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On the l-Adic Expansion of Certain Gauss Sums
and Tts Applications®)

Hiroo Miki

Introduction

In the present paper, we shall give a new explicit formula on the /-adic
expansion (mod 7t) of certain Gauss sums (see Theorem 1 in Section 1).

Let p be any prime number and let m>>1 be a natural number which
is not divisible by p. Let £,, be a primitive m-th root of unity in the field
of complex numbers C. Let Q be the field of rational numbers and let Z
be the ring of rational integers. Fix a prime ideal p of Q(,,) lying above p
and put Np=g, where Np is the absolute norm of p. Note that m|(g—1).
Let F, be the finite field of g elements. Let

%,(x mod p)= (%)m

be the m-th power residue symbol in Q(¢,,), i.e.,
X,(x mod p)=x“-"/™  (mod p)

for x e Z[{,]. %, induces a homomorphism of the multiplicative group
Fy of F, to C* of order m and X,(0)=0. Here we identify F, and Z[{,.]/p.
Let T be the trace of F, to F, and put

V) =5

for x e F,. Then + is a homomorphism of the additive group F, to the
multiplicative group C*.

Definition. For each a e Z, put
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* This is the details of my lecture in Symp. on Algebraic Number Theory,
October 1985 at the Research Institute for Mathematical Sciences Kyoto Univ.,
which is a revised and extended version of my intensive lectures at Kanazawa Univ.
and Tokyo Institute of Technology in Jan.-Feb. 1985. I also gave my intensive
lecture related to this subject at Kyushu Univ. in Dec. 1985 and at Nagoya Univ.
in July 1986.
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gm(ps a)"——_ -;'GZF X?(x)‘!'(x)-
This is called the Gauss sum. We write g(X%) or g(a) for g, (v, @) if there is
no confusion. Clearly g(a) € Q(,.,)-

The purpose of the present paper is to give a partial answer to the
following question:

(*) To give an explicit formula on the z-adic expansion of g(X¥) when
m is a power of a prime number /, taking a suitable prime element = of
Ql(Cm)-

Namely, we shall give an explicit formula on the z-adic expansion of
g(%2) (mod ).

As its applications, we shall obtain the following (I)-(IV):

(D) generalization of Iwasawd’s congruences [8] and IThara’s congruences
[5] on Jacobi sums.

Iwasawa ([8], Theorem 1) gives the congruence for Jacobi sums to de-
termine the conductor of Jacobi sum Hecke characters in Q((;), and Thara
([5], Corollary to Theorem 7) gives a generalization of Iwasawa’s formula
to the /-power case, by using his “universal” power series for Jacobi sums.
In Theorem 2 in Section 2, we shall give a generalization of Iwasawa’s
congruence and Thara’s congruence, by using Theorem 1 in Section 1 and
a well known relation between Jacobi sums and Gauss sums (see also
Lemma 4 in Section 2). In Section 2, we shall also give another proof of
Theorem 1 using Uehara’s method of computation on Jacobi sums (see
the proof of Lemma 1 in [11]). In Section 5, we shall give another proof
of Theorem 1 when n=1, by using Iwasawa’s formula on power residue
symbol for cyclotomic units ([9], Lemma 1). After the Kyoto conference
in Oct. 1985, Anderson [1] obtained another proof of our Theorems 1
and 2 (see Section 2, Note). Thus we have four different proofs of our
Theorems 1 and 2, and we note that our original proof of Theorems 1
and 2 is the most elementary one.

Our first motivation of our problem was to give an algebraic proof
of the nonvanishing of certain character sums. As is stated in (II) below,
Iwasawa [9] gives an algebraic proof of > .27 ad(a) %0 for an odd Dirichlet
character § of conductor / under a certain condition. In June 1984, we
obtained another algebraic proof of > .2} ad(a)=0 in the same case as
Iwasawa’s, using the /-adic expansion of Gauss sums (slightly weaker, but
essentially the same as the formula in Theorem 1 in Section 1). Our
method of proof of Theorem 1 can be regarded as a generalization of the
proof of Iwasawa’s congruence [8], Theorem 1. ’

On the other hand, there is a series of interesting works Thara [5],
Coleman [2], Thara-Kaneko-Yukinari [6] and Anderson [1] on the universal
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power series for Jacobi sums and Gauss sums, which are closely related to
our problem of the /-adic expansion of Gauss sums. Although the present
work was done independently, the mutual relationship became clear gradu-
ally, and at last Coleman and Anderson [1] obtained another proof of our
Theorems 1 and 2 as is stated as above (see Note at the end of Section 2).

(1) algebraic proof of the nonvanishing of the character sum
>, bo(b) in certain cases, where § is a primitive odd Dirichlet character
of conductor m.

Put M(5)=>7,b5(b). The only proof of M(5)=:0 in the general
case follows from the fact that the value L(1, §) of Dirichlet L function
L(s,§) at s=1 is non-zero, and algebraic proofs are known only in the
following three cases (i)-(iii):

(i) m=I" (I is a prime number and n=>1) and 4§ is faithful, i.e.,
Ker §={1} (see Hasse [4], pp. 90-94 and Ullom [12]).

(ii) m=I" (I is a prime number and n>1) and the order of § is 2°
with £ >1 (see Hasse [4], pp. 90-94, Ullom [12] and Metsankyla [10]).

(iii) m=I[(=5is a prime number) and e ;-. ¢ Q)" (Twasawa [9])
(For ¢,;-:, see Section 1).

An algebraic proof in the case (iii) follows directly from a highly in-
teresting explicit formula of Iwasawa on the /-th power residue symbol
for cyclotomic units ([9], Lemma 1).

In Section 3, we shall give an elementary algebraic proof of M(5)=:0
in the case (iii) as an application of Theorem 1. In fact, we shall give an
algebraic proof of M(§)=0 in the following case (iii)’ which generalizes
(iii).

(i) m=I" (/=5 is a prime number and n>1) and ¢,;-+ ¢ Q)
(see Section 3.3).

We shall also show that the above cases (i) and (ii) can be proved
algebraically by using Gauss sums. Namely, we can deal with all known
cases uniformly by using Gauss sums to some extent.

(I1) Another proof of a necessary and sufficient condition for e; e
Q&))" due to Iwasawa [9].

