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The Gross-Koblitz Formula
Robert F. Coleman

§ 0. Introduction

Our intent in this note is to give a relatively self-contained and not
completely ad hoc proof of the beautiful formula discovered by Gross and
Koblitz [G-K] expressing Gauss sums in terms of Morita’s p-adic gamma
function. In fact we give two proofs.

The first is nothing more than a reorganization of that given by Boy-
arski in [B], who observed that the Gross-Koblitz formula could be re-
covered easily from results in a series of papers by Dwork. In this proof
one makes use of Dwork cohomology spaces of the most elementary sort.
These spaces are ultimately connected to the geometry of the Fermat curves
but this connection is neither made explicit nor used in this note (see the
appendix however). Unfortunately, this proof fails to work when p=2.

Our second proof was motivated by the first. It is more elementary
in that it avoids the Dwork cohomology. Also, it does work when p==2.

A key ingredient in both proofs is formula (9) of Section II below,
which is a formal version of Euler’s integral representation of the classical
gamma function. Other proofs of the Gross-Koblitz formula may be
found in [K] and [L].

We will now state the Gross-Koblitz formula. Let N donote the
natural numbers and N* the positive integers. Let p be a prime. Let C,
denote the completion of an algebraic closure of Q,, the field of p-adic
numbers. Let g=p’ where fe N*. Let F, denote the field of order g
contained in the residue field of C,. Let ¢: F,—C, denote the Teichmiiller
character on F,. That is, #(x) is the unique element of C, which reduces
to x and satisfies #(x)?=1¢(x). It is a multiplicative character on F}. Fix
a solution of z?~'=—p in C,, and let {, denote the unique p™ root of
unity in C,, satisfying

&~ +n)<|zl|.
Set for x e F,

(l)q(X) — CTmcqu/Fp(”).
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Then o,(x) is ja non-trivial additive character on F,. For b e Q/Z, we let
(b) denote its representative in [0, 1). If (g—1)b=0 we set

gq(b)____ — Z; ,(x)u_qxwwq(x)_

Then g,(b) is a Gauss sum. We also set

F-1
S(b)=({—1) 2, {p'b).
Note that this is the sum of the p-adic digits of (g—1)<b), and so lies in
N.
Next for n e N*, set
n-1
r'(m=(-D" ]_—[1 k.
W=t

Morita [Mo] has shown and we shall show below that I', extends
uniquely to a continuous function on Z,. The Gross-Koblitz formula is
now

gB)==T] I,

In the last section, we use this formula together with the Gauss multip-
lication formula to deduce generalizations of the Hasse-Davenport relation
for Gauss sums. In the appendix we compute the Frobenious matrix of
the Fermat curves in two ways.

I. Standard Results

§ 1. Mabhler series

Let M denote the C,-vector space of series of the form

F(z)=i an(;), a, e C,

For m e N, the series F(m) has only a finite number of nonzero terms and
hence converges. In fact the map F(z)—(m—>F(m)) gives a bijection be-
tween M and the space of functions from N into C,. Henceforth we shall
identify these two spaces. Since the latter space has a natural ring struc-
ture, so does M. We define for F as above

FXT)=3 a, ",
=0  n!
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as a power series over C;,. Both “*”” and “™ give bijections from M onto
C,I[TT], the ring of power series over C,.

Temmal. Let Fe M. Then

. d - P
) T F=TFe+D=2F();

. d
k1 @ FR (F(z41)*:
i) F tor (Fz+1)*;

iii) exp (D)F*(T)=F(T).
Proof.

TED=3, Fo = () L =T 3 Fat DL

which proves (i). Next if F(T)= i bn(;f>,
n=0

s (T )

=(ze((n) +(50))
(Z}b (T +1)> — F(T+1)*,

Cxksr

Here we used the continuity and linearity of This gives (ii). Finally,

using (i), (ii) and induction, we have

(“%)n(exp (DF(T))r co=exp (DF(T+n)*|r_,
/'\
=F(T+n)|r,

~ (LY F Do

This gives (iii).

If r ¢ R, we say F e M has radius of convergence r if the series F(z)
converges for all ze C,, |z—N|<r. By the open disk of radius r we
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mean the set {z e C,: [z]|<r}.

Proposition 2. Letre Rand He M. Then H has radius of converg-
ence r iff H* has radius of convergence Max{r'/?, r}.

Proof. Suppose z ¢ C, and |[z—N|<r. Then

) )= |1z -e—@—-1)
ni.
| Lo, if <1
nll|p» , if r>1.
Now suppose
H*(T):f]bnz:i.
n= n!

Then H*(T) has radius of convergence s iff

L)

@ L 50, 0<r<s.

n!

As H(z) must equal i‘bn(Z) the proposition follows from (1) and (2).
n=0

§2. The Dwork exponential

Now fix a solution # of #?'=—p in C,. Let exp (T') denote the
exponential power series. It is well known that exp (") converges on the
open disk of radius |z|. Set, for g e N*,

0(T)=exp (zT —nT?).

Then, a priori, this series converges only on the open disk of radius one.
However,

Lemma 3 (Dwork). Let g=p’ for some fe N*. The series 0,(T)
converges on the open disk of radius

]pl(l—p)/m

and is bounded by one on this disk. Moreover,

€) 0T)=142(T+T74 - - +T*7") mod *R[[T]]
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where R=Z [z]=C,.

