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§0.1. Introduction

The aim of this note is to study quadratic equations for abelian
surfaces embedded in P, by a linear system coming from a (2, 4)-polariza-
tion.

The motivation was the work of Adler-van Moerbeke [AM1, AM2]
and Haine [H] on certain cases of geodesic flow on SO(4) leading to
integrable Hamiltonian systems. The integration of these systems takes
place on affine complete intersection surfaces in C®, which are affine parts
of abelian surfaces. Of course, when extended to P, these surfaces must
be singular at infinity, because abelian surfaces are not simply-connected
and therefore cannot be projective complete intersections. So it is quite
interesting to understand what makes the affine surfaces complete inter-
sections, and perhaps to look for a classification of all such examples,
which at the moment is quite obscure.

The case to be treated here, case I from [AM2], was first understood
geometrically by Mumford [MS]: The smooth complete model 4 of the
surface lies in P, the hyperplane sections providing it with a (2, 4)-polari-
zation. A is then projected to P, with singularities arising only along
a hyperplane. Haine [H] has shown that 4 in P, is described by six
quadratic equations. Haine also identified 4 as Prym variety for a
double cover D—E, D of genus 3, E elliptic, which naturally arises from
the geometry of the quadratic equations. He obtained this result by
computing period matrices.

In this note we apply Mumford’s technique of the Heisenberg group
[EDAV]. Its symmetries almost completely determine the quadratic
equations for 4ACP,. In fact, in the space of all quadratic polynomials
there are three particular 4-dimensional representation spaces for this
group, each consisting of two copies of a 2-dimensional representation.
The 6-dimensional space of quadrics vanishing on A4 turns out to be a
sum of three isotypical components, one in each of the three 4-dimen-
sional spaces. The choice of the three isotypical components means the
introduction of three projective parameters 1;: y;, the three moduli of A.
These three parameters are analysed carefully and it is proven that they
belong to an abelian surface if and only if for j£k=1,2, 3

lpy#F £ h g O Ay

The coarse moduli space of our abelian surfaces (with level structure)
thus is identified with an open set in P, X P, X P,. Under the simultaneous
embedding the 2-torsion points have nontrivial monodromy, so we do
not obtain a fine moduli space in this way.

Haine’s isomorphism A=Prym (D/E) is reduced to standard geo-
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metric constructions: In the space P, parametrizing quadrics through 4
there appears the Kummer variety KV of the dual surface 4V parametriz-
ing (in general) all quadrics of rank <4. Haine’s curve E lies on KV,
and D parametrizes the pencils of P,’s contained in these quadrics. In
the usual way (Reid, Tyurin, Beauville) associating with p € D the class
in Pic(4)=AV of the pencil on 4 cut out by the P.’s, one obtains a
geometric map D=—>4V. That this map induces an isomorphism of
Prym(D/E) with A (and not AV) is a fairly general property of genus-3
curves D contained in abelian surfaces. This is shown in Section 1,
where it is also observed that these curves D are exactly the curves
admitting a 2:1 map onto an elliptic curve. (This is very obvious, but I
do not know a reference.)

This paper is quite lengthy, the reasoning is sometimes very explicit
and never very deep. But I hope that it can be used as reference for
abelian surfaces with (1, 2)-polarization. Almost all the theory of abelian
varieties deals with principal polarizations. From a geometric point of
view, however, those varieties deserve the most attention, which have the
simplest geometric realisations, i.e., lowest degree of the embedding
projective space, preferably quadratic equations. I do not know, whether
from this point of view principally polarized surfaces are simpler than
those considered here.

Convention. The base field (denoted by k) of course has to be
algebraically closed. Usually it suffices for my purpose that its charac-
teristic does not divide some obvious integers. But at a few points I use
transcendental arguments. So it is safer to put k=C.

§0.2. Polarizations

This section serves two purposes: to recall some basic facts on
abelian varieties from [EDAV] and at the same time to introduce some
notation.

By an abelian variety 1 do not mean a group (with a distinguished
origin) but a homogeneous space 4, on which its translation group T(A)
acts. The action of ¢ € T(A) is denoted by x~>tx. For de N, by T,(A4)
we denote the d-torsion subgroup of T(A). The dual variety of Ais AV:=
Pic’(A4), the group of line bundles on A, algebraically equivalent to zero.

Now let # be an ample line bundle on A. Associated with & we
have the following objects:

1. A finite group T(¥)={t e T(A): t*¥~%}. The isogeny T(4)
—AY, t—> L 'Qt*#, with kernel T(A) is called the polarization defined
by Z.
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2. A group G(¥) of bundle automorphisms of .#, which consists
of liftings 7 of translations ¢ € T(%), see [EDAV, p. 289]. It fits into an
exact sequence

l— > k*—>G(L)—>T(L)—>0.

3. A skew-symmetric bilinear form e* on T(#) with values in k*.
It is defined as follows: For ¢, t,e T(Z) let 7, f,e G(&) be liftings.
Then e?(t,, t,):=F4Li'i;"

4. A representation of G(%) on the vector space H(%).

Now fix a T,(A)-orbit on A4 (consisting of 2?44 points) and denote
by ¢ the involution of A having exactly these points as fixed points. The
bundle & is called symmetric, if *¥~.%. In this case we can consider
the extended translation group ET(L)=T(Z)X{¢), the extended auto-
morphism group EG(%), which again is a central k*-extension of ET(%),
and the representation of EG(%) on H(Z).

All these objects were identified by Mumford [EDAV] as follows:

1. T(%) is of the form K®K, where K denotes the dual group
Homy(K, k*) of K [EDAV, Theorem 1, p.293]. Let d,, ---,d, e N be
the elementary divisors of K, i.e., K :K:Zdl@' --®Z,, and d,|d,,, for
i=1,.--,k—1. Then

5"—1, ) 1’ dl, .t 7dk
N i’
dim (4) -k

is called the zype of # (or of the polarization).
2. G(&) is isomorphic to the Heisenberg group G(6) defined as
follows: As a set, G(8)=k* X KX K. On this set the group law is

(a, t, 1), ', Iy =(a-o - I'(t), t+1, I+1")

[EDAYV, Corollary of Theorem 1].
3. It follows now that

eg((tu 11), (t27 12))=12(t1)/l1(t2)-

In particular e“((¢,, 0), (0, 1,))=/(t,) is the natural pairing K X K—k*.

4. The representation of G(¥) on HY¥) is isomorphic to the
Schroedinger representation of G(0) defined as follows: Let V(d) be the
vector space of all k-valued functions on K=Z,®---®Z,,. On V(5)
the group G(d) acts by

(e, £, D)X= 1(x)-f(t+x),  fe V(o)
[EDAYV, Proposition 3 on p. 295 and Theorem 2 on p. 2971.
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Notice that the type d of .# determines the self-intersection
FLimA=pld.-..d,
hence by Riemann-Roch we have

h°(g):%gdim=dl. ceed,

and this is just the dimension of V(4).

If % is symmetric, ¢ can be lifted to an involution 7 on %. The
bundle % is called totally symmetric, if 7 acts in the same way over all
fixed points of ¢, i.e., if we may assume 7|.#,=+1 for all ae 4 in the
distinguished T,(4)-orbit. If, e.g., &~ #%* with symmetric .#, then &
clearly is totally symmetric. If Z is totally symmetric, the isomorphism
G(Z£)=~G(6) can be chosen in such a way that for all g=(a, t, /)

igi=(a, —t, —1I)

[EDAYV, Remark 2, p. 318]. So EG(¥)=~ EG(5), where EG(6)=G(5) X Z,
as a set, with the group structure defined by the formula above. And the
representation of EG(%) on H(%) is equivalent to the representation of
EG(d) on V(8) obtained from the Schroedinger representation, by letting
7 act as

ENEx)=f(—x), feV(©)
see [EDAYV, Inverse formula, p.331].

§ 1. Polarizations of type (1, 2)

1.1. Divisors defining the polarization
Let A be an abelian surface. Several times we shall use the follow-

ing simple:

(1.1) Lemma. If C, DCA are curves with C-D=0, then C=3  E,,
D=>F,, where the E;, F,C A are elliptic curves, all algebraically equi-
valent to each other.

Proof. 1t suffices to consider the case that C and D are irreducible.
After applying a translation to D we may assume C () D==¢. This implies
C=D, because C-D>0 otherwise. Now C?=0 implies that C has
arithmetical genus 1, so C is elliptic, because 4 does not contain rational
curves. O
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Next let % be some ample line bundle on A with self-intersection
¥.¥=4. The polarization defined by .# necessarily is of type (I, 2).
Since K(&£)=2, there are effective divisors defining .#. The following is
a complete list of curves D with D*==4, that can lie on an abelian surface:

(1.2) Table of curves D with D*=4:

a) smooth connected of genus 3,

b) irreducible of geometric genus 2, with one double point,
¢) E+F with E, F elliptic and E-F=2,

d) E--F,+F, with E, F,, F, elliptic and E-F,=1, F,-F,=0.