Iwasawa’s proof is essentially based on Artin-Hasse’s explicit formula
on the norm residue symbol in local class field theory, and Uehara [11]
gives another proof of this result of Iwasawa by using Jacobi sums. In
Section 4, we shall give another proof of this result of Iwasawa by using
Theorem 1 and Stickelberger’s theorem.

(IV)  Another elementary proof of Iwasawa’s formula on the I-th power
residue symbol for cyclotomic units in Q{C;) (Iwasawa [9]).

Iwasawa [9], Lemma 1 gives a highly interesting explicit formula on
the I-th power residue symbol for cyclotomic units in Q({;), by using
Artin-Hasse’s explicit formula on the norm residue symbol in local class
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field theory.

In Section 5, we shall give an elementary proof of Iwasawa’s formula
by using Theorem 1. Conversely, we can prove Theorem 1 when n=1,
by using Iwasawa’s formula. The link between Iwasawa’s formula and
our Theorem 1 is essentially Stickelberger’s theorem (see Lemma 12 in
Section 5).

Acknowledgement. 1 wish to express my sincere gratitude to Prof.
K. Iwasawa for valuable conversations during his stay in Japan in July
1984, and to Prof. Y. Ihara for his interesting lectures at Tokyo Metropo-
litan University in Dec. 1984 and for stimulating discussions. I also wish
to thank Prof. G.W. Anderson for stimulating discussions during the
Kyoto Symposium in Oct. 1985. Finally, I wish to thank the Departments
of Mathematics, Kanazawa University, Tokyo Institute of Technology,
Kyushu University and Nagoya University for giving me chances to give
lectures related to this subject, and for their hospitality.

§ 1. Congruence for Gauss sums

In this section, let m=1I" be a power of any prime number / with n=>
1. Let Z, be the ring of /-adic integers. Let @ be the algebraic closure
of Q in C and'let @, be a fixed algebraic closure of the field of l-adic
numbers Q;,. Fix a primitive /*-th root of unity {;: such that &%=,
for i>1.

By a fixed imbedding @ CQ,, we consider Q as a subfield of Q,. Let
7 € Qy({;») be such that

r=Log{x (mod (§;»— 1),

where Log X=> 21 (—1)*"(X—1){/i e Z[X]. Then r is a prime element
of Q,(¢;») and we have

{w=Expr (mod 7%),

where
-1

Xi
Epr=Z(:] T e Z,[X].

3=

For any ideal a of Q({;») which is prime to / and for any x € Q({;»)
which is prime to a, let (x/a),, be the /°-th power residue symbol in Q(;s)
and let [x, al,; € Z/I* be such that

(%) =g azszm.
a/
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Then we have
[x, (I]LE[X, a]lx (mOd l)s
for 1<s<n. Put

2 mod ) {[x, e i Gp=
0 otherwise,
where p is as in the introduction.
Then A{*’ induces a surjective homomorphism of the multiplicative
group F} to the additive group ZjI*. For simplicity, put 1=21,=A".
Now we shall state the definition of cyclotomic units in Q(Z,). We
identify the Galois group G=Gal (Q(£,)/Q) and Fy=(Z/I)* by the corres-
pondence ¢,«>bmod/Z with be Z, where ¢,({;)=C?. Hence we have
é(o,)=¢(b) and §(b) € Z[¢,_,JC Z, for b e F, and ¢ € G (G is the character
group of G). Foreach ¢ e G, put

€y=

1_11 glsé“(d)od e Z[Gl,

where Z,[G]is the group ring of Gover Z,. letwe G be the Teichmiiller
character, i.c., the character satisfying

old)=d (mod [ Z)

forde Z. If 1=5 and if g=0* with 1 <i<(/—3)/2, then there exists
-1
/,e—_—dZ:]lmdod e Z[G]
with m, e Z satisfying
-1
>imy=0 and p=e, (mod [Z,[G)).
d=1
Definition. If /=5, then put
-1
£y =8y = (1-=gy= l__]l (1—¢hHme

for 1<i<(I—3)/2. We call ¢; the cyclotomic unit in Q(C,).

Under the above notation and assumptions, we have the following
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Theorem 1. Let [ be any prime number and assume that m=I" with
n=1. Then for each a e Z, we have

(1-38)/2
SUD=Exp (@lem)+ 3, e A L am ) (mod s,
where ay=— 3 .¢ pxACOW(x) and By = —[ex, Pl with 1 i< (I—3/2). Here
we omit the term Z" D72 if 1<3, and omit the term ({q —1)/2])(ar)*"! if
1=2.

Remark. (1) We define the product Xy (mod z*) of x e F(,) ({,=
¢,mod /Z[¢,]) and y € nZ,[{,»] as the product xy mod z*, where x € Z,[,]
is such that xmod/=x. It is well defined, since ord, (/)=(—1I""",
where ord, is the normalized additive valuation of Q,(;x).

(2) In the definition of @,, we write y:(x) for y»(x) mod/Z[¢,] for
simplicity.

For the proof of the above theorem, we need the following Lemmas 1,
2 and 3.

Lemma 1. For 0< <1 —1, we have

ST a6y=10 if1<j<i-2,
beFi-(1) 1
/
where A(b)°=1.

Proof. 1If j=0, then

2. MpY=@g—-D—-1=-1,

beFy-1{1)

since g—1=0(mod /). Now assume that 1<;j</—1. Since 1 is a sur-
jective homomorphism of F; onto F,, this induces the isomorphism

F{[(F3)'sF,

Hence 2 takes a constant value on each class of F)/(Fy)’. Let R bea
complete representative system of F}/(Fy)'. Then

25 Aby'=|(Fp)'| 2, b)Y

beFY
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~
!

qg—1 1mj
) 1

i

where |(F;)!| is the number of elements in (F;)’. Let f; be the homomor-
phism of Fy to F defined by f,(x)=x7. Then f;=1 or not according as
j=Il—1or1<j<]—2, so we have

I—

Smi= 3 fim=

1 meFy

[

0 ifl<j<i-2,
—1  ifj=I—1.

Thus we have the assertion.
Lemma 2. Assume [Z=5. For 0<i<[—2, put
B:= > AbYa(1-b).
bEF,
Then
s { 0 ifi=0orif i(1Ki<l—4) is odd,
I~ fi=l-2.