Proof. As 0, T)=0,(T)0,(T7)---6,(T? ™), it suffices to prove the
lemma for g=p. First it is well known that exp (7) is bounded by one
on the disk of radius |z|. Second it is well known that the Artin-Hasse
exponential

exp (f‘_‘ Z::—n) = A(T)

7=0 p

has coefficients in Z, and hence converges on the disk of radius one where
it is bounded by one. Now,

4 6,(T)=A(xT) nsz exp ( ;(gnL)p‘n‘ >_1

so 8,(T) converges on the intersection of the disks of convergence of all
the terms on the right-hand side and is bounded by one on this disk. An
easy calculation shows that this disk has radius at least

min {| p|~V@-Y, | p|r@-D+1-pD/R@=D} | p|A-2)/22,
n=2

The congruence (3) follows immediately from (4) and the fact that
exp (z#T) e R[[TT], since it is bounded by one on the unit disk.

For x==0 in the residue field of C,, let #(x) denote the unique root of
unity of order prime to p whose reduction is x. We also set #(0)=0. This
coincides on F, with the “¢+” defined in the Introduction.

Lemma 4 (Dwork). Let q=p’ for some fe N*. Then for x e F,,
0,1 () =0,()
where w, is as defined in the Introduction.
Proof. First we observe that
8Ty =exp (zp(T —T9).

Since exp (zpT) converges on a disk of radius greater than one, the func-
tion ,(T)? is the composition of the functions exp (zpT) and T—T% It
follows that if x e F,,

0,(((x)y=1.

Hence 6,(t(x)) is a p*™ root of unity. Since different p** roots of unity are
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not congruent modulo #* the rest of the lemma follows immediately from

Q).

Now for b e Q/Z, we let {(b) denote its unique representative in the
interval [0, 1). Suppose g=p’ is such that (§—1)b=0. Then it follows
from the previous lemma that

(5) gq(b)___ __qZ_: s(l—q)(b)gq(s).
In fact, if
0T)=> A,T"
n=0

we have from (5),

Corollary 4.1. (1/(1—g))g (D)= 7-0 Aq-1¢r +<s-

II. The p-Adic Gamma Function

We first define an element G e M by setting

—(__1\2ta pn(n!) %
(6) G(pn+a)=(—1) (onta)l e Z;

fora,ne N,0<a<p. For FeM,ace N, 0<a<p, we set
T (F)(@)=F(pz+a)(—n)*

so that ¥,F e M. For a Laurent series

HT)= > a,T", a,e¢C,

= —o0

and a natural number g>>0, we set

Y HXT)= S a, T

Note that:
Vol F (T (G(T)) = (F(T?)G(T))
and

V{F(TYG(T)=F(T)o(G(T)).
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Proposition 5. For ae N, 0<a<p and F ¢ M we have

(B T)T ) =T (GE)eT).
Proof. Clearly

Vo FT)T-%)= Z + Y F(pn+a)T™
_ (==Y n! F(pn+a) (=T)"
== Z (pn+a)! n!
—(—pyes (=D pn! F(pn+a) (zT)"
( )Zo (pn+a)! n!

The result follows.

Corollary 5.1. 4, (0,(DT )=, *&xT).

Proof. If we take F=1 in the previous lemma then F(zT)=exp (z7T)
and so

™ Volexp GT)T-)=T,G(xT).
Now multiply on both sides by exp (—«T) and apply Lemma 1.
Corollary 5.2. The Mahler series 1,G has radius of convergence
| p|@-pp+ 1= > ]
if p>2 and |2| if p=2. The Mahler series G has radius of convergence

[p|1/27+1/(17‘1)

if p>2 and 4] if p=2. Moreover, for z in the domain of convergence of G,
G@)|=1.

Proof. We use Proposition 2 and Lemma 3 together with the fact
that «, raises radii of convergence to the p™ power. The last statement
follows from the corresponding fact for 4,(T).

Now, set, as Mahler series
I'(2)=—G(z—1)"! p>2

and
I (@=(—-DAGEz-)"  p=2
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where {*} denotes the 2-adic integral part.¥> Itis easy to see that I",(2)
has the same radius of convergence as G and that

®) rym=1 1 &

(,p) =1

for ne N*. Formula (7) now becomes
/\
) = 5, @0 (~CDET) )= (pz+ (17

which can be thought of as a formal version of Euler’s integral representa-
tion of the classical I'-function.
Suppose a € N and

a=a,+a,_,p+---+ap’
where 0<a,<p. Then we set S(@)=a,+a,+ - - - +a;.
Corollary 5.3. Let a be as above and g=p’. Then

(10) V0TV T~*)=G¥(T)

where

Gu@= (=21 [1 6(pz+ 330 a))
1o (GT (G u(- - GTo (G)- - M.
Proof. A Y@l T)T )= 1,0y T @,(T)T-) and
T E(T)) =T (F(T)),

the result follows from Proposition 5, Corollary 5.1 and Lemma 1 by in-
duction.

Corollary 54. G (2)=> 1w (Agn.a!/z") (;)

Proof. This follows immediately from Lemma 1 and (10).

Proposition 6. The function I',(z) satisfies, on its region of converg-
ence, the following functional equations

*  This proof of the existence of the I'-function is essentially the same as that of
Barski, [L] p. 82.
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an Fp<z+1)={"” A lz=1
~Ie <1

and

(12) I@r,(1—2)=(—1)

where I(z) is the unique element in {1, 2, - . -, p} such that [z—1(z)|<<1 if p>2
and I(z)={(z+2)/2} if p=2. (Here {*} denotes the 2-adic integral part.)

Proof. The functional equation (11), for z e N* follows immediately
from (8). Since I",(z) is analytic on a finite union of disks, each of which
contains infinitely many elements of NN, these equations hold for all z in
this region.