Proof (That this list is complete). If D is smooth, then D is con-
nected by (1.1) and g(D)=3 by the adjunction formula. If D is irreduc-
ible but not smooth, then its normalisation D cannot be rational or
elliptic, so g(D)=2 and D has exactly one double point.

If D=E4-F is reducible, then E-F>0 by (1.1). From

1 1
—E*+ —F*+E.-F=2
2 + 2 +

we find that

—either E-F=2, E*=F*=0. So E, F are irreducible elliptic (case c)
or one of them is reducible (case d)

—or E-F=1 and say E*=1, F?*=0. Then F is irreducible elliptic and
under 4—A/F the curve E is projected onto the elliptic curve A/F
with degree 1. Then necessarily E splits into two elliptic curves,
one meeting F and one disjoint with F. This leads to type d. O

Notice that in case c) the surface A admits an isogeny onto a product
of elliptic curves and that the polarization. of A is the pull-back of the
principal product polarization.

In case d) the surface A itself is a product E X F with =0 ,(E42F)
and the polarization is a product polarization. This case leads to so
many exceptions that from now on we take:

(1.3) Assumption. The line bundle ¥ is not isomorphic to some
O (E+2F) of type d.

1.2. The pencil |.#| on 4
Let & be asin 1.1. By Riemann-Roch 4%(#)=(¥%/2=2, so |.Z| is
a pencil. Table (1.2) and Assumption (1.3) imply:

(1.4) The pencil |&| has no fixed component. In particular (by
Bertini’s theorem), its general member is irreducible.
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The translation group T(¥)=~Z,X Z, has order 4. The base of the
pencil | &| is invariant under T(%) and consists of at most #2=4 points.
This proves:

(1.5) The base locus of | Z| consists of four distinct points ey, - - -, e,
Sforming some T(ZF)-orbit. No curve D e || is singular at one of these
base points (because then ¥-D>5), hence the general D ¢ |.Z|is smooth
(Bertini).

Notice, however, that | #| always contains singular curves too: The
surface obtained from 4 by blowing up e, - - -, ¢, has Euler number 4.
If all De|#| were smooth, by [BPV, IIT Proposition 11.3] this Euler
number would equal e(P,)-e(D)= —8, a contradiction.

If D=F+Fe|#|is a carve of type c), not all the four points
e, -+,e, can lie on E: In this case tE=EF, tF+F for some t e T(¥),
and

O(tF—F)=0,(E+tF—(E+F)=%Q% =0,

a contradiction. So the distribution of e, ---, e, on E-+F is as in
Figure 1.
e e
: E
€y e, £
Figure 1
Now let ¢: A—A be the involution with fixed points e;, -- -, e, and 12

other points e, - - -, e,; forming a T,(A)-orbit altogether.

(1.6) Proposition. & is symmetric, i.e., *¥~=L. Infact (D=D
forall D e | Z|.

Proof. Tt is known that ¢D is algebraically equivalent with D. (This
holds for any divisor D on any abelian variety.) In particular, :D-D=4.

But at the base points ¢,, - - -, e, the involution ¢ does not change the
tangent directions. So ¢D=D for all D e ||, because otherwise ¢D-D
>35, a contradiction. I

The involution ¢ can be lifted to ¥ as an involution 7 in two ways
differing in sign. For each section s ¢ H(%) we therefore have is= =+s.
We distinguish one lifting 7 by the property that it should act as +1 on
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the fibre of &% over e; (not a base point of | #|). Then clearly zs=s for
all s e H(%):

(1.7) The involution ¢ can be lifted to & such that on H'(Z) it acts
trivially. (The action of EH (%) on H%(#) therefore is isomorphic to the
Schroedinger representation of EH(1, 2).)

If s e H(¥) vanishes at some point e;,, 5<i <16, then by [EDAYV,
Proposition 2, p. 307], it vanishes there to an even order. This shows:
Any D e | .Z| passing through some e;, 5<i <16, is singular there.

If D e |.%#| is smooth, ¢ has exactly four fixed points on it. By the
genus formula the quotient D/¢ is elliptic. The genus 3-curve is thus
doubly elliptic: it admits a 2:1 map onto an elliptic curve. This map has
four branch points (namely e, - - -, e,). The covering involution is called
an elliptic involution.

1.3. Doubly elliptic curves
The aim of this section is to prove:

(1.8) Proposition. For a smooth genus-3 curve D the following
properties are equivalent:

1) D admits an elliptic involution iy.

ity D admits an embedding into an abelian surface A.

For the proof we need the elementary:

(1.9) Lemma. If a smooth genus-3 curve admits an elliptic involu-
tion iy and a hyperelliptic involution i,, then iy(x)==i,(x) for all x € D.

Proof. The product of the two double covers defines a birational
map of D onto a curve D’ C E X P, algebraically equivalent with 2(E X pt)
+2(pt X P). From the adjunction formula one computes deg w, =4,
hence D—D’ is biregular. But any x e D with iz(x)=1i,(x) would cause
a singularity on D’, O

Proof of Proposition (1.8). In view of Section 1.2 we must prove the
direction i)=>ii) only. So fix a double covering n: D—E onto an elliptic
curve E. Let ¢, D be some branch point for = and embed D—J:=
Pic’(D) via p—0O,(p—e,). Further, use x,=me, to identify E—Pic%(E)
via x—0z(x—x,). Then we have a natural injection z*: E—J. We put
A=J[z*E and consider the map

dz*+E
@: D=—>J2T 5 4.

We claim ¢ is an embedding. To show that it suffices to prove:
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a) ¢ is injective,

b) o(D)-¢D)=4.
Indeed, b) implies that ¢(D) has arithmetic genus 3 and by a) this is pos-
sible only if ¢|D is biregular.

Proof of a). 1If p,q e D are points with ¢(p)=¢(g), then O,(p—q)
=g*0z(x—x,) for some x € E. There is some y € E such that 0z(x—x,)
=04,(zp—y). Then putting n*y=r +4izr we find

Op(p—q)=0p(p+igp—r—iz(r)), ie.
Op(r +igr)=0,(q+izp).

By Lemma (1.9) this implies g =iz(izp)=p.

Proof of b). By definition 4 has a distinguished origin 0, and a
group structure. Denote by ¢ the involution a— —a. Then we have the
equivariance ¢«o(p)=g¢(i;p) for all p € D, because

Op(p—p)®0(ixp—p)=0(p+izp—2p,) € n*E.

We compute ¢(D)-¢(D) as the number of points in ¢(D) N ¢(p(D)) for a
general translation ¢t e A. The map ¢(D) X ¢(D)—>A sending p, g to ¢(p)
—(q) is surjective. So we may take t=¢(p)—¢(q) with p, g € D, g+¢p,
Op(p+¢q) F @0, (—r—cr), r € D, for any hyperelliptic involution i that
D might have. Then the elements in (D) N (D) are the points ¢(p’),
p’ e D, for which there exists ¢’ € D with

Op(p’—q)=0,(p—q) modulo 7*E,

i.e., Op(p+eq+ep’+q’) € n* Pic (E).

If p+cg+ep’+4q’ is not a canonical divisor, by Riemann-Roch
O, (p+eq+tp’+q’)=2 and its class can belong to z* Pic (E) only if the
divisor itself is of the form z*(x+y), x, y € E. In this case z*(x+y)=
p+ep+q-+eq, and we find p’=p, q'=q or p’=tq, ¢’ =¢p. On the other
hand, 4%(w,)=3 implies the existence of a canonical divisor of the form
p+tg+r+s, uniquely determined by the assumption on p and ¢ and r #¢s.
If p+cq+cp’+q’ is this divisor, then p’=¢r, ¢'=s or p’ =¢s, ¢’ =r.

Altogether we count four pairs (p’, g’). O

D may admit several elliptic involutions inducing several embeddings
into abelian surfaces.

(1.10) Proposition. The embedding D=—>A is (up to a 2-torsion
translation) uniquely determined by the property iz=1|D.
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Proof. Let ¢': D—A’ be another embedding into an abelian surface
A’ such that i, extends to an involution ¢/ of 4’ with 16 fixed points. By
the universality of jacobians there is a unique morphism J—4 such that

D—J
q,\ /
A/

commutes. For the same reason the involution i, extends uniquely to an
involution j of J covering ¢/. Since j|z*E =id, z*E is contained in the
kernel of J—A’, i.e., ¢’ factors through ¢. But since ¢/(D)C A4’ is smooth,
the induced epimorphism 4— A’ is bijective.

1.4. The surface Prym (D/E)

Let D be a smooth genus-3 curve and n: D—F a double covering.
As above take some branch point ¢,e D and embed D=—J via p—
Op(p—e)). There is a morphism Nm:J—E defined on the level of
divisors by taking the image under z. The surface P:=(ker Nm)® is called
the Prym variety Prym (D/E).

