M, where
J ~ Jif (M,H,J) and (M, H,J') are isomorphic. The Fréchet-Lie
group Cont of contact diffeomorphisms of (M, H) acts on By, and two
CR structures are isomorphic if they are on the same Cont orbit; thus
My = By/Cont.

The problem of describing the moduli space Mg is complicated by
the circumstance that the action of Cont is not free: this is due to the
fact that most CR manifolds have no CR automorphisms other than
the identity while some, such as the standard sphere in C?, have. As a
result, even if By turns out to be a smooth submanifold of Sy, one will
expect My to have complicated singularities. To get around this, we
will endow our CR manifolds with a marking, a device comparable to
passing from the moduli space of Riemann surfaces to the Teichmiiller
space. It is quite likely that for different CR manifolds different types
of marking will be convenient; the markings we will introduce work very
well for CR manifolds that are close to the simplest CR manifold, the
sphere in C?. Thus, a marking p will consist of an ordered pair of
distinct points p;,p2 € M and vectors v; € Tp,, M transverse to Hp,. We
will also require that v; point to the positive side of Hp,, i.e., X, JX, vy
should be a positively oriented frame for nonzero X € H,,. Given
(M, H), we let S = S(M, H) denote the Fréchet manifold of pairs (J, ),
where J is a CR structure on (M, H) and p is a marking; and B =
B(M,H) C S the subset corresponding to embeddable structures. As
contact diffeomorphisms act on markings, we have an action of Cont on
B, and we denote M = M(M, H) = B/Cont. The spaces S, B, M are
not very different from Sy, By, My. Indeed, the mappings S — Sy etc.
obtained by forgetting the marking are surjective and have finite (twelve)
dimensional fibers. On the other hand, as we shall see, sometimes Cont
acts on B freely, and this means that the structure of M is easier to
describe than that of My.

One can in general conjecture that B (resp Bp) is a closed subset
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of S (resp Sp), and even an analytic subset. Further, when B is a
submanifold, M should also be a manifold. At present there are some
results which point in this direction, that we will survey below; but
overall, the conjectures are very much open.

Most available results pertain to CR manifolds that are embeddable
into C2. Thus, suppose (M, H, Jy) is embeddable into C2.

Theorem 1.1. Jy € Sy has a neighborhood Ny such that Ny N By
1s closed in No. Similarly, for any marking po, (Jo, uo) € § has a closed
neighborhood N such that N'N B is closed in S.

This was first proved by Epstein, see [7]. The proof given in Section
2 is based on the stability theorem of [17], also used by Epstein; but our
proof avoids the very precise spectral analysis of the tangential Cauchy-
Riemann operator from [7]. Applying the more general stability results
of H.-L. Li, see [18], the same theorem can be proved e.g. for (M, H, Jp)
that is embeddable into the total space of a line bundle over P; as the
boundary of a neighborhood of the zero section.

For stronger results we will need to assume that (M, H,Jy) is
(S3, Ho, Jo), the CR structure inherited by the unit sphere {z € C2 :
|z| = 1} from C2.

Theorem 1.2. (Bland [1]) If (M, H, Jy) = (S3, Hy, Jo) then Jy €
Sp has a neighborhood Ny such that Ng N By is a submanifold of Ny.

Given a marking p = (p;,v;) on (S3, Hp) C C2, look at the complex
lines L; C C? that pass through p; and whose tangent space contains
v;. If Ly and L, intersect each other in one point, and this point is an
interior point of the unit ball, we say that the marking is elliptic.

Theorem 1.3. If uo is an elliptic marking of (S3,Hp) then
(Jo, to) € S has a Cont invariant neighborhood N such that
(a) U =N N B is a submanifold of N.
(b) U — U/Cont(C M) is a trivial smooth principal Cont bundle for
some smooth structure on U/Cont.

Thus a nonempty open piece of the moduli space M is an infinite
dimensional Fréchet manifold. It is very likely that the neighborhood A
in the above theorem can be chosen to contain all CR structures that
admit an embedding into C? as a strongly convex hypersurface, with
arbitrary “elliptic” markings (ellipticity of a marking in this case can
also be defined in terms of the Kobayashi metric, see section 5). What
is missing from the proof is an improvement on Bland’s Theorem 1.2
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to the effect that Ay can be chosen to consist of all CR manifolds that
embed into C? as strongly convex hypersurfaces.