Next let H(z)=1",(2)I",(1—z). Then

—H(z) if |z]=1

H(Z+1)=pp(z+l)l"p(—-2)={ H@) if |z|<1

using (11). It follows that for z e N*,
H@)=(=D)*"""H(1)=(—-D*®

where k(z)=(z—[(z— 1)/p])=1(z) mod 2. 'The result now follows for all z
by an analytic density argument as above.

Corollary 6.1. Suppose be Q/Z such that (9q—1)b=0. If
a=(q—1)<{b>, then

Gul— B =" [T T,pb)).
Proof. As
Py —piby =3 r
we have
Gul— B)=(=m% [T (— )T, 1—(pB))
= (= 17w 1 (oY)

where r,=1 if p is odd and r,={(2—{p'b))/2} when p=2. Using the
functional equation (12) where
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r=S,6)+ 3 UCpB) +r0).

Now S,b)=a,+a,+---+a,, where a,=p{p'~'by—{p'b). Hence
(p'by=a, modp. As —p<—a,<0, I({p'b))=p—a, when p>2 and so
in this case r,=1 and ({p*b))+r,=—a, modp. When p=2,

{<2ib;+2}+{2—<221b> }=2+{£2’—}+{:—2ﬂ}5-—ai mod 2.

The result follows in both cases.

HII. Dwork Spaces and Operators; First Proof, p >2

For b e Q/Z, let {b) denote its unique representative in [0, 1). Sup-
pose {(b>=j/m in lowest terms. (In the future when we write an equation
of the form (b) = j/m we will mean that j, m e N and are relatively prime.)
We define the map /,: M—C,[[T]] by setting

L(HYT)=H*@xT™T.
Fix m e N*, (m, p)=1 and set for F e C,[[T]]
D=%+mnT”‘

¢q(F ) =‘l’a(0q(T m)F )

as
Td _ Td
Yy ﬁ—qﬁ ¥y

and

D=exp (-—nT"‘)dLi exp (zT™)

po=exp (—xT ™)y exp (xT™)
we have
(14) ¢oD=qDo @,

Lemma 7. Letbe Q/Z. Suppose (b)=j/m. Then
DI, F=I1,(mT+j)F)  for Fe M.
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Proof. By Lemma 1,
Td
DI, F =exp (——n-T"‘);,_f exp (e T™F*(zT™)T"
Td » ;
=exp (—nl™) —F(zT™)T’
p (—=T™) T (xzT™)

—exp (— 2™ n(TF)=T™) +jE (e T™) T
/\

=exp (—xT™Y(mT+j)F(zT™T’

—((nT + ))F)*(zT™) T,

We define the subspace L, of C,[[T]] to be the subspace consisting of
all power series F of radius of convergence strictly greater than |z|-/™
which satisfy

(13) H(:T)=¢'H(T)

for any m™ root of unity e.

Also let M* denote the subspace of M consisting of all Mahler series
of radius of convergence strictly greater than one. It follows from Proposi-
tion 2 that /,: M*=xL,. We now have immediately from the previous
lemma,

Corollary 7.1. DL,C L, and L,/DL, is one-dimensional.
For the rest of this section we suppose p>2.

Proposition 8. For Fe M,b e Q/Z,{b)=j/m,a=p{b)—{pb) and 71,
as in Section 11 we have

(19) Gl F=1,((T (GF)).

Proof. This is just a direct translation of Proposition 5 into our curr-
ent language.

Thus on the Mahler space, the Dwork operator looks like a twisted
multiplication by —I",(1 +2z)~*

Corollary 8.1. If (b= j/m), (m, p)=1, then ¢,L,, ZL,.

Proof. Let Fe M. It follows immediately from Corollary 5.2 that
7.(GF) has radius of convergence strictly greater than one, as p>2. The
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corollary is thus an immediate consequence of (15) and the fact that
l,: M'—L, is an isomorphism.
At this point we have the commutative diagram
Fy,(GF
Mz 7)Moz ) b1
lpblz lblz
é
L,DpL,, —>*—  L/DL,

where a=p{b) —pb) and {pb)=j’/m. Now for H e M* we have
H(Z)EH(——J;) mod (mz--j)M*.
m

Hence

(1) = gyl (1)) = (1,(7(G))
=1,(7,G(— (b)) mod DL,
=1,(G(—<{pb))(—n)?) mod DL,
=(—1)"G(—{pb»)T? mod DL,

In fact we have

Corollary 8.2. Suppose q=p’, fe N*, and (q—1)b=0¢e Z. Then
the eigenvalue of ¢, acting on L,/DL, is G,_1,(—<b)).

Proof. This follows by induction from the previous result using
the fact that (¢— 1){d)=a;+a,_,p+ --- +ap’™' where a,=
P70y —<p'b).

Theorem 9 (Gross-Koblitz). Letbe Q/Z, q=p’,(q—1)b=0. Then
f-1
g&)=%T[ I,((p'b)).
(Recall

gb)=— 3 4090,

Proof. We will compute the “trace” of ¢, acting on L, in two differ-
ent ways. Set a=(q—1){b).
First we deduce that
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¢, D"T?=q D¢, T’
=g"G,(—(b))T?! mod D"*'L,,

Hence the trace of ¢, on L,, with respect to the “basis” {D"T7}, is

Ga(— <b>)

(6 0GB =11
On the other hand, if we write
0(T)= io A, T"
then
BT )= (3 AT 0)

=37 A(r, k)T
r=0

33

where A(r, k)=A4,,.._,. Hence the trace of ¢, with respect to the “basis”

{Tmr+j} iS

8 8 1
Z A(ka k)::z A(q-l)k+a=—“_gq(b)
k=0 k=0 l_q

by Corollary 4.1. We shall show that, at least for these two “‘bases”, the
trace is independent of the choice of basis. The theorem will follow from

this and Corollary 6.1.

