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I. Introduction

Two bounded linear operators A and B in a Hilbert space H are said
to anticommute if AB + BA = 0. However, if A and B are unbounded,
then this definition of anticommutativity does not work, because AB +
BA may not make sense on any vector in H.

A proper notion of anticommutativity of (unbounded) self-adjoint
operators was given by Vasilescu [23]. Samoilenko [21] and Pedersen
[20] gave several equivalent characterizations of the anticommutativity
and discussed some aspects of anticommuting self-adjoint operators.

Following [20], we say that two self-adjoint operators A and B in a
Hilbert space anticommute if

e'itAB C Be——itA

for allt € R. We remark that this definition is symmetric in A and B [20]
and gives an extension of the notion of anticommutativity of bounded
operators mentioned above.

Families of anticommuting self-adjoint operators are not only in-
teresting in its own right (in particular, from representation theoretical
points of view), but also may be important in applications (e.g., analysis
of operators of Dirac’s type [3,5-8, 13, 16] and supersymmetric quantum
theory [1,2,4,9,15,17,18]).

In [10,11] the present author has developed analysis on anticom-
muting self-adjoint operators; The paper [10] is concerned with alge-
braic properties of the partial isometries assoicated with anticommuting
self-adjoint operators and analysis of the sum of two anticommuting
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self-adjoint operators, while the paper [11] gives a characterization of
the anticommutativity of self-adjoint operators in connection with Clif-
ford algebra and discusses some consequences of it, one of which can
be applied to the self-adjointness problem of some classes of operators
of Dirac’s type in both finite and infinite dimensions. In this paper we
summarize the main results obtained in [10,11].

I. Product of two anticommuting self-adjoint operators

In this section we describe some results on a product of two anti-
commuting self-adjoint operators. We denote by D(A) the domain of
the operator A.

For the reader’s convenience, we first summarize as a lemma some
known facts on anticommuting self-adjoint operators.

Let A be a self-adjoint operator in a Hilbert space with the spectral
family {E4(X)|A € R}. Then the polar decomposition of A is given by

A=UalA|
with
Us =1— E4(0) — E4(—0),
see, e.g., [19, p.358]. We call Ua the partial isometry associated with
the self-adjoint operator A.
Lemma 2.1 {20,23]. Let A and B be anticommuting self-adjoint
operators in a Hibert space. Then the following (i)—(vii) hold:

(1) UpA C —AUg and UyB C —BU 4.
(ii) Ug|A| C |A|Ug and Ua|B| C |B|Ua.
(iii) |A| and |B| commute.
(iV) UAUB =—-UBUA.
(v) A and |B| commute and B and |A| commute.
(vi) D(A)NnD(B)ND(AB) = D(A)n D(B) N D(BA) and

(AB+ BA)f =0, fe D(A)nD(B)ND(AB).
(vil) A+ B is self-adjoint.

For two anticommuting self-adjoint operators A and B in a Hilbert
space, we consider the product

Co(A, B) = iAB
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with D(Co(A, B)) = D(A) N D(B) N D(AB). It follows from Lemma
2.1(vi) that
D(Co(4, B)) = D(Co(B, 4)),

and
[Co(A, B) + Co(B, A)|f =0, [ € D(Co(A, B)).

In particular, Co(A, B) is symmetric.

Theorem 2.2 [10]. Let A and B be anticommuting self-adjoint
operators in a Hilbert space. Then

(i) Co(A, B) is essentially self-adjoint.
(if) Let C(A, B) be the closure of Co(A, B). Then

C(A, B) = —C(B, A).

(ili) The operator C(A, B) is essentially self-adjoint on every core
for A% + B2,

Remark. We can find a dense domain D on which Cy(4, B)* is
essentially self-adjoint for all k € N [10, Theorem 2.3].

By Lemma 2.1 (vi) we have
ACy(A,B) +Co(A,B)A=0, BCy(A,B)+ Cy(A,B)B =0,

on a suitable domain, respectively. Hence C(A, B) may have a chance
to anticommute with A and B. In fact, the following theorem holds.

Theorem 2.3 [10]. The operator C(A, B) anticommutes with A, B,
and A+ B.

