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Introduction

This article is a brief report of recent developments in Fefferman’s
program, proposed and initiated in [F3], concerning invariant expression
of the singularity of the Bergman kernel KB on the diagonal of a strictly
pseudoconvex domain 2 C C™ with smooth boundary. It was proved by
Fefferman in [F1] that

B
(0.1) KB = frf“ +Blogr with ¢B, ¥B € C°(Q),
where r € C* is a defining function of the boundary 952 such that » > 0
in Q and dr # 0 on 6. The problem is to choose r appropriately and
express ¢® modulo O"*(r) and %® modulo O%(r) invariantly in the
sense of local biholomorphic geometry. This can be compared with the
asymptotic expansion of the heat kernel associated with the diagonal of
a compact Riemannian manifold, where the time variable corresponds
to the function r in (0.1). The boundary 9% is approximated at every
point by a sphere (hyperquadric), and carries a differential-geometric
structure, called the CR (or pseudo-conformal) structure.

Let us employ an extrinsic approach due to Chern and Moser in
[CM], [M], and put the boundary 89 (formally) in Moser’s normal form
N(A) with A = (Ai ﬁ) given by

o0
2Rez, = |Z/|> + Z Z Aﬁﬁ zgzg(lmzn)l,
lal;|B]=2 £=0

where z = (2/,2,) = (21,--+,2n-1,2n) € C™. (For the notation z,,
and |a| with ordered multi-indices o, see Subsection 1.1, (B) below.)
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Then CR invariants of weight w € Ng = {0,1,2,...} are defined as
polynomials P = P(A) satisfying the transformation law
(0.2) P(A) = P(A) | det & (0)[2*/(+1)

for local (or formal) biholomorphic mappings ® such that ®(N(A4)) =

N(A) and ®(0) = 0. We wish to express the asymptotic expansions
OB = Z err® mod O™ (r), € C®(Q),
k=0

PP = Z Y ® mod O%(r), Y € C™(Q),
k=0

(0.3)

of B and 9B in (0.1) in terms of CR invariants. We thus consider local
(or localizable) domain functionals K = Kq near a reference point at
the boundary 69 satisfying a transformation law of weight w € Z:

(0.4) Kq, = Kq, o ®|det &' |2w/(n+1)

for local biholomorphic mappings ® : ; — €5 preserving the reference
points, cf. (0.2).

The Bergman kernel KB satisfies (0.4) with w = n+ 1. If one could
find a defining function r satisfying (0.4) with w = —1, then there would
be a hope to have expansions as in (0.3) such that @ for £ < n and
Yr—n—1 for k > n+1 satisfy (0.4) with w = k. According to Hérmander
[H3), the boundary value of ©® agrees with that of the Levi determinant

_ n r Or/ 07y,
Ilrl = (=1)" det <87'/6z]~ 02r/8z; azk)

multiplied by n!/7™. Thus we are led to the zero Dirichlet boundary
value problem for the complex Monge-Ampere equation

(0.5) Jul=1 and u>0 in u=0 on 9.

According to Fefferman [F2], any solution of J{u] = 1 satisfies (0.4) with
w = —1. However, the solution of (0.5), of which the unique existence is
guaranteed by Cheng and Yau in [CY], has a finite differentiability up
to the boundary. This fact is seen from the asymptotic expansion below
due to Lee and Melrose in [LM] (cf. also Graham [G2]):

(0.6) u=rY n-("logr)k,  m e C®(Q),
k=0
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with a C* defining function r as before.
There are C* approximate solutions r = r¥ of (0.5) satisfying

Jr¥l =1+ 0" (r) near 90 (r=7 >0 in Q).

In [F2], Fefferman gave an explicit algorithm of constructing such a
function 7F. Let us refer to these rF as Fefferman’s defining functions.
After reviewing quickly in Section 1 the background of the problem
which contains expositions of CR invariants, the Bergman kernel and the
complex Monge-Ampere boundary value problem, we state in Section 2
Fefferman’s main results in [F3], which were supplemented recently by
Bailey, Eastwood and Graham in [BEG], on the expansion of ©® in (0.3)
by using Fefferman’s defining function » = r¥. Local domain functionals,
called Weyl invariants, of weight < n are defined by using the curvature
of the Lorentz-Kéhler metric with potential function |20/ rF(2) on a
bundle C* x Q (or a neighborhood of C* x 89) with an extra variable
zp € C* = C\ {0}. It is proved in [F3] and [BEG] that any CR invariant
of weight < n is realized as the boundary value of a Weyl invariant and
that the expansion of ©® in (0.3) with 7 = r¥ is valid, where each ¢P
is a Weyl invariant of weight k. Proofs of these results are outlined in
Section 5.

The two dimensional case is exceptional and it is possible to obtain
a very precise result by using Fefferman’s defining function r = rF. We
overview in Section 3 the work of Graham in [G1] and [G2] supplemented
by the authors’ joint work with Nakazawa in [HKN1] and [HKN2]. There
are no nonzero CR invariants of weight 1, 2, and the expansion of ©P in
(0.3) with r = rF is trivial, that is, ¢® = 2/7% 4+ O3(r). For 4 in (0.1),
it is shown in [G1] and [HKN2] that

2 ,
PP = — (=3m + War +Wsr?) + 03(r) with r=rF,

where Wy, for k = 4,5 are Weyl invariants of weight k£ and 7; is that
in (0.6) with = rF. This result is best possible as far as Fefferman’s
defining function is used. Explicit determination of Wy and W5 is also
done in [HKN2] (partial results are found in [G1] and [HKN1]). In order
to identify universal constants appearing in Wy and Wi, it is necessary
to express the singularity of the Bergman kernel in terms of Moser’s
normal form coefficients. This is done in [HKN1]| and [HKN2] by using
microlocal calculus due to Kashiwara in [Kas| and Boutet de Monvel in
[B1]-[B3]. We explain this method in Section 4.

In order to get a complete expansion of %" as in (0.3), it is nec-
essary to take account of the ambiguity of 7 = rF. In [Hi], a special
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family of Fefferman’s defining functions parametrized by C*°(9Q) (or
rather the space of formal power series) is so defined as to satisfy (0.4)
with w = —1. This family leads to the definition of Weyl invariants with
ambiguity measured by C*°(8%2). It is proved in [Hi] that the space CR
invariants of arbitrary weight exactly corresponds to that of Weyl in-
variants without ambiguity and that the expansion of ¢® in (0.3) with a
Fefferman’s defining function r parametrized by C°°(81) is valid, where
each 92 is a Weyl invariant, with ambiguity, of weight ¥ + n + 1. This
expansion of P is invariant in the sense that each Weyl invariant with
ambiguity measured by C'*°(9€2) is a universal polynomial of A = (Aﬁ ﬁ)

and C = (Ci ﬁ)’ where Ai 5 are Moser’s normal form coefficients and C’i 3

appear as the coefficients of the power series expansion of an element
f € C(89), that is,

f(2, 2, Im z,) = Z ZCiﬁzg%(Imzn)e.

Ial7|ﬁ|20 £=0

In Section 6, we state these results more precisely and outline the proofs.

In this article, we restrict ourselves to the local analysis of the
Bergman kernel associated with a general strictly pseudoconvex domain,
and do not refer to related topics. Here we only mention two of these.
The first one is an analogue of Fefferman’s program above for the Szego
kernel associated with an invariant surface element on the boundary of a
strictly pseudoconvex domain. This problem was also posed in [F'3], and
the analysis of the Bergman kernel presented in this article applies to the
Szego kernel as well, after a slight modification (cf. [HKN1], [HKN2]).
Another topic is a conformal analogue of the construction of CR invari-
ants in terms of Weyl invariants. This problem was posed by Fefferman
and Graham in [FG]. For recent progress of this topic, the reader should
see the papers by Bailey-Eastwood-Graham [BEG] and by Eastwood-
Graham [EG]; there are also comprehensive survey articles by Graham
[G3] and by Bailey [Ba).

§1 Backgrounds

1.1 CR invariants

(A) Local boundary equivalence problem. A remarkable phe-
nomenon in Several Complex Variables is the existence of a domain
(in fact, many domains) such that all holomorphic functions in © extend
holomorphically across a part of the boundary 9Q to a larger domain
simultaneously. If such a phenomenon does never occur for 2, then Q is
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called a domain of holomorphy. Assume for simplicity that 2 is a domain
in C™ with C* boundary. That is, @ = {r > 0}, where r € C*(C",R)
is a defining function of the boundary 9 and thus |dr| > 0 on Q. A
well-known theorem of Oka states that Q is a domain of holomorphy if
and only if it is pseudoconver at every boundary point. The pseudocon-
vexity at z € 9Q is by definition the non-negativity of the eigenvalues
of the Levi form of r at z = (24, ..., z,) given by

Le@D=- > 2T g for 6= (61, 60 €TH(O0)

82,07
dk=1 "7

where T}0(80) = {¢€ € C*; 37, £;0r(2)/dz; = 0}, and thus each
element £ € T1°(01) is identified with a (1,0)-vector Y &; 8/8z; which
is tangential to OS2 at z. If the Levi form is positive-definite on 952, then
Q is said to be strictly pseudoconvezr. The notion of (strict) pseudocon-
vexity is defined independently of the choice of 7.

Let 27 and Q9 be strictly pseudoconvex domains in C® with C*°
boundaries. If there exists a biholomorphic mapping ® : Q; — Q, then
Q1 and Qs are said to be holomorphically equivalent. When are €2y and
Q9 holomorphically equivalent? A necessary condition is formulated via
a theorem of Fefferman [F1] which states that if ® as above exists then ®
extends to a C* diffeomorphism from ©; to Q5. (If the boundaries are
real analytic, then ® extends biholomorphically across the boundaries,
cf. Lewy [L2].) Thus one can compare the boundaries. The boundary
value of ® is a diffeomorphism ®q : 92; — 9 such that the compo-
nents are CR functions, those functions which are annihilated by differ-
entiation with respect to sections of the bundle 70:1(8Q) = T1.9(89).
Suppose now we are given ®q, a CR diffeomorphism. If the boundaries
are real analytic, then ®y has an analytic extension to a full neighbor-
hood of 9Q;. In general, ®; extends holomorphically to ; according
to a theorem of Lewy [L1]. These are in fact local results, and one is led
to a local boundary equivalence problem of comparing open portions M;
of 9Q; (j = 1,2), which are strictly pseudoconvex real hypersurfaces.
That is, one asks when there exists a CR diffeomorphism ®¢ : M; — M,
such that ®(p1) = p2, where the pairs (M;,p;) with p; € M; are pre-
scribed. In what follows, we mainly consider the real analytic case, and
identify ®q with its holomorphic extension ®. More precisely, we regard
® as a germ of mapping between germs of surface (M;,p;). In the C*
case, we regard ® as a formal mapping given by formal power series
between C* surfaces (M, p;), and thus we are only concerned with the
Taylor expansions of defining functions of M; about the reference points
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pj € Mj.

(B) Moser’s normal form. Let M C C" be a strictly pseudocon-
vex real hypersurface containing the origin 0 € C™ as a reference point,
and assume first that M is real analytic. To study the biholomorphic
equivalence problem of M in the previous subsection, Moser [M], [CM]
introduced the notion of normal form of M defined as follows.

For the standard coordinate system z = (21, ..., 25) in C™, we write
z = (2/,2,) and set 2z, = 24, ***24,, Where & = (ai,...,04) is an
ordered multi-index of length |a| = a, that is, a; € {1,...,n — 1} for
j=1,...,a. After a holomorphic change of coordinates, M is locally

written near the origin as
(1.1) 2u = |2/|2 + Fa(?, 2, v), Zp = U+ 10,

where F4 is a real analytic function having the Taylor expansion

Fu(2,2',v) = Z Aiﬁ z 2yt = Z A 5(v) 2 2.
lol+18]+2¢>3 B

(The meaning of the subscript A in F4 will be made clear just after the
definition of Moser’s normal form.) We say that M given by (1.1) is in
pre-normal form if A 5(v) = Agz(v) hold for all o, 8 and each A 5(v)is
unchanged under permutation of a and that of 3. These normalizations
are always possible.

By another change of coordinates, M in pre-normal form is made to
satisfy A,7z(v) =0 when |a| <2 or || < 2, and thus

L2) Fa(Zv)= ), Ap)zzs Ap0) =) Agv.
lee],|B122 £=0

DEFINITION. A surface M in pre-normal form given by (1.1) is
said to be in Moser’s normal form if (1.2) holds and the following trace
conditions are fulfilled:

(1.3) trAyz(v) =0, (tr)? Ayz(v) =0, (tr)® Az(v) =0.
Here, A ;(v) = (Aaﬁ(v))|a|=a’|m=b, and (tr)™ A _z(v) for m = 1,2,3

means that the contractions with respect to Kronecker’s delta §7% are
taken m times for the indices o, 8 in A 7(v) with |af = a, |8] =b.

If M is a surface in Moser’s normal form, we write M = N(A) and
A €N, where A = (Ai ﬁ) is a collection of the coefficients in (1.2). Thus
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N is the vector space of all collections A giving Moser’s normal forms.
We may identify a surface N(A) with A € N.
The existence of Moser’s normal form is guaranteed as follows.

Theorem 1.1 ([CM], [M]). For any M in pre-normal form, there
exists a holomorphic change of coordinates w = ®(z) such that (M) is
in Moser’s normal form. The mapping ® is unique under the conditions

®(0) =0, @'(0) = identity, Im (8°w,(0)/922) =0,
where ® denotes the holomorphic differential of ®.