The vector space V,=L,/D"L, has dimension » and the image of
{D*x?: 0<i<n}is a basis for V. It follows that the image B, of {(zT™)'x’:
0<i<m} is also a basis. By (14) and Corollary 8.1, ¢, acts on these

vector spaces and, by what we showed above,

lim Trace (¢,; V,)—= T-le Gou(— (BD).

n—co

To complete the proof it suffices to check that

a7 tim (Trace G V)—3 Ak, k)) —0.
n—co %=0
For this we will estimate this trace using the basis B,. Set
p,= @I

r!
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We have

(V)= i AS, k)'r! y, = (i A(r, k)r! (T))*

=0 g7 kgl \I

Clearly

r! <rT) En_l i!bi<{) mod (mT + j)*

=0

for some b, € Z[1/m]< Z, since the polynomials i! (Il‘) are monic. Hence

using Lemma 7 again
n—1
6, (vi)=> B(r, k)v, mod D"L,
i=0
where

(18) ord, (B, (k, K)— A(k, 1)) 2min (ordp (A_(’.ﬁ))

n.r—-k

Meanwhile, the fact that §,(7") is bounded by one on the disk of radius
| p|*-#/7¢ implies

ord Anzn( p—1 )
qp

SO
ord, (A0 ) > r+a--0P L r—ig —L
n pq p—1

Zr(p—l__ 1 )+ap—1+k< 1 __p—l)
1 p—1 pq p—1  pq

>n(p'_l —L)
o p p—1

for r>n. Since p>2, (p—1)/p—1/(p—1)>0, so the right-hand side of
(18) tends to infinity with » which establishes (17) and proves the theorem.

IV. Second Proof

By Corollaries 4.1, 5.4, and 6.1, to prove the Gross-Koblitz formula
it suffices to prove
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(19) 3y B (= ) S e

r=0

where a=(p—1)<b) and 6 (T)=> 7., 4,T". For this set

20) Gu)=3; Auee (7).

We have seen in Section II that this is a Mabhler series with a positive
radius of convergence if 0<<¢<q. From the relation

Aqr+a+qr! ( ) (r+1)+a.(r+1)' (Z""‘l) T
Pl r r+1 r+1 Z+1

T

We deduce that

a(Z+ 1)—' Aa)'
In particular for a e N, the series G,(z) has a positive radius of converg-
ence. Set A(r, W)=Ag -1y in)
Lemma 9.1. Set a,=(q—1)(b)+n). Then
Go(-—(KB) +1) =G, . (—(KB) +1+ 1) +(1— )40, n).

Proof. let (b>=jlm. Set k=ms-j, s>>0. Then we have the
relation

¢ D(T*)=q¢,D(T").

We shall expand this out. The left-hand side equals

Ms

g Z (kA,+mzrd, YT *=

+k
qr+a,+mﬂAqr+as-1)Trm

i (ms-+7)A(r, )+ mrA(r+1, s+ 1D)TT™+*,

Il

The right-hand side equals

qD(z“: Aq7+“sTmT+k> :é (q((mr+k)Aqr+as+mn'Aq(r_l+as))Tmr+k)
_—_it]((m(r-i—s)-%j)A(r, $)Fmrd(r—1, s)T™ +*.

Comparing coefficients yields
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—(<b>+S)A(r, =A(r—1, S+1)_Q(MA(r, $)+A(r—1, S)) .
T T

Hence

A(r, f)r! (— (<l;> +S)>

T
SO (D)
_A(r—1,s4+D(r—1)! (—(<b>+s+ 1))

n.r—l r—

+ qA(r, Ts)r! (—((b};}-s—{— 1))

T

A(r—1,5) (B> +s5+1
— rﬁr_1 5 (r-—l)!( <r>_1s )).

Now summing both sides from r=1 to oo gives us the lemma.

Proof of (19). Let a=(gq—1)<b>. Then by induction we have

Gol— (B9 =(1-4) 55 40, 1)+ G (— (B +).
As A0, r)=A4,,,,, it suffices to prove
@1 lim G,(—(¢b)+m)=0.

n—oo

From (20), clearly

ord, G, (—(Kb)+n))>min (ordp A(r,n)+ord, r!— d 1)
r=>0 p—-

>min ((qr+an)p
r=z0 p

1 r
ord, r!— )
q T p—1

=min <r<p__.1~—~_1_>+ordpr!
20 r r—1

+nP=Dg=D p—1 )
rq rq

>min (r(p-—l —*1—)
720 )4 p—1

~+ord, r!+n<1 ——-1—-)(1 ——1—))
p q
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As r((p—1)/p—1/(p—1))+ord,r!>—1/2 for all p, this last expression
tends to infinity with » which proves (21) and so also the Koblitz-Gross
formula.

V. Final Remarks
Corollary 5.2 implies that for z, 2z’ € Z,

I'(@=r,z) mod(z—z)Z,
if p>2 and

I'(2)=Ty(z’) mod (z—zz’ )ZZ.

From this we can deduce Stickleberger’s theorem for the ‘“leading term”
of the Gauss sum,

80~ 1 a,1-7%,
1=1
where a,=p{p*~'by — (p’b). Another immediate corollary is
g (B)=(g (b)".