Proof. Since
}90: Z ;((b)a
vEF,
so B,=0 by Lemma 1. Now assume that i is odd and 1<i</—2. Then
Bi= 2. Ab)'2(1-b)
beFy

= >, AbHYa1—b1).

veF}
Hence

Bi= 25 (=20) (b7 (b—1)

= =2 AB)(—aB)+ab—1)
beFy -1}

since 7 islodd. Hence

Bi= X AB— 2 AyA(—D(1—-b)

beFs—{1 beFy -1}

= 25 BB

seFi-{1)
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since 2((—1)(1—5&))=2(1—b). Hence
f=t X a0,

2 yer-uy
so we have the assertion by Lemma 1.

Lemma 3. Assume [ >=5. Then for 1 <i<(I—3)/2, we have

Bo=— A(e; mod p).
In particular, B,;=0 if and only if &, mod p e (FY) .

Proof. Since 2 induces the isomorphism F}/(F})' = F,, 2 takes a con-
stant value on each class of FJ/(FY). Let R (31) be a complete re-
presentative system of Fy/(F)!. Then

fu= 3 26/2(1-b)

=3 37 Abe)a(l—be)

VER e (Fpt

=3 a0 5 A1—bo)

ce(FHL

:beRz_;mx(b)%z( [T (d—bc)).

ce(FH

Put i=(g—1)/I. Then h=0 (modp). Since (F})* is the group of A-th
roots of unity in F, (an algebraic closure of F,), we have

T (1—be)=1—b"

ce(F))t
So,
Bu= 2. AB*A(1-—5b").

beR—{1}

Let /* be the exact power of / dividing (g— 1), and let » € F be an element
of order /* with 2(p)=1. If we take the set {1, %, %%, ---, "'} as R, then

-1
Ba= Z;‘l a*a(1—(1")".
If we put §=75", then

(1) ﬁ%=2<;r_=[11(1—$d)d”).
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Let x ¢ Z[{;»] be such that xmod p=2. By the definition of X,,
X,(x mod p)=x‘e-Hr" (mod p).
On the other hand, by the definition of A{™,
X,(x mod p) =C;§f’<”) ;
Taking the 7*~'-th power of the both members, we have
%,(x mod p)" =i =,,
since A(p)=2"(y) (mod/). Hence
¢;mod p=nt?"V/,
$0
@ ¢, mod p=E.
In the definition of e,

my,= — o*(d) (mod [ Z)
=--d* {mod!Z).

Hence
-1 20 -1
e=(la-™)"  mod(@e),
SO
(eamod ) [] (1—69*" € (B
by (2). Hence we have

Bau= —2(5% mod 9]
by (D).

Now we prove Theorem 1.

Proof of Theorem 1. By the definition of (™,
g =—2. X(x)(x)

zeFF

=—3 (Expa)i”@ey(x)  (modad).

z€FF
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Since (Exp 7)'=1 (mod z*) and 2(x)=2{"(x) (mod /), we have
gX)=—2. (Exp A(x)am)y(x)  (modz’)

=143 (-3 209@ S (mod ),

since » ;e p, V(x)=0. Put
ay=—2, AX)"¥(x)

2eF§

for 0<i <I—1 (since A(x)°=1, we have a,=1). Then

(mod 7%).

M =1+

i
Assume that 1<;<{/—3. By the definition of «,, we have
a=( 25 A (®))( 2, A (c)
bEF, cEFy
= > AbyAd—Db)yy(d).
b,d€F,

In the summation 7, ;cr,, We divide the case d=0 and d=:0. Then

qe= 3 A T (3 A=)

since A(—b)=2(b). Hence by Lemma 1,
ay= 2, ( 27 AbYAd— b))y (),

deFy¥ bEF
since 2<i+1</—2. Put
— A d—
Ay= b;ql(b) A(d—Db)
with de F¥. Then
) 000 = Z A p(d).

deF}
Next, we compute A,. By replacing b by db,
A,= > Adb)' A(d—db),

bEFF
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SO

i

4= 5 (5 (D@10 )@+ a0 -y,

beFy-{y M=0 N\
since A(db)=2A(d)+A(b). Hence
A= —AdF 1+ (J’:>z(d)i—f,9,
j=1

by Lemma 1 and since §,=0 by Lemma 2. Hence by (2), we have

(3) Oli(Xl:(xi.(.]—ZZ: (})ai_jﬁj for O§i§1—3.
=1

If i=I/—2, then in the same way as above, we have

i-1 /7

(4) ai+1=0510(x+j§ (})ai_jﬁj—ﬁi fori=I[1-—2.
Thus by (3) and (4), we have
®) wen=33 (Da,  forogizi—2,

j=0
where

[44] ]f i—-—‘O,
T.=3 B if 1<i<i-3,
—B: if i=1-2.

Now assume that

~
-

© a ’l.iszxp fX)  (mod XY,

i

Il
=

where
-1 x _
f(X):i_Z::lli 7 € Fl(Cp)[X]'
Put F(X)=Expf(X). Then

F(X)=FX)f'(X) (mod X*74).

By differentiating the both members i times (0<i</—2), we have
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Feo=3 (HFernrem@)  (mod ),
Jj=0 .

Put X=0. Then by (6) we have

i /s
@) ai+1=jz=(:) (})ai—jzjq-!

for 0<i<!—2. In particular, a;=2,, so 4,=7,. Hence by (5) and (7),
we have

(8) 2‘1+1=Tj

for 0<j<I—2. Conversely, (8) implies (6). If we put X=ar in (6), then
we have the assertion.

§ 2. Congruence for Jacobi sums

As an application of Theorem 1, we shall obtain a new congruence
for Jacobi sums (see Theorem 2 below), which generalizes Iwasawa’s con-
gruence ([8], Theorem 1 and its remark) and lhara’s congruence ([5],

Corollary to Theorem 7).
Conversely, we shall give another proof of Theorem 1 by using
Uehara’s method of computation on Jacobi sums (see the proof of Lemma

1 in [11]).

Definition. For any integer r=1 and any a=(a,, ---,a,) € Z/m
X - - - X Z[m (direct product of r copies of Z/m), put
Ja(p)::‘](xgl3 DY Xf')
=(=D" 21 BeaEHs) - 10x).