According to Theorem 1.1, there exists a holomorphic coordinate
system z = (2/,z,) such that M is in Moser’s normal form N(A). We
refer to 2/, z, as Moser’s normal coordinates. These give “real” coordi-
nates 2/, 2/, u, v with z, = u+iv. We rather use coordinates 2/, 2/, pa,
v, where

pa =2u— |22 — Fa(2',7',v),

so that N(A) is given by the equation p4 = 0.

In general, Moser’s normal form of a surface M is not unique; M has
a unique normal form if and only if M is locally equivalent to a sphere,
in which case the normal form is given by

My = 89 = {2u = |2/|?}, where Qy = {2u > |2/|*}.

The model domain € is a Siegel domain which is biholomorphic to a
ball. Elements of Aut(2g), the group of holomorphic automorphisms
of Qq, are linear fractional transformations. The non-uniqueness of the
normal form is measured by using the isotropy group H of Aut(p) at
the origin 0 defined by H = {h € Aut(Q); h(0) = 0}; elements of H
are biholomorphic at 0. In fact, there is a group action

(1.4) HxN>hA)—hAcN

such that equivalence classes of A/ are realized by H-orbits of A'. The
action (1.4) is defined by N(h.A) = M with M = h(N(A)) when M is in
Moser’s normal form. In general, M is merely in pre-normal form, but
Theorem 1.1 guarantees the unique existence of a local biholomorphic
mapping ® such that ®(M) is close to M and in Moser’s normal form.
Then the action (1.4) is defined by N(h.A) = ®(M). That is,

(1.4) N(h.A) = Ep a(N(A)), where Epa=Poh.

Observe that E; ,(0) = h'(0).
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Let us finally give remarks on the case where the original real hy-
persurface M C C™, being strictly pseudoconvex, is not real analytic
but merely C*. In the category of formal power series, the notions of
pre-normal form and Moser’s normal form make sense. After a formal
change of variables, M can be always put in pre-normal form, and The-
orem 1.1 has an obvious analogue. We continue to use the notations
N(A) and A € N. (We have a larger class N*° 2 N but abuse nota-
tion by writing both A" and N'* as N.) Then the action (1.4) remains
well-defined.

Remark 1.1. Let a surface M with a reference point p € M be
real analytic or C*°. Then by Theorem 1.1, there exists a (formal)
biholomorphic mapping ®, such that ®,(p) = 0 and &,(M) = N(A) for
some A = (Ai 5) € N. We now regard each Ai 5858 function of p € M.
Then a family {®,},cap can be chosen in such a way that Ai 3 is real

analytic or C°°. This fact is contained in the proof of Theorem 1.1.

(C) Local scalar invariants. Given a surface M with a reference
point p € M, local scalar invariants of M at p are defined as follows. For
A= (Af; 5) € N, we regard components Ai 5 8s variables and consider

functions of A.

DEFINITION. A polynomial P(A) in A € N is called a CR invari-
ant of weight w € Ny if

(1.5) P(A) = |det ¥'(0)|**/("*V) P(h.A)  forany he H.

We denote by ISR the totality of CR invariants of weight w, and
thus ICR is the complexification of a real vector space.

Each P(A) € ISR determines a functional M — Py defined by
Par(p) = | det @, (p)[>*/ "D P(4) with &,(M) = N(A),

where @, is a mapping in Remark 1.1. The function Py is real analytic
or C* according to the regularity assumption on M, and the value
Py (p) is independent of the choice of ®,. We have a transformation
law under biholomorphic mappings ®:

Py(p) = | det ' (p)[>/ V) Py ary (B(p))  (p € M).

Conversely, given a functional Pys(p) of a pair (M, p) satisfying the law
above, if Px(4)(0) is a polynomial in A € N then Py(4)(0) € ISR,
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Every P(A) € ISR is a polynomial in A € N of homogeneous weight
w, if we define the weight of Ai 5 by

w(Al5) = w(apt) = (la| +16])/2+ £~ 1.

This fact is seen by using dilations ¢, € H defined by ¢.(2',2,) =
(rz',m%2y,) for 7 > 0. We have P(A) = r?¥P(¢,.A), while the action

— Ais ol Al = plol=|81~26+2 g£_
¢..A = A is given by Aaﬂ r Aaﬁ .

1.2 The Bergman kernel

For a general domain @ C C", we denote by HB(Q) the Hilbert
space of L? holomorphic functions in Q with the norm || - ||g. Then the
Bergman kernel associated with 2 is defined by

KB(2) = KB(2,2) = Z |hi(2)]? for ze€Q,

where {h;}; is an arbitrary complete orthonormal system of HEB(Q).
The series >_ |h;(z)|? converges uniformly on every compact subset w of
Q, by virtue of the following inequality with a constant C,, > 0:

|h(2)] < C, |||z for z€w, he HB(Q).

(In fact, Y |h;(2)|? is the square of the norm of the evaluation functional
h +— h(z) on HB(2).) Thus, a complex extension of KB(z) = KB(z,%)
is given by

KB(z,w) = Z hj(z) hj(w) for z,w € Q,
J

which is holomorphic in (z,%). This function KB(z,w), which is also
referred to as the Bergman kernel, is the reproducing kernel associated
with the Hilbert space HB(f2) in the sense that

KB(.,w) € HB(Q) for w e Q fixed,

KB(z,w) = KB(w,z) for z,weQ,

h(z) = / KB(2, @) h(w)dV(w) for he HBQ), z€Q,
Q

where dV (w) denotes the standard volume element of C™* at w.
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When we wish to emphasize the dependence on Q, we write K2 (z,w)
as KB(z,). Recall that each element h € HB(1) is identified with a
holomorphic n-form wp(z) = h(z) dz1 A --- Adz,, and

.n2

o [ WRATE= kI3 < +oo.

Thus the Bergman kernel K5 (z,%) is defined for a complex manifold 2.
(This fact will not be used explicitly, since we shall mainly work locally
near a boundary point.) Also, the transformation law for the Bergman
kernel under a biholomorphic mapping ® : €; — € is given as follows:

(1.6) Kgl (2,2) = ng (®(2), ®(2) )| det ®'(2)|*> for z € Qy,
a relation which can be complexified.

Example. If Q@ C C™ is the unit ball, then

nl/7"

n
—m, where Z’UJ:ZZJU)]

=1
For our model domain Qy = {z =(2,2n) €C" 2 +7Zp > |z’|2},

| =
(1.7) K§ (z,@) = s (2n +Wp — 2" - W)
7r

. n—1
n

Remark 1.2. (1°) If Q is a domain in C, then

2
KB(z,w)z—a—g% for z,w € Q,
where G(z, w) denotes the Green function normalized by multiplying a
constant (cf. Schiffer [Scr]). An operator version is given by using the
H-operator and its L? adjoint 0 asKB=1- E*Gg, where G denotes
the Green operator and KB, called the Bergman projector, stands for
the orthogonal projector of L%(Q2) to the closed subspace H2(f).

(2°) An analogous formula is available for a domain €2 in C” as far as
the complex Laplacian 1 =88 +8 0 for (0, 1)-forms on 2 has a closed
range in L%. The generalized inverse N, called the 8- Neumann operator,
satisfies KB =1 — 9 N 3. If, for instance, €2 is a strictly pseudoconvex
domain with C* boundary, then N is defined and C* pseudolocal at
every point of the closure (2 (cf. Folland-Kohn [FK]). Then, the Bergman
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kernel KB(z,w) as a function of (z,w) is C* on  x 1 off the diagonal
of 90 x 9 (cf. Kerzman [Ke]).

From now on, we assume that Q = {z; r(z) > 0} C C" is a strictly
pseudoconvex domain, where r is a smooth (C*° or real analytic) defining
function of the boundary. It has been known that the Bergman kernel
KB(z) = KB(z,%) tends to +oo as z approaches to a boundary point.
The magnitude of divergence is measured by virtue of a theorem of
Hoérmander [HS] as follows:

|
(1.8) ;EE) r(2)"TP KB(2) = % J[r](p) for p € 89,

where J[r| denotes the Levi determinant of r given by

(1.9) Jir] = (=1)" det (ar/razj azf%ff gzk) '

We shall rather refer to J[-] as the (complex) Monge-Ampére operator.
A far-reaching refinement of (1.8) is given as follows.

Theorem 1.2 ([F1]). Let Q = {z € C*; r(z) > 0} be a strictly
pseudoconver domain, where v is a C™ defining function of Q. Then
there exist B, 9B € C®(Q) such that

(1.10) KB(2,2) = KB(2) = T_(p(l:)(:% + 9B (2) logr(z).

In particular, B = (n!/7™)J[r] on 0N.

Remark 1.3. If 89 with r is real analytic, then B and 4B are real
analytic too, so that (1.10) is complexified (cf. Kashiwara [Kas]):

B(z,w
(1.10) KB(z, @) = ;‘i—z%,l—l +¢B(2, W) logr(z, ).
Even when 8 is C*°, the above equality (1.10)' remains valid with
C* functions r(z,w), ¢B(z,W), ¥B(2,W) of (z,w) € Q x Q which are
regarded as almost analytic extensions of r(z) = r(z,%), ... in the sense
that dr(z,w)/8%, ... and Or(z,w)/Ow, ... vanish to infinite order at
z = w (cf. Boutet de Monvel-Sjostrand [BS]).

Remark 1.4. The singularities (1.10) and (1.10)" are localizable to
a neighborhood of a boundary point as follows. If €2; and Q5 are strictly
pseudoconvex domains with smooth (C* or real analytic) boundaries
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such that Q;NV = Q,NV for a neighborhood V of a point p € 8Q; Ny,
then there exists a smaller neighborhood V of_p such thaﬁ the difference
K§ (z,w) — K§,(z,W) are smooth for z,w € Q1 NVp = Q2 N Vo.

Remark 1.5. (1°) An elementary property of the Bergman kernel
is the monotonicity with respect to the domain:

K§ (2) > K§,(2) when z€Qy C Qs

In the proof of (1.8), this fact and the model case formula (1.7) are used
together with a localization argument, after a scaling of the coordinates
(cf. Hérmander [H&]).

(2°) Fefferman’s original proof of Theorem 1.2 requires a more pre-
cise approximation of € from inside at a boundary point by a domain
Qe which is locally biholomorphic to a ball. Roughly speaking, starting
from an explicit approximation of the decomposition 1 = KB + 8 N g,
the Bergman kernel is obtained as a Neumann series, where successive
integrations over a thin domain given locally by Q2 \ Q. are involved.
The estimates are extremely hard (cf. [F1]).

(3°) An alternative proof of Theorem 1.2 is given by Boutet de
Monvel and Sjostrand [BS], where the singularity of the Bergman kernel
is written as a Fourier integral distribution with complex phase:

o0
KB(2,@) ~ / et ) B (2w, t) di mod C*°,
0
where pB(z,W, t) is a symbol admitting an asymptotic expansion

B(z,w,t) Zt” J (zw p?(~,T)EC°°(§X§).

This expression yields (1.10)’ via the following formulas for the Laplace
transforms, which are valid for p € C with Rep > 0:

e m!
/ t"me Ptdt = ] for m >0,
0 p

g7 et g = CUTPMT Cp) for m>1
P ; e —W(Oglﬂ" m) for m>1,
where C,, are constants and pf stands for the Hadamard finite part.

(4°) For Kashiwara’s proof [Kas| of (1.10) in the real analytic case
and its application, see Section 4 below.
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The equality (1.10) in Theorem 1.2 is referred to as an asymptotic
expansion. A reason is that if the boundary 952 is locally flattened by a
real change of coordinates z = U(s,r) with s € R?”~! then

©®(¥(s,1))

KB(\II(s,r)) = )

+9B(U(s,7)) logr,

and the Taylor expansions about 7 = 0 of ©(¥(s,r)) modulo O™ (r)
and 9B(¥(s,r)) provide an asymptotic expansion of KB(¥(s,r)). This
is analogous to that of the heat kernel. However, the biholomorphic
invariance is lost, for the expansion depends on the choices of the real
coordinate system (s,r) and the defining function r. Instead, we make
the following tentative definition.

DEFINITION. A domain functional K (z) = Kq(z) is said to satisfy
a (biholomorphic) transformation law of weight w € Z if

(1.11) Ka, (2) = Kq,(®(2)) | det &' (2)[**/ 1)

for any biholomorphic mapping ®: ; — 5. This definition extends to
local domain functionals defined only near a boundary point.

The equality (1.6) means that the Bergman kernel satisfies a trans-
formation law of weight n 4 1. If there would exist a defining function
r satisfying a transformation law of weight —1, then we could speak of
an invariant expansion of the Bergman kernel given by the expansions

n
OB = Z @l mod O™*(r),
—
(1.12) -
B = Z Ynt1457  mod O=(r),

Jj=0

with ¢; € C®(Q) for j € Ny satisfying transformation laws of weight j.
Here, the first relation in (1.12) means that the difference between both
sides is smoothly divisible by #®*1, and the second relation means that

m
B = Z @nt1457 mod O™ (r) for any m € N.
=0

In fact, the situation is not so simple. Nevertheless, this is approximately
the case, as we shall see in the next subsection.
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1.3 The Monge-Ampeére boundary value problem

Recall the (complex) Monge-Ampére operator J[-] defined in (1.9).
If ®:Q; — 25 is a biholomorphic mapping, then

Jug] = J[ug) o ® with w; =|det® |2+ g, 08

for any function uy in Qg (cf. Fefferman [F2]). In particular, every
solution u of the Monge-Ampére equation J[u] = 1 satisfies a transfor-
mation law of weight —1 in the sense of (1.11). This fact motivates us
to consider the zero Dirichlet boundary value problem

(1.13)  JuM* =1 and «M* >0 in O uMA =0 on Q.