We shall now recall the Gauss multiplication formula for the p-adic
gamma function and, as Boyarski recommends [B], derive some of its
consequences for the Gauss sums. For a=(a, a) e Z,XZ and x e Z}
we set

x¢=(xP"")sox1 g Z¥

so that (x, a)—x® is a bilinear, bicontinuous pairing from Z} X(Z,X Z)
into Z¥,with Z given the discrete topology. Clearly x*=x"*modp. We
consider Z as a subgroup of Z, X Z embedded diagonally. - Also set

d=({p—Da,+a e Z,
If n ¢ Z such that na, ¢ Z, then
(xa)n=xna.’.

Next for be @, let (b), denote its unique representative mod Z, in
[0, )N Q. Finally, for x € @, we set

4G =(4,09, A= (*"1=(*=0)  p(*=D))
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so that A’(X)=((p—1)/p)(x—1)+<{(x—1)/p). Clearly, A(x) is continuous
inx. v
Theorem 10. Letne N, (n,p)=1. For x € Z, we have
n=1 3 n—1 »
11,3 =, 1T 1 L)oo
i=0 i=0 n

n

Moreover,

@ T 1u( L) =rua =1y
1=0 n

where r, =3« ;cn2 1(j/n), with I as in Proposition 6.

Remarks. First if p=2, equation (22) still makes sense since, in this
case, {(n—1)/2>=0. Second, as Boyarski points out, it is not difficult to
deduce these equations from the others already proven. Indeed, if one
sets

1 Fp(x-}—i)

n

¢n(x) = mpp(x)

2

for x € Z, one obtains
Pa(X)= (O~ =, (O)n= 4=

for x e N, easily from (11). This equation remains valid for all x € Z, by
continuity. The evaluation of ¢,(0) is accomplished using (12). Finally,
using (12) again we see that

I(1/2) = (= e +n.

As I',(1/2)=((p—1)/2)! mod p, this determines it. In fact it follows
from the analytic class number formula [M], [C] that

I (1/2)=(—1)rmns
when p=3(4) and p>3 and if p=1(4),
Fp(l/Z).—:.(_1)(h<p>+1)/zt(5)

where A(d) is the class number of Q(,/ d) and if p=1(4), ¢ is a funda-
mental unit of Q(y/ p)ZC, which is greater than one in some real embed-
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ding. Also here and below, for an integer k € C,, we set (k) =1(k).
The following identities include those of Hasse-Davenport [H-D],
Dwork, Langlands [B], and Kubert [Ku].

Theorem 11. Let fe N*, g=p’,be Q/Z,d e N*,(d, p)=1 such that
(g—1)db=0. Let SCTQ/Z be a set of representatives for the orbits of the
subgroup of (Z|(q—1)dZ)* generated by q acting on b-+-(1/d)Z|ZZQ/Z.
For s e S let o(s) denote the order of the orbit containing s. Then
(23) sTeIqum(s)zgq(db)t (D@D — p)*'$4(0))

where / — p =g ®~b7,

Note that Theorems 9 and 10 imply

(/= P Ba(0)= (= 1 H(—p)f g (1200,

with r, as above.
Taking b=0 in the above Theorem we get

Corollary 11a.
T 8acol®)=(/= P80
§#0

and when g=1(mod d) this equals

1\ X@-1/2)
(= Deve(((d— D2~ [(d— D/2D/2)gH* D" g Q<—2‘) '

Proof. The second part of the corollary follows from the identity:
g(Ng(—5)=(—1) D¢y
if se QZ, s+0, (g—1s=0.
Before we begin the proof we need several lemmas.

Lemma 12. Letaec Q/Z,de N*. Then

d—-1 l
Lr{(ar )
I'({day)
where B(x)=[(r(x) —x)/p]-+[—r(x)/p]l—[—x] for x € Q* N Z, where r(x) is

— po(d(ay)d™s<o
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any element of Z such that |x —r(x)|<1.

Proof. This is an easy consequence of (11), noting that, for
x e Q*NZ,, Blx)=4{i: 1<i<x, iz£x mod p}.

Lemma 13. If x e R, > {2} {x+(i/d)) = {dx) +(d—1)/2.
Préof. The proof is straightforward.
Lemma 14. Withb e Q/Z, g=p’, (g— 1)b=0, we have

{pby=p{qby—p <—(q_1;&>.

Proof. Write {pb)>=n/(qg—1) with 0<n<g—1. Then the right-
hand side equals

<p(q-—l)> <> <p p(q——l)> <>_ 1

since n/p+n/p(g—1)<1.

Lemma 15. With notation as in the theorem.
5 AP =T BEBY).
Proof. Taking r(d{p°b))=(1—q%d{p'b), we have
B@(pey = C=DEED | [CEED |- agpny)

Suppose

<pib>= a+a,p+ - :i’ ‘i’ladf—lpdf_l
q —

with 0<a,<p. Define a,, Vi e Z, so that a,, ,,=a,. Then we easily de-
duce that

B({p'by)= [p—@]+[ d{g°p* B3] —[—d{p'b)]

S o RS CR RN

+d{(p*")*b) —d{q°p'"'b)
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where (p*~)*=p*-1if i>0 and p’ !, i=0, using the fact that
(d{cby—d{q%ch)) e Z.