Tt +Tyr=—
T1yeer,2r€Fg

For any ideal a of Q({,,) which is prime to m, put
Ju@)=[] Ju(@)*,
q

where a= [], q* is the prime ideal decomposition of a. The sum J (a) is
called a Jacobi sum.

As is well-known, the Jacobi sum is expressed in terms of Gauss sums,
as is stated in the following
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Lemmad4. Ifa=(ay, ---,a,)x(0,0, ---,0) (mod m), then

1) = Ny~ lg(@)g(@) - -g(a)g(— 2a.).

For the proof, see Weil [14] and Deligne [3].
By using Theorem 1 and Lemma 4, we have directly the following

Theorem 2. Let the notation and assumptions be as in Theorem 1 and
let a=(ay, ---,a,)e Z[I"X - - - X Z[I" (the direct product of r copies of
Z[I™) be such that a=(0, - - -, 0) (mod ™). Furthermore, let a be any ideal
of Q(¢;n) which is prime to I.  Then

(1=3)/2 2i+1

Ja(a)ENa"-EXP{ Z (Z 2”1)‘3“(“) Qi+ 1!
VL (Sa)e ) modm,

where ay=— 2 5_, a; and B,(a)= —[ey, a],. Here we omiit the last term if
1=2.

Proof. Since Na (resp. [e,y, al,) is multiplicative (resp. additive) with
respect to a and since

Na—1_1
200 2

—;— log Na (mod ),

we may assume a=7§, where log is the /-adic log. Then by Theorem 1 and
Lemma 4 we have directly the assertion.

Another proof of Theorem 1. Assume [ >3. Put G=Gal(Q({;»)/Q).
Let H be the unique subgroup of G of order (/—1). For each ¢ e H, by
the definition of J(X,, ;) and A(x) we have

T, X)=— 37 %= (mod ),
xeFq

2%0,1

since {l»=1 (mod z?). Hence

J,, L) =— Z; X,(x) Exp (A(1 — x)o(z)7) (mod 7%)

m#o,%

-1
=143 ¢ (w(m)xy (mod 7t),

=1

where
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M a=—2, LAl

and ¢; 2<i<I—1) is an element of Z,[¢,.] independent of 7. Hence
-1

?2) Log J(X,, Xy=>, d (w(t)x) (mod 7%)
j=1

with d,=c, and some d, € Z,[{;.] 2< j<[—1) independent of z. For each
1<i<l—1, put §,= o' and

€;

=1 > see zim

t l——l cEH

By making e;, operate on both members of (2), we have

-1
3) e;, Log J(X,, X;) =3 w(c)e; (d;z) (mod 7?).
=1
Hence
() > o™ (2)e;, Log J(X,, %) =(— e, (dir) (mod’z"),
€ H
since
®) So={ " Tl
€H o= 0 otherwise.

Since gr=w(o)x (mod z?) for ¢ € H, we have

esn’ E% (Z (o)’ ‘i)n’ (mod z?),

o€ H
SO

© e,mfz{ﬂ" (mod ) i j=i,

0 (modz) otherwise,

for 1<j</—1. Since

-1 i+t
dr=—) B,— (mod 7?),
=0 7 j!
by (6) we have
@ e(dm)=—Br"—  (mod),

(i—1)!
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where §; is as in Lemma 2. By (4) and (7), we have

® e @ LogltB=pg T (mods).
On the other hand, by Lemma 4 we have
® J(,, %) =Np~'g(X,)g(X)g (%' 7).

Since we can write
-1 7 .
g(x,)=Exp (f; 2 7) (mod 7t)
with some 2, € Z,[{,], by making r ¢ H operate on both members we have
-1 i
g(1))=Exp (; 2, (_w(;?_n)_) (mod =%)

for any r ¢ H. Here we identify G(Q(¢;-,)/Q(,)) and G by restriction.
Since g(X?) (mod z*) depends only on ¢ (mod/) as is seen in the beginning
of the proof of Theorem 1, we have

(10) g(t)=Exp (;i;i zj%_"’i> (mod )
for any c € Z,. By (9) and (10) we have
J(%,, %)=Np~* Exp (Z‘ 27 (2) _) (mod ),

where 7,(t)=14ow(z)’ +(—1)(1 +w(z))’. Hence

(1)  LogJ(%, x)=—Log Np +;§:1 2,74(7) ’]’_j' (mod 7).

By making e,, operate on both members of (11) and using (6), we have
2, 7’i(‘r)%i (mod ) if 1Ki<i—-2,

(12) e, LogJ(X, 1)= )

liTi(r)%—Log Np (mod %) if i=I—1.

Since
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4

HE=1+( 1 3 ({)o@ +o,

k=

by (5) we have

13) 3 7' (@)e, Log J(, X)=(—1)" "2, G ”il)' (mod %)

for 2<i<i—1. By (8) and (13) we have
=18, (mod /)
for 2<i</—1. Hence by Lemmas 2 and 3 we have

—[es-1, p]; (mod 1) if i (3<ig]—2)is odd,
0 (mod/) if i (2<i<[—3)is even,
(g—1)/2] (mod]l) if i=I—1.

>
il

We have 1;=q, as in the beginning of the proof of Theorem 1. Hence
by (10) we have the assertion.

Note. Thara [5] created the theory of “‘universal” power series for
Jacobi sums, and he gave his intensive lecture about his interesting theory
at Tokyo Metropolitan University in Dec. 1984. Meanwhile, we under-
stood that the problem of the determination of the coefficients of Ihara’s
power series F,(u, v) is closely related to our problem of the /-adic expan-
sion of Gauss sums. We denote by £, the maximum abelian /-extension
of the cyclotomic field Q(y;~) (14 is the group of all /-th power roots of
unity in C) unramified outside /, and by £} the maximum unramified
sub-extension of 2,/Q(y;-), and put

g=Gal (R,/2}") Cg,=Gal (2,/ (=) Cgy=Gal (2,/ Q).