As to its form, Theorem 1.3 is related to the slice theorem of Cheng
and Lee in [6], but the content is rather different. Indeed, Cheng and
Lee construct a local slice for the action of Cont on the space of all
CR structures (not just embeddable ones). Also, their approach is more
abstract, and the slice is obtained by the application of the implicit
function theorem, while in our approach the moduli space is represented
in rather concrete terms.

§2. P’roof of Theorem 1.1

We first observe that there is a positive integer k such that if a
CR manifold (M, H,J) admits a CR embedding into C? of class C*
then it also admits a CR embedding of class C®°, i.e., is embeddable in
our terminology. To check this we recall Boutet de Monvel’s criterion,
see [3], that (M, H, J) is embeddable if the tangential Cauchy-Riemann
operator 8; : L2(M) — L3 ; (M) has closed range (to define the above L?
spaces we endow M with a continuous Riemann metric). On the other
hand if (M, H, J) is C* embeddable into C? then it can be regarded as
the C* boundary of a strongly pseudoconvex domain D C C2, and 8,
becomes the boundary operator 8,. Now Kohn in [12] shows that in this
case 8 : L*(8D) — Lj ,(8D) has closed range. Strictly speaking Kohn
assumes that D has C°° boundary, but his proof uses only finitely many
derivatives of a defining function of D; whence the theorem is true as
soon as AD is of class C* with k sufficiently large. Putting these two
results together we obtain our claim.

Next choose a CR embedding fo : (M, H, Jo) — C2 of class C*, a k
as in the above observation, and an € > 0 with the property that any C*
mapping f : M — C2? whose C*-distance to fq is < € is a (differentiable)
embedding. In [17] we proved Jp has a neighborhood Ny C Sp such that
for any J € NpoN By the CR manifold (M, H, J) admits a CR embedding
f into C2? with |f — fo|lck+1 < €. To verify Ny N By is closed in Np,
let J, € Ny N By be a sequence converging to J € Ny. Choose CR
embeddings f, : (M, H, J,) — C? with |f, — fo|cr+1 < €. In view of the
Arzela-Ascoli theorem there is a subsequence f,; that converges to some
f: M — C? in the C* topology; as |f — fo|cx < €, f is an embedding.
It is in fact a CR embedding of (M, H, J) of class C*. According to our
initial observation this implies J is embeddable, J € Ny N By, and we
are done.

The second claim of Theorem 1.1 follows from the first if we note
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that the mapping N' — N defined by forgetting the marking is smooth
and B is the preimage of By.

§3. Embedding families of CR structures.

In this section we will consider a CR manifold (M, H, J;) with a
CR embedding fo : M — C2, and a smooth family j : T; — So of
CR structures, parametrized by some neighborhood 77 of 0 in a Fréchet
space T, j(0) = Jy. We will also assume that j takes values in the
subspace of embeddable CR structures By C Sy. We will prove

Theorem 3.1. There are a neighborhood T, C 7Ty of 0 and a
smooth family of CR embeddings f(t) : (M, H,j(t)) — C2, t € To, such
that f(0) = fo.

Above f(t) being a smooth family means that Tz > t — f(t) €
C>®(M,C?) is a C* mapping. A closely related result is given in [7,
part II, Theorem 8.1]. There a real analytic family of embeddable CR
structures parametrized by an interval is considered; it is not assumed,
though, that the manifolds embed into C2. The conclusion is then as
above (with C? replaced by some C", and without f(0) = f;). It is also
indicated how to extend that theorem to higher dimensional parameter
spaces and smooth families if a certain relative index vanishes. This
latter condition is known to be satisfied when (M, H, j(0)) embeds into
C2. ‘
Observe that Theorem 3.1 is a counterpart of Theorem 1.1 in [17],
but while [17] is about embeddings of perturbations Jy of Jy, Theorem
3.1 is about embeddings of deformation families. Neither result is a
consequence of the other, but their proofs use similar tools. For this
reason we start by recalling some results from [17].

Let Y be a compact complex manifold with smooth boundary 8Y
and interior Y; we will denote the complex structure of Y by Jy. Let
L — (Y, Jo) be a smooth line bundle, holomorphic on Y. The Cauchy-
Riemann operator C*°(L) — C§3(L) will be denoted D. In [17] we
introduced a scale of anisotropic Sobolev norms | ||s, s = 1,2,... on
C>(L) resp. Cg% (L) whose basic properties we will list below.