The problem (1.13) has a unique solution but it has only a finite
degree of smoothness up to the boundary (cf. Cheng-Yau [CY]):

(1.14) uMA e Q)N Cmt3/275(@Q)  for any & > 0.

The solution uMA admits an asymptotic expansion, with an arbitrary
defining function r of 92 such that Q = {r > 0} (cf. Lee-Melrose [LM]):

(1.15) WMA T Y - (P logr)¥, M € CO(Q).
k=0

In particular, (1.14) is improved as follows: uMA € C"*2-¢(Q) for any
e > 0 small. In the expansion (1.15) considered near a reference point
at the boundary, the function 7y depends globally on the choice of r,
whereas the Taylor expansions of 1 for k£ > 1 are determined locally by
those of 77y and r (cf. [LM]).

Though the solution uMA of (1.13) is a defining function of 9Q and
satisfies a transformation law of weight —1, it is not C°° smooth up to
the boundary. Thus we cannot use «M# in an invariant expansion of the
Bergman kernel of the form (1.12). Instead, we confine ourselves to a
C* defining function r» = r¥ of 90 satisfying (1.13) approximately in
the sense that

(1.16) Jr¥] =1+ 0" (r) near 90 (r=rF>0 in Q).

Fefferman [F2| considered r¥ precedent to the above stated works of
Cheng-Yau [CY] and Lee-Melrose [LM]. In [F2], an explicit algorithm of
constructing r¥ is given locally near a boundary point (cf. Subsection

3.2 below). We refer to r¥ as a Fefferman’s defining function. For later
use, we summarize properties of rF:

(1F) rF is unique modulo O™*2(r), or the ambiguity of r¥ is O™ +2(r);
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(2F) rF satisfies a transformation law of weight —1 modulo O™*+2(r);
(3F) rF makes sense locally near a reference point at the boundary.

By (1F), we mean that if 7} and 7§ satisfy (1.16) then rf —r5 = O"*2%(r)
and that if 7¥" satisfies (1.16) so does r5 = r¥ +§ whenever § = O"+2(r).
The fact (1Y) follows from the condition (1.16); and (1¥) implies (2F),
because if @ : 3 — 22 is biholomorphic then

Jrfl=J[rflo® with rf = |det®'|"# ™) f 0 &

for any Fefferman’s defining function r§ of Q. By (3F), we mean that
the properties (1¥) and (2¥) are valid locally near a reference point at
the boundary.

By continuing Fefferman’s construction beyond r¥, Graham [G2]
constructed a local asymptotic solution u® of (1.13) in the form

(117)  wC=r Y ng-(r"logr)k,  nf € (@)
k=0

Theorem 1.3 ([G2]). Letr =1F be a Fefferman’s defining func-
tion of Q. Then, for any a € C*°(0N), there exists a unique asymptotic
solution u = u® of the form (1.17) to the problem

(1.18) J[u] =14 0%(r) near 8Q, n$ =1+ar™! 40" 2(r).

Furthermore, NG for each k > 1 has the following properties:

(19) 7$ modulo O"*1(r) is independent of the choice of a and r¥;
(2%) ¢ has a transformation law of weight k(n+1) modulo O™ (r);
(3%) 1S modulo O™*1(r) makes sense locally near a boundary point.
The asymptotic solution u® is a formal series of the form (1.17).
The first relation of (1.18) means that J[u®] — 1 is formally flat on 69
in the sense that for any m € N there exists a finite sum u$, correspond-
ing to (1.17) such that J[u$] — 1 is continuously divisible by ™. The
meanings of (1%)—(3%) are similar to those of (1¥)—(3F), except for the
fact that u© is uniquely determined by a and rF, where a is prescribed
in a neighborhood of a reference point at the boundary.

Let us return to the problem mentioned at the end of the previous
subsection. We wish to realize an invariant expansion of the Bergman
kernel of the form (1.12) with » = rF. Because of the ambiguity of r¥,
the invariance becomes approximate and the expansion of B, even if
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possible, only makes sense as a finite sum, say,
(112)%] /IX)B = Pp+1 +¢n+2r+...+¢N,’,N—n—*1 mod ON_n(’I‘).

Suppose we are given vector subspaces I]W C C*®(Q) (0 < j < N) with
the following properties:

(1¥) Elements of IJW make sense modulo O =9+ (r) (we regard these
as equivalence classes modulo ON=9+1(r));

(2W) Each element of IJW satisfies the transformation law of weight j
modulo ON=3+1(r);

(3%) The boundary value of each element o € IJW is a CR invariant,
and the resulting mapping IJW — I ](:R is surjective. In addition,
if the boundary 99 is in normal form N(A) near the origin, then
8‘;8590(0) (Jof + |8l £ N —j) for p € IJW are polynomials in A.

The latter condition in (3W) is referred to as the polynomial dependence
of p € IJW on the boundary. The functions B, ¥® and rF have a
similar property, as we shall see in Sections 3 and 4. If N > n, then
the conditions (1V)—(3W) yield the expansion of ¢® in (1.12) as follows.
Since the boundary value of ¢P is an element of IS® being a constant,
(3W) implies the existence of o € I3¥ such that ¢ = o+ 0(r). Then
the approximate invariance of the smooth function 3; := (¢® — ¢g)/r
makes sense. By virtue of (1W)-(3V) and the polynomial dependence
of ©B and r¥, the boundary value of $; belongs to IF®, and thus (3V)
implies as before the existence of p; € I}V such that ©® = g + @17+
O?%(r). Then induction yields the expansion of ® as in (1.12).

A construction of IJW for 0 < j < n is discussed in the next section.

The same argument applies to the expansion of ¥® as in (1.12)Y,
but the approximate invariance of the right side of (1.12)’% only makes
sense modulo O™*1(r) by the ambiguity of r = rf. Consequently, we
have invariant expressions of ¢; for 0 < j < min (N, 2n + 1) whenever
IJW for 0 < j < N are constructed. In Section 3, we consider the case
n = 2 and realize the optimal case N = 5, that is, we express ¢; for
0 < j < 5 explicitly by constructing IJW for 0 < j<5.

§2 Weyl invariants

Elements of the spaces IJW (0 € j < n) in Subsection 1.3 are realized
by Weyl invariants in the sense of Fefferman [F3]. This notion was
introduced in {F'3] as an analogy of that in Riemannian Geometry, where
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the Bergman kernel is compared with the heat kernel. Reviewing quickly
the heat kernel asymptotics in Subsection 2.1, we give the definition of
Weyl invariants in Subsection 2.2. Then in Subsection 2.3, we state the
main results of this section, due to Fefferman [F3] and Bailey-Eastwood-
Graham [BEG], on Weyl invariants and the invariant expansion of the
Bergman kernel.

2.1 Heat kernel on a Riemannian manifold

Let (M, g) be an n-dimensional compact Riemannian manifold. We
denote by A, the (negative) Laplacian acting on functions on M, and
consider the initial value problem for the heat equation:

Ou/dt —Agu=0 on M x[0,00),  ult=0 =1,

where f € C*°(M) is prescribed arbitrarily. Then there exists a unique
solution, which has the form u(z, t) = [,, Hi(z,y) f(y) dV (y), where dV
stands for the volume element on M. The function Hy(z,y) for z,y € M
and t > 0 is called the heat kernel (for functions) associated with A,.
Let us consider the restriction Hy(z,z) to the diagonal of M x M. This
is a smooth function as far as t > 0, but becomes singular as ¢ — +0.
More precisely, the following asymptotic expansion holds:

Hy(x,z) ~ t™/? Z am(z)t™ with a,, € C°(M).
m=0

The coefficient functions a,, are determined locally by the metric
g. In addition, these are Riemannian invariants defined as follows. Let
us take a normal coordinate system z = (z1,...,Z,) about a reference
point p € M. The choice of normal coordinate systems has freedom
corresponding to the action of the isotropy group O(n), and an action
of O(n) is induced on jets of the metric, gjk ap...c = Oz,0%, * - - 02,9k (P),

where 8, = 0/0z,, etc. A universal polynomial P, = Pp,(gjk,ab-.c) is
called a (local) Riemannian invariant if it is invariant under this action
of O(n).

For the curvature tensor R of g, we consider its successive covariant
derivatives and denote the components by R;jxi p..... Then each g;i ab...c
is a polynomial of (R;jk1 ap--.c), and thus each Riemannian invariant is
written as an O(n)-invariant polynomial of (Rijki,ab...c), Where O(n)
acts tensorially on (R;jki,qp.-.c). According to Weyl’s invariant theory,
the vector space of all Riemannian invariants is generated by complete
contractions of the form

contr (VPRQ®--- ® VP°R),
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where the contractions are taken over all indices. Consequently, each a,,
in the heat kernel is expressed as a linear combination of these complete
contractions such that 2m = p; + - -- + p; + s. This equality is seen by
scaling the metric.

2.2 Definition of Weyl invariants

CR invariants can be compared with Riemannian invariants with
Moser’s normal coordinates in place of Riemannian normal coordinates.
A substitute for the Riemannian curvature is the curvature of the am-
bient metric, which is defined as follows.

Let 7 = rF be a Fefferman’s defining function of the domain (.
Introducing an extra variable zg € C* = C\ {0}, we consider a function
T4 (20,2) = |20|*r(2) on C* x Q. Then, a tensor of (1,1)-type

n

LkT:‘ zdz;dzy, = Z a,zJ dzj dz,

defines a Lorentz-Kéhler metric in a neighborhood of C* x 9€2. This
metric g is called an ambient metric associated with 9Q. Due to the
ambiguity of 7 = rF modulo O"*2(r), the ambient metric is well-defined
only up to the n-th jets along C* x 952.

As in the Riemannian case, scalar invariants are constructed from
the metric g as follows. For the curvature tensor R of g, we consider
successive covariant derivatives R(®9) = V9-2VP~2R and complete con-
tractions of the form

(2.1) W4 = contr (R(pl*ql) R R(psxqs)) .

These are functions in a neighborhood of C* x 8Q C C* x §, and the
restrictions W = Wi/, =1 are defined near 9Q. The weight of Wy in

(2.1) is defined by w = 3_7_, (p; + ¢;)/2 — .

DEFINITION. A Weyl invariant of weight w is a linear combination
of complete contractions of the form (2.1) of the weight w.

By definition, a Weyl invariant W is a functional of r. Nevertheless,
we also use this terminology for the composite function (zg,2z) — Wy
or the equivalence class modulo the ambiguity of 7 = rF. For a Weyl
invariant Wy of weight w, we set W = W], =1. Then

Wa(20,2) = |20] 72 W (2).

Accordingly, we still call W a Weyl invariant of weight w.
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Let us recall that ¥ is a local domain functional of weight —1 in the
sense of (1.12) but with error of O"*2(r). Likewise, Weyl invariants W of
weight w are local domain functionals of weight w with some error. The
argument involving the error is somewhat technical, and we postpone
it until the next subsection. Instead, we give here a transformation law
under a biholomorphic mapping ®: Q; — €5 for representatives of Weyl
invariants defined by a Fefferman’s defining function 75 of 25 and its pull-
back r; = |det ®|~2/("t1) ry 0 ® to Q;. To emphasize the dependence
on r = r¥, we write g = g[r], Wy = Wx[r], W = W|[r]. Then

(2.2) Wry] = | det & |2/ D W[ry] 0 &.

This is seen as follows. We lift ® to a bundle map @ : C*xQy — C*xQy
defined by

(2.3) ®4(20,2) = (20 - (det ®'(2)) VD) ®(2)).

Then (r1)g = (r2)# © P4, and ®4 is an isometry with respect to the
metrics g[r1] and g[rs]. Thus Wy [rs]o®u = W [r;], which implies (2.2).

2.3 Results of Fefferman and Bailey-Eastwood-Graham

We begin with a consideration of the dependence on the choice of
Fefferman’s defining function.

Proposition 2.1. If W([r] is a Weyl invariant of weight w < n,
then Wr] modulo O™~“*1(r) is independent of the choice of 7 = r¥.

The proof of Proposition 2.1 is done by using Moser’s normal coor-
dinates. If the boundary 92 is locally in Moser’s normal form N(A),

then W{r] is written in terms of the coordinate system (2,2, pa,v) as

n—w

Wirl=3_ Y PE(A) 22"} + 0" (pa),

m=0 a,8,¢

where P:;%1 (A) are polynomials in A (cf. the statement (#) in Subsection

3.2, (B) below.) The desired result then follows, since the main part of

the expression of Wr] above is independent of the choice of 7 = rF.
By Proposition 2.1 above and (2.2) in the previous subsection, we

have an approximate transformation law corresponding to (2.2), but for

arbitrary Fefferman’s defining functions r; = rf of Q; (j=1,2):

(2.4) Wri] = | det &2/ FDW[ry] 0 ® mod O™ ¥ *+i(ry).
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In particular, the boundary value of a Weyl invariant of weight w < n
gives a CR invariant of weight w. The converse is the first main result
of this section.

Theorem 2.1 ([F3], [BEG]|). Fvery CR invariant of weight < n
1s given by the boundary value of a Weyl invariant.

The statement of Theorem 2.1 was first proved by Fefferman [F3] for
CR invariants of weight < n — 19. The weight restriction was removed
recently by Bailey-Eastwood-Graham [BEG]. We outline the proof of
Theorem 2.1 in Section 5.