~
2(—0
3

*
\/
S

3

o
)

o
|
!

O bty
4
3

Clearly Nm o n*: E—E is multiplication by 2. This situation is considered
in great generality by Mumford [M2]. He observes:

(1) The involution iz on D extends to an involution j on J acting
on 7*E as id and on P as multiplication by —1.

(2) PN =x*E is the 2-torsion subgroup (z*E), of 7*E.

(3) The principal polarization of J induces a duality between the
maps z* and Nm and a duality between P and A.

In our case the polarization map p: P—A =PV has kernel (7*E),~
Z, X Z,, so the induced polarization on P is of type (1,2). Now A4 carries
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the (1, 2)-polarization given by @,(pD). These two polarizations coincide
in the following sense:

(1.11) Lemma. The image o(P;) of the 2-torsion points in P coincides
with the group T(0 (D)).

Proof. By (2) both groups have order 4, so it suffices to show
PP D T(O (D)) ={p(e,), - - -, ple;)}, where e, ---,e, are the branch
points of z.

For j=1, 2, 3 consider the curve

4,;={(p, 9) € DXD: Op(zp+rq)=0x(ne;+rey)}.

Via the projection (p, g)~>p it is a double cover of D, in fact it is the
pullback to D of the double cover 7: E—P, (given by the linear system

O (e, + rey)) under the map DLE —r—>P1. Since the branch points of 7 do
not all coincide with ze,, - - -, me,, the curve 4, clearly is irreducible.

Now we fix x; e E, some branch point of 7, and map 4,—J via
;1 (9, )—0(p+q—n*x,). Then

i) 0z(2x;)=04(re;+re,), hence choosing for p, ¢ the two points

over x,, we have (p, q) € 4, and (p, ) =0, the origin of J.

i) Y(zp, igq) +V(p, 9)=0p(z*(zp-+rq) —a*(2x,)) =0, so y(4)) is
contained in P.

iii) Putting (p, ¢)=(e;, &) we find (e, ) =0,(e;—e)R0 ,(2e,—
7*x,;). So the 2-torsion element (e, e,) in P differs from @,(e;—e;) only
by an element in #*E. This proves ¢(e;) C p(P,). |

(1.12) Duality theorem. Let D be a smooth genus-3 curve, n: D—FE
a double covering over an elliptic curve E, and D—A the corresponding
embedding into an abelian surface A (Section 1.3). Then both A and
Prym (D/E) carry a natural (1, 2)-polarization identifying one with the dual
of the other.

This duality theorem is quite basic for my way of explaining Haine’s
isomorphism (Section 5.3). It is illuminating to compare it with the
approach [P] of Pantazis. To do this we perform the following construc-
tion:

We denote by 7 the line bundle on E responsible for the covering
7n: D—E, i.e., the bundle satisfying I ®*=0z(ne,+ - - - +7e;) and 7*T =
O(e,+ - - - +e,). Similarly to the situation above we define

d={(p,q) e DXD: Ox(zxp+29)=T}
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and observe that 4 is an irreducible curve. Then we put DV =4/, where
d is the involution (p, g)<>(g, p). DV is the curve obtained from the tower
(z the map defined by | 7))

D-sE-sp

by Pantazis’ bigonal construction [P, Section 2.3]. The curve DV admits
an involution i} induced by (p, g)<>(izp, ixq) and the quotient DV/i} is
an elliptic curve EV. The induced map EV—P, has the branch points
Trme, -+ -, tme,.  There is one fixed point of iy} for each branch point
t,e E for z. It follows that DV has genus 3 again. Pantazis observes
that DV is isomorphic to P\ W, where W CJ is the theta divisor, i.e., the
image of D X D. In fact, upon choosing a theta characteristic—say =*z,—on
D one may define a map DV—J by ¢v: (p, 9)—0,(p+g—r*t;) and
check (as in the proof of Proposition (1.8)) that ¢V |DV is biregular with
oV(DV)CP. Pantazis proves Prym (DV/EV) is dual to Prym (D/E), which
is another proof for the duality theorem (1.12).

§ 2. Polarizations of type (2, 4)

As before let 4 be an abelian surface and % on A4 a line bundle of
type (1, 2). Unless mentioned otherwise we exclude the product polariza-
tion (1.3).

2.1. The linear system | | and its symmetries
By Riemann-Roch A%(#®%) =8.

(2.1) Proposition [R]. The line bundle £®* on A is very ample, so
the linear system | %% embeds A into P, as a smooth surface of degree 16.

Proof [R]. Let D e |.2| be some smooth curve and CC A4 any trans-
late of D. Since (2D — C)*=D?=4, the bundle ¢,(2D—C) is ample and
MZEQR0,(—C)) =0, cf. [M3, Ch. 6, §2]. Restriction H°(Z%*)—
H°(£®*| C) therefore is surjective. Since deg (£®*|C)=8, the restricted
bundle #%*|C is very ample. Moving C one finds that #®* itself is very
ample. O

£® is of type (2,4). The translation group T(#®?) therefore is
isomorphic to T(2,4)=(Z,x Z,)* and the representation of G(Z®%) on
H(#%% is isomorphic to the Schroedinger representation of G(2, 4).
Since % is symmetric (Proposition (1.6)), #® is totally symmetric. So
also EG(#®?) acts on H(%®?) as EG(2, 4) on V(2, 4) does, see Section 0.2.
We now specify elements of EG(#®%) and a basis for H(#®%):
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Let a3, 0, be generators of Z,X Z,=K and z, z, be generators of
Zz X Z4=K SUCh that

(o) =—1, t0,) =1, o) = (o) =1.

Put ¢:=¢3, r:=73. They generate the subgroup T(¥)=2T(¥®) in
T(£%). As before denote by ¢ the involution on 4 with fixed points
€15+t 0y O

For V:=V(2, 4)=Homy(K, k) we take a basis of the form u,-v,,
j=0,1, k=0, 1, 2, 3, where

u;- Uy(oi, 03) =077
Then EG(2, 4) is generated by

Gy Uy—>Uj Gy Uy—>Uuq
#u——>(— 1)y, £, v,—>ity,

70 UU—>U_U_y,
and we clearly have

[~la %l] = 1: [5'29 ‘7'2] =1,

sy sy [
(0;t=0;", (Tit=7T;".

Under the isomorphism EG(2, 4)~ EG(#®?) the elements 4,, ---, ¢ are
liftings of a,, - - -, ¢ € ET(¥®". For convenience we drop the tildes on
the letters denoting elements from EG(2,4). It will be clear from the
context, whether we are dealing with translations or their liftings.

In the sequel, on P,=P(¥") we shall use the coordinates

X =Up(Vy+0;)  Xy=uy(V;403) Xs=u(Vy— 1) Xy=ue(v;—Vy)

X,=u(Uo+v)  X,=u(U40;)  Xe=1(Vy—0) Xe=uy(V1—Vs)

In these coordinates the action of the extended Heisenberg group is given
by Table 1.

Of course we are interested in these symmetries because they induce
an action of (Z, X Z,)*X Z, on P, leaving invariant the embedded surface
A.

The subspaces {x,=x,=0}, (resp. {x,=:--=x,=0}) consist of
invariants, (resp. anti-invariants) for ;. We denote the corresponding
subspaces in P, by Pg, (resp. P7). As ¢ acts by +1 over e;, -+ -, e,
these 16 points are the transversal intersection of 4 C P, with P;, whereas

ANP;=¢.
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Table 1 (action of EG(#®?)

X X, X, X4 X5 X X; Xs

o X, X, X, X, X6 X Xy X;

g, X, X, X Xy X, X —X — X,
o |1 -1 1 -1 1 -1 1 -1

T, Xs X, ix, X, X, X, ix, ix,
g=ac; | 1 1 1 1 —1 —1 -1 —1
=1} 1 1 —1 —1 1 1 —1 —1
¢ 1 1 1 1 1 1 —1 —1

At any point e, the tangent plane of 4 is c-invariant, transversal to
P;. Tt follows that this tangent plane is the span of e, and P;.

The following proposition shows in particular that each of the four
T(&#)-orbits in {e,, - - -, e} spans a plane in P;.

(2.2) Proposition. Let a,=te, € A and {a,, - - -, a,} be the T(¥)-orbit
of a,. Then

—if t ¢ T(L®?), the points a,, - - -, a, span a 3-space;

—if 't e T(¥®%), the points a,, - - -, a, span a plane.

Proof. Let D e || be a smooth curve and put C=tD. Then
0(C)=0c(a,+ - - - +ay),
g®2®@c('—a1“‘ e —-614)2,?@2@@0(—-6').

