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Scaling Limit Formula for 2-Point Correlation Function
of Random Matrices

Kazuhiko Aomoto

In this article we give some results about 1 and 2 point correlation
functions of the Gibbs measure of random matrices

0.1) Bde=dx, A - - - Ndxy

with the weight function @=exp (—1/2(xi+ - - - +x%)) [Ti<jcren|®; — X5 [
for a constant 21>>0. As in [Al] we use the notations (j, k)=x; —x,
dey,,=dx,, /\ - -+ Adxy (which means a differential (N —p)-form) for 0<
p<N. Weputn=N-—p. We consider more generally the density

0.2) @N,p=exp(——;—(xf+ T +x?V)) p [Xpsw—Xpu [

1<p<vsn

'ﬁ n lxp*-;«_xj‘l?

J=11<p<n

on the Euclidean space R"~? of the variables x,,,,, - -+ -, xy. Here 2, -- -, 2,
denote some positive constants. For ¢;=+1 we denote by {(i,, j,)** - -
@, J)*UA, - - -, 25 the correlation functions

©03) | RCSARERCNAT MR
We abbreviate it by {(i, j)*- - - (@, j)**) if 4{=--.-=2,=0. This is a /-

point correlation function for the density @dz.
The reduced density of p points

(0.4) FN,FIW D, dry,

is known to be analytic in x, ---,x, and 2, 2, ---, 2, However the
following problem seems difficult and interesting:
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2 K. Aomoto

Problem. p being fixed, is Fy ,, as a function of n, a restriction to the
set of positive integers of an analytic function? If it is so, what kind of
asymptotic nature has it for n—o0?

Our main purpose is to give an answer for the 2 points correlation func-
tions, in. case where X, =2;=0, and to give a limit formula when n tends to
the infinity by using Bessel functions (Theorem in Section 3). This result
extends the well-known formula obtained by M. L. Mehta as early as in
1960 (see[ M1)).

1. One point correlation function (case where p—=1)

We fix n (= N—1) positive integers f,, - - -, fy. Consider the integral
A ep{ZHK@ D D
—exp{Lt}[ 05,17 (7, ey,

which is a polynomial of x, of degree f,-- - - - -+ fy. We have shown in Part
1 (see [A1]) the following Lemma:

Lemma 1.1. For 0<r<n,
(12) pr(8)=(@ D+ -+ L Dy exp{ 2}

is equal to M,(— +/ 2 |2)"H,(x,/Jv/ 2), where M, and H,(x) denote the con-
stant Qry"*I'(14-2/2)~" T] 2, I'(14-2j/2) and the r-th Hermite polynomial
r! I (=1 (2x) =% ! (r—2v)! respectively. We call the system of poly-
nomial {0, (X)},.1,2,5... ~basic polynomials”.

We are interested in writing correlation functions in terms of the basic
polynomials.

Proposition 1. For an arbitrary integer 1>>0,
(1.3) L@, DN, DD
1 +
—_-exp{-—_z—xi‘}M;‘ ! 2. . On a0 g g (XD + -+
i

n2ka,ko+kgyreeykr—-1+

SDn‘kl—-l"kl (x)son—kz(xl)'(x/z k2+'"+kl(2/z)kz U (LZZ_L)>

« (n—k)!---(n—k)!n!
(n—ky—k)!l--v(n—k,_,—k) (n—k) k! - k!

kg
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where (@), denotes the product a(@+1)- - -(@+k—1).

Before proving the Proposition we need two Lemmas. For arbitrary
0<r<s<n we abbreviate by {r, s|2) the correlation function
{2, 12 (r 41, 2)(r+2, 1)+ - - (s-+1, 1|A)>. First we prove the following
recurrence equations:

Lemma 1.2.
1.4 Lrs|y=—x(r—1 s| ) +{1 4+ 4+ 2 —9)/2}(r—1, s—1| 27)
—(r—=D22Kr—2, s|2>>.

