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§1. Introduction and results

We consider the following system of wave equations

(1.1) {D01u:f(u7v)

Oc,v = g(u,v)

where O, = (1/¢%)8? /0t =7 _, 8% /927 and ¢, and c; are positive con-
stants. We assume that f(-,-) and g(-,-) are in C*°. In what follows, we
shall study the singularities of the solutions to (1.1) when the solutions
are ‘conormal distributions’ to some hyperplanes. Before the statement
of main theorems, we define conormal distributions.

Definition (Conormal distributions). Let @ C R™ be a domain.
Let L be a C*°-manifold in Q. We call that u is in H*(L,0) in Q if

MyoMyo---oMmue€ H (Q) forl=0,1,2,...,
where each M; is a C* wvector field which is tangent to L.

We can define the space of conormal distributions not only for a
C*°-manifold but also for a union of two hypersurfaces which intersect
each other transversally.

Now we shall state the main results. Let w € S™ ! and L;; =

{(t,z) € R";cit + (—1)Yw -z =0} for s, j =1, 2.
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Theorem 1. Let Q be a neighborhood of the origin of R™1 i =1
or2 and j =1 or 2. Suppose that u, v are in HE () for s > (n+1)/2,
u and v are solutions to (1.1) and

u,v € H®(L;j,00) inQN{t <0},

then
u, v € Hs(Lij,OO) in K

where K is the domain of dependence with respect to N {t < 0}.

Theorem 2. Let Q be a neighborhood of the origin of R™*! and
i,,7, 7 eNwithi+i =3, j+ 7 = 3. Suppose that 0 < ¢; < cg, u, v
are in H (Q) for s > (n+1)/2, u and v are solutions to (1.1) and

u, v € HS(LijULilj,OO) mn Qﬂ{t<0},

then
u, v € HS(LiJ’ U Lilj U Lijl U Li/j/, OO) in K

where K is the domain of dependence with respect to QN {t < 0}.

Theorem 3. Let Q be a neighborhood of the origin of R*! and
i,4,7, 7 e Nwithi+14i =3, j+ 5 = 3. Suppose that 0 < ¢1 < ¢2, U, v
are in HE (Q) for s > (n+1)/2, u and v are solutions to (1.1) and

U, v € HS(L,'J'UL,L']'I,OO) inQﬂ{t<O},

then
u, v € HS(L,L'J- U Li/j U Lij/ U L,vj/,oo) in K

where K is the domain of dependence with respect to N {t < 0}.

J.M. Bony has obtained the same result for scalar strictly hyperbolic
equations in [3]. So our results are not full of originalities. But the author
believes that our proofs are new and simple.

§2. Proof of Theorem 1

Weset M =10, +x -0, and My = w0 +¢;0,, fork=1,...,n. It
is easy to prove the following proposition.
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Proposition 1. M, ..., M, are linearly independent on R™*!
and M, My, ... , M, are linearly independent on R"*1\L,;.

Proof of Theorem 1.

OMwu) =0, Mu + M f(u,v)
(2.1) =20u + M f(u,v)
=2f(u,v) + M f(u,v).

Similarly we have
(2.2) O(Mu) = 2g(u,v) + M f(u,v).

Since u and v are in H (), we have that 2f(u,v) + M f(u,v) and
2g(u, v)+M f (u, v) are in HS ' () and Mu, Mv are in Hf (Qn{t < 0}).
Using the energy estimate for ., and O.,, we consequently have that
Mu, Mv € H{ _(K). Repeating this argument, we have

(2.3) My, M'v € H (K).
It is easy to see that
(2.4) Miu, Mlv € H (K) for Vk, VIl € N.

(2.3) and (2.4) yield Theorem 1.

§3. Proof of Theorem 2 and Theorem 3

Proof of Theorem 2. We put M, = td; + (z — a) - 8, for a € R™.
Using the same argument as in the proof of Theorem 1, we have

(3.1) M, My € HE (K) for Va with a-w =0 and VI € N.
We divide K\ Uf’ j=1Lij into the following three parts,

Ki={(t,z) e K;eit —w-z>0, et +w-z >0}

Ky ={(t,z) € K;eit —w -2 <0, cpt —w -z > 0}U
{t,z) € Kjeottw-2 >0, eit +w-z <0}

Kz ={(t,z) € K;cpt —w -z <0or cot +w-z < 0}.

We prove first that 4, v € C* in K;. Let (¢9,z0) be any point in Kj.
Let (to, zo, 70, &o) be any point in T(’io wo)\O. We use the same argument
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as in the proof of the main theorem of M. Beals [1]. If M, is elliptic at
(to, o, 7o, &o) for some a € R™, then from (3.1) we have

(3.2) u, v € H**' at (to,o,70,&0)-

When M, is not elliptic at (o, o, 70, &o) for all a € R™, 0., and O, are
elliptic at (tg, zo, 70, &0)- In fact, we can choose ay € R™ with ag-w =0
such that ct3 — |zo — ao|? > 0. Then we have

1
erto (a'“' - |€0|) < tolol — [éolleo — aol

= €0 - (zo — ao)| — [éol|zo — a0
<0.

The same argument works for 00.,. Hence
(3.3) u, v € H'Y at  (to, o, To,&0)-
From (3.2) and (3.3), we have
u,v € H**!  at (to, zo).
Repeating this argument, we have
(3.5) u,v € C™  at (to,zo).
Next we prove that u,v is in C* on Kj. Let (to, o) be any point

in Ks. Let (to, zo, To, £o) be any point in T(’:‘:O’IO)\O. When M, is elliptic
at (to, %o, 7o, &o) for some a € R™, then from (3.1) we have

(3.5) u, v € H*' at  (to,zo,7o,%)-

When M, is not elliptic at (tg, zo, 7o, o) for all a € R™, the same method
as in the first step proves that [., is elliptic at (to, Zo, 70,&0). So it
suffices to show that (., is elliptic at (to, zo, To, o). Since 7oty + (To —
a)-&o=0foralla € R” with a-w =0, Toto +x0-&o = a-& = 0. Then
a-& = 0 for all a € R™ with a-w = 0. Hence ¢ is parallel to w. We
decompose xg = a:gl) + 9:(()2) such that :c((ll) is parallel to w and x(()2) is
perpendicular to w. We put ag = w(()2). Hence zg — ap = m(()l)
to w. Since c2|tp|? < |zo — a|? for all @ € R™, we have

is parallel

cito (El;h'ol - |§ol) > to|7o| — |€ol|zo — a0l

= to|7o| — €0 - (w0 — ao)|

=0 (since toto — &o - (-’L‘O - aO) = 0)'
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Consequently we have
(3.6) u, v € H*?2 at (to,zo,70,&0)-
From (3.5) and (3.6), we have
u,v € H°t!  at (tg,zo).

Repeating this argument, we have
3.7 u,v € C™ at (to,Zo).

The same argument for u in the second step yields that
(3.8) u,v € C* in K3.

(3.1), (3.4), (3.7) and (3,8) imply Theorem 2.

We can prove Theorem 3 by the same argument as in the proof of
Theorem 2.
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