This latter bundle of degree 4 is isomorphic with w(C)=0,(C) if and
only if 0,(2D—2C) is trivial, which by A0, (2D —3C))=0 is equivalent
to 0,2D—2C)=0, i.e, t € T(Z®). So,ift¢ T(£®) we have

WEFR0(—ay— - - - —a))=2 and h'(I,,,...u. L2H=4
This shows that a, ---,a, span a 3-space. And if ¢ e T(¥®%, then
P(LTRQ0,(—a,— - - - —a)=3, I - ¥*)=5, and a,, ---, a, span a
plane. O

2.2. Quadrics Q, through A4 of rank <4

By a quadric I mean sometimes a quadratic polynomial, sometimes
the zero-locus of such a polynomial. However, I try to follow the con-
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vention that a polynomial is denoted by a small letter ¢, the correspond-
ing capital letter Q denoting its zero locus in projective space.

In [M4] Mumford constructed quadratic equations for abelian
varieties embedded by a linear system #®* with % ample. The aim of
this section is to show that his construction in our case #%* works too.

For each t e T(4) the line bundle 7, Z®(—1),# is isomorphic to
L2 Let sy, 5, € H (1, %) and 51, s} € H((—1)4.%) be generators and put
fry=s:-5} € H(L)=H'(Op,(1)).

(2.3) Lemma. a) If t¢ T(F®, then fy, - - -, [ are linearly in-
dependent.

b) If te T(L®) then t, L ~=(—1),% and we may take s,=s,. In
this case fi1, [, and fi,= fy;, are linearly independent.

Proof. Assume 3 c,;;f;;=0, explicitly
C11818 1+ C19518 5 €01 587 4 Cap8p53=0.

We assume (¢, ¢,;) (0, 0) without loss of generality. Restricting to the
curve C: 5;=0 (which we may assume irreducible), because of s,| C =0
we find (¢;,5]{+¢,54)|C=0. This implies £, Z~(—1),%. In this case,
if s,=s,

CoufiF CiafioF Confro = C1uSTHCia818, 4 Cop85 =0
implies ¢,;==0 when restricting to s,=0 (ij). Afterwards c,,=0 too.

O
By (2.3) the quadric

2.4 4,=fuSu—fiuSu € H(Op,(2))

has rank 4, (resp. rank 3 if ¢ T(#®%). It clearly vanishes on 4. Varying
t ¢ T(A) we obtain a 2-parameter family of quadrics Q,C P, through A.
In fact, Q, depends only on the orbit of ¢ under the group ET(%), i.e.,
on the image of ¢ in Km A/T(#)=Km AV. LetS,CQ, be the singular
subspace. It has equations fj,=---=f,=0, so it is of dimension 3,
(resp. 4). This space meets A4 where 5,=s5,=0 or s7=s;=0, i.e., in the
base points of £,.% and (—1),.Z.
For t ¢ T(#®% the quadric Q, carries two families of 5-planes

ufi+Ufe =+l =0 (u:v) e P,
i+ Ufu=vf+uf,=0  (u:v)eP,.

The two families cut out on 4 the
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base locus of ¢,.% Upencil |(—1)4.%]
base locus of (—1)..% Upencil |t,.%|,

i.e., essentially the two pencils |7,.#| and |(—1),Z|.
For t ¢ T(£®?), the quadric Q, carries only one family of 5-planes

ufy +uf =+ uf,=0

cutting out on A4 the pencil |£,.Z]|.

Notice that each f;; € H(#%*)=H"0p(1)) vanishes at the four base
points of |#,.%#| to the second order, i.e., the 6-spaces f;;=0 in P; touch 4
at these points. For #=0 in particular we find:

(2.5) Lemma. The singular 4-space S, of Q, is spanned by e,, - - -, e,
and Py.

2.3. Special quadrics Q, through A4 of rank 4

If A specializes such that |.#| contains a curve E 4 F of type c), then
another type of rank-4 quadrics through A4 exists: Take generators
Sy, 5, € HY(OL2E)) and si, s;e H(O,2F)). Just as above one shows
that the four sections f;=s,s; € H(0,2E+2F))=H(%%") are linearly
independent. So

(2.6) Ger =JSuSu—fiufu

is a rank-4 quadric vanishing on 4. Its singular 3-plane S, does not
meet 4. The two families of 5-planes on Qg cut out the pencils |2E|
and |2F| on A.

The curve E +F is invariant under one nontrivial ¢ € T(%)C T,(4),
(cf. 1.2). For all ¢ e T,(4) we have 0,2E)=~0,2(tE))and Q,z ,»=CQzr.
For t € T(A4) we have 0, ,2(t(E)+t(F)))~.#%*if and only if t € T(£%%,
so there are 32=(}7(¥®))/2 translated curves tE-+tF. But for any
16=4#T,(4) the quadrics Q,; ,r coincide. So there are precisely two
quadrics originating from E -+ F and its translates.

(2.7) Proposition. Let QC P, be a quadric of rank <4 and S, its
singular locus. If SoNA=¢, then Q=Q,(x, ur, for some te T(L),
E+Fe|2|.

Proof. Since A spans P,, the rank of Q is bigger than 2. If rank
Q =3, then the pencil of 5-planes on Q cuts out on 4 a pencil |E| without
base points, but such that 2F is a hyperplane section. This would be in
conflict with E2=0. So rank Q=4. The two pencils of 5-planes on Q
cut out on 4 two pencils without base points. By Lemma (1.1) they are
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contained in linear systems |mE], (resp. |[nF|), with E, F elliptic and m, n
>2. Since O (mE +nF)= %% we have 2mn(E. F)-=16. From Table (1.2)
and Assumption (1.3) we conclude m=n=FE.F =2. |

The action of EG(#%") on H(0p,(1)) induces an action on H(0p,(2)).

(2.8) Lemma. The quadratic polynomials q, .. from above are
invariants under EG(%).

Proof. The curve E4F is invariant under one nontrivial element
pe T(Z) but not under some other v e T(¥), (cf. 1.2). So g may be
lifted to @ ,(2¢(E)) and 0,(2¢(F)) acting trivially on the space of sections,:
whereas v lifts with an eigenvector for both eigenvalues +1 on
HY0,2t(E))) and H%02:(F))). We may take s, s,, 5, 55 to be just
these eigenvectors. Then our liftings act as in Table 2.

Table 2
8 Sy s 85 Ju S S oo | fufe—fufa
7 1 1 1 1 1 1 1 1 1
v 1 —1 1 —1 1 -1 -1 1 1

This proves the assertion for G(¥)CEG(%¥), because any lifting of yx, v
as involutions to .#®? is unique up to the sign, and this sign cancels when
squaring the action.

To prove the assertion for ¢, consider first the case E+4Fe|Z|.
Then ¢(C=C for all Ce|2E| or |2F| and we may lift ¢ to 0,2F) and
0 (2F) acting trivially on the space of sections, hence on the f;; and on
qzr. If t € T(L®?), but t ¢ T,(A), then ¢t(E)=(—t)(E) and the same for
F. So¢lifts to ¢,2E) and 0,(2F) with an eigenvector for both eigen-
values +1. Just as above for v we see that this lifting acts trivially on

di(mye(rmy. [

2.4. Quadratic equations for AC P,

The aim of this section is to find a basis for the vector space
H°(1,,p(2)). We use the fact that this space is a representation space for
EG(Z®).

First we consider the action on this space of the subgroup (Z,)’C
EG(¥®*) generated by o, 7, and ¢ (see Table 1). Writing an arbitrary
element of this group as o¢°z‘’, we may denote the eight characters of
this group by

O0,s,t, 7,8+t s+j,t+j, s+t+].
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On the 2 X 2-blocks of the symmetric 8§ X 8 coefficient matrix (g,;) of a
quadric ¢ this group acts by the following characters (see Table 1):

0 t s S+t+j

t 0 s+t s4j

K} s+t O t+j
s+t4j s+j t+j 0

The invariants of this action are the 2 X 2-block diagonal quadrics

B,
g 0

dlag (Bb Bz, Baa B4) = Bs

0 B,
(2.9) Lemma. HI,p(2)is contained in the 12-dimensional space
of 2 X 2-block diagonal quadrics.

Proof. The space H%(I,p,(2)) is spanned by eigenfunctions g for
g, 7, and ¢«. If q is not a 2X2-block diagonal matrix, it has the 2 x2-
block form

qg= 0 1<i<j<4.
J * 0

Since H(I,,p,(2)) does not contain rank-2 quadrics, any such g will have
rank 4. Its singular 3-plane is x,_, =Xy =X,;_,=X;;=0. This 3-plane
consists of fixed points for g, 7, or ¢z, and thus cannot meet 4. By
Proposition (2.7) we have ¢=g,(5),r), and this is impossible by Lemma
(2.8). O

Now we use the remaining symmetries to decompose further this
space of 2 X 2-block diagonal matrices. First consider the group generated
by g, and 7, acting on quadratic polynomials as in Table 3.