=15

Thus

@4 Z B(d{p'b))=

Jd(Z wmy- 3 @)

I cM‘

I

W] a8~ Ca'p7b)).
p

o,
i
o

On the other hand,
s iy P—1 i d{p'by—1\ _p—1
Ape)=2=L &ty ((KPD=L) =L
— p——l d<pib>_<(qd-—l)d<pib>>

_[ : ]+d< (p'b> — <(q —1)<p’b>>)

The lemma now follows from Lemma 14 and (24).

Lemma 16. With notation as in Lemma 15,

iz _ =
AP — f(J)@-Daw) TT JAwio),
i ORI

i=

Proof. Since (g—1)A4,(d{p'b)) e Z, it follows from the previous
lemma that the ratio of the two sides is a (g— 1)* root of unity. We
only have to evaluate it mod p. First,

d4 =44 mod p

and
iy /A pthy — 1\ __ da_,
A(d{p'b))y=p{——~F—) =—p{—* dp—1.
(<p>)p< » >p p<p>m0p
Second, from this and (24), we see easily that
5 BB — 5 AP
EZ}[ "]+p<@—>+d(<pf 'b) —<q°p'b))
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=d(Z a7 by a7y mod (p—1)

a__i 1=0 k=
=0 + q*—1

2

= gy - (6 +1) CT et
d(f_l > a_(g—q%p +@—-1 , 0P )

=d(qg—1){gp~'b)=(¢9—1)db) modp—1.
This completes the proof.
Proof of Theorem 11. The left-hand side of (23) equals

o(s)f—1

= 11 (T o)== 0 (1 aacawsy)
u F-1d-1 ; i
== T T (o)
= ] (TP, ()
=" ~¥g (db)$,(0)’ f{jl AP - 4ap 1)

using Theorems 9 and 10, where
M=3S DS S pos L
=3 Se@=00—DT 3 (pb+L)
F-1
N=S8db)=(p—1) 2, <p'dp)

using the definition of S,. Lemma 13 implies

MoN—pd=De=,

The theorem follows from Lemma 16.

Remarks. It seems natural to ask whether or not there are more
multiplicative identities among the Gauss sums, g,(b).

VI. The Frobenius Matrix of Fermat Curves

Because of its importance and because there is no adequate treat-
ment elsewhere in the literature we would like to demonstrate how the
methods of [K] and [G-K] lead to the determination of the matrix of Fro-
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benius acting on the standard basis of the first de Rham cohomology
group of a Fermat curve. We will also indicate, briefly, how the intrigu-
ing argument sketched in [B] can also be turned into a determination of
this matrix.

Suppose K is a finite unramified extension of Q,. Let ¢ denote the
absolute Frobenius automorphism of K. Suppose X is a proper smooth
connected curve over K with good reduction. Let H(X) denote the first
de Rham cohomology group of X. Then there exists a canonical g-linear
endomorphism @ of H(X) called the Frobenius endomorphism. Let Q be
a point in X(K) and U the residue class of X containing Q. Let T'be a
uniformizing parameter on U centered at Q. Suppose now o and v are
differentials of the second kind on X regular on U such that in H(X),
Qo= v for some « € K. Suppose

o=>,bmT"dT|T
and
v=>,cmT"dT|T
on U. The coefficients of these two series are bounded and we have,

Theorem 17. Suppose the class of v is not in the unit root subspace
of H(X). Then there exists a sequence {n;} of integers such that n,—0 and

a=1im pb(n,)’/c(pn,).
Proof. By Corollary 5.9.6 of [K], the coefficients of the series
2. cmT"n
are unbounded, while those of
bm)y T n—a > c(m)T/n
are bounded. Hence there exists a sequence {n,} such that
c(n)/n,— o0
and there exists a constant A such that
|b(n)°/n—ac(pn)/pn| < A.
It follows that n,—0 and

| pb(n,)°[c(pn;) —a| 0.
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This concludes the proof.

Remark. This generalizes and slightly weakens Theorem 6.2 of [K].

Now, we will apply this result to Fermat curves. Let F,, denote the
smooth plane curve with affine model

Uty =1,
over Q, where m is an integer prime to p. Let
@, =uv?(vfu)d(u/v).

Then, {0, ,: 0<a, b, a+b<m} forms a basis of the holomorphic differ-
entials on F,, (even over Z,) and {w,,,: 0<a, b<<m, a-+b==m} forms a
basis of H(F,) (but not over Z, for p<<m). For a real number ¢, {¢) will
denote the fractional part of ¢ and [¢] the greatest integer less than or
equal to t. Let I={(r,s) e I/mZX1/mZ: r+s5+0}. For te Q/Z, {t)
will denote the fractional part of any representative of 7z in Q. For
(r, s) e I we set
e(r, )=r)+LsH) —{r+s)
K(r, $)=(1—({ry+{sp)o
Vr,szK(ra S)wm(r>,m(s)'

Now {v,,,: (r, 5) € I} forms a basis for H(F,) over Z,. (Recall, this means

that v, , is locally holomorphic plus exact over Z,). Moreover for (r, s)
el

Vr,s V0 =0
with respect to the cup product, unless (¢, u)=(—r, —s) in which case
Vr,s'u-—r,-—s:(-—l)s(r,”'

We wish to compute the matrix of @ with respect to this basis.