II. Algebraic properties of the partial isometries associated
with anticommuting self-adjoint operators

Theorem 2.3 shows that, given two anticommuting self-adjoint op-
erators A and B in a Hilbert space, we have a triple {A, B,C(4, B)}
of mutually anticommuting self-adjoint operators. It is interesting to
investigate structures of this triple. We do it by analyzing the algebraic
structure of the partial isometries of U4, Up, and Ug (4, g)- Thus our first
task is to compute products of these partial isometries. A key tool for
this purpose is the following formula for the partial isometry associated
with a self-adjoint operator.
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Lemma 3.1. Let A be a self-adjoint operator. Then

Up=s— EEIEOA(AQ +€)"1/2,

Proof. This can be proven by the functional calculus for self-adjoint
operators. For the details, see [10]. Q.ED.

Remark. Let A be a self-adjoint operator and P4 be the orthogonal
projection onto (Ker A)%. Then:

Uy =sgn(A)Py,
where sgn(A\) = M|\, A € R\ {0}.
We also note the following fact.

Lemma 3.2 [10]. Let A and B be anticommuting self-adjoint op-
erators in a Hibert space. Then:

(i) Pa and Pp commute.
(if) P4 and Ug commute, and Pg and U, commute.

Using Lemmas 3.1, 3.2 and some technical facts, we can obtain the
following results .

Theorem 3.3 [10]. Let A and B be anticommuting self-adjoint
operators in a Hilbert space. Then:

UaUp = —iUc(a,n),
Uc(a,B)Ua = —iPsUp = —iUpP4,
UC(A,B)UB =iPpUjs = iUsPpg.

In the rest of this section, we assume that A end B are anticommut-
ing self-adjoint operators in a Hilbert space H. To rewrite the formulas
given in Theorem 3.3 as commutation relations, we introduce

Ua .Us Uca,B
X1 =Z—2—, X2 = ’LT, X3 = Z———(z—),
}fl=13 Y2=PB; 1/E’}=PAa Y:1:PAPB-

For bounded linear operators X,Y on H, we define

[X,Y] = XY - YX.
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Theorem 3.4 [10]. The following commutation relations hold:

3
(X5, Xkl = D eneXeY;, 5,k=1,2,3,
=1
[ijym] = [meYn] =0, j=1.,23, mn= 1,2,3,4,

where € is the Levi-Civita symbol with €123 = 1.

Proof (Outline). This follows from Theorem 3.3, Lemma 3.2,
Lemma 2.1 (iv), and the fact that P2 = Py4. Q.E.D.

The vector space of all bounded linear operators on H is a Lie algebra
with the Lie bracket [ -, - |. We denote it by £(H). Theorem 3.4 implies
the following result.

Theorem 3.5 [10]. Let 9 C L£(H) be the subspace spanned by
XiYm,k=1,2,3,m=1, 2,3,4. Then M is a Lie subalgebra of £(H).

As is well-known, the Lie algebra su (2,C) of the special unitary
group SU(2) is the set of 2 x 2 complex skew-Hermitian matrices of trace
zero and has a basis {e;}3_; which satisfy the commutation relations

3
[ej1ek] - Zejkfela ]ak = 17 21 3.
£=1

We define a linear map ¢ : su (2,C) — £(H) by

3 3
e aje)) = a;X;, 0;€C,j=1,23

Jj=1 j=1

Theorem 3.6 [10]. Suppose that A and B are injective. Then g
is an isomorphism between su (2,C) and 9.

Proof. We need only to note that, in the present case, P4 = Pg =
1. Q.E.D.

In the case where A and B are not necessarily injective, we can
proceed as follows. Let

Ho = (Ker A+ Ker B)*



6 A. Arai

and define the operators Ag and By acting in Hy by

Aof = Af, f€ D(Ad),
Bof = Bf, f € D(Bo)
with
D(Ao) = D(A) NHo, D(Bo) = D(B) N Ho.

It has been proven in [20] that Ag and By are injective, self-adjoint, and
anticommute. We define the operators

Us,
2

iUC(AO,BO)

0 _.Ua 0 _ .
Xf)zzTo, Xé)zz 5

, x0 =

and the map gp : su (2,C) — £(Hop) by

3 3
oo(Yaje)) = a; X, a;eCi=1,23
j=1 =1

Applying Theorem 3.6 with A and B replaced by Ay and By, respec-
tively, we have the following result.

Theorem 3.7 [10]. The map po is an isomorphism between
su (2,C) and the Lie algebra My generated by X}O),j =1,2,3.

Theorem 3.7 implies that gg is a faithful representation of su (2,C)
on the Hilbert space Hy. If Hp is infinite dimensional, then gg gives
an infinite dimensional representation of su (2,C). The structure of the
representation gy may be interesting. We have the following theorem.