Table 3

2 2 2 2
Xyp-1F X3  Xogo1—Xag  Xog-1 Xog

gy 1 -1 1
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It follows that the space of 2 X 2-block diagonal matrices
g=diag(B,, B,, By, B,)

decomposes into a direct sum of three mutually non-isomorphic 4-dimen-

sional spaces:
0 0
81 al)’...’<04 04)301,"'=a4€k}
. (b, 0 b, 0
V"’:{dlag <01 —bl)’ e <04 —b4>: b, -, be k}

0
-~,(C4 8‘*): Cy vy c4ek}.

On each V7~ k* the group generated by ¢, and r, acts as in Table 4.

Table 4
a4 a4 a4, ata, a,+a, d,—d, a;—a;
(P a 4 a 4a a+a, a,+a, ay—a; a—a,
T, a, —a, a, —da, 1 1 1 —1

and each V! decomposes into two isomorphic irreducible representations
of dimension 2. Each ¥/ contains a 1-parameter family V%, (1: p) € P,
of isomorphic representations, e.g.

V%;/t:{ab ce, dyl z(az+aa)+#(a2_a4):2(az+a4)+#(a1-a3)=0}-

Generators are

@y = (3 +x3) — (354 XD + (x5 4+ x5) + 4,037+ x3)
g = — (X3 +x3) + (X3 + x3) + 4,03+ x7) + g (67 +x3)
2.10) for V2, : {113 a6} —x3) — Ap(X3 — X3) + ptal(365 — X5) -+ Ao(x7 — x5)

gu= — (X1 —x3) + (063 — X7) + Aox5 — x5) + p1o(x7 — x5)
5= 2(ptsX Xy — X3, + paX5 X+ 23X Xg)
Go=2(— AsX1Xp~+ X33, + A XX+ phsX1Xs).

I

for Vi,..: {

i

A3ips”

for V3 {

(2.11) Decomposition theorem. There are three projective para-
meters (2;: p,) € Py, j=1, 2, 3, such that

HO(IA/P7(2)) = V§11ﬂ1® ng:/tz@ Vis:ﬂs'



60 W. Barth

Proof. Each V7 contains nontrivial rank-2 quadrics. A4 cannot lie
on such a quadric, so H%,,p,(2)) does not contain a whole space V7,
j=1,2, or 3. The assertion follows if we show A°(I,p,(2))>4. Now
h*(0p,(2)) =36 and h(F®*)=32, so it suffices to prove that restriction

H(0p(2)—>H"(4, £®)
is not surjective. To do this we lift ¢ to #®* and #®* such that it acts
trivially over e,, - - -, ¢;,. Then we have eigenspaces
H(#®")~ of dimension 14 (by 0.2)

(Sym?H(#®%))~ of dimension 12 (cf. Table 1).

The restriction map is ¢-equivariant, but not surjective for anti-invariant
sections. O

(2.12) Proposition. The only quadric Q containing A and singular at
a point x € A is the quadric Q, from 2.2 with te,=x.

Proof. Assume first that ¢ ¢ T(#%?). By Proposition (2.2) the four
translates of x under 7(%¥) span a 3-space. Any quadric ¢ singular at
x will (by its T(%)-invariance, Lemma (2.8)) be singular on this whole
3-space. Q shares this property with Q,. If Q+0Q,, then Q does not
contain a general P, on @, (from any of the two pencils). Then Q inter-
sects P; in two 4-spaces (coinciding or not).

However P, meets 4 in some smooth Ce|t,Z| with #®*|C very
ample, H(¥®")—H(Z%*| C) is injective and

(L% | C)=(£**- C)+1—g(C)=6.

So C spans P; and for Q@+ Q, we arrive at a contradiction.

Next assume ¢ € T(Z®%). By G(Z%%-invariance we even may assume
x=e,. The points e, - - -, e, span a plane in P; (Lemma 2.2), on which
Q is singular by T(%)-invariance. Q contains the tangent plane of 4 at
e;, so it contains the line Py (cf. Section 2.1), hence the P, spanned by
e, ---,e and Py.

On the other hand, Q, is singular on this 4-space. For Q+Q, we
would obtain the same contradiction as before.

(2.13) Corollary. The quadrics Q, from Section 2.2 and Q,zyu(r)
from Section 2.3 are the only quadrics of rank <4 containing A.

(2.14) Theorem. The quadrics q,, - - -, q; generate the ideal sheaf
1,p, at each point x € P,.
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Proof. Any intersection of six hypersurfaces in P, is connected.
So it suffices to show that in each x e A4 five linearly independent quadrics
intersect transversally, or—what is the same—that there is exactly one
quadric singular at x. This is the assertion of Proposition 2.11. O

§ 3. The parameters

3.1. Symplectic automorphisms of 7°(2, 4)

By Mumford’s identification the translation group T(#%®%) is iso-
morphic with T:=T(2,4)=K X K". This isomorphism transforms the
natural skew form on T(#®%) into that on T (cf. 0.2). However this
isomorphism is not unique! It can be changed by any symplectic auto-
morphism ¢ of T. (g is called symplectic if {px, o) =<{x, y).)

Another such identification induces another identification of H°(#®%)
with V(2,4) and finally another embedding A=—>P,. So the different
equivariant embeddings A=—>P, are parametrized by the symplectic
automorphisms of 7. We have to know these automorphisms.

(3.1) Proposition. The symplectic automorphisms of T=T(2,4)
form a group of order 2°-3%.  Generators are e.g. given in Table 5.

Table 5
[ [P Ty T2
(21 1 Ty 1 [ 3
©s 1 05T, 1 1
0N 7 1 g, 1
0, 0.7y 1 1 1
©s 0.0 1 1 1Ty

Proof. T is filtered by the characteristic subgroups
2T (generators ,7) C T, (generators gy, 7y, 0, 7).

The symplectic automorphisms ¢, and ¢, generate Aut (27)~&, whereas
o, and ¢, generate Aut (T,/2T7)=~&,. So there is an exact sequence

1—>L—sAut (T)—>Aut 2T) X Aut (T3/2T)—>1.

Any ¢ e L has the properties
(o)) € 0,-2T, o(ty) € 7,-2T,
90(0'2) eag,- Ty, 50(1'2) ety T
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Hence any symplectic ¢ € L is of the form shown in Table 6.

Table 6
g, [P} Ty To
© 0,0°7° o.0%tl0%c? 7,0°7¢ 7,0{t%7c°

Here all combinations of a, b, ¢, d, a, B, 7 € Z, are possible, so the sym-
plectic automorphisms in L form a (non-abelian) group of order 2°. This
proves the assertion on the order of our group.

To give generators, we define ¢,;., and ¢4 in Table 7

Table 7
g, a, 7, Ty
Qavea 0,0°t° o0l 10°7% r08td
Dapr 1 g,0°c* 1 7,077%
and observe by inspection
§01_1$0abcd501=§9hadc 901_150a,9r§01=50ar5

-1 -1

Do PaveaP2=%Pa,a+b,c,c+d Do PaprPo=Pasr,p+7,7
-1 -

D3 PaveaPs=%Pecdaas

-1 .
904 ¢abcd$04_¢a+ e, b+d,e,de

These relations imply that ;=g and ¢y,=¢; together with ¢,, - - -, ¢,
generate the group. O

An easy argument [HM, p. 65] shows that each symplectic automor-
phism ¢ is induced by an automorphism 7 of V(2,4) normalizing the
action of the Heisenberg group G(2,4). In fact, ¢ lifts to an automor-
phism ¢ of G(#®*) acting trivially on the center k* of this group. Deno-
ting by p the representation of G(#%®%) on V(2, 4), each ¢ induces another
representation g—p(@g) in which the center k* acts by multiplication.
By the Stone-Neumann theorem [EDAYV, Proposition 3] however, such a
representation is unique. So there is an isomorphism 7 of ¥(2, 4) with

0@ v)=Tp(pg)v forallve V(2,4)
ie., o(@g)=7"p(g)r.

This general argument in our case is not necessary. Table 8 shows
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explicitly automorphisms 7,, - - -, ;- of ¥(2, 4) normalizing the Heisenberg
group and inducing on T'(2, 4) the symplectic automorphisms ¢,, - - -, @s.
Here, as usual, I do not distinguish between g, &, p(¢), etc. 1 need this
explicit form of 7,, - - -, 7'; because I want to trace the action of the normaliz-
ing automorphisms 7,, - - -, 75, on the parameters X,=2,/y¢,. (This is given
by the last three columns of Table 8).