Let IV denote the totality of Weyl invariants of weight w. By virtue
of Proposition 2.1 and Theorem 2.1 above, the spaces IV for 0 <w < n
satisfy the conditions (1W), (2W) and (3%) in Subsection 1.3 with N = n.
Consequently, the argument given there is valid, and we have:

Theorem 2.2 ([F3],[BEG]). For ¢® in the expression (1.10) of the
Bergman kernel, the following expansion holds:

B = Z Werk + O™ (r) with Wy, € IV,
k=0

§3 Explicit computation in the two dimensional case

For domains in C?, it is possible to refine Theorems 2.1 and 2.2,
as we mentioned at the end of Section 1. We also get explicit results,
which are stated in Subsection 3.1. These results are obtained with
the aid of asymptotic calculi of the Monge-Ampeére equation and the
Bergman kernel, where explicit algorithms are necessary. Postponing
the calculus of the Bergman kernel until the next section, we discuss
that of the Monge-Ampeére equation in Subsection 3.2.

3.1 The two dimensional case

(A) Results. Consider for a domain 2 in C? the approximate
invariant expansions of ¢P and 9B expressing the singularity of the
Bergman kernel

KB =pBr3 4 yBlogr with r=rF

in terms of Fefferman’s defining function rF. To write down explicit

results, it is convenient to normalize ©® and ¥® by writing

2 /. ~
KB = 2 (chr_?’—l-wBlogr) ,
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so that ® = 1 on 99, cf. (1.8). As we shall see below, we can completely

determine #B and ¢® both modulo O3 (r). The results are optimal and
better than those in the higher dimensional case.

As before, let M be a portion of 992, and assume that M is in
Moser’s normal form N(A), where A = (Afx 3) € N. Changing notation

slightly, we write Af,a in place of Ai 7 with |a| = p and |B| = ¢, since

(a,B8) — (p,q) is bijective. Then the trace conditions on A take the
form
Ayz(v) = Ag(v) = Ag3(v) =0,

so that Aﬁﬁ =0 for p+q+ £ < 5. That is, M can be approximated
by a sphere to order 5, though in the higher dimensional case the third
order approximation is optimal. By this fact, the two dimensional case
is exceptional in the sense that the Weyl invariants are less ambiguous
(cf. Lemma 3.3 and Remark 3.2 below).

To state the main results of this section, we begin by presenting
bases of the vector spaces IS® of CR invariants of weight w < 5.

Lemma 3.1. IR = ISR = {0} and
dim I§® = dim ITR =1, dim ISR = 2.

The spaces ISR and ISR are generated by AZZ and lAgZP, respectively.

The space IS® is spanned by FER(1,0) and FER(0,1), where
FSR(a,b) = F(a,b,—2a + (10/9) b, —a + b/3)

with F(a,b,c,d) =a |Ag§|2 + b|A2§|2 + Re {(cAgg - idA;Z) Agi} .

For the proof, see [G1] for w < 4 and [HKN2] for w = 5.
As a consequence of Lemma 3.1, the expansion of @P is trivial:

(3.1) @B = constant + O3(r) (constant = 1).

To proceed further, it is necessary to extend A%, € IT® approximate
invariantly to the domain 2. This is done by using the first coefficient
function 7§ of the asymptotic series u® in Subsection 1.3. It is proved
by Graham [G2] that:

Lemma 3.2. The boundary value of ¥ is a CR invariant of
weight 3. Specifically, n& = 4A2Z on M.

Let us proceed further to describe ¢ modulo O3(r). As we stated
in Subsection 1.3, Fefferman’s defining function r = r¥ makes invariant
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sense modulo O*(r), and & modulo O3(r) is independent of the choices
of rF and the data a € C°°(M) determining u®. Consequently, it suffices
to extend [A2 > € IT® to Q in such a way that the extension satisfies

an approximate transformation law of weight 4 modulo O?(r). Such an
extension is realized by a Weyl invariant. (The Weyl invariant of weight
> 3 are subject to a restriction stronger than that in Subsection 2.2,
because Proposition 2.1 is irrelevant to the case n = 2.  See Remark
3.2 below.) Specifically, we consider complete contractions of weight
w = p+ q — 2 of the form:

||R(p7Q)||2 — Z gala’l . _gapa;, gﬁlﬁl . ,gﬁqﬂq RaB Rﬂ’a_”

where the sum runs over ordered multi-indices «, o', 3, 8 of lengths
lo| = || =p, |8 =10 =q, e.8 a=(ai,...,ap) € {0,1,2}?, and

R 3 =R

al“'aqﬂl"‘ﬁ a1ﬁ1a2ﬂ2;a3"'aqﬁ3'“ﬁ .
q q

As before, we restrict ||R®9)||2 to zp = 1 and regard it as a function on
the base domain Q. It is shown in [HKN2] that (cf. Remark 3.2 below):

Lemma 3.3. Ifw = p+q—2 = 4,5 then || R®9||2 modulo 0%~ (r)
is independent of the ambient metric. The boundary values are given by

3 “R(4,2)”2|M — 7HR(3,3)“2|M —928.91 IAZEF’
IBEDIP],, = ~4- (8)2FE(1, 18),
IR 2], = —4- (5)2FR(4/3,57/5).

Using these three lemmas, we get:

Theorem 3.1. There exist universal constants co, c1, c2, c3, ¢,
ch, ¢4 independent of A € N such that

P8 +conf = allROV |2 + (cal RED|? + es| A7) r2 4 0%(r)

= IR |27 + (IR + IR |2) r2 4 O3(r).

The constant cq was determined in Graham [G1], where he proved
(3.2) ¥B = —12A2Z on M, sothat co=3.

It is shown in [HKN2] that:
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Theorem 3.2. For other universal constants in Theorem 3.1 above,

1 1 1
Cl=ﬁ, szm, Ca=%;
, 3 , 61 , 3
@ 2T 1411200 7T 7840

11200

Theorems 3.1 and 3.2 together with (3.1) and (3.2) are the main
results of this section.

Remark 3.1.  For the two dimensional analysis of ¢® and ¢® stated
above, Graham [G1] originally proved (3.1) and

B+ 3n¥ = (constant) |A(2)Z|2 r+ O%(r) (constant = 24/5),

where the determination of the constant is due to [HKN1]. This result

on ’CZB is refined one step further in [HKN2] to get Theorems 3.1 and
3.2, where the first statement of Lemma 3.3 concerning the ambiguity
of the Weyl invariants is crucial.

Remark 3.2. In the argument above, we have only considered the
complete contractions of the form |R(9||2, because these generate all
Weyl invariants of weight w < 5, w # 3 (see [HKN2]). To state it more
precisely, let IV denote the vector space of all Weyl invariants of weight

w which are well-defined modulo O®=*(r), and set I = IW/ ~, where
~ stands for the equivalence relation of having the same boundary value.

Then dim TIW = dimEW = dim f?,W = 0, dim I~4W =1 and dim T5W = 2.

Bases of EW and T5W are given by the boundary values of
IRP)? (or [R®D|?) and {IR®?|?, R},

respectively. Consequently, there are isomorphisms jX}V o~ ¢ CR for w < 5,
w # 3. In the exceptional case w = 3, the CR invariant AZZ generating
the space IS® is realized by the boundary value of a linear complete con-
traction, but the contraction is defined only up to O(r) (see [HKN2]).

(B) Determination of the universal constants. We first write
down {/}vB explicitly in terms of Moser’s normal coordinate system z =
(21, 22). It is sufficient to consider an expansion of {/jB along the half-line
p; = (0,t/2) € C? (t > 0). Let F(a,b,c,d) be as in Lemma 3.1. Using a
method which will be explained in Section 4, We have:
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Proposition 3.1. Ast — +0 along the half-line p, = (0,¢/2),

PP = — 1249, — (216 |AY > + a1 A% + ax At
+ (F(660,1116, a3, a4) + a5 A% + as ALz + a7 A%) t° + O%(t),

where a; for j =1,2,...,7 are constants independent of A € N.

We next refine Lemmas 3.2 and 3.3. It is rather easy to see that
(3.3) ¥ =t4+0%t) as t— +0 along p; = (0,t/2).
We have the following two propositions.

Proposition 3.2. Ast — +0 along the half-line p, = (0,t/2),

368
G 0
1 =4 A4Z + (

AP + by A% + by AL ) ¢

680 1956 0 . 2\ 2L o
- (F( - b3,b4) +bs A% +bg AL + br A4Z) £+ 0%(1),

where b; for j =1,2,...,7 are constants independent of A € N.

Proposition 3.3. Ast — +0 along the half-line p; = (0,t/2),

[R&D||2 = 28 . 7|A%|% + 28 F (50,936, dy, d2) t + O (1),
|[R®|2 = 28 . 3| A% |2 + 28 - 3 F(25,243,ds, dy) t + O%(2),

where dy, do, ds, ds are constants independent of A€ N.

Using these three propositions together with Lemma 3.3, (3.2) and
(3.3), we can determine all universal constants in Theorem 3.1 and get
Theorem 3.2.

3.2 The complex Monge-Ampére asymptotics

The proofs of the results stated in Section 2 and Subsection 3.1
require knowledge of the construction and properties of the asymptotic
solutions of the complex Monge-Ampére boundary value problem (1.13).
In this subsection, we summarize these. In particular, we present the
method of proving Proposition 3.2. After reviewing in the part (A)
Graham’s construction of his asymptotic solutions as in Theorem 1.3,
we consider in the part (B) its expansion with respect to Moser’s normal
form coefficients A = (Ai ﬁ)' We are then required to write down the

linearization with respect to A, and this is done finally in the part (C).
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(A) Construction of the asymptotic solution. We first recall
Fefferman’s construction [F2] of his defining functions ¥ of M C 99,
which are locally defined smooth approximate solutions of (1.13). Start-
ing from an arbitrary smooth defining function p of M, we define r; for
s=1,...,n+ 1 successively by

(3'4) ™= J[p]_l/(n+1) P Ts = (1 + 0;1(1 - J[Ts—ll)) Ts—1,
where ¢s = s(n+2—s). Then r; are smooth defining functions satisfying
(3.5)s Jlrs] =1+ 0%(p) (s=1,...,n+1),

and thus we may set r¥ = r,4;. In fact, (3.5); holds, since J[¢p] =
¢" 1 J[p] + O'(p) whenever ¢ is smooth. Furthermore, (3.5), implies
(3.5)s41 for 1 < s < n, since

(36) Jlr+ 67+ = Jlr] + co167° + 0 (p) (s=1,...,n+1)

whenever r is a smooth defining function of M satisfying J[r] = 1 +
O%(p). Note that ¢,+2 = 0 and thus r, o cannot be defined by (3.4).
Instead, the above equality (3.6) for s = n + 1 yields the uniqueness of
rF modulo O™*+2(p). ‘

We next recall Graham'’s construction [G2] of his asymptotic solu-
tions u® of (1.13), which are formal series of the form

oo
7°+TZ77k . (r"+1 1ogr)’c with 7 = rF,
k=0

where 7, are functions of (z,%Z) smooth up to M. Starting from a
Fefferman’s defining function r = r¥ with the initial defining function p
arbitrarily chosen, we set u,41 = r and define u, for s > n 4 2 succes-
sively in such a way that each u, is a formal series as above (in fact, we
can choose u, to be a finite sum) and satisfies

(3.7)s Ju ) =14+0°r) (s>n+2),

where O°~°(r) stands for an error term of the form 7¢ >3-, nx - (logr)*.
Obviously, (3.7)p+1 follows from (3.5)5,41. For the ambient metric g =
(ng) with potential 74, we define an approximate Laplacian by

n - 2 —
— jk jk — — —1'
Alg j}kzjo o g e (0F) =)
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Using this, we define a linear differential operator L = L[r] by
Lirlf = Alg) (12F)] ..
It follows that if u, satisfies (3.7)s then
Jttg + Gopr 7] = J[us] + L(gpsgr r°1H) + O 70r),

where ¢, is a formal series of the form 3 re o 7% (logr)*. Thus (3.7)s41
is satisfied by usy1 = us + @1 751 if ¢s41 is subject to

(3.8) L(psprm*tY) =1 — Ju,] + O°T1-0(r) (s >n+1),

which is regarded as a linearized equation of J[u] = 1. If (3.8), is solved
for all s, then an asymptotic solution € is given by the formal limit of
Us a8 § — 00.

To solve (3.8), for s > n+1, we use the coordinate system (2, 2/, r, v)
and try to determine successively the coeflicients of the expansion

Gt =N ¢ kldsra] I (log )",

jzs k20
where c; x[$s+1] are smooth functions of (2/,2’,v). Setting
L=I+E with I=28,(rd, —n—2),

we see that E is a tangential operator in the sense that it does not contain
differentiation with respect to r. Consequently, if we write (3.8); as

(3.9)s Hpsi1m™) =1~ Jus] + O*7°(r) (s >n+1),

then the right side belongs to O®°(r). Dropping the error term
O*1=0(r) in (3.9), and regarding the result as an ordinary differen-
tial equation of the form If = ¢, we can determine all the coeffi-
cients ¢ i[¢s+1] uniquely provided cpi2,0[@n42] is prescribed, a condi-
tion which exactly corresponds to the ambiguity of u®. Therefore, u®
is obtained as desired.

(B) Dependence of the asymptotic solution on the normal
form coefficients. For a surface in Moser’s normal form N(A), let us
use the real coordinate system (2, 2', pa,v). If we consider the Taylor
expansions with respect to this coordinate system, then

(#) the Taylor coefficients of ¥ modulo O"*2(p,4) and those of ng
modulo O"*!(p,) are polynomials in A.
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This can be seen as follows. Starting from the defining function p = p4,
we construct r = ¥ and u® with ¢, 42[@nt1] = 0 by the algorithm given
in the part (A) above. Then (#) holds without error terms, and thus
we may write r¥ = 7} and u® = u§. The statement (#) for general 7
and u© follows from (1¥) and (1€) in Subsection 1.3.