Ihara ([5], Theorem 10 and its Corollary) determined the coefficients of
F(u, v) for p e g,, and he conjectured that the same formula holds for p e

8- We also understood that if Thara’s conjecture can be generalized for
0 € g, and if it can be proved, then we might be able to give another proof
of our Theorems 1 and 2 by using this and Theorem 7 of Thara [5]. But,
at that time, Ihara’s conjecture was proved only for p e g,, so there was
some gap between his formula and our Theorem 2. This is a reason why
a weaker result for the congruence for Jacobi sums (Thara [5], Corollary
to Theorem 7) was obtained. Meanwhile, during the Kyoto conference
in Oct. 1985, by using Iwasawa’s theory, Coleman [2] obtained a proof of
Thara’s conjecture for p € g,, and later a more general formula for p € g,.
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Thus it became possible for Coleman and Anderson [1] to ‘give another
proof of our Theorems 1 and 2. So, as is stated in the introduction, we
have four different proofs of our Theorems 1 and 2, and we note that our
original proof of Theorems 1 and 2 is the most elementary one. We also
note that after the Kyoto conference Thara-Kaneko-Yukinari [6] obtained
another proof of Thara’s conjecture for p e g, in a different method from
Coleman [2].

§ 3. Algebraic proof of the nonvanishing of certain character sums in certain
cases

Let m>1 be any integer. We identitfy G=G(Q(CM)ZQ) and (Z/m)*
by ¢,<>b mod m, where o, ¢ G is such that £52=5%. Let G be the charac-
ter group of G. The function ¢ on Z with values in C is called the Diri-
chlet character defined modulo m if it satisfies the following (i), (ii) and
(iii):

(1) @bc)y=¢d)¢(c) foranybd, ce Z.

(ii) #B)=g¢(c) if b=c (modm).

(i) ¢(®)=0 if and only if (b, m)=¢1.

We identify ¢ € G and the Dirichlet character defined modulo m by
#o;)  if (b, m)=1,
0 otherwise.

#() {

¢ (e G)is called even (resp. odd) if ¢(c_)=¢(—1)=1 (resp. —1). ¢ is
even (resp. odd) if and only if K is real (resp. imaginary), where K is the
fixed field of Ker ¢ in Q(£,,) by Galois theory.

Let § ¢ G be any odd character and let g be the order of 5. Then
G/Kerd=Im d={{,> (cyclic group generated by ,). Let s; be a repre-
sentative element of a generator of G/Ker d and we fix s,.

Definition. Put
a,=( > o) [ (1-55") e Z[G],
p/

¢ €Kerd

where the product is taken over all prime numbers p’ such that p’|g.
The following lemma 5 due to Ullom [12] is our starting point.

Lemma 5. Put

= 2 ac;t e Z[G].

a=
(a,m)=1

Let 5 € G be any odd Dirichlet character defined modulo m and let o, e Z[G]
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be as above. Put
M@G)=>" ab(a).
a=1

Then the following (i) and (ii) are equivalent.
i) M@©6)=0.
(i) &a;=0in Z[G].

Using Lemma 5 and Stickelberger’s theorem we can prove the follow-
ing key lemma.

Lemma 6. Let g(X,) be the Gauss sum defined in the introduction.
Then for any odd character § e G, the following (i) and (ii) are equivalent.

(i) M(@)=0.

(i) gD = £ with some i e Z, for any (resp. some) prime ideal
P of Q) (resp. which is completely decomposed with respect to Q(,)/Q)
such that (p, m)=1 and for any (some) a ¢ Z such that (a, m)=1. Here we
identify G(Q(C..,)/ Q(&,)) and G by restriction, where p is a prime number such
that p e p.

Proof. Since g(X,)’*=g(X%), we may assume a= —1. By Stickelber-
ger’s theorem, we have

M (e )M =y5,

where (g(X;5)™) is a principal ideal generated by g(X;)™ and & is as in
Lemma 5. Note that g(X; )™ e Q(C,,) as is well-known. Put 4A=g(X; ™.
By Lemma 5, M(6)=0 if and only if &x,=0, i.e., p**=1 for some p which
is completely decomposed in Q(C,.)/Q. Hence, by making «; operate on
the both members of (1), we see that (i) is equivalent to that (4)% =1, i.e.,
A*% is a unit of Q(¢,,). Hence (ii) implies (i). Now assume (i), and put
e=A%. Then ¢ is a unit of Q(,), and we have |¢['=1, since

g Hg(; Y =q.

Hence ¢ is a root of unity in Q((,), i.e., g(X;")% is a root of unity in
0(.,)- Hence we can write

@ g0 = £Ln,

with some i e Z, where £,,,=C,,. Since g({; )™ e Q(,), by (2) we have
(£LL)™ e Q) so i e Q). Since (m, p)=1, we have i=0 (mod p).
Hence we have (i).

Lemma 7. Let | be any prime number and let o, be as in Theorem 1.
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Let 7 e Gal (F(C,)/F,) be the I-th power isomorphism of F,C,), where C,=
¢,mod [Z][C,]. Then we have

ai=a,+ ().
In particular, we have «, ¢ F; if 2(1)=0.
Proof. Since

ai=—2. Ax)v(lx)

zeF§

=—>3 A 'p(y),

VeF}
we have
ai=a,+ ().
The last statement follows from this.

Lemma 8. Let [ be any prime number and put m=1[" with n=1. Let
A, be as in Section 1. Then there exist infinitely many prime ideals p of
degree 1 in Q(C,) not lying above I such that 2,(1)+0.

Proof. We have 2,(/)=0 if and only if /mod p ¢ (F})’, so p is un-
ramified and not decomposed in Q(C,.)('+/ 7)/Q(.). By Cebotarev’s den-
sity theorem, there exist infinitely many such p (Wojcik [17] gives a purely
algebraic proof of Cebotarev’s density theorem in the special case which
covers our case).