Theorem 3.8 [10]. Let H be separable and Hg be infinite dimen-
stonal. Then there exists a sequence {M,}32, of subspaces in Hy with
the following properties:

(i) For each m and n with m # n, M,, and M,, are orthogonal.
(il) Ho =032 M,,.
(iliy For all n € N, dim M,, = 2 and M, is left invariant by
0
In particular, the representation go is completely reducible with the heigh-
est weight of each irreducible component being 1/2.

In concluding this section, we give a remark on a relevance of anti-
commuting self-adjoint operators to Clifford algebra theory. The Clifford
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algebra 2, associated with the n-dimensional Euclidean space R™ is the
algebra generated by elements «;,j = 1,---,n, and identity 1 satisfying

(3.1) Vive WY =265k, G k=1,---,m.

Let A and B be anticommuting self-adjoint operators in the Hilbert
space H and define

Iy :UAm FZZUBO’ F3=UC(AOvBO)'

Then the operators I';,j = 1,2, 3, are self-adjoint on Hg. Moreover we
have

I}Fk+FkFJ:2éjk7 j;k=172a3a

and I leaves M, invariant. Let I j(n) be the restriction of I; to M,
so that we have
n=prr.
n=1

Let €, be the algebra generated by 1"]-(n), 7 =1,2,3. Then we have the
following result.

Theorem 3.9 [10]. For each n = 1,2,---, the algebra €, is the
spin representation of Us.
IV. The sum of two anticommuting self-adjoint operators

Let A and B be anticommuting self-adjoint operators in the Hilbert
space H. As we have seen in Lemma 2.1 (vii), A+ B is self-adjoint. This
section concerns more detailed properties of the operator A + B.

4.1. The case where B is injective

In this case, the partial isometry Up is unitary with the spectrum
o(Up) = {£1}, so that we have the orthogonal decomposition

(4.1) H=H+@H_={(£)]feﬂ+,ge7{_}

with
Hy =Ker (Ug F1).
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Theorem 4.1 [10]. Let A and B be anticommuting self-adjoint
operators in H and B be injective. Then A, B, and P4 have the following
matriz representations with respect to (w.r.t.) the decomposition (4.1):

_ 0 a*M_ _( B+ 0
(4.2) A_<aM+ ; ) B-—<0 _Bw)‘,
a*a 0
PA = < 0 aa*) 3
where a is a partial isometry from Hy to H_, By (resp. B_) and M,

(resp. M_) are commuting nonnegative self-adjoint operators in H,
(resp. H_), and aBy C B_a.

This theorem is a generalization of [20, Corollary 3.3] which gives
matrix representations of A and B similar to (4.2) in the case where
both of A and B are injective.

We consider the diagonalization of A + B w.r.t. the decomposition
(4.1). By the commutativity of |A| and |B| [ Lemma 2.1(iii) ], we can
define, via the functional calculus,

A = Arctan(|A||B|™Y),

which is bounded and self-adjoint. Since —iX3 and A are commut-
ing bounded self-adjoint operators, —iX3A is bounded and self-adjoint.
Hence the operator

V= €X3A
is unitary. It turns out that V implements the diagonalization of A+ B
w.r.t. the decomposition (4.1):

Theorem 4.2 [10]. Let A and B be anticommuting self-adjoint
operators and B be injective. Then

V(A+ B)V™! = Ug(A? + B*)'/?

(4.3) _ ((L;LA + B2)1/2 0
0 —(LaLy + B2)Y2 )’
where
LA = CLM+.

Remark. Formula (4.3) can be regarded as an abstract and non-
perturbative version of the so-called Tani-Foldy- Wouthuysen transfor-
mation of the usual Dirac operator in three space dimensions (e.g., [14]).

Theorem 4.2 can be proven by using the following lemma.
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Lemma 4.3 [10].

VX,V = (1 - P4)X; + Pg(X1cosA + XysinA),
VX,V = (1 — Pa) Xy + Ps(—Xysin A+ Xz cosA).

4.2. The case where B is not injective

In this case, we note the following fact.

Lemma 4.4 [10]. The operator Pg commutes with A,V,Ug, and
( A2 + B2)1/2_

Lemma 4.4 implies that A, B, V, Up, and (424 B2)1/2 can be reduced
to (Ker B)1 in which B is injective. Thus we can apply the preceeding
result in Section 4.1 to obtain the following theorem.