To prove Proposition 3.2, we need to know the explicit dependence
of r§} and u§ on A. We thus expand u§ in powers of A as follows (the
expansion of 7§ in powers of A will be discussed in the part (C) below):

(3-10) Ug = Z% with 'ﬁbs = Z an,k[ws] pj,;l(IngA)k7
5=0 i>1 k>0
where n; x[1s] = njk[ts](2',2',v; A) are homogeneous polynomials of

degree s in A such that the coefficients are polynomials in (2/,2',v).
Regarding (3.10) as an asymptotic series in powers of A, we have:

Proposition 3.4. There exists a unique asymptotic series ug of
the form (3.10) such that J[u§] = 1 and Nnt20 = Y eg Mmi2,0[4s] = 0.

Proposition 3.4 is proved by constructing u(j’s =D <s Ym for
s € Ny, and the algorithm is actually used in the proof of Proposition
3.2 (cf. [HKN2]). The construction is similar to that of us in the part
(A) above, and done as follows. First, ug,o = 1o = p4 follows from the
condition 7y, 42.0[¢e] = 0. For s > 0, we have by induction on s that

Jug] = J[ug o—1] + Llpal s + 0°+(A),

where O°*1(A) stands for a term which does not contain polynomials
of degree < s in A. (Here, p4 is regarded as an independent variable,
and the dependence of ps on A is not taken into account.) The above
equality is written as a linear equation for 15 (cf. (3.8), in the part (A)):

Lipalts =1 - J[u§ , ;] + O°T!(A).

Therefore, 1, and thus u§ , are determined inductively by solving this
equation under the condition 7,42,0[%s] = 0.

(C) First variation of the Monge-Ampére equation. Let us
next consider the dependence of 7”,}2 on A € N. To prove Proposition 3.3
in the previous subsection, we need to know r modulo O?(A) explicitly.
Less precise information is required also in the proof of Theorem 2.1 (see
Section 5 below). We thus consider rF, for a real parameter ¢, and seek



194 K. Hirachi and G. Komatsu

an approximate boundary value problem which characterizes the first
variation 7 = (d/de)rf,| _,.

We begin with a heuristic argument for an exact asymptotic solution
u$ in place of a smooth approximate one Y, disregarding the difficulty
due to the ambiguity of Feflerman’s defining functions. Supposing as if

.uEGA were smoothly depending on ¢ € R small and had no singularity
even on the boundary, we set u§ = (d/de)ud,| _,. Then, a relation
characterizing ﬁg is obtained by taking the first variation of the formal
boundary value problem

(3.11) Ju&l=1 in Q, uSy =0 on 9N = N(cA),
where (). is a pseudoconvex side of N(eA). The first equality yields

(3.12) Llpo]@G =0 in Q.

The second equality of (3.11) is written as uS, (2/, %', u,v) = 0 evaluated
at u = (|2'|2+e Fa(2',7’,v))/2. Differentiating both sides of this equality

with respect to € and evaluating the result at & = 0, we have

~G( 1 Z7 |02 _ 18“(?/—, 2 ' 7
uA(Z )y % 7|Z I /QaU) Y —(Z )’ 2 7’z | /2aU)FA(z ) % ,’U).
2 Ou
Recalling that u$ = po = 2u — |2’|?, we get
(3.13) 4§ =—Fa4 on 80 = N(0) = {po = 0}.

The function 4§ is obtained by solving the linear equation (3.12) under
the boundary condition (3.13).

Returning to the original problem of expressing the first variation
of 7%, we have:

Proposition 3.5. The first variation 7 = (d/de)rk,| _, emzists
and satisfies the approrimate boundary value problem

(3.14) Lpo)7y = 0" (py) in Qo, 74 =—F4 on 89 = N(0).

The problem (3.14) has a formal power series solution which is unique
modulo O™2(pq).

The proof of the latter part of Proposition 3.5 above is done similarly
to that of Proposition 3.4.
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To give an explicit representation of 7, it is convenient to lift the
problem (3.14) to C* x Qq. Setting (po)x = |20]%p0, (Fa)# = |20|*Fa
and (7)4 = |20|?7Y,, we write (3.14) as

(315) Ao(Fa)y = 0" ((p)#),  (Fa)s = —(Fa)p + 0" ((po)4),

where Ag = A[go], which is the (negative) Laplacian with respect to the
ambient metric go with potential (po)4. Solutions of (3.15) are given by

n+1l S AS
(3.16) (?FA)# = —(Fa)s — Z ( PO)#Ao(FA)#

s=1

d0n+2
L C mo ((po)#) »

where ¢, = s(n 4 2 — s), which are the same constants as those in (3.4).
To see that the right side of (3.16) gives a solution of (3.15), we use the

projective coordinates zo = (o, 2; = (; /¢ (j =1,...,n). Then
. aa o 0 1
(p0)# =0l +¢nCo— D IGI> and go=|0 —I,.1 0],
j=1 1 0 0

where I,,_; is the identity matrix. Noting that (go)~! = go, we have

82 82 ol o2
= — —l— — — — .
BCO aCn acn 84.0 j=1 aCJ 8CJ

Ao

This expression permits us to compute the commutator
[Bo, (p0)3] = 5 (p0)y 1 (Z +Z +n+3),

where Z = 2;;0 ¢; 0/9¢;. Consequently,

Ao ((p0)p A5 (Fa)#) = (p0) 2 A8 (Fa)s + cs(po)y A (Fa)#-
Therefore, (75 )4 in (3.16) satisfies (3.15).

Remark 3.3. In proving Lemma 3.2 stated in the previous sub-
section, Graham [G2] uses essentially the same expression for 7% as that

for (7 )4 given by (3.16).

84 Microlocal calculus of the Bergman kernel

4.1 Outline

Proposition 3.1 is proved by using a method of Boutet de Monvel
[B1]-[B3] of computing explicitly the singularity of the Bergman kernel.
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In this section, we briefly explain his method which remains valid in the
n dimensional case (cf. Theorem 4.2 below). To get an alternative proof
of Theorem 1.2, Boutet de Monvel and Sjéstrand constructed in [BS] a
Fourier integral operator AFIC with complex phase, which transforms
the Bergman kernel of a strictly pseudoconvex domain 2 C C™ to that
of a model domain Qg (cf. Example in Subsection 1.2). It might be
difficult to derive information we need from AFI©. It would seem, for a
general strictly pseudoconvex domain 2, that there is no known system
of differential equations which characterizes the Bergman kernel, and
that this is a reason why the computation of the Bergman kernel was
not so easy.

Kashiwara discovered in [Kas] a system of microdifferential equa-
tions (i.e. pseudodifferential equations in the real analytic category or
its complexification) which characterizes the Bergman kernel KB(z,%)
up to a multiplicative constant. This system arises as the formal adjoint
of a system which characterizes the singularity of the Heaviside function
of the domain Q (i.e. the characteristic function of Q or its complexi-
fication) up to a multiplicative constant (cf. Theorem 4.1 below). The
Heaviside function of the model domain g is transformed to that of
by a shift (or translation) operator AP (2 3,), and consequently, the
operator AB(z,8,) which transforms the Bergman kernel of )y to that
of Q is given by

(4.1) AB = A*1= Z (1-A*)  for A= Ahift
=0

where A* = A*(z,0,) is the formal adjoint of the shift operator A =
A(z,8,). This formula, due to Boutet de Monvel, remains valid formally
in the C* category.

The operator AP is much simpler than the Fourier integral operator
AFIO because the shift operator As"ift is completely explicit. However,
we have to be careful with two points. We are now in a complexified
world, so that z and Z are independent variables. A point in (4.1) is
that Ashift — Ashift(y 5 ) is realized as a holomorphic operator, and it
is convenient to regard AP as a (formal) microdifferential operator of
infinite order. For such operators, usual definitions of the composition,
the formal adjoint and the asymptotic expansion should be modified.
Another point in (4.1) is that AR acts on functions on g, while A*
with A = A®Pf acts on functions on Q. Though we only consider as
operands special types of functions related to the asymptotic expansion
of the Bergman kernel as in the part (B) of Subsection 3.2, we need to
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expand these functions in powers of A. Then the singularity on N(A)
loses its role in the asymptotic expansions of operators and operands.
We thus need to introduce the notion of weight for formal operators and
operands. The formal setting in this sense is necessary even under the
assumption that the boundary is real analytic.

The proof of Proposition 3.1 is done by computing explicitly the
necessary terms in the right side of (4.1). In the remaining part of this
section, we describe briefly the justification of (4.1) and its application
to the proof of Proposition 3.1, after a quick overview of the theory of
hyperfunctions.

4.2 Quick review of hyperfunction theory

For a mild function f on R, say, in the Schwartz class, let us consider
the Cauchy integrals

1 t
FE(z) = — 1) dt for z¢€C*,
2 Jp t— 2
where C* = {z € C; £Imz > 0}. According to the Plemelj formula,
the boundary values f*¥(z) = F*(z £40) for x € R exist and satisfy
2 f* = £ f+iH[f], where H is the Hilbert transformation. In particular,

(4.2) ffr—f~=f inR

More generally, for a Schwartz distribution f € D'(R), there exist
F* ¢ O(C%) such that the boundary values f* on R exist in D'(R)
and satisfy (4.2). Consequently, f is realized by the pair F = (F*, F™)
regarded as a holomorphic function in a disconnected open set Ct UC™.
We identify Fy, F, € O(CTUC™) if F; —F} extends holomorphically to C,
and denote the quotient space by B(R). Thus D'(R) C B(R). Elements
of B(R) are called hyperfunctions on R. For F € O(CtUC™), we regard
(4.2) as a formal expression and write f € B(R). Differentiation of
f € B(R) is then defined by that of F € O(C*UC™), and the definition
is compatible with that on D'(R).

The space B(X) of hyperfunctions on an arbitrary open set X C R
is defined similarly by taking an open set U C C such that X C U
is relatively closed. Each element f € B(X) is realized by a function
F € O(U\ X), and two functions Fy, F5 € O(U \ X) are identified when
F) — F;, extends holomorphically to U. The space B(X) is independent of
the choice of U. Multiplication of f € B(X) by a real analytic function g
on X is then defined by that on F' € O(U \ X)) by the complex extension
of g to a suitable U, and the definition is again compatible with that on
D'(R). It is remarkable that the restriction mapping B(R) — B(X) is
surjective.
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Ezxample. The Heaviside function ¥ € D’(R) is realized by a func-
tion F € O(C\ [0,00)) satisfying f*(z) = (—1/2wi) logz for z > 0.
Thus, the Delta measure § € D'(R) is realized by the function —1/2miz.
More generally, a class of distributions on an open set X C R containing
the origin is given by holomorphic functions on U \ X, with U as above,
of the form

‘Pz(f) +1(z) logz with £ €Ny and ¢,¢ € OU).

For f € B(X), its support supp f is defined by the complement of the
largest open subset of X on which f = 0. For a compact set K C X, we
denote by Bx (X) the totality of f € B(X) such that supp f C K. Then
Bk (X) is identified with the dual of the space C¥(K) of real analytic
functions near K. Thus, elements of Bx(X) are regarded as analytic
functionals. Each element f € B(X) is expressed as a locally finite sum
f =3 fj such that supp f; C X are compact. This gives an alternative
definition of B(X), which remains valid in the higher dimensional case.

For a Schwartz distribution f on an open set X C R™, there exist
open convex cones I'; C R™ with vertices at the origin and functions
Fj € O(X +1iLy) for j =1,...,N such that

(4.3) f(®)=>_ Fj(z+il;0) for z€ X,

j=1

where Fj(z + iI';0) denote the limits of Fj(z + iy) as y — 0 with
y € T';. Similarly for f € B(X), and this property can be used as a
definition of B(X), in which an arbitrary list of holomorphic functions
(Fi,...,Fn) is considered. Let WF4(f) denote the analytic wave front
set of f € D'(X). Then for (zo,y) € T*X \0, we have (zo,y) ¢ WF4(f)
if and only if there exists a representation of f of the form (4.3) for =
near zo such that y ¢ |J I';, where I'; denote the (open) dual cones of
T';. The microanalyticity of f € B(X) is defined by this condition, and
the singular spectrum of f is defined by S.S. f = {(z,y) € T*X \0; f ¢
A(z,y) }> where A, ) denotes the set of germs of hyperfunctions which
are microanalytic in the direction (z,y). Thus S.S. f = WFa(f) for
feD(X).

A microlocal singularity (in the analytic category) of a hyperfunction
is called a microfunction. That is, for f € B(X), a microfunction at
(z,y) € T*X \ 0 is defined by f modulo A, ,). The equivalence class is
denoted by [f], and the totality of such equivalence classes is denoted by
C(z,y)- Given a microfunction [f] € C(, ), there exists F' € O(X +iT')
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with an open convex cone I" such that y € I'° and that f(z)— F(z+iT0)
is microanalytic in the direction (x,y). Thus [f] is identified with the
equivalence class [F] of F'(z +:T0).