We follow [K]. We expand o, , at the point x=0, y=1 on F,, with
respect to the parameter x. We find,

@,y = b, (mWuduju
where

b 4
ba,b(n)=(—1)<"—a>fm(7 )

(n—a)/m
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with the understanding, that this expression is zero as whenever (n—a)/m
is not an integer. Now {w,,,: 0<a, b<m, a+b+m} is an eigenbasis for
the obvious action of g, X p,. It follows from this that there exists a
constant «, , € @, such that in H(F,,)

Dy, =y y Wy

where 0<d’, b’ <m are such that a’=pa mod m and '= pb mod m. Sup-
pose w,, is not in the unit root subspace (this is automatic if w, , is
holomorphic). It follows from the previous theorem that there exists a
sequence of positive integers {n,} tending toward zero such that

‘xa,b=lim pba,b(ni)/ba',b’(pnt)'
If we set k,=(n,—a)/m, then k, must be an integer and k;,—— {a/m).

Hence

0y p=lim (— 1)@-DretIce/mly, (<b/”]2 - 1)/(})}5?_?/{’;2;/'"%])

Now this limit was evaluated in [G-K]. More precisely;

Lemma 18. We have

i (G =) /(SPm 1 )
k pk+[p{am)]
as k runs through positive integers approaching — {alm), equals
eAI (1= palmp)I (1 —pb/m))|I",(1—{ paJmy —{ pb/m}).
Where I, denotes the p-adic gamma function,
e= (__ 1)1 +(p-1)¢pa/m)+[p{a/m)]

(note the middle term is considered even when p is odd) and

A =p- e«ﬂ/ﬂt),(b/m})K(a/m, b/m)'l
unless K(pa/m, pb/m)=0 mod p, in which case A=1.

Because the conclusion of the above lemma differs from the cor-
responding statements in [G-K] we will give the proof.

Proof. Since the binomial coefficient (:) is a polynomial in x and
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{pbjmy=p{bJmy —[p{b/m}], the above limit equals:

.o f—h—1 —ph—[p{b/m>]—1
it (~51) /(e )
as h approaches — (b/m) and k approaches —{a/m>. Now,
—h—1 R(+E)!
( k )=(,1) Al k!)

while

(—ph —[p<b/m>]— 1)

pk+[plajm}]
= (— 1)Pr+Inta/m] (p(h+K)4-[p{a/m)1+[p{b/m)]) f
(ph+[pla/mdD ! (pk+[p{b/m)]!

By definition, for positive integers 7,

I (14n)=(— 1) **nlf[nfp] 1 pF/2
Claim: [pla/m)]+[p<b/mY]1<p iff {afm)>+ (b/m ><1 or
1—({pajm)+{pb/m>)=0 mod p.

It is clear that [ p{a/m)]-+[p{b/md]<p if {a/m}-+<{b/m)><1. There-
fore suppose {a/m)-+{b/m>>1. We may assume 0<a,b<m. Write b=
m—a-c with 0<¢c<a and

pa=nm-+r
with 0<{r<m. Then
pb=(p—mym+pc—r.
Now pm>pa>nm-+-r>nm, so p> n. Also
—m<pe—r<pla—1)—r=nm—p<(p—1m.

Hence [p{a/my]+[p{b/my]1<p iff pc<r, {pajm)=r/m and {pb/m}
=14+ (pc—r)/m iff 1-—-({pa/m)+ pb/my)=0mod p. This establishes
the claim.

We now see that the A, k term in the above limit is equal to the
product of
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(__ 1)(1)—1)h +[pla/my]

A(— 1)t +pUe+ )+ [p¢a/md]+ po/md]p = (2 + )
X I'p(1+ph+k)+[pla/m)]+[p<b/m)])~

(= 1)trenelece/miph " (14 ph+-[p{a/m)))
and

(— D)t rrirte®mIpt P (14 pk+[p<b/m)])
where A=1if {a/m) + (b/m) <1 or 1 —({ pa/m} +{pb/m})=0 mod p and

pi(l+h+k)
otherwise. Hence finally the A, k£ term equals
A(— 1)+ @D+ iaca/m)

times

I'y(1+ ph+[pla/m)DT,(1 +pk +[p<b/m)])
I' (14 p(h+k)+[pla/m)]+p<b/m)])

Sinee [, is continuous, this converges to the limit given in the state-
ment of the lemma.

Corollary. We have,
@q,p=ApI" (1= pajm))" (1= pb/m))/I" (1 —({ pajm) +{ pb/m}))
with A as in the lemma and
(= (— 1)+ @-Dwa/my+orm)
Note that this is just —1 if p is odd.
We have;
Theorem 19. In H(F,)

@Vr,szﬁr,s”pr,ps

where

I'(p(r+5)))
I () (Kps))

‘Br,s =5r,sp5(_r’~8)

where
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¢y, =(— 1) when p is odd and
£y, = (— 1)+ E+CD when p=2.
Lemma 20. Suppose (r, 5) € I such that K(pr, ps)=0mod p, then
K(pr, ps)=pK(r, 5)
and
e(pr, ps)=¢(r, 5).

Proof. The last statement follows immediately from the previous
one. Now write

pLry +pdsy=[prl+[psl+{psy+<pr>
=[pr]+I[ps]+1+K(ps, pr).

Hence our hypothesis implies
[pri+[ps]+1=0 modp.
But 0<[pr], [ps]1<p, [pr]1+[psl=p—1 which gives the lemma.
Proof of Theorem. From Proposition 6, we have
I =Lpry)=(—=1“*™ I pry)
I' (1= psy)=(— DI ({ps))
and

Iy(1={pry = psp)= (=D @ (Cpry +<ps))
=(— 1)@ (L p(r4-5))) when K(pr, ps)=0mod p

and
=(— 1)t K (pr, ps)I" ({p(r +5))) otherwise.