Table 8
X, X, X, X, Xs Xe X, Xq
7 1 1 X Xg X, X, —1 —i
7, X, xs  iWix, iWix, x X, ivix, ivix,
Ty | XX —x X, X3-+x, —X+x, X+X —X+X X+Xs —X+X,
. 1 i 1 i 1 i 1 i
s 1 1 1 1 1 —1 1 —1
o, gy T, Ty L= 4 L= 4o L= 44
th Yo Ha
X +1 Lo+1 Z4+1
1 1 1 2 3
n t2 %2 x—1 X — 1 %—1
7, 1 iWite, 1 1 —iX, —iX,  —iX,
7’3 T1 1 — 04 1 Xl X3 XZ
7, ir,0, 1 1 1 2Ly % hA
75 00 1 1 T1Ty Xl xz —1"
Zs

Automorphisms normalizing G(2,4). The action on g;, 7, is conjuga-
tion 7 'e,7, ¥ '7,7.

The resulting symmetries acting on the affine parameters X;=2,/y;
can be described more systematically as follows: The symmetry group is
generated by

—the symmetric group &, permuting X,, X,, and X, (generated by 7, and
7))

—the full octahedral group (of order 48) acting simultaneously on X,
X, and X, (generated by 7;: X~ +1D/X—1), 13: X—iX, and 2—1/X
which is a result of a combination of 7,, 7,, and 7,; the octahedron
has the vertices X=0, co, 1, i, —1, —i).

—three groups of order four acting independently on X, X,, and %,
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generated by 7;: X;~1/X; and [1, 73]t X;—~> —X;.
It is easy to check that the group generated has order 6-48-4-4=
2°.3%

3.2. Degenerations

Here we consider the variety 4 C P, defined by the equations ¢,=- - -
=¢,=0 and specialize the parameters 2,: gy, 4! p, 4;: g5 in these equa-
tions.

Case 1. A=X=2, ==y, but A= +p.
The equations ¢,= - - - =¢,=0 are equivalent to

E: pxi— x5+ pxi+ Axp= — AxX]+ pxg + Axg + px; =0
E': pxi— 23+ pxi4 Axi= — Ax3+ pxi+ Axi+ pxi=0.

Since A% +y, the varieties E, E’ describe smooth elliptic quartic space
curves in the 3-spaces x,=x,=x,=x,=0 and x,=x,=x;=x,=0, respec-
tively. The four equations describe the join J of E and E’, i.e., the three-
fold swept out by all lines joining points of F and E’.

The differentials of the two quadrics defining E vanish along E’ and
those defining E’ vanish along E. The quadrics Q; and Q, contain E and
E’. So A contains two curves along which at most four of the differentials
dq,, - - -, dg, are linearly independent. A therefore is singular along these
curves.

Fix a line LCJ joining the two points

x=(x:0:x:0:x:0:x,:00€e E, x'=(0:x,:0:x,:0:x,:0:x,) ¢ E".

On it the two quadrics ¢; and g, are proportional. If they vanish in one
point of L, not on E or E’, they vanish on L identically. This shows that
ACJ is swept out by some of these lines. For given x € E the lines in 4
through x are those joining x with x’ € E’ whenever (x,, x,, Xx;, X;) lies in
the plane

(#3x19 — X, MaXs, 2:«3357) ;4 =0.

This plane meets E’ at most in four points. So there are at most four
such lines through x. This implies: A is a ruled surface (or consists of
components which are ruled).

Case 1’. Assume additionally 2,=1, g;=p. For xe E, the two
planes
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Xg
(/Jaxx, — A5Xg, ftsXs, 23-"7) X,

— AgX1y MeXay AgXs, sy Xe
8

now intersect in the tangent line to E” at the point x’ with x;,=x,,_, (j=
1,---,4). No tangent of E’ meets this curve in a second point, i.e.,
through x e E there is just one line in 4. It joins x with x’ € E’ which
corresponds to x under the canonical isomorphism E—E’.

Case 2. Ay=2Ry=p,=, but 4,5+,
We may argue as above, but now
E: x,=+x,, x;=tix,

E’: x,= X, Xg= 1ix,
degenerate into four lines

L. x,=x,, x,=ix, Ly: X=X, Xy=—ix,

L, x,=—X, Xs=—ix; L X=—X;, X;=1iX;

forming a circle (L;NL;,,#¢, L;,NL;,,=¢); similarly for E’. It is easy
to check explicitly:

x=(a, a,ib,b) € L, 1is joined to
x'=(b, b, ia,a) e L] in A and
x""=(b, b, —ia,a) e L, in A.

The symmetry 7, € G(£®?) cyclically permutes the lines L; and L). So we
see: L, and L; are joined by a pencil of lines if j=k (mod 2). The
surface A breaks up into eight quadric surfaces S, (joining L; with L))
and S (joining L, with L},,) which meet in a line according to the follow-
ing pattern: S; with S;,,, S with §%,,, S; with S and S/,,. The pattern
is described by a real 2-dimensional complex on a real torus:

S, | S, | S| S,
Glue ends

ST |83 | S; | St

Glue top and bottom with a horizontal 2-shift. This is the analog of the
picture [HM, p. 80]. ‘

Among all these lovely facts in the sequel we shall only need the
following consequence of the discussion under Case 1:
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(3.2) Proposition. The variety defined by q,=:--=gq,=0 is not a
smooth surface as soon as

Pi=TFy Ty Ty =0
where
T =" 52 )= (A5pts — A ) (525 — 5 1)

Proof. The vanishing of r;, is equivalent with X,=+X, or +1/x,
where X;=2,/y; (j=1,2,3). The symmetries from Section 3.1 do not
change the abstract variety (only its embedding). They can be used to
transform any such condition into X,=X,. This is considered in the
discussion above and found to lead to singular A. |

It will be shown in Section 4.3 that 4 is smooth if and only if
Fig+Tog+ Fyy 0.

3.3. Properties of the expressions 7,
The expressions r; defined above are equal to one fourth of the
minors of the 3 X 3-matrix

B4 (B+L)? (B4 187
M=MQ, p=A—©)" @—m" @G—m’
LY el 4250 LYy

which obviously has rank <2. To be precise, we have

Y3
M-r, |=0.
1o,

We shall often make use of the following fact.

(3.3) If r=ry-ry-ry =0, then each row and each column of the
matrix M contains at most one entry =0.

At two points we shall meet the problem to find parameters 2V, x4V
such that for some constants ¢,, ¢,, ¢, € k we have:

() + ()" (B 4+ ()", )+ (")) = (A + 1, Ai— 141, 24m)
G4 ()= () Q) — () A —()) = oA+ 1, B— 155, 22010.)
QA s 228 11, 22 1Y) = ¢o(B+ 1, 25— 155, 22qp5)-

Because of
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(A + @)= — () + Q)

the constants c¢,, ¢,, ¢, must satisfy

M@, 1) ( c%) =0.

2
C3
i.e., up to a common factor
a=tyry Ga=EVry  G=£yF,

Putting ¢;=,/r,, for some chosen square root, one now may easily solve
the (compatible) equations

(x¥)2=§(ﬁ;(zz+y%)+mu:-wz»
L W = T )
(W) =S Pl 1) = 1)

<m2=%waa&—p@w—m(z@—p@)
(3.5) 1 A = (B — 1)
()= (= )= Pl =)

1., .
)= ?(\/ Fag Ayttt «/ £ 22[12)

1. A = \/ Ty Astts
(;U;/)z=7(x/ Tog Aypt; — «/Ta; 22#2)

which determine 2y, py uniquely up to a common factor +1, j=1,2, 3.
With these parameters 1V, ¢ we may form the matrix MV=M(", V)
and its minors rY,=r;(2V, #¥). Squaring the entries in the matrix equa-
tion (3.4) we find

ryy=rg=rg=r.
So we have in particular
(B.6) If Ay, - - -, pto SALISIY Fyy- oy 15,50, then also ryy-ry-ry 0.

3.4. Theta-Null values

The aim of this section is to determine the variety in P, swept out by
the 2-torsion points e;, - - -, e;; € A when the parameters 2,/y; vary. These
16 points are the intersection of 4 with the 5-space x;=x,=0. For fixed
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2;, p; their equations therefore are

O 4x3) — 4,03+ xD + (x5 +x) =0
— A4+ x3) + (x5 + XD + A4 (x3 +x5) =0
(X7 —X3) — (3 — X5) + (5 — x5) =0
— 2(x7 — X3) =+ (x5 — x3) + A3 — x5) =0

sX3 X — AsX X4+ p13X5 %, =0

3.7

— 25Xy Xy XX, + 25X X =0.

These three pairs of linear equations (for xI+x2, x3+x3 etc.) are equi-
valent with the following proportionalities

(et X3, X3+ x5, x5+ x5) = (A4 o, 220, 43— 1)
(3'8) (x% - x§, x§ - xi) X§ - x?i) = Cz(lg + ﬂga 222/-‘2, 23 - ‘Ug)
(2x1%5, 2x3%,, 255) = Co(A5+ 113, 2A5ts, Zg—ﬂg)

with ¢;, ¢,, ¢; € k. Using the relation
A+ 2 = (2 — pi)* + Q)
we obtain for the variety of theta-null values the equations
(3.9) xixa=xaxi+xgxg  xixg=x5+ Xxi4 x5+ x5
Conversely, given x,, ---, x, satisfying these relations, one may solve
equations (3.8), putting ¢,=c,=c,=1, to obtain
A=/t =X
b=tV =X
A= /XX, + XX, =N XX — XX
The signs have to be adjusted in each row to satisfy
i =x3+x3, 2 pu,=x1—x5, 2 =X:X,.