Differentiation of a microfunction [f] € C(, ) is defined by using a
holomorphic function F' such that f(z) — F(x 4 ¢T°0) is microanalytic,
and similarly for multiplication by a real analytic function. These define
the action of linear differential operators with analytic coefficients on
microfunctions. It is also possible to define indefinite integration of [f]
with respect to a variable, say 8;.! at (z,y) with y1 # 0. The analogue
of pseudodifferential operator in analytic category, acting on microfunc-
tion, is called microdifferential operator. The symbol of a microdiffer-
ential operator of order m is a formal series P(z,£) = ETZ‘OO pi(2,6)
of holomorphic functions on a conic open set @ C T*C™ \ 0 such that
each p; is homogeneous of degree j in £ and satisfies

(4.4) p;(2,€)| < Cx’(—j)! for j <0

on each compact set K C Q, where Cg > 0 is a constant. Near a point
(z,y) € QNT*R" with y, # 0, each p;(2,£) admits an expansion

pi(z,€) = Z S aral(2)E ek,

k=—o0 |a|=j—k

Thus replacing £ by 8, we may define P(z,8,)F(z) as a convergent
series for each holomorphic function F'(z) on a wedge X + <I" such that
X +4I'° C Q. In this action the ambiguity of the indefinite integral o - 1
causes only a difference by a function that extends holomorphically to
z = x. Thus the action of P(z,8.) to [F(z+1iI'0)] € C(, ,y can be defined
by the modulo class of P(z,0,)F(z).

Remark 4.1. A microdifferential operator of infinite order P(z,d,)
is also defined by giving the symbol

o0

P(Z,é') = Z pj(Z,S) (pj € O(Q))a

j=—00

where each p; is homogeneous of degree j in £. In addition to (4.4), it
is required that

lpi(2,6)| < Cree?/j!  (j €No, € >0),

where Ck . > 0 is a constant. Thus P(z,0,) is a local operator. In
Subsection 4.4 below, we shall be concerned with a shift operator A =
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A(z,8,). Though A is not a local operator, we regard it as a formal
microdifferential operator of infinite order.

A far more precise description of the matters in this subsection is
found in a book by Kaneko [Kan].

4.3 Kashiwara’s characterization of the Bergman kernel

Let 2 C C™ be a strictly pseudoconvex domain with a local defin-
ing function p which is positive in 2 and real analytic near a point
p € 09, and let M C 99 be a small neighborhood of p. Setting
X = C" and denoting by X' the complex conjugate of X, we regard
X x X' as the complexification of X identified with R?". Then p ex-
tends holomorphically to a neighborhood U C X x X’ of M, and the
complexification of M is given by N = {p(2,Z) = 0} C U. We also have
Q={p(2,Z) >0} C X x X' and Q x Q' C {Rep(z,%Z) > 0} near M.

The Bergman kernel KB = ¢Bp~"~1 4+ 4B log p near M has a multi-
valued holomorphic extension to U \ N (cf. Remark 1.3). Thus, setting

Ut = {(2,2) € U; £Im p(z, %) > 0},

we have KB € O(U%). Another multi-valued function on U \ N is
defined by Y(p) = —(1/2mi)log p, and we have Y(p) € O(UT UU™)
which represents the characteristic function of Q near M. Let us regard
KB and Y (p) as elements of O(U"). Then these define hyperfunctions
with the same singular spectrum

TyX ={(z, \dp(z)) e T*X; x € M, 0# X € R},

the conormal bundle of M. Similarly for multi-valued functions on U\ N
of the form

45) K=Y @ipt+ilogp with @, 9 € OU), meN.
=1

For (z,y) = (z,dp(z)) € Ty X, elements [K] € C(y,, defined by K of
the form (4.5) are called holomorphic microfunctions, and the totality of
these is denoted by (Cn|xx x)(z,y)- In what follows, we omit the bracket
in [K] and regard K as a holomorphic microfunction.

Action of microdifferential operators on C(, ) preserves the subspace
(CN1xxx) () Let K € (Cnjxxx')(a,y) Such that ¢ # 0 in (4.5). Then,
for a microdifferential operator of the form P(z, 8,), there exists a unique
microdifferential operator of the form Q(z, 8z) such that

(4.6) P(z,8,)K = Q(z,05)K.
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Such an operator P is generated by z; and 8/0z; for j = 1,...,n. Using
these generators, we get a system of equations of the form (4.6), and this
system characterizes K in (C N| X x%)(z,y) UP to a constant multiple. For
a general theory including these facts, see Sato-Kawai-Kashiwara [SKK]
and Schapira [Sca].

A system characterizing the Bergman kernel can be written down
explicitly. The following theorem is due to Kashiwara [Kas].

Theorem 4.1 ([Kas|). The Bergman kernel KB satisfies
(4.7) P*(2,0,) K® = Q*(z,07) K®,

whenever P(z,8,)Y (p) = Q(Z,87) Y (p) with Y(p) = (—1/2mi)logp,
where P* = P*(z,0,) and Q* = Q*(Z,8%) are the formal adjoints of P
and Q, respectively.

In the next subsection, we shall give a procedure of constructing the
solution to this system of equation by using Moser’s normal coordinates.

4.4 A formula of Boutet de Monvel

In the previous subsection, we fixed a domain and considered micro-
differential operators of finite order. To study the shift operator A
mentioned in Subsection 4.1, we need to define formal microdifferential
operators of infinite order. These operators act on holomorphic micro-
functions of infinite order defined by setting m = oo in (4.5).

It is non-trivial to define such operators, via the symbols, carrying
the operations of taking composition, formal adjoint and inverse. We
need to introduce the notion of weight for the variable z = (21,...,2,)
by setting

w(zj)=-1/2 (j=1,...,n—1), w(z,) = =1,
and extend it to 8, and the dual variable £ = (£;,...,&,) of z by
w(0/0z;) = w(&;) = —w(z;) (j=1,...,n).

(We do not consider the notion of weight for polynomials in A € A in this
subsection.) Then we may say polynomials P, /2 = Py, /2(2,&,&571) to be
of homogeneous weight w/2. By a formal sum of such polynomials P,/
with respect to w € Z bounded above, we define the (total) symbol of
a formal microdifferential operator of infinite order. In other words, we
regard the symbol as an asymptotic series of decreasing weight. For these
operators, operations of taking the composition, the formal adjoint and
the inverse are defined, as usual, by using weight in place of order. These
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operations are compatible with those for microdifferential operators of
finite order.

We next define holomorphic microfunctions of infinite order. Again,
it is necessary to introduce the notion of weight for holomorphic micro-
functions with support N(0) = {po = 0} C X x X by setting

w(z;) =w(z), w(logpo) =0, w(ps®)="¢.
We consider asymptotic series of decreasing weight:
m
(4.8) K=Y K;» with w(Ky/;) =2/},
j=—o00

where K/5 € (Cy(g) x xX)(0,dz20)- Then we can define an action of formal

operators of infinite order P(z,8,) = zml P;/2(2,0,) to K of the

j=—00
form (4.8) by setting
m+m’
P(2,0.)K = Y K}, with K[, =Y Pi(z8:)Kyp.
j=—o00 k+L=j

We refer to a series of the form (4.8) as a holomorphic microfunction of
infinite order.

Let us restrict ourselves to real analytic surfaces in Moser’s normal
form N(A) (A € N). To define the shift operator A by giving its symbol,
we need the following:

Lemma 4.1 ([B1]). There ezists a unique complez-valued defining
function of N(A) of the form pBM(2,%2) = po(2,%Z) — Hp(z,7'), where
Hp(z,2") are convergent power series of the form

o0

Hp(z,2)= Y, B,z(m)7azs, Bug(m)=) Blgz.
laf, 18122 £=0

The coefficients B = (Biﬁ) are polynomials in A = (Ai 5) , and the trace
conditions (1.3) are valid for B 7 (25) in place of A 7 (v).

With the defining function pEM in Lemma 4.1, any holomorphic
microfunction with support N(A) is written as

(4.9) @p ™+ plogp with p= pEM.
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Let us expand (4.9) by using

BY) " =p" (1 - @>_m = i (TZ) (—Hg)'ps™ ",

Po —o

H 1 (Hp\"
=1

The right sides are asymptotic series of decreasing weight, since Hp
consists of terms of weight < —2. Consequently, we obtain an expression
of (4.9) as a formal sum of holomorphic microfunctions with support
N(0). The asymptotic series thus obtained uniquely determines the
original holomorphic microfunction (4.9). We thus identify (4.9) with
its asymptotic expansion of the form (4.8).

Lemma 4.2 ([Bl]). Let A(z,8,) be a formal microdifferential op-
erator of infinite order defined by the symbol

A(Z, g) = eXp[—HB(Z7 —gl/gn) gn] with E = (ély En)

Then
Y(PgM) = AY (po).

Lemma 4.2 is proved by direct computation using the relations

(8/82;) (8)8zn) " log po = Z; log po G=1,...,n—-1).

Changing the notation slightly, we denote by K5 the Bergman kernel
associated with the domain bounded by N(A). The singularity of its
complex extension is again denoted by KB = KEB(z,z). Regarding it
as a holomorphic microfunction, we can state the following theorem of
Boutet de Monvel [B1], which is used in the proof of Proposition 3.1.

Theorem 4.2 ([Bl]). Let A(z,0;) be as in Lemma 4.2. Then the
formal adjoint A* is invertible as a formal microdifferential operator of
infinite order, and the following equality holds:

(4.10) KB = A*"1KE.

The invertibility of A* is a consequence of the fact that the symbol
expansion of 1 — A* consists of terms of negative weight. In fact, the
inverse A*~! is given by (4.1), because the right side of (4.1) makes sense
as an asymptotic series of decreasing weight. The formula (4.10) follows
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from Theorem 4.1, since K = A* 1K@ satisfies the microdifferential
equation P*K = Q*K whenever P = P(z,0,) and Q = Q(Z, 8z) satisfy
(4.11) PY (p3") = QY (o3"™).
In fact, by virtue of Lemma 4.2 and the commutation relation

Q(z,05) 0 A2 0:) = A(2,0,) 0 Q(, ),
it follows from (4.11) that
(4.12) A7 1o PoAY(po) = QY (po).

Then Theorem 4.1 yields A* o P* o A*"'K8 = Q*KZ&, so that P*K =
Q*K. A point is that A=! o Po A is an operator of finite order. This
fact automatically follows from the relation (4.12).

Let us next sketch the proof of Proposition 3.1 by using the formula

(4.10) in Theorem 4.2. We consider the expansion of ¥B along the half-
line p; = (0,t/2) € C? (¢t > 0):

VP (pr) = F3(A) + Fy(A) t + F5(A) ¢ +
Then each F; depends only on the terms in A*~! of the form
(4.13) Fji(A) 2k (8/82)*7  (k=0,1,...,5—3).

In addition, if we write A*~' =1+37°_ _ Q;/2 the expansion of A1
of decreasing weight, then Fj is determined by ;. On the other hand,

if weset A=1+ 3—— o Pj/2,> then the trace conditions (1.3) for Hp
yield Pj/o = 0 for j > —4, and thus A =1+ ZJ———oo i /2. Using these

facts, we can show that QQ_3,Q_4 and @Q_5 are written as
Q-3 =—P3, Q-4 =—PI4+Pl;0P,
Q5= —-Pi5+Pj5/20Pi5/2+Pj20Pj3+Pj3°Pj2-

The identification of F;(A) given in Proposition 3.1 is done by computing
explicitly the terms of the form (4.13) in each Q_;.

§5 Parabolic invariant theory

In this section, we outline the proof of Theorem 2.1. This amounts
to reviewing the invariant theory of Fefferman [F3] supplemented by
Bailey-Eastwood-Graham [BEG].
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5.1 Hy-invariants of the curvature

Recall that CR invariants are H-invariants of A € N (cf. (1.5)).
To compare the boundary values of Weyl invariants with CR invariants,
it is convenient to represent linear fractional transformations h € H by
matrices hx with respect to the projective coordinates ¢ = ({o,.-.,¢n)
used in Subsection 3.2, (C). Let Hy denote the (parabolic) subgroup of
SU(go) given by

Hy = {hy € SU(go); hxeo = Aep with some A € C*},

where eg = ¥(1,0,...,0) € C**!. Then each element hy € Hy defines

h € H such that A = (det h'(O))_l/(n+1). An Hy-action on N is given
by hy.A = h.A, and the definition of CR invariants (1.5) is written as

P(h#.A) = |)\|2wP(A) for h# € H#, AeN.

To regard the boundary values of Weyl invariants as Hy-invariants,
we need to define Hy-invariants of the curvature R of the ambient metric
by using the Hy-action on A € A/. We first identify R with its Taylor
expansion about ey with respect to the coordinates ¢ = (({o,...,Sn)-
That is, given a domain with boundary in Moser’s normal form N(A4),
we write R = (Raﬁ)lal,l/@|22 for the components

R.5= Ralﬁlazﬁz;as---apﬁsmﬁq

of the covariant derivatives of the curvature R evaluated at eg, where o =
ay---ap and B = BB, are lists of holomorphic indices 0,1,...,n.
We now introduce the notion of weight for the components Raﬁ’ as a
generalization of that for Weyl invariants, by setting

“aﬂ” —1 with |ef]| —Z||aa|l+2“51”’

j=1 j=1

w(R,5) = w(af) =

where |0 =0, ||j|=1for j=1,...,n—1and |n| = 2.

Let us next restrict ourselves to the components R_z of weight < n.
We then see, as in the proof of Proposition 2.1, that R _z 1s a polynomial
in A, so that we may write R 3 as R_5(A). Furthermore,

(5.1)1 R_3(A) is a polynomial in A of homogeneous weight w(af),

=(4) =0 (-1<w(aB)<1).

(5.1)2 R
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These are seen as follows. Given hy = (h) € Hy, we consider the
curvature corresponding to hg.A € N. Then the components of weight
< n and of type (p, q) are transformed by

(5.2) R (hyA) =X713070 S h,hgP R 7(A)
|a’|=p,|ﬁ'|=q

with A € C defined by hyey = Aeg, where ho® = hal"‘ll e hapo‘; and
hﬁﬁ' = hg, Bi... hﬁqﬂ;. The transformation law is thus weighted by the
factor AP~*X9~1. If in particular hy4 corresponds to a dilation ¢, then
R 5(hy.A) = T_2W(aﬁ)RaE(A)' Thus (5.1); is obtained. The proof
of (5.1)2 is simple. Since components of A € N satisfy W(Aﬁﬁ) > 1,
it follows that each R 5(A) with w(afB) < 1 is a constant, which is 0
because R 7(0) = 0.