Lemma 9. Let | be any odd prime number and let n be any natural
number. Let © be a prime element of Q,(C;x) as in Section 1 and let 6 be a
primitive Dirichlet character of conductor I™. Put

ai=( > o) J] —s§") e Z[G],

o E€Kerd ?’lg
p'#EL

where the notation is as in the beginning of Section 3 and the product is
taken over all prime numbers p’ such that p’|g and p’=1. Let H be the
unique subgroup of G of order (I—1) and let w, be the restriction of o to H.
Here we consider the Teichmiiller character w as a character of G in the
natural way. Then we have

o =2,0)n’ (modz’)  for 1<j<],

where
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2@)=( 2. () [] U—o'(s57)) e Z,.
cEKer 8 »'lg
P+l
Here we have 2,(3)=0 (mod [Z,) if and only if Ker §=XKer wj.
Proof. Since

€8] n*=wla)r (mod =%)
for a e Z, a=0 (mod /), we have

oym! =2 (6)n? (mod 7).
Since § is primitive, we have Ker 6 CH. If wflxe; ;3% 1, then

2, 0'(0)=0,

cEKerd
s0 2;(0)=0. If Ker »{ 2Ker g, then there exists a prime number p’ divid-
ing (Ker of: Ker d), so (H: Kerd). Hence p’|g, p’:! and 587 ¢ Ker o].
Thus 1 —w/(s5?)=0, so 1(8)=0. If Ker w{=XKer g, then ] induces the
natural isomorphism H/Ker §=({,.», where g’==g/I*~*2c0 (mod /). Since
the order of 582" mod Ker § is p’ and since p’ 2=/, we see that s8#' ¢ H and
that w?(s¢/?") is a primitive p’-th root of unity. Hence

1—o¥(s5%)20 (mod IZ)).
Since 3, cxers @(0)=|Ker §|220 (mod /Z;), we have 1,(6)x0 (mod /Z)).

For the proof of Lemma 11, we need the following well known lemma
(e.g. Weil [16], Chap. XIII, § 8, Lemma 9).

Lemma 10. Let [ be any prime number and let K be a field of character-
istic different from I. For nz=1, let {;» be a primitive 1™-th root of unity
and put K,=K(;). If 1=2, assume {,e K. Then K*N (K )" =(K*)"
Sorallnz=1.

Lemma 11. Let [ be any prime number and let 8, o} be as in Lemma
9. Assume that n=2 or n=3 according as =23 or [=2. Furthermore,
assume M(8)=0, where M(0) is as in Lemma 5. Then we can write

g(Xp)“:?:z(:gn
with some z € Q({;n-1,) and some i e Z. In particular,

gL)=Cn (mod z*)
with some i e Z. .
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Proof. By assumption and Lemma 6, we have

g(xp)a" =+ C;"

=1

with some ie Z. Since g(X,)=1 (mod ) and since ¢%'=—1, we can
write

g% =L
with some i e Z, so

@ ()" =1.

Since ;= aj(1 —s¢%), by (1) we have

(&))" & QCin-1y)-
By using Lemma 10 for K= Q({;»-1,), we can write
CADE
with some z € Q({;n-1,), 50
) g(t,) =2
with some i e Z. Since Q({;n,)/QLin-1,) is a fully ramified cyclic exten-
sion of degree /, (2) implies the last assertion.

§3.1. The case where m=1" and Ker §={1}

In this section, we assume that m=1/" and Ker §={1} where / is any
prime number and n>1.

An algebraic proof of M(8)=c0 in the case where m=1" and Ker §={1}.

Since Kerd={1}, we have G=(Z/m)*=Im3d, so (Z/m)* is a cyclic
group. Hence, if /=2, then we have n=1, so M(§)=1. Hence we may
assume /[>3. By Lemma 8§, there exists a prime ideal p of degree 1 in
Q(,) such that 2,(/)2<0. Then by Lemma 7, we have ;¢ F;. By
Lemma 6 for n=1 and Lemma 11 for n>1, we have

M g)s=C-  (modz?)

with some i € Z. On the other hand, by Theorem 1 and Lemma 9, we
have

) g()=1+a,2,(0)x (mod 7%).

Since Ker =Ker w,={1}, by Lemma 9 we have
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A3 2,(0)=0 (modiZ).
By (1) and (2), we have
a0 =i (mod lZl[Cp]))

so by (3), we have o, € F,. This is a contradiction.

§ 3.2. The case where m=1[" and the order of 9 is 2° with z >1

In this section, let / be any prime number and put m=1[" with n>=1.
Let 6 be a primitive odd Dirichlet character of conductor /™ and of order
2 with t>1.

An algebraic proof of M(5)=:0 in the above case.

First assume />>3. Then n=1. Let K; be the fixed field by Kerd
in Q). Since 6(—1)= —1 and the order of § is 2¢, we see that s2'™* is
equal to ¢_, on K, so we have

¢y g(xp)laﬁ=NQ(c;)/K5(g(xp)l)l_hl-

Suppose M(6)=0. Then by Lemma 6,
()=}

with some i € Z. Since g(X,)=1 (mod x), we have

g(xp)a‘5 = C%:
SO

) (g(t)y=1.

Hence by (1) we see that Ny, Kﬁ(g(x,,)‘) is real. Since g(X,)g(X,)=¢, this
implies

NQ(cn/Kﬁ(g(xp)l)Z =q*,

where s=[Q((,): K;]==0 (mod 2). Hence we see that ¢ € Q). By
Cebotarev’s density theorem, there exist infinitely many prime numbers p
which are completely decomposed in Q(£,)/Q, i.e., p=1 (mod/) (In this
case, an elementary proof is known. See Washington [13], Corollary 2.11).
Then g=p. Since p is fully ramified in Q(y/ p)/Q and since p is unrami-
fied in Q(,)/Q, this is a contradiction. Hence M(§)=0. Now assume
I=2. If n=2, then it is clear that M(6)>0. Hence we may assume n=>=
3. Since the conductor of § is 2%, we have

Keré={1, ao_,},
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where o=0%""" is a generator of G(Q(C.n)/Q(&em-1)). Assume M(5)=0.
Then by Lemma 11 we have

A) gty o=12(%

with some z € Q({»-.,) and some i € Z, where aj=1+00_;. Since n%=
ar (mod 7*) for a ¢ Z, a=0 (mod 2), by Theorem 1 we have

4) g(x)s=1 (mod ).

Since Qy(Eonp)/Qo(an-1yp) is a fully ramified quadratic extension, by (3) and
(4) we have

S g(1,)% € QCon-1y)-
This implies that g(X,)* is invariant by ¢ and go_,, hence by o_,, so
® gL =1,

Since g(X,)'**~*= ¢, this implies

(e() ry=1,
$0

g =(—1)
with some je Z. Since {{.= — {,», Wwe have

() =1,
sO
©) g0l € QCunmsy):
Since

g)=14am (mod =%)

by Theorem 1, we have

g)h=(1+am)(1+a)  (modx’)

® =1+(a+)r (mod 7).