The point (x,;: --- :x;) therefore belongs to the variety A with these
parameters 4,: g;. Consequently we have:

(3.10) Proposition. Egquations (3.9) define the threefold of theta-null
values.

(3.11) Proposition. The variety of theta-null values (3.9) is irreduc-
ible.
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Remark. The proposition implies that it is impossible to distinguish
one of the 16 torsion points e,, - - -, e;; in an algebraic way. This is the
reason for the convention adopted in 0.2, namely to define our abelian
surfaces as homogeneous spaces and not as groups with a distinguished
origin.

Proof of the proposition. As a complete intersection of two hyper-
surfaces, the theta-null variety is connected in codimension 2 [Ha 1], so
if it decomposes, the irreducible components have to meet in surfaces, and
not in curves only. It therefore suffices to prove that the singularities of
(3.9) lie on a finite set of curves.

The condition for x on (3.9) to be singular is that the two rows

—X X5 —XIX,  XpX§  X3X,  XgXg  XgXe

—x3 —x3 x5 x5 X x3
are dependent. If x;« - - - +x,=£0 this leads to
Xo=1i%x, Xx,=1i'x, Xo=1"Xs, k=l=m(2)
X1 = X5+ X5,

which defines 16 (Fermat-) quartic curves. If x;«- - «x,5=0 but x;- x,=0,
we find

xs=x;=0
X, =i*x, x,=i'x, k=I(2)
X{=X;

which describes points on these 16 curves. If x,-x,=Xx,-x,=0, then
x,-x,=0 too. This leads to 8 Fermat curves obtained from

X=X, =X;=0 X5 =xi+ X
by permutation of coordinates. O

If the parameters 2;, z, belong to an abelian surface, A P; consists
of 16 points.

(3.12) Lemma. Whenever r0, AN Py consists of exactly 16 points
forming an orbit under the group T(A) of 2-torsion translations.

Proof. For given 4, - - -, ys we have to find ¢, ¢, ¢; and x;, - - -, X,
solving the equations (3.8).
But this is exactly the system (3.4) with
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—_ __ v Y __ Vv v
X =&, Xo=p', X;=4&/, x,=p, Xs=A, Xe=47.

Up to a common constant factor we have a choice of the sign for each ¢,

and for each pair x,;_,, X,;. This leads to exactly 16 different points x.
The translations o, 7 € T,(4) change the signs for the x,, whereas ¢,

(resp. 7,) correspond to the sign changes for ¢, (resp. ¢,). ]

§4. Kummer surfaces

In this section A,: gy, A% s, A p3 € Py, are arbitrary parameters,
qs ** +» qs denote the quadrics (2.10) formed with these parameters, and
ACP, is the variety they define.

4.1. The hypernet

The six quadrics g, - - -, g, span a hypernet of quadrics > Sz,q; in P,
The action of the Heisenberg group on P7 induces the action on the para-
meter space P; of this hypernet of Table 9.

Table 9
Zy Zy Zy Z, Zy Zg
o, 1 1 -1 -1 1 1
0 Z, oz, oz, Z, Zs  Zs
75 1 1 1 1 -1 -1
T, 1 -1 1 —1 1 -1

Just as the g, do, the hypernet comes in symmetric 2 X 2-blocks

S TR
o B 16
By2)
B(2)— (yle — A Zy a2y — A2, MsZs— AZ¢ )
UsZ5— AyZs Mz — A7y — M2+ 202,
B(2)= ( Az iz — Az pZy — AuZs+ pZe
i AsZs+ a7, — Az iz Az, — y224>
()= ( MZyF Az paZs+ A2, MaZs+ 236 )
UsZs -+ AsZs iz A Zy— 2y — Ao2,
B(2)— ( 1Zy - pZe+ Az a2, AsZs+ (12,
! AsZs+ 2, Az pZ,— Az — ;1224)'
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The discriminant []3det B,(z)=0 therefore decomposes into four rank-3
cones:

Ki: (12— 220 — (2, — 2,2,)" — (12, — A42Z)°
K1 (42— pz) — (AZy— 2, )" — (A2 — 1Z5)
Kyt (2 + 42.)" — (1025 + A2 — (254 252
K: Az + 12, — A2y + 122.) — (225 + p24).

These cones are invariant under ¢, and ¢, but under g, and r, they are
permuted transitively

g, K+K,, K<K, 7,: K K,, K,«>K,.

We denote by S, - - -, S,C P, the singular planes of the cones K|, - - -, K,.
Then we observe:
dim S, N S,=dim S, N S,
= — 14} {terms 23— 4, 23— 13, 25— 14 that vanish}
dim S, N S,=dim S,N S,
= — 14§ {terms 4,0, 215, A;p, that vanish}
dim S, N S,=dim S,N S,
= —1+§{terms 21+ 44, 23+ 13, 25+ 44 that vanish}
(Here dim= —1 means the set is empty). The intersection of three

singular planes always is empty.
For any quadric ¢(z) in the hypernet we have

rank g(2)=8—4#{j: ze K} —#{j: ze S}}.
To discuss the different possibilities we need:

(4.1) Lemma. On each singular plane S; the other cones cut out a
pencil of conics with four distinct base points, provided r+#0 (cf. Section 3.4).

Proof. 1In view of the symmetries permuting the cones we may con-
sider S; only, Because of the symmetry 7, from Table 2, we may assume
-t - 170 without loss of generality. Then we eliminate
4 2, Z3= % Zys Zs=—2?"ze
th e s

Z,=

and find
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Kins;: (Bt Y (B Y (B
th He Hs
K.NS,: Azi— 2222 — 22zl
K.NS,: ( A+ )Zzg_( A+ )2z3_< 415 )Zzg.
,’tl /‘52 #3
These three conics clearly belong to the same pencil. The pencil has four
distinct base points, unless one coordinate z,, of a base point vanishes. But
then

B (= 8 — BB — i =T =0
({k, I, m}={1, 2, 3}), a contradiction. ]
(4.2) Proposition. Assume r=0. Then

rank q(2)<3 iff z belongs to a singular plane and the three other cones
rank ¢(2)<4 iff ze KN - -- N K, or z belongs to two singular planes.

Further, the number of intersecting singular planes equals 2v where v is the
number of products [[% 2;p;, T35+ 15), 113 (A5 —42), that vanish, i.e., =0,
1,2, or 3.

The proof is obvious by Lemma (4.1).

4.2. The dual Kummer surface K¥Y=Km AV
In this section we assume r 0. The variety

KV_—;KlﬂKnga ﬂKACPS

parametrizes quadrics g(z) of rank <4 in the hypernet. The four cones
are obviously linearly dependent. They are linear combinations of, e.g.,

L= (Ky+ Ko) = i+ A i — A — it — 2

2
L= 2 (Ko K) = B+ g — B — A= = 22
1 1
L= Z—(Ka —K)= Z(IQ —Ko)=2Az,2, — optsZ37,— A 574

To study KV we first consider the net of quadrics in P, spanned by
K, ---,K,ie, the net 3 3£ L, (¢,:4;:1.) € P,

(4.3) Lemma. a) The only quadrics ) t,L, in the net having rank
<3 are the four cones K, - - -, K,.
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b) Let H: z,;_,=2,,=0,j=1,2, or 3, be a coordinate 3-plane. The
four cones are the only quadrics in the net restricting to H such that
—the restriction has rank <2
—the singular locus of the restricted quadric meets KV.

Proof. Again the net comes in symmetric 2 X 2-blocks:

By(1)
Z tkLk:‘( —By(1) )
—Ba(t)

At At )
Ajttsts Attty
det B(t)=25u5(ti+ 13— 1)+ A+ p)tst,.

Bj(’)=<

If det B,.(t)=det B,(t)=0, then r,; 70 implies

t1‘t2=t§+t§—t§=0,

ie.,
t=(1:0:4+1) or (0:1:41).

These are the parameters for the four cones.

Proof of a): We have to exclude B,(¢)=0, det B,(1)=0 for k=1
But B,(t)=0 implies

Aupirts= it 2ty = 23t + 1452, =0.

If 2., =0, then 2%y so t,=1,=0 and det B,()=2,23;0 by (3.3).
If £,=0, then (¢,, t,)==0 and 3¢, 4+ 23¢,=0. Together with

det By(1)=(2it,+ pto)(pits + A1) =0
this contradicts r,, 0.