Regarding Raﬁ € C = R+ iR with |a|, || > 2 as independent
variables, we denote by R®"™* the totality of the points R = (R aﬁ)ialyl Bl>2
satisfying

(5.3) Rz=0 (-1<w(aB) <)

Thus R?*™* is a countable dimensional real vector space. Truncating
components of R = (R_3) € R** by w(af) < n, we obtain an infinite
dimensional vector space R2"™ as the quotient space of R***. This space
R2™ admits an Hy-action

H# X Rzux =) (h#,Rn) — h#.Rn (S R:ux

given by the right side of (5.2) with R, in place of Ra'F(A)’ In fact,
since h;7 = 0 for ||i|| < ||5]|, it follows that the Hy-action on R2™* above
is well-defined.

Returning to the components of the curvature R = (Raﬁ)lal,l 81>2>
we write R,(A) = (RaE(A))w( of)<n 8nd denote by R, the image of
the map N’ 2 A — R, (A) € R2%*. It then follows from (5.2) and the
definition of the Hy-action on R2"* that

bt (Rn(A)) = R (hy.A) € R2X,

That is, the map A — Ry,(A) is Hy-equivariant and R, is an Hy-
invariant subset of R2"*. In what follows, we sometimes abbreviate the
variable R,, € R2"* by writing R.
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DEFINITION. A polynomial P = P(R) in R € R2™ is called an
Hy-invariant of R, of weight w < n if

P(hg.R) = |A\]**P(R) for any (hg,R) € Hy x R,.

Two H#-invariants are identified if these are identical as functions on
Rr. The totality of Hu-invariants of R, is denoted by I,,(R.,).

For R € R?"™*, let us consider complete contractions
(54) W(R) = contr (R(plvql) Q- ® R(psaq.s))

of the tensors R®% = (R aﬁ)|a|=1’,lﬂl=q with respect to the flat metric
go- Then W(R) is a polynomial in R € R®"* of homogeneous weight. If
w(W(R)) < n, then W(R) depends only on R € R2"* because of (5.3),
and thus W (R) gives an Hy-invariant of R,,. We define Weyl invariants
of R,, as linear combinations of the complete contractions of the form
(5.4) which are of homogeneous weight < n. Denoting by I} (R,) the
totality of Weyl invariants of weight w, we have I¥ (R,) C I,(R,) for
w < n.
The surjection N' 3 A — R(A) € R, induces a map

(5.5) I,(R,) > P(R) — P(R(A)) e IS®*  (w < n).
Therefore, Theorem 2.1 follows from:

Theorem 2.1’. (I) The map (5.5) is surjective (and thus bijec-
tive).
(I1) IV (R,) = Iy(Ry) for w < n.

We outline the proofs of (I) and (II) in Subsections 5.2 and 5.3,
respectively.

5.2 Bijectivity of (5.5)

The proof of the part (I) in Theorem 2.1’ is done by giving the
inverse of the map (5.5). We first note by w < n that any Q(A) € IS®
depends only on

A, = (A"

¢
aB)w(eBy<n for A= (A p) € N,

so that one may write Q(A) = Q(A,). Let A, denote the totality of
such A,, that is, NV;, = {An; A € N'}. Then, R(A) € R, for A e N
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depends only on A, € N,, and thus the map N’ 3 A — R(A4) € R,
induces a surjection

(5.6) F:N,2A,— R(A,) € R,, where R(A,) = R(A).
This surjection is Hu-equivariant, where the Hx-action

Hy X N, 3 (hg, Ap) — hy Ay €N,
is well-defined from the Hg-action on . We have:

Theorem 5.1. The surjection F in (5.6) is bijective and the in-
verse G = F~! extends to a polynomial map R2™ — N,,, in the sense
that the components are polynomials in R € RZ™*. (The map G is auto-
matically Hy-equivariant.)

Assuming for a while the validity of Theorem 5.1, let us first prove
the bijectivity of the map (5.5). Given Q(A4,) € IS arbitrarily, we set
P(R) = Q(G(R)) for R € R,,. Then

P(F(An)) = Q(G 0 F(An)) = Q(An),

and the Hy-equivariance of G implies P(R) € I,,(R,). Conversely, given
P(R) € I,(R,) arbitrarily, we set Q(A,) = P(F(Ay)) for A, € N.
Then

Q(G(R)) = P(F o G(R)) = P(R),

and the Hy-equivariance of F implies Q(4,) € ISR. Consequently, the
pull-back by G gives the inverse map of (5.5), and thus (I) in Theorem
2.1’ is proved.

To prove Theorem 5.1, we extend the target space R, of the map
F in (5.6) to R2"™*. That is, if we denote this new map again by F,

(5.7) FiNa— R (and F(N,) =Rn).

Now note that F is finite dimensional in the sense that N, is a finite
dimensional vector space. Then the injectivity of F follows from the
following proposition.

Proposition 5.1. The differential F/(0) : N, — R2™ of F in
(5.7) at the origin is injective. Consequently, F is an embedding and
Rn C R2™ is a finite dimensional manifold. (We are always working
near the origin.)

To complete the proof of Theorem 5.1, it remains to show that G
extends to a polynomial map. By Proposition 5.1, we get an extension
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of G,
RE™ 3 R A(R) = (AL5(R)) € N,

such that each component Ai B(R) is a formal power series in R of ho-

mogeneous weight w(a€). In addition, the series Ai E(R) depends only

on a finite number of components of R and is convergent near the ori-
gin. Using (5.1)2, we can remove monomials of degree > w(a3f) from
Ai E(R) without changing the value on R,,. The resulting polynomials
give a polynomial extension of G.

We conclude this subsection by sketching the proof of Proposition
5.1. Setting R, = F'(0)A,, we wish to show that R, = 0 implies
A, = 0. To express R, = (Raﬁ) explicitly, we take Fefferman’s defining
functions r. 4 of N(A) given in Subsection 3.2, (B), and denote by 7%
the first variation at € = 0. Then

(58) Ry =800 ) 4les, where (7)(6,0) = 20T (2, 2).

Turning from 8¢ and BE to 8, and 85, we see that the assumption R, =0
is equivalent to

(5.9) 58 (F)#(0,0)=0  (w(aB)<n, |al,|8] > 2).

On the other hand, we have seen in Subsection 3.2, (C) that 7% is
uniquely determined modulo O™*2(p,) as a solution of the linear equa-
tion

(5:10) Lyy() = 0" (po)s il == Y. Alzzazpot
w(aBl)<n
Now A,, = 0 follows from (5.9) via (5.10). The proof is similar to that of
the uniqueness of Moser’s normal form, where the trace conditions (1.3)
are used crucially.
5.3 Hy-invariants of R,, are Weyl invariants.

Let TyR,, denote the tangent space of R,, at the origin, and thus
ToRn = F'(0) Ty N, C RE™ (ToN, = N, as a set).

Then the Hy-action on R, induces an Hy-action on ToR,,, which agrees
with that on R2"™ restricted to TyR,,. The Hy-invariants of ToR,, is
defined as in the definition of those of R,, in which R, is literally
replaced by TyR,. Now the proof of the part (II) in Theorem 2.1" is
reduced to:
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Theorem 5.2. FEvery Hy-invariant of ToR, of weight < n is a
Weyl invariant.

Assuming the validity of Theorem 5.2 above for a moment, we first
prove the statement (II). Let P(R) be an Hy-invariant of R,, of weight
< n. We denote by p(R) the lowest degree part of P(R). Then p(R)
is an Hy-invariant on ToR,. It then follows from Theorem 5.2 that
there exists a Weyl invariant W(R) such that p(R) = W(R) on TyRn.
Though W(R) differs p(R) from on R, the difference consists of terms
of higher degree. Thus we can repeat this procedure and write P(R) as
a sum of Weyl invariants. This proves (II).

The proof of Theorem 5.2 requires a defining system of equations of
ToR . In view of (5.8), we have

ToRn = {(R,5) € R2™; Rz =007 () #les, A €N},

From this expression, we obtain a defining system of TgR,, in terms of
the variables (R 3) € R3™:

(5.11); R 5=Ryz (for any permutation o’ 3 of o 3),
(5.11)2 Ry sg=0-l|a)R,5  Rgz=0-I8)Rz3
n—1
ik _ _ N
(5.11)s Z 9 Rjo5 = Rours + Ruatp — D Rrazp =
7,k=0 j=1

Here (g2*) = (go)~! = go. The Hermitian symmetry (5.11); is equivalent
to the fact that (7% )4 is real. The reduction rule (5.11), is a consequence
of the homogeneity of (74 )4 in ¢ and (. (Here we have set Rz=0
if o] <1 or |B] <1.) The relation (5.11); comes from Ag(7h)s =

0™+ ((po)4) of (3.15).
Disregarding the weight restriction, we consider Hg-invariants of

H = {(R,5)lali8122; R,5 satisty (5.11)1, (5.11)2 and (5.11)3}.

As far as Hy-invariants of weight < n are concerned, an invariant of
ToR,, is an invariant of H, and vice versa. Consequently, Theorem 5.2
is contained in a more general:

Theorem 5.3. FEvery Hy-invariant of H is a Weyl invariant.

Fefferman [F3] proved this result for invariants of weight < n — 19.
The weight restriction was later removed by Bailey-Eastwood-Graham
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[BEG]. The proof in [BEG] is constructive and gives an algorithm of
writing the given Hu-invariant as a linear combination of complete con-
tractions. In what follows, we explain this algorithm.
Let R = (R,5) € H. Then each R 7 is written as a linear combina-
tion of B
Af =R

oc'ﬂ' a/n...nﬁ

where o and @' are lists of {1,...,n—1} of length > 2, and the number
of n is £. In fact, indices 0, 0, 7@ in Raﬁ can be deleted by repeated use

of (5.11)2 and (5.11)5. Setting Zﬁa = (gflﬁ)|a|:p,|,@|=q, we regard it as
a symmetric tensor on C"! of type (p,q). Then the U(n — 1)-action
on Afﬁ is the restriction of the Hy-action to U(n — 1) C Hy. Thus

an Hy-invariant P(R) can be regarded as a U(n — 1)-invariant P(A) of

Zf! 5 (This procedure amounts to rewriting polynomials in R as those

in Ai E.) Using Weyl’s invariant theory for U(n — 1), we can write P(A)
as a linear combination of complete contractions on C*~1, that is, those
with respect to (67%):

(5.12) contr (A’el— ®- - Al ) .

P14, Pddq

In addition, we can make so that these contractions do not contain

Al 2 7% 2 7% 3¢
trdys, (tr)°Ags, (tr)°Ag, (tr) Az
From these contractions on C*~!, we manufacture complete contractions
with respect to the ambient metric gg, depending on the degree d of the

polynomial P(A), as follows.

At first, let d < n. From the linear combination P(A) of complete
contractions of the form (5.12), we make a partial sum consisting of
terms corresponding to £ = --- = {3 = 0, and replace the complete
contractions there formally by those with respect to gg:

contr (R(I’lﬂ‘h) R ® R(deQd)) )

Then we get a Weyl invariant, which agrees with the given Hy-invariant
P(R). The proof of this fact requires careful examination of the Hy-
action on complete contractions of the form (5.12).

When d > n, we cannot expect this. In fact, if for instance an
Hy-invariant P(R) of degree d > n contains an alternating sum of n
indices, then P(R) is not manufactured by the procedure above. We
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thus proceed as follows. Let us first recall that, in the case d < n, we

have formally replaced complete contractions with respect to (67%) by
those with respect to go. That is, we have ignored the right side of

n-—1 _ n —
Z §jij; + Z gékTJE =Tom+T,5
Ji.k=1 j.k=0

for an arbitrary tensor (TJE) of type (1,1). Taking account of the right
side, we now express complete contractions of the form (5.12) in terms of
partial contractions with respect to go. That is, we manufacture tensors
(TQE) by partially contracting R®1:91) ® - .. ® R(P=»%) in such a way that
(5.12) is given by a linear combination of components of (T ,3) of the form

Ty...on.no...7..7 Theindices 0 and 0 can be eliminated by repeated use
of (5.11). We then get an expression of the given Hy-invariant P(R)
as a linear combination of components T,..., 7.7 of (T a/_a)' Let us recall
by the definition of TyR,, that R 5 = aga?(ﬁ)ﬂeo. Likewise, T, are
given by the “values” of formal power series at eg. Then Taﬁ are ex-
tended to jets at eg, and the partial derivatives of the extensions of Taﬁ
make sense. If these are used as substitutes for the covariant derivatives,
then a scalar is obtained by the complete contraction. We do this proce-
dure after some algebraic manipulations which are technical. Then the
scalar above is a Weyl invariant, which coincides with the original H -
invariant P(R) up to a multiple. It turns out that components of (T, 3)
other than T,..., #.. do not contribute to the resulting Weyl invariant.