Since Qu(Lyn,)/0x(Eon-1p) is a fully ramified quadratic extension, by (7) and
(8) we have

a,+j=0 (mod 7).
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so a; € F,. By Lemmas 7 and 8§, this is a contradiction. Thus M(6)=:0.

§3.3. The case where m=1I"(n=1) and ¢,,_+ ¢ Q(,)" with a prime number
=5

Let § be a primitive odd Dirichlet character of conductor m=1I[" (n=>
1) with a prime number />=5. We can decompose ¢ uniquely into the
product:

0=0,0;,

where §, is a character of the first kind and 4, is a character of the second
kind (see Iwasawa [7], Section 6, p. 66).

Assume the following condition

(*) dixo and e, ¢ Q).

Twasawa [9] gives an algebraic proof of M(0)=:0 under the above con-
dition (x) when n=1, by using Artin-Hasse’s explicit formula on the norm
residue symbol in local class field theory.

In the following, we shall give an elementary algebraic proof of M(5) =
0 under the above condition (x) for any n=>1 by using Theorem 1. Here,
“elementary” means that we do not use class field theory.

Algebraic proof of M(0)=:0 under the above condition (x) for any n>1.

In the case where Kerd={1}, we have already given an algebraic
proof of M(5)=:0 in Section 3.1. Hence we may assume that Ker =c{1}.
Suppose M(5)=0. Then by Lemmas 6 and 11, we have

M g)s=+xLn  (modz’)

with some i € Z. On the other hand, by Lemma 9 we have

) gx)=1 (mod =%,
since Kerd2:{1}. By (1) and (2) we have

3) g(X)%=1 (mod 7%).
On the other hand, by Theorem 1 and Lemma 9,

i n.‘21+1
4 g(X,)*%=Exp (; ‘BH(—ZJTFI—)!_ 221“(5)) (mod z),
where the sum is taken over all j (1< < ({—3)/2) such that Ker ¥ *'=
Ker g, Since §, is odd and d,%w, we can write §,=o*** with some i
(1<i< (I~ 3)/2). Then by Lemma 9,
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&) Ao1+1(0) =0 (mod 1Z)).

By Cebotarev’s density theorem, there exist infinitely many p such that

6 B0 (mod 7).

Note that Wojcik [17] gives a purely algebraic proof of Cebotarev’s density
theorem in the special case which covers our case. By (4), (5) and (6), we
have

g )1 (mod z%).
This contradicts (3). Hence M(5)=:0.

§4. A necessary and sufficient condition for ¢, ¢ Q(Z,)" due to Iwasawa

Let /=5 be a prime number and let 7 be the multiplicative group of
all ideals in Q(Z,) which are prime to /. Let P be the subgroup of all
principal ideals in I and let I’ be the subgroup of 7 containing P such that
I[P is the Sylow I-subgroup of I/P. Let P’ be the subgroup of all prin-
cipal ideals () in P such that ¢=1 (mod z’*"), and put Y=I'/P’. Put
G=G(Q(¢)/Q). Then Y becomes a G-module which is an abelian /-group.
Let Y, be the o-component of Y. i.e., YV;=¢;,Y forde G.

Under the above notation and assumptions, Iwasawa proves the
following

Theorem 3 (Iwasawa [9], Lemma 3). Let ¢ be an even character of G
such that =1, and put d=ow¢*. Thene, e Q) if and only if [™*Y¥;=0,
where I™®+ is the exact power of | dividing M(6™") and M(57") is as in
Lemma 5.

By using Theorem 1 and Stickelberger’s theorem we give another
proof of the above theorem.

Another proof of Theorem 3. By Stickelberger’s theorem we have
o (g ))=p*
for any prime ideal p € I, where £=> "1 ao;' ¢ Z[G]. Let & e Z[G] be
such that e;=&, (mod /¥ Z,[G]) for a sufficiently large N. Put #’'=[I:1"].
Then 4’220 (mod /). Since &&= M(5~")&; (mod /), we have
®)] L =I""+1Jg, (mod /%)

with some d>=1, (d, [)=1. Since p*’ e I/, we have
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(€) pr=(a’)

with some « € Q(¢,) such that «=1 (mod =¥) for a sufficiently large M, by
using the fact that each principal ideal in P is generated by an element «
in Q(,) such that «=1 (mod r) as is stated in Iwasawa [9], p. 118. By
making #'8; operate on both members of (1) and using (2) and (3), we
have

e (g2 ) )
with some o € Q(£,) such that «=1 (mod =) for a sufficiently large M, so
“) P = (gL ).
Forbe Z, (b, p)=1, let ¢, € G(Q(L,,))/Q(L,)) be such that {={). Since
gy =x,)g(%)
and since d3xw, we have
(205 =80t )", i
©) 807" e Q).

Let , be a prime element of Q,(,) such that z{'=—/ and {,=Exp =,
(mod ). Then #{=w(o)x, for ¢ € G, and n=r, (mod 7). Since

(=] if j=2i+1,
esmy = .
0 otherwise,

where §=0"*! with 1<i<(/—3)/2, by Theorem 1 we have

(6) g(X D=1 — o ——— (2 + D! (mod ).

Since e,n{=0, by making e, operate on both members of (6) we have

™ == Fy (2 T i (mod z5™).

Since Y is a finite abelian /-group and d=£0 (mod /), by (4), (5) and (7) we
see that Cl(p*)'™” =1 in ¥, if and only if B,;=0 (mod /), where Cl(p*')
¢ Y is the class containing p*. Since f,;=0 (mod/) if and only if p is
decomposed in Q&) (W/e,,)/Q(L,), we see by Cebotarev’s density theorem
that &, € Q(¢,)" if and only if B,,=0 (mod/) for all p eI (In this case,
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Cebotarev’s density theorem is proved purely algebraically by Wojcik
[17]). Hence &, ¢ Q&) if and only if Cl{(p"')%"™ P =1 for all p e I. This
gives the assertion.

§5. Relation between Iwasawa’s formula on power residue symbols for the
cyclotomic units and the congruence for Gauss sums

Iwasawa gives a highly interesting explicit formula on the /-th power
residue symbol for cyclotomic units in Q(Z;), by using Artin-Hasse’s ex-
plicit formula on the norm residue symbol in local class field theory
(Iwasawa [9], Lemma 1; see also Theorem 4 below). In this section, we
shall give an elementary proof of Iwasawa’s formula by using Theorem 1
for n=1.