Proposition 3.2. C* Hélder norms (k= 1,2,...) are dominated

by || |ls if s> 2(n+k), n=dimc Y.

The norms || ||s come from inner products ( , )s;. It follows that if
we denote the completion of C*°(L), C§9 (L) with respect to || || by H?,
Hg,1, these spaces are Hilbert spaces with inner product (the extension
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of) (, )s, and for s > 2n+2 they are continuously embedded into C(L)
resp. C},(L). Also, [17, Proposition 2.2] implies that D : H* — Hggl
is continuous.

From now on we will also assume that the Levi form of Y has at
least one negative eigenvalue in every point of 8Y. Then we have

Proposition 3.3. There are constants Cg such that for u € H®

(3.1) lulls < Co(llDulls—1 + [[ullo)-

Proof. (3.1) is proved in [17, Theorem 3.1} for u € C°°(L); since
C*(L) is dense in H® it is true for u € H® as well.

Now assume that (Y, Jp) contains a nonsingular compact complex
hypersurface Z without boundary, and that j(¢) is a smooth family
of complex structures on ¥ parametrized by some open neighborhood
T’ of 0 in a Fréchet space T. We will also assume that J(0) = Jo,
and that the tangent bundle T'Z is invariant under all J(¢); thus Z is
a complex submanifold of all (Y, J(t)). Let L(t) — (Y,J(t)) denote
the line bundles determined by the divisor Z, L(0) = L, and D(¢) :
CY(L(t)) — Co,1(L(t)) the corresponding Cauchy-Riemann operators,
D(0)=D.

Proposition 3.4. There are a neighborhood T" C T' of 0, a
family of smooth bundle isomorphisms ®; : L — L(t), and a smooth
family of first order linear partial differential operators Ay : C*°(L) —
C§a(L), t € T", such that

(i) Ag =0,
(i) for every s = 1,2,..., A; extends to a smooth family of operators
HES — Hg’—ll;
(i) for uw € C=(L) the Cauchy-Riemann equation D(t)®; ou = 0 is
equivalent to

The proof of this parallels the proof of [17, Lemma 4.2], so we omit
it. Here we record that according to the proof in [17], ®;, A; satisfy

(3.2) D(t)@t ou = Qt o D’LL + @t o At’LL.

It follows that for ¢t € 7", s = 1,2,... there are constants Cs ; such that
for u € H®

(3.3) lulls < Coe(I1Du + Agulls—1 + [lullo)-
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Indeed, this is just (3.1) applied to D(t), L(t) instead D, L (here we
assume 7" is so small that the Levi form of (Y, J(t)) has a negative
eigenvalue for ¢ € T").

Proposition 3.5. Given s, the constant Cs, in (3.83) is locally
uniform int € T".

Proof. Fix 7€ T". With t € 7" we have

lulls < Co,r(I(D + Ar)ulls—1 + [lullo)
< Corr(I(D + AdJulls—1 + llullo) + Cor(Ar — Ad)uls—1.

If ¢ is sufficiently close to 7, Proposition 3.4 (ii) implies that the last
term here is < ||ul|s/2. It then follows that Cs; = 2C, ; can be chosen
in (3.3).

Proposition 3.6. There is a neighborhood T C T" of 0 such
that given s > 2n + 4 we have with constants C ¢ (t € T")

ulls < Cs el Du + Agul|s—1,

whenever u € H® is orthogonal to H°(L) with respect to ( , )o. Here

Cs,¢ can be chosen locally uniform int € T".

Proof. Let 7 € T” . If we can not find uniform constants Cs;
in any neighborhood of 7 then in view of Proposition 3.5 there exist
a sequence t; — 7 and u; € H* orthogonal to H%(L) with |ju;|jo = 1,
|Du; + A¢,uills—1 — 0. By Proposition 3.5, ||lu;|s is bounded, hence
by Proposition 3.2 and the Arzeld-Ascoli theorem a subsequence u,,
converges to u € C1(L) in Cl-norm. Then |lufo = 1. Also Du+A,u =0,
so that ¢, ou € HO(L(7)), and u is orthogonal to H°(L). But by
[17, Proposition 5.2] this implies w = 0 if 7 is in a sufficiently small
neighborhood 7" of 0, which is a contradiction.