Theorem 4.5 [10]. Let A and B be anticommuting self-adjoint
operators. Then (4.3) holds on (Ker B)*.

Remark. In the case of abstract Dirac operators, results similar to
Theorems 4.2 and 4.5 have been obtained in [22].

V. Characterization of anticommutativity of self-adjoint
operators in connection with Clifford algebra

In Section Il we have seen that two anticommuting self-adjoint op-
erators are related to the Clifford algebra 203. This fact suggests that it
may be more natural to characterize anticommutativity of self-adjoint
operators in connection with Clifford algebra. In fact, such a character-
ization is possible as we shall present below.

Let H be a Hilbert space. We say that {v;}7_; is a self-adjoint
representation of the Clifford algebra 2, on H if each 7y; is a bounded
self-adjoint operator on 'H satisfying (3.1).

The first of the main results in this section is the following.

Theorem 5.1 [11]. Let A and B be self-adjoint operators in a
Hilbert space H. Suppose that there ecists a self-adjoint representation
{71,72} of U2 on H such that each ~; commutes with A and B. Then
A and B anticommute if and only if

etsm Aezt’yz B _ ezt'yz Bezs'yl A
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for all s,t € R.

Remark. If v; commutes with A, then 1, A is self-adjoint with
71A = Av;. The same holds for the pair {y2, B}. Hence exp(isy14)
and exp(ity2B) can be defined via the functional calculus.

Theorem 5.1 has some interesting consequences. We fix a self-adjoint
representation {v1,v2} of Yz on a Hilbert space K. We denote by K@ H
the tensor product of K and H.

Theorem 5.2 [11]. Let A and B be self-adjoint operators in a
Hilbert space H. Then A and B anticommute if and only if v1 ® A and
Y2 ® B commute in the Hilbert space K @ H.

Remark. A simple example of K and {v;,72} is given by

K =C?,

01 0 —
Y1 =01 ‘= 1 0/’ Y2 = 02 (= i 0 .

The matrices 01 and o3 are the first two of the so-called Pauli matrices.
We have a “dual” version of Theorem 5.2:

Theorem 5.3 [11]. Let A and B be self-adjoint operators in a
Hilbert space H. Then A and B commute if and only if v, ® A and
v2 ® B anticommute in the Hilbert space K ® H.

Remark. In the case where K = C? and v; = 0;,j = 1,2, the
necessary condition in Theorem 5.3 has been proven in [13] by a method
different from that in [11].

Theorem 5.3 can be applied to the self-adjointness problem of op-
erators of Dirac’s type. We first recall a basic result due to Vasilescu
[23]:

Lemma 5.4 [23]. Let {A;}7_, be a family of mutually anticom-
muting self-adjoint operators in a Hilbert space (n < 0o). Then E;-lzl Aj

is self-adjoint and
2

Y4 =>4
j=1 j=1

Using this lemma and Theorem 5.3, we can prove the following fact:
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Theorem 5.5 [11].  Let {A;}}_; be a family of mutually commut-
ing self-adjoint operators in a Hilbert space H (n < 00). Let {v;}7_;
be a self-adjoint representation of ™, on a Hilbert space K. Then the
operator

D= Z’}’j ®Aj

Jj=1

is self-adjoint in K ® H and

E2=iI®A]2..

Jj=1

We next consider a countable family {A4,,}22, of self-adjoint opera-
tors. We can define the operator

by the relation

0o N
D(A) = {f € (] D(4n) | w—A}i_rgoZAnf exists},
n=1

n=1

N
Af=w—b}i_£noo;Anf, f € D(A).

The following lemma is an extension of Lemma 5.4.

Lemma 5.6 [23]. Let {A,}>2, be a family of mutually anticom-
muting self-adjoint operators in a Hilbert space H such that D(3_ 7 | An)
is dense in H. Then Y oo | A, is self-adjoint and

o0 2 o0
(Z An> = A%
n=1 n=1

Using Lemma 5.6, we can obtain an extension of Theorem 5.5:

Theorem 5.7 [11]. Let {A,}52; be a family of mutually com-
muting self-adjoint operators in a Hilbert space H. Let {yn}oe, be a
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self-adjoint representation of A on a Hilbert space K. Suppose that
D32 v ® Ay) is dense in K @ H. Then the operator

oo
Do = Z Tn ® Ap
) n=1
is self-adjoint in K ® H and

p;:=§31®Ag
n=1

The operator P (resp. Poo) in Theorem 5.5 (resp. Theorem 5.7)
gives a class of operators of Dirac’s type in an abstract form. Hence
Theorems 5.5 and 5.7 solve the self-adjointness problem for such Dirac
operators. Examples to which Theorems 5.5 and 5.7 are applicable in-
clude: (i) the Dirac-Weyl operator with a strongly singular gauge po-
tential [13] (cf. also [12]); (ii) classes of operators of Dirac’s type in an
abstract Boson-Fermion Fock space (infinite dimensional Dirac opera-
tors) [3,4,7,9,11].