From this, the corollary, the previous lemma and the definition of v, ;, we
deduce the theorem for v, , not in the unit root subspace except for the
sign, which at this point equals:

(__ 1)1 F@-D P +{pe)) + LD +{ps)) + L{PTY) + L (KDSI) +j(pmw),

where j(r, s)=1 when K(r, s)=0 mod p and 0 otherwise. To get the sign
in the above simple form we need
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Lemma 21. Let (r,s) e l. Then,

(i) I(1—r)=p—I(r) mod 2

(ii)) IX)=l(x—1)+(x—1) mod2 ifp=2

(i) 1((pry+<psH)=I(p(r+5)))+<(pr, ps)+i(pr, ps) mod 2
() Ip(r+))+1(pr)+ 1 psy)=1+-¢(r, s)+e(pr, ps) mod 2.

We leave the proof, as well as the deduction of sign, to the reader.

Now by duality we have

‘Br,s‘B-r,—s:(_ l)e(r,s)+e(pr,ps)p.

The theorem in general follows from this and the previous lemma, since as
we mentioned earlier the holomorphic differentials are not in the unit root
subspace.

We will now indicate, briefly, how the argument sketched in [B] may
be turned into another calculation of this Frobenius matrix. This calcula-
tion is analogous to the classical proof that the Beta function is a product
of Gamma functions. Unfortunately, while the proof uses results which
should be standard in p-adic analysis, like the Kunneth formula, it is very
difficult to extract them from the literature. We will only explain the
heart of this computation.

Let A,, denote the affine Artin-Schreier curve given by the equation;

XP—x=a™

The key to the following computation is the following correspondence be-
tween 4,, X 4,, and F,, X A,,. We represent 4,, X 4,, by the equations:

xX?—x=a™, y*—y=>b"
and F,, X 4,, by the equations:
umovr=1, z? —z=c".
Finally, we let W denote the fiber product of 4, X 4, and F, X A4, over
the a X b plane via the equations
a=cu, b=cv.

Now we don’t want to consider all of any of the above surfaces, but rather,
certain rigid subspaces of them.

First, we let A% denote the affinoid subdomain of 4,,, where |a|<1
(in the co ordinates x? —x=a™). We also let F?, denote the affinoid sub-
domain of W where |ul<1. Let W° denote the affinoid subdomain of W
where |u|<1 and |c|<1. Let f: Wo—A) X A4S and g: W°—F) X 45,
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denote the natural maps. Let §(T)=6,(T) be the Dwork exponential
defined in Section II. Now set
p{a)=0(x)a"dala
and as above
o, ;=uv(v/u)d(ufv).

Then, 7,(a) is an overconvergent differential on A% and of course w, , is
an overconvergent differential on F?. (We use the corresponding nota-
tion for our other presentations of 4,,.) The following is the analogue of
the change of variables argument in the classical theory of the Beta func-

tion.
Lemma 22. As overconvergent differentials on W°,
f*(ﬂr(a) AN 775'(b)) = g*(a)r, VAV S ()X
Proof. On W°,

S*(@) N\ (b))=0(x)a’daja /\6(y)b* db/b
=0(x)(cu) d(cu)/(cu) A\ O(y)(cv) d(cv)/(cv)
=u" v (VW) dw/v) \O(x)8(y)c™**dcfc.

To complete the proof, it suffices to show that 6(x)8(»)=6(z), and since
these are overconvergent rigid analytic functions on W it suffices to check
this on an open subset of W° The open subset we will consider is the set
U where |z|<1. On U we also have |x|<1 and |y|<{1. Hence on U,

8(x)6(y)=exp (x(x — x)) exp (a(y — "))
since exp (zT') converges on the open unit disk, and this equals

exp (— na™) exp (— nb™) =exp (— n(a™+b™))
=exp (—n((c)™ + (cv)™))=exp (—rc™)=exp (n(z—z7))=0(2),
as required. This completes the proof.

To obtain the Frobenius matrix from this, one has to interpret the
above differentials as dagger cohomology classes. Suppose 0<{u<2m,
u=£m, is an integer. By an elementary computation,

Nu== S(“)’?mu/m

where
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Suy=1 if u<lm,

=a'Kumy—1) if u>m.
For an integer u let &’ denote the least positive residue of pu mod m. Sup-
pose, in the following, that r, s, ¢ are positive integers such that r, s, t <m,
r4-s#m. By comparing the dagger cohomology of 4%, with the spaces L,

of Section IIT and using the computation atter Corollary 8.1 (see [L] Chapter
16) we see that as dagger cohomology classes on A4,

Dy =, 7
where
= —pI" 1=+ fm)]z "7,

It follows from this and Lemma 22 that as dagger cohomology classes on
W° we have on the one hand

Dg*(w,,: \1/(c) =g*(P(w,,, A\1/c)))
=g*(Dw,,; \Dy,(c))
=8%(B:,:@,1,0: Nt,7,,(C))
= B,,:0,8*(0rs,5: A\ 7,/(C))

where 8§, ; is as above, while on the other hand,
Dg* (@, ,s A\, (D)= Df *(1.(a) N\ 1(b))
=a,a,f*(1,/(a) /\1,/(b))
= arasg*(a)r’,s’ /\777’ + s'(c))'

Taking t=m{(r+s)/m) and putting these formulas together we see that,
in cohomology,

(‘Br,s - Saras/at) ‘ g*(wr’ 87 /\ 771:’(0)) = 0
where
S=S(r"+5)/S(r +s).

Theorem 19 follows immediately from this once we know that
g*(w,r,5- A7.(c)) is not exact. But this follows from the Kunneth formula
and the fact that g is a finite morphism.
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