Corollary 3.7. The operator
D+Ay:H - H3T
has closed range if s >2n+4,t€ T".

Proof of Theorem 3.1. 'We can assume that M is a hypersurface in
C? and its CR structure J; is inherited from C?; further, that f, is the
inclusion M C C%. M divides P, D C2? in two parts, let Y denote the
pseudoconcave one, and ¥ =Y U M. Denote the complex structure on
Y inherited from Py by Jy. Also, let Z C Y be the line at infinity. In
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[16] we pointed out that Kiremidjian’s theorem in [11] implies that for
t € 7; near 0 Y admits a complex structure J(t) that induces the CR
structure j(t) on (M, HM), and which agrees with Jg in points of Z. In
fact Kiremidjian’s proof constructs a unique such J(t), and one checks
that J(t) depends smoothly on ¢. Also J(0) = Jp.

Let now L(t), D(t), H?, ’HS;I be as above, and ®;, A; as in Proposi-
tion 3.4. The homogeneous coordinates on Py give rise to three sections
uy € H°(L), i = 0,1,2 that span H°(L). In [17, Section 5] we proved
that with a sufficiently small neighborhood 73 of 0 there are unique sec-
tions ul € C*(L), t € T3, such that ®; o ul € HO(L(t)) and uf — u} is
orthogonal to H°(L) with respect to ( , )o, i = 0,1,2. We will assume
T, C T" from Proposition 3.6, and proceed to show that ui € C*°(L)
depends smoothly on ¢t. It will suffice to show that for every s > 8 ev-
ery 7 € T3 has a neighborhood on which the mapping t +— ut € H® is
smooth.

Observe that ®; o ul € H(L(t)) implies (D + A¢)ui = 0, hence also

(34) (DA —ub) + (A — Ar)(uf — ub) = (Ag — A, .

Introduce a left inverse @ of D + A, as follows. Given s > 8 and
a € ’HS,_ll, write a = 3+ v with 8 in the range of D+ A, : H®* — M54
and 7 orthogonal to this range with respect to ( , )s—1. By virtue of
Corollary 3.7 this can be done. Put Qo = u € H® if (D + A )u =
and u is orthogonal to H°(L) with respect to ( , )o. Such a u can be
found because dim H°(L) = dim Ker(D+ A,) = 3, see [17, Proposition
5.1, also Proposition 5.2]. Also note that Q : 'Hfﬁl — H?® is a bounded
operator.
Putting (D + A;)(ul — ul) = o; we can write (3.4) as

s+ (A — A)Qoy = (Ay — A )ul.

If ¢ is sufficiently close to 7, the norm of the operator (A; — A;)Q :
’HS,'II — HSEl is less than one, whence it follows that

op = (I+ (At — A)Q) H(Ay = A )ul € HET!

- depends smoothly on ¢. Therefore the same holds for ui = ul + Qo €
H?#, and this proves that ¢t — ui € C*°(L) is smooth.

Assuming 75 is sufficiently small we now obtain the smooth family
f(t) of the Theorem in the form

iy = (49| 2 (Beom Beou
u’ul ) |y Doud’ 0w ) |,
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84. Moduli spaces of convex domains

Our approach to Theorem 1.3 will be through moduli spaces of con-
vex domains. In this section we will review the relevant facts.

We will denote by X, the space of strongly convex smoothly bounded
domains D C C? that contain the origin. As explained in [15] (where
the notation was X') this is a Fréchet manifold, in fact an open convex
cone in some Fréchet space. The set of those D € X, that are invariant
under the circle action

(4.1) Yz ez (teR),

i.e. the circular domains, will be denoted Cq. We will work with marked
domains, too. A marking for D € &} consists of a pair n of linearly
independent vectors 1,72 € TO1 °D. The space of marked domains (D, 1)
with D € Ay will be denoted X’; this is again a Fréchet manifold. We
will say that two marked domains (D,n), (D',n’) € X are equivalent,
(D,n) ~ (D',n), if there is a biholomorphism ® : D — D’ that fixes 0
and maps the marking n = (71,72) to ' = (n1,715). The moduli space
X/ ~ of strongly convex smooth domains was described in [2] and [15]
in terms of invariants associated with the Kobayashi metric. We will
briefly recall how this can be done, mostly following [2], though not its
notation.