VI. Anticommuting self-adjoint operators and super-
symmetric quantum theory

As a final topic in this paper, we discuss a connection of the theory
of anticommuting self-adjoint operators with supersymmetric quantum
theory (SSQT).

We first give an abstract definition of SSQT (e.g., [1,2,4,17,25]).
Let N > 1 be an integer. A SSQT with N-supersymmetry is defined to
be a quadruple {H, {Q,})_,, H, Nr} consisting of a Hilbert space H, a
set of self-adjoint operators {Qn})_, (“supercharges”), self-adjoint op-
erators H (“supersymmetric Hamiltonian”) and N (“Fermion number
operator”) acting in H, which satisfies the following conditions:

(S.1) NZ =1 (identity on H) and N # +I.
(S2) H=@Q2, n=1,---,N.
(8.3) For eachn=1,---,N, N leaves D(Q,) invariant and

NrQn+Q,Np=0 on D(Qp), n=1,---,N.
(S4) Foralln,m=1,---,N, with n # m,
(Qn¢7 Qm¢) + (Qm'wa Qn¢) =0, ";b’ ¢' € D(Qn) n D(Qm)a

where (-,-) is the inner product of H.



Anticommuting Self-Adjoint Operators 13

Note that (S.3) means that Ny and @, anticommute in a “naive”
sense, while (S.4) shows that Q, and Q,, (n # m) anticommute in the
sense of quadratic form on D(Q,) N D(Q,). It is natural to ask if they
anticommute in the proper sense given in the Introduction.

The following fact is known.

Lemma 6.1 [23]. Let T be a bounded self-adjoint operator and Q
be a self-adjoint operator in a Hilbert space. Suppose that T leaves D(Q)
invariant and

TQR+QT =0 onD(Q).
Then T and Q anticommute.

Applying Lemma 6.1 to T' = Ny and Q = @,,, we have the following
result.

Proposition 6.2. In any SSQT {H,{Q.})_,, H,Nr}, each Q,
and Np anticommute.

As for (S.4), we can apply the following theorem.

Theorem 6.3. Let Q; and Q; be self-adjoint operators in a Hilbert
space H such that

Q3 =Q3
and

(6.1) (Q1¥, Q20) + (Q24,Q19) =0, ¥,¢ € D(Q1) N D(Q2).

Then Q1 and Q2 anticommute.

Proof. We have L = |Q1| = |Q2|. Hence D(Q1) = D(Q2) = D(L)
and the polar decompositions of @; and Q5 are given by

Q1=UL, Q;=UL,

where U; = Ug,. Putting these formulas into (6.1), we have
(6.2) (019, U26) + Uz, U16) = 0
with ¥ = L), = Lg, ¢,¢ € D(L).
We first consider the case where L is injective and hence so is Q;

( =1,2). Then U; and U, are unitary, self-adjoint and Ran L is dense
in H. Hence (6.2) implies that

U;Up + UpUj = 2651, J,k=1,2.
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Let D = US2,Ran Er([0,n]). Then D is dense in M. Since U; commutes
with L, U; and U, leave D invariant and hence so do @1 and Q2. It
is easy to see that D is a set of entire analytic vectors for each @; and
Q1Q2 + Q2Q1 = 0 on D. Hence we can apply [20, Proposition 5.2] to
conclude that @; and Q2 anticommute.

In the case where L is not injective, Q; and Q5 are reduced to Hy =
(Ker L)* = (Ker Q;)* = (Ker @;)*. We can apply the preceeding
result to QJ- = Q; | Ho to conclude that él and éz anticommute. This
implies the anticommutativity of 1 and @3 in H. Q.E.D.

Theorem 6.3 gives the following result.

Proposition 6.4. In any SSQT {H,{Q.}_,,H,Nr}, Q, and
Qm (n,m=1,---,N,n # m) anticommute.