Proof. This Lemma can be proved by using Stokes formula and
symmetry property, due to the fact that an integral over R” vanishes if its
integrand changes the sign by the transposition between i and j for p4-1
<i, j<N. Since

(1.5)  dlog®y =331 ¥dlog (%,,,—x)+ 3 idlog(x,.,—x,.,),
p=1j=1 1<plvsn

we have a formula of exterior differentiation:

(1.6) d{(Z, DE, LD +2, 1) - - (s+ 1, DDdry )
=0{—x(2, DG, - - -+ L, D*(r+2, 1)- - - (s+1, 1)
+A4+2)G, D+ L D +2, D) - - (5+1, 1)
+2;=i“:(2’ DE, D+ L D +2, 1) - (s+1, 1D

2,0
12 Z% @, DG, 1) -+, l)f(r+2= D---6+1L1)
J=r+2 (23.])
4 FN_T 2, DG, - (r 41, 1)f(r+2, ---(s+1, 1)}&%1.
J=8+2 (29])

By Stokes formula the integral over R™ of the left hand side vanishes so
does it for the right hand side.

i) The integration of the third term in the right hand side is trans-
formed as follows:

A1) (@06 D{—1+GG DGl PG (41, 1

X(+2,1)-(+1, DI
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X1, D42, 1) - (41, D]

+(& (12)(§’ GUVCD e, 1y (=1, 18G4 L, D (41, 1

X(r4+2,1)- - - (s+1, 1)Mi>

By symmetry property the last term is equal to the minus of the left hand
side. Hence the left hand side is equal to

(1.8) = 5X@ DU D GG DG+ D

X(r-+1, (r+2, -+ <(s+1, D] 2>
1
= —_—{r—-2, s| ;).
(=251
ii) For the fourth term in the right hand side, the integral vanishes,
because (2, 1)(j, 1)/(2, /) changes the sign by the transposition between 2

and j.
iii) In the same manner, in case where s+ 2<Cj<n, one has

@1 _, . GD
1.9 .
(19 N RN)

and the corresponding integral is equal to

(1.10) —;—«r—l, s—1]27),

whence (1.6) implies (1.4), because x,= —(2, 1)—x,.

Lemma 1.3.

(LI {r, s[20)
oy §0, s—k | a5).

- x‘)(x/z)k(z(xi;rlu _‘) k'( k)'

Proof. We want to prove this by induction in r. When r is equal to
0, nothing is to be proved because ¢y(x,)=M,. So we assume (1.11) holds
for r<r’ and prove it for r=r’. (1.4) shows

(1.12) §r's s| )
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= —x (=1L s| %) =L =2, 5| 2)

HAu+1+An—5)2}(r" =1, s— 1] Z).

By induction hypothesis the right hand side is expressed as

(1.13) —% :};01 ?r'—k—l(xx)(x/z)k(-z—(%%_‘—_l—)-{-n——s )k F(E";;:kl-):‘w

(0, s—k| )

p—1 e (2D ) €2
_ s oD@y AT ) _ N A
T g )@ 2D s ) i,

(0, s—k| 2y
+{z;+1+z(n——s)/2}’§ sarl_k-l(xl)(g)”{z“fj” +”—S+1}k

s =D o k111

k'(r'—k—1)!
- WAD L, ) =Dt
r - ( b +n S)k k|(rl__k__2)!

+{2§+1+2(n—~s)/2}go,f_k(x1)( A )k 1<2(21+1) +n— s+l)

(r'=1 .
X gy O kIR

Since p,(x,) satisfy the 3-term recurrence relation (see [A1]):
(1.14) 901+1(x1)+ 901 () 4 x,90,(x) =0

we can eliminate the term xgp,,_k_l(xl) in the above and get the formula
(1.11) for r=r’. Lemma 1.3 has now been proved.
In particular when we put =0, Lemma 1.3 is simplified into

Corollary.
(115) (@ DG, D42, D (51, D)
ef 2 r!
=1 exp (= 5) S s @D (3 4n—s)

* This remark has been pointed out by Mr. T. Tomohisa.
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In fact by definition, {0, s—k |0} is equal to ¢,_,(x,) exp (—(x}/2)).

Remark.® When 2] is equal to a non-negative integer, the recurrence
relations (1.4) and (1.11) still hold, if {r, s|27)) is replaced by {r,s|4)=

@, D (r+1, P +2, 1) -+ - 5+1, D) [0, D).
Proof of Proposition 1. The formula (1.12) and the above Remark
enable us to give a recurrence relation for {(2, 1)*- - - (N, 1)*>= {0, n|I—1)

as follows: For arbitrary r such the 0<{r<(n, we apply (1.11) for (0, r|
[—1%. Then

(1.16) (0, r|I—1)=(r, n|I—2)

=(1/M,) 32 001, G2*RU— D2 AT

X (0, n—ep| [=2)=M7* 3 (z/z)ws(%ﬂ)

rzka,n2ka+ks
% (2([—2)

kg

) ri(n—ky)!
3 Sk (r—ky) k! (n—ky—Fy)!