§6 Full invariant expansion of the Bergman kernel

So far, we have considered an invariant expression of the singularity
of the Bergman kernel KB = Br—""1 4+ 4Blogr by using Fefferman’s
defining function r = rF. Because of the ambiguity of ¥, it was only
possible to express ¢® modulo O™+!(r) in general (Theorem 2.2), and
¥B modulo O%(r) even in the case n = 2 (Theorems 3.1 and 3.2). In
this section, we express ¥® modulo O (r) invariantly by using a special
family of Fefferman’s defining functions. (The details are found in [Hi].)
That family, which we denote by RY, is parametrized by C*(8Q) and
satisfies

(6.1) ry = |det®|"2/ 0@ € RE,, for 75 € Riq,

for biholomorphic mappings ® : Q; — 5. This can be regarded as an
exact transformation law of weight —1 without error.
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In Subsection 6.1 below, we lift the Monge-Ampeére boundary value
problem (1.12) to a C*-bundle over Q. Then the lifted problem admits
asymptotic solutions which are similar to those of the original problem
(1.12) in Theorem 1.3. Elements of RE, are obtained as the “smooth
parts” of these asymptotic solutions. Using 7 € RE,, we define as before
Weyl invariants, which inherit the ambiguity measured by Rgﬂ. These
Weyl invariants with ambiguity, together with r, are used in expressing
a full expansion of ¥® in the Bergman kernel.

6.1 A special family of Fefferman’s defining functions

Given a strictly pseudoconvex domain 2 with C*° boundary, we take
a thin one-sided neighborhood V C Q of 89 and consider the following
equation for a function U = U(zg, 2) on C* x V:

(6.2) (—1)™ det (82U /82;0%k) , o, = l20o[*™
In terms of differential forms, (6.2) is intrinsically written as
(6.3) (=1)™(83U)™*! = dv,

where dv = (n + 1)!|z0|?"d2z0 AdZo A - - - Adzy A dZ,. If U is of the form
U(zo,2) = |20]?u(z), then (6.2) is reduced to the equation J[u] = 1.
That is, (6.2) is a lift of the complex Monge-Ampeére equation to the
C*-bundle C* x V. The bundle structure on C* x V is given by ®4 in
(2.3), where @ is a local (or formal) biholomorphic change of coordinates
near a point of 9. The transition function ®x preserves dv. Thus ®4
preserves the equation (6.3) in the sense that if U, satisfies (6.3) so does
U 1= U2 o @#
We consider asymptotic solutions to (6.2) of the form

(6.4) U=ry+rs an (r"tlogry)k  with ry = ||,
k=1

where 1, € C*®(V), and r is a defining function of €, » > 0 in Q.
Let us identify two such formal series if the corresponding r and 7y
agree modulo O (9€Q). Then the totality of such asymptotic solutions
is parametrized by C*°(0Q2) as follows.

Proposition 6.1. Let X be a C™ wvector field on V which s
transversal to 8S). Then, for any f € C™(9N), there exists a unique
asymptotic solution U of the form (6.4) to the equation (6.2) such that

X"+2T|39 = f
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If U is an asymptotic solution of the form (6.4) in V2 D 9% so
is Uy = Uz 0o ®y in Vi D 804, where @ : V3 — V3 is a biholomorphic
mapping satisfying ®(9;) = 8. This transformation law is rewritten
as r; = |det <I>’|”2/("+1)'r2 o ® and ny , = | det ¢'|2kn2’k o ®, where

Uj=(rj)s+i)a Y mig- (17 log(r)4)"  (G=1,2).
k=1

For an asymptotic solution U to (6.2) of the form (6.4), we call r
in (6.4) the smooth part of U, and denote by RE, the totality of the
smooth parts. Then the transformation law (6.1) for R, is valid. In
addition, each smooth part r is a Fefferman’s defining function, that is,
r satisfies J[r] =1+ O™*1(r).

Remark 6.1. If we drop the subscript # from ry in (6.4), then we
get Graham’s asymptotic solutions (1.17) with n§ = 1. However, the
transformation law (6.1) breaks down. Similarly, if we add the subscript
# to r in r"*!logry, then again (6.1) breaks down.

6.2 A refinement of Theorem 2.2

Starting from a Fefferman’s defining function r € 'Rgﬂ, we construct
Weyl invariants as in Subsection 2.2. That is, for the Lorentz-K&hler
metric g with potential 74 in a thin neighborhood C* x V C C* x Q
of C* x 99, we consider the curvature R of g and successive covariant
derivatives R =¥V9~2V?P~2R. Then a Weyl invariant of weight w is
defined as a linear combination of the complete contractions of the form

1 s
contr (R(pl,ql) ® - ® R(p87Q.s)) with 5 Z (pj +q;) — s = w.
j=1

By definition, a Weyl invariant Wy is a functional of r € R, and thus
we write Wy = Wxlr]. As in Section 2, we also use this terminology
for the composite function (zq,z) — Wx[r]. We denote the restriction
of Wy[r] to zo = 1 by Wr], and still call it a Weyl invariant. It follows
from the construction that the transformation law (6.1) for R, implies

Wr1] = | det &2/ DWry] o &

for a Weyl invariant of weight w, cf. (2.4) in Subsection 2.3.

With r € RE,, let us consider the expression (1.10) in Theorem 1.2
for the Bergman kernel. Observe that ¢® is uniquely determined modulo
0> (r) and independent of the choice of r. Nevertheless, we regard 32
as a functional of r € RE, and write B = ¢B[r]. Then we have:
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Theorem 6.1. For each j > n+ 1, there exists a Weyl invariant
W; of weight j such that if r € R, then

$Br] = Wisnaa[r]r¥  mod O®(r).
k=0

That is, for each m > 0, ¥B[r] = 37" Wiyns1[r]r® mod O™F1(r).
This theorem refines Theorem 2.2 (cf. Remark 6.2 below).

6.3 Generalization of the CR invariant

Recall that Theorem 2.2 follows from Theorem 2.1. In order to refine
Theorem 2.1, we need to generalize the notion of CR invariant taking
account of the ambiguity described by RE,. Let us begin by recalling
that Proposition 6.1 gives a bijection C>®(9Q) — RE, as far as a vector
field X is specified. For a reference point p € 912, this parametrization
is localizable to a neighborhood of p, but we rather consider formally.
We have a bijection Cgp, , — Rpq, ,, Where Cgp  and Rf , denote
the spaces of all Taylor expansions about p of elements of C*° () and
REq, respectively. Thus Cg?l,p and Rgﬂ,p consist of formal power series,
though the notation Cgg, ,, might be somewhat confusing,.

The family Rgﬂ,p satisfies a formal transformation law correspond-
ing to (6.1), and this transformation law is transplanted to Cg‘;)’p. To
write it down explicitly, we assume that 92 near p is in Moser’s normal
form N(A), and take X = 8/0p4 with respect to the coordinate system
(2/,2', pa,v). Each element f € C5%,p is written in the form

f(,2',v) = Z C’iﬁz‘;%ve.
a,B,4

We denote by C the totality of collections of the coefficients C = (C’i-ﬁ-).
Thus Cg?l,p is identified with C. If r € Rgﬂ,p is in the image of f under

the bijection Cgg, , — ’R,gﬂ,p, then A
r= Z Pﬁ%’(A, C) 2, 25v plx,
a!ﬂ,e)m

where Pi%*(A,C’) are polynomials in (4,C) € N x C. We thus write
r =r(A,C), and use the notation RR(A) for the totality of r = r(A,C)
with (4,C) € N xC. Thus Rgn’p is identified with ”Rf\,( 4), and we have
a bijection C — RY;( ) as far as A € N is specified.
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The H-action (1.4) on N extends to that on N x C as follows. For
(A,C) € N x C and h € H, we define (4,C) = h.(A,C) by A = h.A
and (A4, C) = | det E;l’A|—2/("+1) r(A, C) o h, where Ej 4 is defined by
(1.4). Then we have, as a generalization of (1.4), a group action

(6.5) HxN xC3 (hAC)— h(A,C)eN xC,

which is regarded as a transformation law for Cg%’ » parametrizing Rgn,p-

We now recall that CR invariants are defined by (1.5). This notion
is generalized as follows. Let ISR (C) denote the totality of polynomials
P in (A,C) € N x C such that

P(A,C) = |det k' (0)[?*/+1) P(h.(A,C)) for any h € H.

Then ISE = I,(NV) C L,(N x C) = IS®(C), where I,(N x C) stands for
the space of H-invariants of N X C, and similarly for I,,(N). Asin the
case of CR invariants, elements of IS®(C) can be identified with smooth
(C° or real analytic) functions on 0%Q.

6.4 Boundary values of C-dependent Weyl invariants

We want to refine Theorem 2.1 in such a way that the refinement
implies Theorem 6.1. As in the previous subsection, let us consider a
surface in Moser’s normal form N(A), and take X = 0/dp4 with respect
to the coordinate system (2',2’, pa,v). For a Weyl invariant W = W{r]
of weight w, the value at the origin is a polynomial in (A, C). We thus
write it as W{A, (), and denote the totality of these polynomials by
IY(N x C). Let IY¥(N') denote the totality of W(A,C) € IV (N x C)
which do not contain the variable C' € C. Then Proposition 2.1 implies
IV(N x C) = IV(N) for w < n, and Theorem 2.2 is restated as

INNXxC)=IYN)=IS® for w<n.
Improving this, we have:

Theorem 6.2. For any w € Ny, IV(N x C) = ISR(C) and thus
IW(N) = ICR,

w

Theorem 6.3. Ifn >3, then IY (N xC) = IW(N) forw <n+2
and IV g(N x C) # IV 3(N). If n =2, then IV (N x C) = IV (N) for
w <5 and IV (N x C) # IV (N).

In the case n = 2, these theorems imply IV (N xC) = IWV(N) = ISR
for w < 5 (cf. Remark 3.2).
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Remark 6.2. By direct computation, we can show that if n = 2
then Wg(A,C) ¢ IV (N) for the Weyl invariant W in Theorem 6.1.
This fact will be published elsewhere.

Theorem 6.1 is proved by using Theorem 6.2 if we recall the proof of
Theorem 2.2 which uses Theorem 2.1. In the next subsection, we outline
the proof of Theorem 6.2, which is analogous to that of Theorems 2.1.
‘We omit the proof of Theorem 6.3, which is technical and consists of
careful inspection of the proof of Theorem 6.2.

6.5 C-dependent invariant theory

Recalling that Theorem 2.1 follows from Theorem 2.1’ at the end of
Subsection 5.1, let us first formulate a substitute for Theorem 2.1’. We
have to remove the weight restriction by using A x C in place of V.

For a surface in Moser’s normal form N(A) with X = 8/8pa, we
take r =1(A4,C) € ’Rf\,( ) and consider the curvature R of the Lorentz-
Kéhler metric g with potential r4. As in Subsection 5.1, we identify R
with the collection of the components Raﬁ of the covariant derivatives
at eg, and write R = (R,5). Then each R 5 is a polynomial in (4,0) €
N x C. We thus write R 7 = R_5(A,C) and define a map

F:NxC53(A,C) - R(A,C) € R™,

where R(4,C) = (R 5(A,C)), and set R = F(N xC). This map F and
R are refinements of the map in (5.7) and R,,.

Let us recall that the Hy-action on A induces that on R, via (5.2).
Likewise, the Hy-action on N x C, defined by hx.(A,C) = h.(A,C),
induces that on R. Thus we can define Hy-invariants of weight w on
R, and we denote the totality of these by I,(R). The map F is Hy-
equivariant and induces an injection

F*:I,(R) 3 P(R) — P(F(A,C)) € I, (N x C) = IS}(C),

which corresponds to the map in (5.5). Let IV (R) denote the subspace
of I,(R) consisting of elements which are given by linear combinations
of complete contractions of the form (5.4) of weight w. Then we can
state a substitute for Theorem 2.1’ as follows.

Theorem 6.2'. (I) The map F* is bijective.
(I) I,(R) = IV (R) for each w € No.

Theorem 6.2 follows from Theorem 6.2’.
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As in the case of Theorem 2.1’, the proof of (I) is reduced to proving
the injectivity of F'(0).

The statement (II) for w < n is equivalent to that in Theorem 2.1/,
and most parts of the proof work as well for the case w > n. The point
is to show

(6.6) IV (ToR) = I,(ToR),

where ToR C R>™ is the tangent space of R at 0. In Subsection 5.3, we
outlined the proof of (6.6) for w < n, where (5.11)3 was used crucially.
The equality (5.11)3, stating that (Raﬁ) is trace-free, follows from the
equation

(6.7) .Ao(?ﬁ)# = 0™ ((po)#)-

where Ay and (po)x are those in (3.15). To prove (6.6) in the case
w > n, we need to compute explicitly the error term O™*((pg)x) of
(6.7) when 7% is replaced by

Tac = dis'r(sA, eC) »

The result is:

()"

AoFA c = C n+1An+27':'A C where ¢, = —————=.
N Tl:lu‘ 0 ,O (13 (n+ 1)!2

Using this equality in place of (6.7), we can remove the restriction w < n
in the argument of Subsection 5.3, and obtain (6.6) with the aid of the
invariant theory of [BEG].

Remark 6.3. In general, the Weyl invariants Wy, in Theorem 6.1
are not uniquely determined, since there are linear relations among the
boundary values of complete contractions of the form (2.1). For instance,
in the case n = 2, the boundary values of |R%? |2 and |[R®3|? are
linearly dependent (and, accordingly, Theorem 3.1 includes two expres-
sions for Wy and Ws). Under the terminology of this section, ||R(3)||?
and |R(39|]2 are polynomials on R>"* such that the restrictions to the
submanifold R are linearly dependent functions.

The situation is similar for the Weyl invariants Wy in Theorem 2.2,
though we do not know specific examples of non-uniqueness. (Note that
|RG3)||? and ||RZ4)||? for n = 2 are irrelevant to Theorem 2.2 because
of the weight restriction.) It should be mentioned that a basis of Weyl
invariants of degree d < m is given in [BEG]; in particular, it is shown
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that, if d = 2 < n, then ||R®9||2 (p > ¢ > 2) form a basis of quadratic
Weyl invariants.
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