Remark. The SSQT considered above is a non-relativistic one. In
relativistic cases, condition (S.2) have to be replaced by a more compli-
cated one (e.g., [9, 24]).

References

[1] A. Arai, Supersymmetry and singular perturbations, J. Funct. Anal., 60
(1985), 378-393.

[2] A. Arai, Some remarks on scattering theory in supersymmetric quantum
mechanics, J. Math. Phys., 28 (1987), 472-476.

[3] A. Arai, Path integral representation of the index of Kahler-Dirac oper-
ators on an infinite dimensional manifold, J. Funct. Anal., 82 (1989),
330-369.

[4] A. Arai, Supersymmetric embedding of a model of a quantum harmonic
oscillator interacting with infinitely many bosons, J. Math. Phys., 30
(1989), 512-520.

[5] A. Arai, Existence of infinitely many zero-energy states in a model of
supersymmetric quantum mechanics, J. Math. Phys., 30 (1989), 1164—
1170. k

[6] A. Arai, On the degeneracy in the ground state of the N = 2 Wess-
Zumino supersymmetric quantum mechanics, J. Math. Phys., 30
(1989), 2973-2977.

[7] A. Arai, A general class of infinite dimensional Dirac operators and path
integral representation of their index, J. Funct. Anal., 105 (1992),
342-408.

[8] A. Arai and O. Ogurisu, Meromorphic N = 2 Wess-Zumino supersym-
metric quantum mechanics, J. Math. Phys., 32 (1991), 2427-2434.



[10]

(11]

[12]

(13]
[14]
[15]

[16]

(17]

(18]

[19]
[20]
[21)
[22]
23]
[24)

[25]

Anticommuting Self-Adjoint Operators 15

A. Arai, Fock-space representation of the relativistic supersymmetry
algebra in the two-dimensional space-time, Hokkaido Univ. Preprint
Series in Math., 123 (1991).

A. Arai, Commutation properties of anticommuting self-adjoint opera-
tors, spin representation and Dirac operators, Integr. Equat. Oper.
Th., 16 (1993), 38-63.

A. Arai, Characterization of anticommutativity of self-adjoint opera-
tors in connection with Clifford algebra, Integr. Equat. Oper. Th. (in
press).

A.Arai, Momentum operators with gauge potentials, local quantization
of magnetic flux, and representation of canonical commutation rela-
tions, J. Math. Phys., 33 (1992), 3374-3378.

A.Arai, Properties of the Dirac-Weyl operator with a strongly singular
gauge potential, J. Math. Phys., 34 (1993), 915-935.

J.D. Bjorken and S.D. Drell, “Relativistic Quantum Mechanics”, Mc-
Graw-Hill, New York, 1964.

M. De Crombrugghe and V. Rittenberg, Supersymmetric quantum me-
chanics, Ann. Phys. (N.Y.), 151 (1983), 99-126.

J.E. Gilbert and M.A.M. Murray, “Clifford Algebras and Dirac Opera-
tors in Harmonic Analysis”, Cambridge University Press, Cambridge,
1991.

H. Grosse and L. Pittner, Supersymmetric quantum mechanics defined
as sesquilinear forms, J. Phys. A : Math. Gen., 20 (1987), 4265-4284.

A. Jaffe, A. Lesniewski and M. Lewenstein, Ground state structure in
supersymmetric quantum mechanics, Ann. Phys. (N.Y.), 178 (1987),
313-329.

T. Kato, “Perturbation Theory for Linear Operators”, Springer, Berlin,
Heidelberg, 1976.

S. Pedersen, Anticommuting self-adjoint operators, J. Funct. Anal., 89
(1990), 428-443.

Yu.S. Samoilenko, “Spectral Theory of Families of Self-Adjoint Opera-
tors”, Kluwer Academic Publishers, Dordrecht, 1991.

B. Thaller, Normal forms of an abstract Dirac operator and applications
to scattering theory, J. Math. Phys., 29 (1988), 249-257.

F.-H. Vasilescu, Anticommuting self-adjoint operators, Rev. Roum.
Math. Pures et Appl., 28 (1983), 77-91.

J. Wess and J. Bagger, “Supersymmetry and Supergravity”, Princeton
University, Princeton, 1983.

E. Witten, Supersymmetry and Morse theory, J. Diff. Geom., 17 (1982),
661-692.

Department of Mathematics
Hokkaido University
Sapporo 060, Japan