X, —kg(x1)90n —kz—ks(xl)«oa n—k, [ I— 3>> .
We can again apply (1.11) for (0, n—k;|/—3)) and so on, and arrive at the

Proposition by putting r=n (Remark that ((0 n—k,| 0% =exp (—(x/2))-
GD’VL kl(xl))

2. 2 point correlation functions (case where p=2)

It is more difficult to evaluate 2 point correlation functions in
terms of basic polynomials. For 0<r<s<n, we write simply
@r, (X, x) exp {—(x}+x3)/2} in place of (3, D---(r+2,1)3,2)---
(s+2,2)) in the sequel. Then ¢, ,(x,, X;) is a polynomial of degree r--s.

The only result that we can give is the following:
Proposition 2. For 0<r<s<nand 2,=2,=0,

r!

QD prn )= B0 e DD F 4ns) s

In particular when r and s coincide with n, we have

1 & of 2 n!
2.2) SDn,n(xv Xp)= i kZ=0SDn—k(xl)§0n—k(xl)(2/2) (—2—‘)1c m

n



2-Point Correlation Function 7
Lemma 2.1,

(23) for,s(xl’ x2)= _xlfpr—x,s(xl’ xZ)'—(r—' 1)’%"507-2,8()61; x2)

An—s)
+(14+4

)907 1,8 —1(x1’ X;).

Proof. The proof is similar to the one of Lemma 1.2. We use the
vanishing of the integral of the following exterior differentiation:

Q4 dO@, 1) --(+2, 103, D - (542, 2)dey)
=(D{—-x3(4, Do (r42, DG, 2)- - - (542, 2)

F@D) 2, DA D) (542,2)

+2 X

4giZree A3,))
@D +2,1(3,2)- - -(5+2,2)
+2 -
r4+3<j<s+2 G,0N
X (49 1)--~(l’+2, 1)(3,2)(S+2, 2) d
2, G.)) Jaews

In the same way as in the proof of Lemma 1.2 one can prove that the
integrals of the third term, the fourth term and the last term are equal to
—30, 1,5 1(X1, X,), 0 and £, _, ,_,(x;, X,) respectively. As a consequence
of it, we get

(25) 0= —¢r,:(x19 xz)—xlsor—l,s(xv xz)
+{1 +Z(n—‘s)/2)}§or—l,s-l(xv x2)

—(— 1)-;—% s X3)

which is the same thing as (2.3).

We see that (2.3) has the same expression as (1.4) for {=0. However
one cannot expect that (2.3) can be generalized for arbitrary A7 and 2; for 2
point correlation functions.

Lemma 2.2,

26 ¢,(x;, x)=

1 & A L) r!
St (L) (Ban—s) el

In particular
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) P, NN xz)-—-<(3 DV, D3E,2)- - - (W, 2)> exp (x1+x2)>

= ;4 PIANCATANCH E 3] (%)Wni'ﬁ

Proof. We can prove it like Lemma 1.3 if we use Lemma 2.1 in place
of Lemma 1.2.

Proof of the Proposition 2. 'We have only to put r=s=n in Lemma
2.2.

Remark. When 2=2, the formula (2.2) coincides with the one for
K(x, y) in [M1] p. 76.

3. A new integral formula for ((3, 1)- - - (N, (3, 2)- - - (N, 2))

We start from giving an integral representation for the basic poly-
nomials:

Lemma 3.1.
(3.1 )= (M, Vi) [ _exp [ LT —0rdg

Proof. In fact the right hand side is equal to M,(—(4/7/2)"
- H,(x/4/7), which is nothing else than ¢, (x).

Lemma 3.2. Suppose 0<R<2/A. Then

(3'2) 9071 ,n(xb xz)
—m M, L I - IRZ exp { — (- /A4 (G, — )i — X))

X (1 _2C/2)_2“‘:_ " ldCdeCr

Proof. A Taylor expansion of the integrand in the right hand side is
equal to:

'
(3.3) n 2]7‘:1 2}” Im Rfm exp {— (I +2)/2)

@ —x)* *( G—xy)" ¥
n2ETS —oo n—kN'k!
£50

X232 CF"1dLdCdE,

X
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=i’%4 exp {—(E+CD/2).
vid R2

Z (zcl—)zz k()tyélzd—x» QD22 dE.de,

which is equal to ¢, ,(x;, x,) owing to (2.7) and (3.1).
It is more convenient to express (3.2) as follows.