Given any strongly convex domain D, a point a € D and a vector
v € T}OD, consider holomorphic mappings f of the unit disc

A={CeC:|( <1}

into D such that f(0) = a and f.(0) 8/0¢ = Av with some A > 0.
There is a unique mapping f that maximizes the value of A, called
extremal map (determined by a and v); this map is smooth on A and
maps the circle A into D, see [13]. If, for fixed a we let v vary, the
vectors f,(0)8/0(¢ for the corresponding extremal maps f will trace the
smooth boundary of a strongly convex circular domain in 7}9D, called
the Kobayashi indicatrix.

Now the first invariant of (D,n) € X is obtained by looking at the
Kobayashi indicatrix I* C TO1 D of D at 0. There is a unique linear map
A: TO1 °D — C2 that sends the marking (m,n2) to the standard basis
(1,0), (0,1) of C2; the image of I* under A will be denoted I = I(D,n).

An exponential-like mapping r : 8 — 9D, called the circular rep-
resentation, can be defined as follows. Given v € 81, let f : A — D be
the extremal map determined by 0 € D, A~ v € TO1 °D. Then putting
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r(v) = f(1) a diffeomorphism r : 8 — 9D is obtained. This diffeomor-
phism has a natural extension to a homeomorphism I — D, smooth off
0, which is also called circular representation, but we will not deal with
this extension.

The hypersurfaces 8D, 8I C C? inherit a CR. structure from C?,
denoted (8D, H(8D), Jp) resp. (8I,H(OI),Jy), and it turns out that
the circular representation r maps H(8I) to H(dD), i.e. r is a contact
diffeomorphism. However, in general it does not intertwine Jp, Jr - in
other words, it is not a CR isomorphism - and one can measure the
extent to which it distorts the CR structure by looking at the complex
line bundles over 8D resp. 91

H%YOD) = {¢ +iJp¢: € € HOD)} c C® H(OD),
H®Y(OI) = {¢ +iJi€: € € H(BI)} C C® H(I),
HY°(8I) = HO1(dI),

and the CR deformation tensor which is a bundle map
®p,, : H*Y(9I) — H"°(dI)
with the property that the pull back
r;PHOY(8D) c C® H(8I) = H>*(8I) @ H™°(8I)

is the graph of ®p,. By (2], the pair (I(D,n),®p,) depends only
the equivalence class of (D,n) € X, and conversely, the knowledge of
(I(D,n),®p,,) allows one to reconstruct the equivalence class of (D, 7).
Furthermore, the range of the invariants I(D,n), ®p , can also be de-
scribed to some extent.

To this end notice that the circle action (4.1) decomposes any tensor
® : H*Y(8I) — H'°(8I) into homogeneous tensors: & = > _&,;
here v} ®, = e"*®,. Denote by D; the Fréchet space of smooth tensors
o : H>Y(8I) — HYY(8I) whose decomposition contains homogeneous
terms ®, with v > 0 only. These spaces patch together to form a

smooth Fréchet bundle D = |J Dr — Co. By [2] for any (D,n) €
IeCo
X the CR deformation tensor ®p , is in Dy(p ), whence we obtain a

(smooth) mapping h: X — D that associates with (D,n) € X the pair
of invariants (I(D,n),®p). By the above discussion h descends to a
mapping h : X/ ~— D, and it turns out that A is a homeomorphism onto

an open neighborhood of the zero section in the bundle D — Cy. This
is essentially contained in [2], although Bland and Duchamp consider
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only domains with fixed indicatrix I. The proof, however, carries over
for variable indicatrices; see also equivalent result. As in [15, Theorem
10.2] one can prove that h has smooth local right inverses. That is, given
(D,n) € X, there are a neighborhood V C D of B(D, 1) and a smooth
mapping k : V — X with ho k = idy and k(h(D,n)) = (D,n).

In the sequel we will endow X'/ ~ with the smooth structure that
is induced from P by the homeomorphism h. Thus we have

Proposition 4.1. The canonical projection X — X/ ~ is smooth
and has smooth local right inverses.