Conversely, we shall give another proof of Theorem 1 (for n=1) by
using Iwasawa’s formula.

Definition. For any ideal a of @{(¢,,) which is prime to m, put
G(@)=1] 204"
where a= [], p” is the prime ideal decomposition of a.

The link between Iwasawa’s formula and the congruence for Gauss
sums stated in Theorem 1 is the following Lemma 12 which is proved by
using Stickelberger’s theorem.

Lemma 12. Let n=1 be any natural number and let | be any odd
prime number. Let a be any ideal of Q({;») which is prime to I and let « e
Q(&;n) be such that a'' = (a) with t=0. Let § be any Dirichlet character de-
fined modulo 1™ and put

H(3)= 3 as(a),

where I* is the conductor of 6. Put
m
&= 3 aoc;'e Z[G],
(aa;7)1=1
where G=G(Q((;2)/Q). Then
log G(Q)ZT}TFS log o

and
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1

l’l+t

e;log G(a)= M@ "), log o),

where log is the l-adic log.
Proof. By Stickelberger’s theorem,
(8" =",
s0
M (G@™)=at.
Note that G(a)"" € Q(;»). Since

S(l"l—a—l):ln Z Gy

te(Z/1")y%
by making (1 +¢_,) operate on the both members of (1) we have
) (G(a)") " =(Na)"

as numbers. On the other hand, by taking the /*-th power of the both
members of (1) we have

(G(a)"* ) =(a")*

as ideals, so

(G(@")=(a®)
as ideals. Hence
3 G(a)""* ' =eat

with some unit e in Q({;.). By making (1+0¢_,) operate on both members
of (3), we have

(4) (G(a)l"+b)1+nr_1:el+a_1(NQ(§Ln)/Q(a))l”'

Since Q({;») is totally imaginary, by taking Np¢ .o of the equality a*'=
() we have

©) (Na)"'=No¢,mol@).

By (2), (4) and (5) we have e'*’-1=1, so e is a root of unity in G(Z;»).
Since log e=0, by taking log of both members of (3) we have

(6) I"**log G(a)=¢&log .
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Note that
@) e)(§ log a)=(esf) log ct,
since § € Z[G]. Since
m
6‘55: (agl da_l(a))65
and

lzf ad~@)y=1""* M5

by elementary computation, by making e, operate on both members of (6)
and using (7), we have

I"*te,log G(a)=I1"""M(5~")e, log a,
so we have the assertion.

Remark, We can get a similar formula for Jacobi sums as the formula
in Lemma 12, by using Lemmas 4 and 12,

Now assume / >5. For any odd Dirichlet character § defined modulo
I such that 5w, let g be the cyclotomic unit of Q(f;) defined in Section
1, where 6=wd"'. For any ideal a of Q(;) which is prime to /, let

[537 C[] = [5& a]l

be as in Section 1. Then Iwasawa ([9], Lemma 1) gives an explicit formula
of [e;, a] as follows.

Theorem 4 (Iwasawa). Let the notation and assumptions be as above.

Suppose that o' = () with « € Q&) and t=0. Then

ey al=—— M3y,  (mod[Z),

lt+l

where M(07") is as in Lemma 5 and u; e Q, is such that

1

elog c) =u,l's with 1;= 1

5 a7

Remark. Iwasawa [9] assumes that ¢=1 (mod =), but this assump-
tion can be omitted, by using the equalities (a' )" =a'"! and loga'~'=
(—Dloga.
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Lemma 13. Let a be any ideal of Q((;) which is prime to | and let =
be a prime element of Q,(C,) as in Section 1. Write

=1 o
G(a)=Exp (Z} zj__') (mod )
=g
with 2, € Z[C,] =1, ---,1—1). Let a &€ Q(&,) be such that a*' =(a) with

t>0. Putd=o' with2<j<I—2. Let u;e Q, be such that e;log a=u,l;,
where T, is as in Theorem 4, and let M(07") be as in Lemma 5. Then

A=t M@E Y, (modlZ).

- [t

In particular, we have 2,=0 (mod [ Z)) if j is even.

Proof. Lemma 12 is essential for our proof. Since
o r=o(d)n (mod 7%)

for a=0 (mod /), we have

(D

. (7 (mod r%) if j=1i,
e =
" 0 (mod =) otherwise,

for 0<i</—1. Since 7,=e¢, ({;) by definition and {,=Exp = (mod #?%), we
have

©) T,;E—_l'*nj (mod 7).
J-
By (1) we have
G(a)»=Exp (z,”_') (mod 7).
j!

Taking log of the both members, we have

3) eslog G(a)=1, ;f_" (mod 77+,
On the other hand, by Lemma 12 we have

@ e;log G(a):%M(&“)u,;?’a.

By (2), (3) and (4), we have
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= M (6~Yu, (mod ! Z,),

lt

since 4; € Z;[¢,] and M(67") ¢ Z,. Since M(6-)=0 if j is even, the last
assertion follows from this.

Another proof of Theorem 4. Write =" ! with 1<i<(/{—3)/2. By
Lemma 13,

M 221+1—1l+1 MG Yu, (mod [ Z)).
On the other hand, by using Theorem 1 for 4= —1 we have
() X1 =les 0] (mod[Z)).

By (1) and (2) we have the assertion.

Another proof of Theorem 1 when n=1. We may assume a= — 1.
Write g(X;!) as in Lemma 13 for a=p. By Lemma 13, 2,=0 (mod /Z)) if
jis even. By Theorem 4 and Lemma 13, we have

A2001= — Bas (mod /) for 1<l§_—%

Since

g =— 25 G Oy(x)

ze F}
by definition and since ;=1 r (mod =*), we have
g Y=1—ayrm (mod r%).
Since g(X;)!*"~'= +¢ and since g(¥;)=1 (mod z), we have
W () =g

Since
o ( (mod 7) if j=1—1,
elﬂ'J = .
0 (mod =) otherwise,

for 1<j<I—1, by (1) we have

A l—1>: 12 !
Exp ((1_ D1 o l=gq (mod %),
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SO

21_112.12.. Logg (mod 7%),
since ({—1)!= —1 (mod /) and z*"*= —I (mod #*). Hence

—1
11_15% (mod I).
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