Lemma 3.3.

GA  ualxs

oo )

X ( __C/Z)— 1/2(1 _C/)—2/1C/~n—1dcl
SJor O< R <1.
Proof. We first make the integration of the right hand side of (3.2)

with respect to the variables ¢, and ¢, (This is easy because it is Gaussian)
and next make the change of variable ¢’=2¢/2.

4. Asymptotic behaviour of the 2 point correlation function for n— co

We put £=4+/2n- x, and v/2n -x,. We are interested in the asymptotic
behaviour of ¢, ,(x,, x,) for n—co, under the condition that & and &, are
fixed, because otherwise it will have an oscillatory nature whose study is
beyond the range of our approach.

Our purpose is to prove the following Theorem:

Theorem. For n— oo,

D) gl )=l M G2 =20 T (17

)
V2
N CL e

where J(x) denotes the Bessel function of order 1:

@2) ()= (x/zyzﬁ((;—fH—D( x/2)"

=_).Cijc+mexp[ 1 (z‘—-—)]t"1 'dt
270 J e-ieo 2 t

Jfor a positive constant c.
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When 2=2, Jiy,;, _q/m(Xx) turns out to be ~/2x]x (sin x/x). In this case
the Theorem shows

3 ol ) LM 2] sin (752 /88
This formula coincides with the one (A9.2) in [M1] p. 198.
In this note we shall denote by C,, C,, G, - - -
suitable positive constants.
By the Cauchy integral formula in the integral (3.4) the circle: |¢|
=R’ can be replaced by two lines 7, and 7,:

7.t Rel’'=c,

4.4
“4) 7.: Rel’'=c,

for constants ¢, and ¢, such that 0 <¢,<{1 and —1 <{¢, <0 respectively.

In 7, Im {’ runs from — oo to 4 oo while in 7, Im £’ runs from o0
to —oo. We denote the parts of integration over 7, and 7, by ¢, , and
ol , respectively:

4.5) Prn =Pt Pl
The saddle point method for the function in the integrand (3.4)

(4.6) Re{_<%+%) dlog (1 ——C’)—-é-dlog(l ) —(n+)dlog c'}

suggests that it is convenient to make the change of variable {'=1-—z/n
in (3.4). Then

Lemma 4.1. ¢/, , is expressed as

@7 ¢;,n=n!Mnn‘(l/z)ﬂz/z)(_lz_)".],
J:i (2—5_)“1/22_<1/2)—(2/1)(1 ___2'_)‘"~1
27fi F1 n -
x oxp| - EH BT =2~z 1
22z(2—z/n)

where T, can be chosen as follows:
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N

Imz
! \Re z+Imz=1
0/1 Rez
_/1 Rez—Imz=1

We devide 7, into 3 parts; 7, ,+7, ;7. where

4.8) it 2l ¥n
Frat %/‘n"slzls%

~ . n

EE -i‘é\zl

and denote by J,, J, and J, the corresponding integrals over 7, ,, 7, , and
71,5 respectively:
(4.9) J=J,+J,+J,.

Now we want to show the following:

Lemma 4.2.

N 1

_271'; ?x'\/—z—;
“4.10) i) J,=0(n"%)

z" (1/2)- (2/1)ez exp { _ (514‘; 52)2 }dz{l _|_ O(n“ 1/3)}
Z

i) J,=0(n").