In addition to the circular representation r : 81 — 0D discussed
above, later we will also need a canonical contact diffeomorphism be-
tween (0D, H(0D)) and (S3, Hy). We end this section by describing
how such a diffeomorphism can be constructed. This construction is not

holomorphically invariant (unlike the circular representation); it
could be made invariant for marked domains (D, 7), but invariance will
not be the issue in our discussion.

Our first observation is the following. Let H; (¢ € [0, 1]) be a smooth
family of contact structures on a manifold M. Then one can canoni-
cally associate with this family a contact diffeomorphism ¢ : (M, Hy) —
(M, Hy).

We will justify this observation under the assumption that H; are
orientable, hence given by a smooth family «a; of one forms on M : H; =
Ker a;. The forms da; restricted to H; are nondegenerate, whence there
is a unique smooth family V; of vector fields tangent to H; such that

_ dOlt

‘/t_ldat = "E

Hy H,

Denoting Lie derivative by L, these vector fields therefore satisfy
dat
Ly,or = d(Viaey) + Viaday = Vea day = ry mod oy.

This implies that the flow g; of the time dependent field V; pulls back oy
to some multiple of ag, in particular g = g; is a contact diffeomorphism
between (M, Hp) and (M, Hy).

If now D € Xp, the mapping p(z) = z/||z|| defines a diffeomorphism
of 8D to S3, although this is not in general a contact diffeomorphism
between (0D, H(8D)) and (S%, Hy). To remedy this, denoting the unit
ball of C? by B, and putting D; = tD + (1 — t)B, plsp, will push
forward the contact structures H(OD;) to a smooth family of contact
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structures H; on S3. Our observation above now supplies a canonical
contact diffeomorphism g : (5%, Hy) — (S, H;), whence also a canonical
contact diffeomorphism

(4.2) g lop:(8D,H(8D)) — (S*, Hy).

§5. Proof of Theorem 1.3

The previous section described the spaces X, X'/ ~ of convex do-
mains; we shall now connect those spaces with the spaces B(S3, Hp),
M(S3, Hy) of CR manifolds. Thus, let (D,n) € X be a marked domain.
Its boundary 8D inherits a CR structure from C2, (8D, H(8D), Jp).
The marking n of D determines a marking ' of this CR manifold as
follows. For ¢ = 1,2, consider the extremal mapping e’ : A — D deter-
mined by 7;, and put

The marking p' = (p;,v;) defines a marked CR manifold (0D, H(6D),
Jp, ). Via the contact diffeomorphism (4.2) constructed in Section 4
this marked CR manifold can be identified with a marked CR manifold
(J,u) € B(S3,Hp), which we will also denote ©(D,n). Thus © is a
mapping from X to B, and indeed a smooth mapping that descends to
a mapping 6 : X/ ~— M.

Conversely, consider a marked CR manifold (J,u) € B, where J is
sufficiently close to the standard CR structure Jy of the sphere. By [17]
this implies there is a smooth CR embedding

(5.1) f:(S3 Hy,J) — C2

with image a strongly convex hypersurface. Denote the domain bounded
by this hypersurface by D; the marking ¢ = (p;, v;) then defines points
p; = f(pi) € 8D and vectors v} = f.v; € T, 0D.
By [5] there are extremal mappings €' : A — D with
(1) =p;, €e(1)Im /8= v, (N >0).
These extremal mappings are unique up to composition by holomorphic

automorphisms of A that fix 1. When J = Jy and u = yg is an elliptic
marking, the extremal discs e!(A), e2(A) intersect in one point inside
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D. More generally, if a CR manifold (S3, Hy, J) admits a strongly con-
vex embedding into C2, we will say that a marking u is elliptic if the
two extremal discs e!(A), e2(A) determined by the marking as above,
intersect (in which case they intersect in exactly one point). The set of
elliptically marked CR manifolds will be denoted £ C B.

Below we will need the fact that the extremal discs e*(A) depend
smoothly on D and p}, v]. This does not seem to have been published
anywhere, but a proof can be easily obtained by a small modification
of the arguments in [14]. A slightly weaker theorem is proved in [5],
where D is, however, kept fixed. In any case, this shows that the subset
& of elliptically marked CR manifolds is open in B; in particular, if
the marking u above was close to an elliptic marking ug of (S3, Hy, Jo)
then itself is elliptic, that is, the extremal discs e!(A), e2(A) above
intersect in some point. By modifying the embedding of (S3, Hy, J)
into C? we can assume that the point of intersection is 0; and also that
e!(0) = €2(0) = 0. With this normalization the ); in (4.2) are uniquely
determined, and we can define a marking n of D € &} by

1 .. .9
= el(o)a—C eTy®D (i=1,2).

We have thus associated a marked domain (D,n) € X with an ellip-
tically marked CR structure (J, 1) € &, in particular, with (J, u) close
to (Jo, po). This association is not unique, for it depends on the CR
embedding (5.1) we choose. However, Bland’s theorem (Theorem 1.2)
implies that (Jo, o) has a neighborhood A/ C S such that Y = N’ N B is
a submanifold of A/, and then Theorem 3.1 implies that (after a possible
shrinking) the mapping f in (5.1) can be chosen to depend smoothly on
(J, ). This then makes the passage from (J, u) € U to (D, n) a smooth
mapping ¥ : Y — X. The construction was such that for u € U O(¥(u))
is on the Cont orbit of u, and for £ € X the marked domains ¥(6(z))
and x are equivalent. By replacing N by its Cont orbit we can assume
that N, hence U are Cont invariant; then ¥ descends to a continuous
- open mapping ¢ : U /Cont — X/ ~ and 8 o ¢ = idy/cons-

Ideas like the ones employed in the construction of the mappings ©,
¥ also let one understand the action of Cont on the open set £ C B.

Proposition 5.1.  If two elliptically marked CR manifolds are CR
diffeomorphic then there is a unique CR diffeomorphism between them.
Moreover, if Ty is an open set in some Fréchet space and F,G : T; —
E C 8 are smooth mappings (as mappings into S) such that for every
t € T1, F(t) and G(t) are CR diffeomorphic, then the CR diffeomorphism
between them (an element of Cont) depends smoothly on t.
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Proof. 1If the elliptically marked CR manifolds (S3, Hy, J, 1) and
(S3, Hy, J ,i1) are CR diffeomorphic, the unique CR diffeomorphism be-
tween them can be constructed as follows. Taking suitable convex em-
beddings of these CR manifolds into C? the image hypersurfaces will
bound strongly convex domains D, D and the markings u, i will induce
markings 7, 7 on them, as explained above. It will suffice to show that
there is a unique biholomorphism H between (D,7) and (D,7), this
latter being a consequence of the biholomorphic invariance of extremal
discs. Indeed, let the linear map L : TO1 °D - TO1 D map 7 to A, then
for any z € D\ {0} H(z) € D can be obtained as follows. Let e : A — A
be the unique extremal mapping such that e(0) = 0, e(a) = z with some
a,0<a<]l,andleté: A — D be the unique extremal mapping such
that é,(0)0/9¢ = ALe.(0)0/9¢, with some A > 0. Then H(z) is given
by é(a); in particular H is unique.

The second half of the Proposition is proved using the above passage
from £ to X, and in addition Theorem 3.1 and the smooth dependence
of extremal maps on the data (the target domain, base points, resp.
tangent vector).

At this point we are ready to prove Theorem 1.3. Let 7, w denote the
canonical projections B — B/Cont resp. X — X/ ~, see the diagrams:

B 2 x BoU —— X
! | ! |
B/Cont «—*— X/~ U/Cont —2— X/ ~ .

The pullback of the smooth structure of X'/ ~ by 1) defines a smooth
structure on U /Cont. Thus 1) and its inverse 0]y /Cont) are diffeomor-
phisms. We need to show that 7 : f — U/Cont is a trivial smooth
principal bundle with structure group Cont. First, 7 = fow o ¥ is
smooth. Second, assuming U is sufficiently small, a section of 7 can
be gotten by looking at a smooth local right inverse o of w defined near
w(¥(Jo, o)) (cf. Proposition 4.1); then xk = @oc o1 is a smooth section
of . Finally, denoting the action of a contact diffeomorphism v € Cont
on U by a superscript, we define a smooth Cont equivariant mapping

Cont xU/Cont 3 (v,a) — (k(@))” €U.
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This has a smooth inverse
U3 ur— (I(k(r(w),u), m(u)),

where I'(v, u) denotes the unique CR diffeomorphism between v € U and
u € U, cf. Proposition 5.1. Hence the Cont bundles Y — U/ Cont and
Cont x U /Cont — U/Cont are isomorphic, whence the theorem follows.
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