Proof i). First remark that the length of 7, is of growth order
0( ¥ n). Since |z|< ¥ n we have a bound

@.11) |(1—%)'”e-z

2 3

2
—ow el (1)
<Clzffn

namely
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(4.12) |(1—_’Z;) <

on?,;, Now

(4.13) }J—J (1———z—)_n_l(2——_2_)_1/22—0/2)—(2/1),
2ridna n n

% exp{— G+ —z/n)* —2¢,6,(1 —2z/n) } dz

ilefliZ/n

222(2 —z/n)
1 e 2 & —&) }
Z-AM-@m ex { 1—& )
27Tl 71, 1\/_ P 42z
SA1+A2’

where 4, and 4, denote

1 z\-" Z= (D= @D (&,—¢& )2
4.14) 4 =}__I [(1___) — Z] ex {___ 1S }dz‘
S e I " i Ve 8 By

1 J (1——Z—)_nz'“/?)—@w{(l____Z_)_l(z_f_)"/z
270 Jra n n n

(E1+ &)1 —z/n)* —28,&,(1 —z/n)
24z(2 —z[n)

—vror(-E))e|

Owing to the inequality (4.12),

415 A=

Xexp(—

(4.16) < n% Lmleznzznzl—um—<2mleXp( (51 Sz) ) |dz|
2 ~(1/2) = (2/2)] (1"52)
<Cz:ngx}z|/nj |z|- e =@/mexp (2— e )lldzl

<C,max|z[/n<C/ ¥n

in view of 1/|z|<+/ 2, |e’|<<e. On may assume that z/n is near 0, and
therefore

(4.17) |The part{ } in the integrand in (4.15)| < C|z|/n< Cn~ %2,
Moreover

@19 |(1=2) 7| <l clatm e+ ol ym)
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whence
4.19) A, < Con~ 13

because the length of the path 7, , is of growth order 0(n'?). This proves
the first part of Lemma 4.2.
To prove the second part we need the following inequality:

Lemma 4.3. For Re z<0 and |z|<n/2,

(4.20) ’(l_i)’—née(Zlél)Rez.
. n
Proof. Tt can be seen that
4.21) —log (1 —x)<2x/3

for —1/2<x<0. Hence

4.22) —Iog(l —X cos 0)_<_£ cos
n 3n

for x=r cos . Namely

(423) (1 — __r_ coS 0>—n ée(ir/S)coso.
n

On the other hand we have for z=re*’,

(4.24) |(1—_;_)‘ >1-L coso,

which implies Lemma 4.3.

Proof i) of Lemma 4.2. On 7, , we have

(4.25) 2< lz__z_\
n
(4.26) n'A<|z|
4.27) ‘ 1—-= ] o < e¥/HRez (Lemma 4.3)
n

l _ @+ —zny 2860 —2/n) | c,

(4-28) 42z(2 —z/n) -
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Hence the absolute value of the integrand in J is dominated by C,e®/* %z,
i) is now proved, for

(4.29) \Jz\éQJ‘ e®/MRez| dz| = 0(n~*/).
71,2

iii) If n>>4, then

(4.30) H—z/nl> + a7 «/_)

for |zi>>n/2. Hence

4.31) |1 —z/n|-" 1<1/( 2«/_)

for nj2<|z|<n. Since for kn<|z|<(k+1m, k=1,2,3, - - -
4.32) |l —z/n|>k+1

we have

(4339 <C{Sn1+0 ‘+”< N—)_n_l}:O(%‘)

which proves iii).
Lemma 4.2 shows immediately the formula

(4.34) J= :” 7 ;_ 7= W=/ exp{ (El 52) }dz{1+0(n~1/3)}’
or equivalently
(4.35) Ohn=n!'M <_X_>nn amrem 1 e 2~ U= (2/0)

n,n n ) 27” . 4/—

X exp {-—%}dz{l +0(n- ).

As to ¢/, we make the change of variable {’= —1+-z/n as before
(refer to this with Lemma 4.1) and get a similar integral representation

436) n!M, (2) A= 1) “j Q@ — z/n)~C =0 gy (1 —zfr) "1,

(51‘*’52)(1 —z/n)* 42£,&(1 —Z/n))dz

X exp ( B 22z(2 —z[n)
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A similar argument to the proof of Lemma 4.2 shows that for n—co ¢/,
is approximately equal to

@ (A ED o, [ e

2mi -n
X eXp (__ (514‘;52)‘){1 +0(n= %)},

Summing up (4.36) and (4.37), we have
(4.38)

A £, — &)\ (&, — &\~ rUm
oz (BY - 2505 (B8 (B8
Pn, 5 @/ ~(1/2) VA VA

X140 /)] 4 (— 1)rn= 17227 @
x L S5 (E18) "1 00

A - N g, — &\ (& — &\ Hvam
-_:n!Mﬂ( ) no-ampem-1y ( 2)( 1 2)
> /1) -1/2) Noa JA

X {1++0(n~*)}

which implies the Theorem.
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