Proof of b): 'We have to exclude B,(t)=0 and z e KV for some z with
Zym-1= Zam=Zp;1=25;=0 ({J, k, m}={L, 2, 3}).

If 2,0, =0, then p;2; and the vanishing of L,(z), L,(z) would lead
to the contradiction z,,_, =z, =0.

If #,=0, then pi=2;, hence 4,4, #0, Zy_ 2, =0 by L(z)=0, and
Zop-1 =2y =0 by L(2)=Ly(2)=0. O

Now we finally can prove:

(4.4) Proposition. Under the assumption r=0, the variety KV is
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an irreducible surface of degree 8, smooth except for 16 isolated normal
singularities (in each of the four singular planes the four base points of the
pencil of conics from Lemma (4.1)). Away from these singularities, L,, L,
and L, intersect transversally.

Proof. let ue KV, butug¢ S, forj=1,---,4. The three quadrics
L, L, L, meet transversally at u unless there is some quadric L=3 t,L;
singular at u. By the invariance of L under the involutions ¢, and z,, this
L would be singular at the three points u, o, zu. If they span a plane,
then rank L<3, so L would be some K, by Lemma (4.3) a) and u e S,
contradicting the choice of u. If they span a line, then u,;_,=u,,;=0 for
some j and rank (L|z,;_,=2,;=0)<2, with Lemma (4.3) b) another con-
tradiction. If u=0,u=ru, then for some permutation {j, k, I}={1, 2, 3}
we would have u,;_,=u,;=u,,_,=u,,=0. Hence

2.2 2,2 __ 22 209 __ —
ﬂzuzl—l‘—Zzuzz—qu§z—1—/Jluzz—/zzﬂzuzz-ﬂzz——O:

which is impossible.

This proves that KV is smooth away from the singular planes. The
16 points ze S;NK, j=1, ---, 4, are isolated surface singularities. At
each of them, by Lemma (4.1), two cones K, K,, meet transversally. The
threefold K; N K, is smooth near z. On it X cuts out an isolated surface
singularity. By [Ha 2, Proposition 8.23, p. 186] it will be normal. ]

It will be shown below (Section 4.3) that r =0 implies 4 is an abelian
surface. In this case consider the incidence variety

= {(x, 2) e AXP,y: i 2,dq,(%) =o}

parametrizing points x e A and quadrics singular at these points. By
Proposition (2.12) the projection I'—> A4 is bijective, hence an isomorphism.
The projection I'—P; maps I into the variety of points z parametrizing
quadrics of rank <{4. This means

—either z e KV

—or z € S;N S, for some j#k,
(cf. Proposition (4.2)). Since KV is an irreducible surface (Proposition
(4.4)), and since the quadrics g, form a 2-parameter family, the image of
I in P, is this surface KV. It follows that

—the quadrics ¢, are exactly the quadrics g{(z), z e KV,

—the quadrics g, ,» are exactly the quadrics ¢(z), z € S;N S,.
If Q, is singular at x e 4, then its singular space S, meets 4 exactly in the
EG(#)-orbit of x (cf. Section 2.2). It follows that the map 4=I"—->KV
induces a bijective map :
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A/EG(L)=Km (4/T(¥))=Km (4V)
and by normality of both surfaces, this map is an isomorphism.

(4.5) Theorem. Mapping x € A to the quadric Q, singular at x, one
obtains an isomorphism Km (4V)—K" and an identification of AV with the
double cover of KV parametrizing the pencils of PJs contained in the
quadrics Q,.

4.3. The Kummer surface K=Km 4
Denote by z: P~ P; the projection

(vt xg)—>(x - - 1 xp)

with center P;. Since 4N\ P,=¢, the map = |4 is well defined. If x,y e 4
with =x=zry, from the equations ¢,= - - - =¢,=0 one deduces

3 28 a2 2 22 .2 _
X tX5=Yi+YVs Xi—Xg=Yi—DVs, X:Xg=)V1)s-

So y=x or y==¢x, i.e., = induces a bijective map of A/: onto K:=zrA Py
Since K is a surface for general choice of the 4, - - -, s, it has dimension
>2forall 4, ---, p. If r=0, by Lemma (3.12) we have 4 Z P}, so the
map A—K is a double cover. The quadrics

s — Ao (s + A8+ X3) — 2241 (065 4 x3) + (gt — )5+ x5)
ads — &gt (e A)(0e —x3) — 220,065 — X5) + (¢ — A2) (3 — X7)

1
—i(ﬂaqs —2:qs): (/«lg 4= D), — 22555 - (185 — A X5 X

are singular along the line Py, hence come from quadrics

Y = W(ﬂle —2Q5), Y = 71'(/12Q3 — 24,00, Y = 777(#3Q5 — Q%)
in P; vanishing on K.

(4.6) Proposition. If r 0, these three quadrics generate the ideal
sheaf of an irreducible surface Q7 NQY N QY TPy of degree 8, which is
smooth except for 16 normal singularities. This surface then is the variety
K.

Proof. We use the coincidence (for which I have no explanation)
that the three quadrics @}, Qy, Qi are obtainable from

%(Kl + K+ K+ K (4 )2+ 22) — (A + 825+ 29) — (B + 5)(Z5+ 20)
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%(Kl — K+ Ky, —K\): (pd— )z —23) — (13 — 2)(z3 — zD) — (55 — 23)(25 — 25)
2Ly: 2240,2,2, — 2 251,237, — 2 231252,

by the following procedure:
1. the coordinate transformation

X\=2Z, X;=Zy, X3=Zs X, =Zg X;=IiZy X¢=iZ,

2. transposing the 3 X 3 coefficient matrix.

Step 1 does not change the assertion. Step 2 is performed by passing
to the dual parameters 2y, py, see Section 3.3. If r 0, then also rV=£0
by (3.6). So Proposition (4.6) follows from Proposition (4.4). O

This proposition is the main tool to prove smoothness of 4 if r=0:

(4.7) Lemma. Let xe A such that x ¢ Py and rnx e K is smooth.
Then A is smooth at x.

Proof. By assumption the three quadrics ¢y, g4/, g5’ meet trans-
versally at zx. In view of the assumption (x,, x;)#(0,0) the matrix of
derivatives

q: q, qs 9. qs qs
0 A, HaXq A%, HaXq AXq HsXs
0y A Xg Xy  —AXg — X AsXy MaX7
obviously has rank 2. O

(4.8) Lemma. Whenever x e ANPS, its image nx=x on K is a
singularity there.

Proof. If K is smooth at x the double cover A—K will split near x,
i.e., A4 is locally reducible near x. Now any locally reducible point on 4
must lie on P, because any x € 4, x ¢ Py is either smooth or isomorphic
to one of the (normal) singularities of K. But in this situation consider
the elements of order 4 in T(¥#®%). They leave 4 unchanged, but transform
P; into the 5-spaces x,;_;=x,;,=0, j=1,2,3. Their common intersection
with P} is empty. Any locally reducible point of 4 would have to lie in
this intersection. . O

So we conclude, that for all 16 points of AN P; (cf. Lemma (3.12))
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the image on K is singular. By Lemma (4.7) 4 is smooth outside of P;.
Using again N{tP;: t e T(ZL®)}=¢, we see that 4 is smooth everywhere.

(4.9) Theorem. For (A : p), (A ), (A1 i) € P? the following pro-
perties are equivalent:

i) r+0

ii) the quadrics q,, - - -, q; generate the ideal sheaf of a smooth abelian
surface A (of degree 16, with a (2, 4)-polarization) in P,.

Proof. The implication ii)=>i) has been shown in Proposition (3.2).
If conversely r 0, by the above g¢,, - - -, g, generate the ideal of a smooth
surface A CP,. The singularities of K then are quotients of smooth points
by an involution with isolated fixed point, i.e., ordinary nodes. By
Brieskorn’s simultaneous resolution theorem the minimal resolution K of
K is a smooth K3-surface, because smooth intersections of three quadrics
in P, are such surfaces. The double cover A—K is connected, and from
Nikulin’s theorem [N] it follows that A4 is an abelian surface with K=
Km A.

A is invariant under T(#%%), by Lemma (3.12) the 2-torsion elements
act freely on the 16 points AN PF. Since deg 4=2 deg K=16, the line
bundie @ (1) defines a polarization of type (1, 8) or (2,4) on 4. The case
(1, 8) is excluded because the bundle is invariant under all 2-torsion
translations. |

Altogether we have a commutative diagram (Diagram 1):
P,
7 v
A=an ﬂQe —> 4

Py P(Qy -+, Q)
7 T
K=Kmd=0/N0YNQY ——> KmAV=KV
Diagram 1
Here Py(Q,, - - -, Q) is the hypernet considered in Section 4.1. The 8:1
map A-—->Km A4V is performed by associating with x ¢ 4 the unique quadric
q,=2 Sz, singular at x. It induces the 4:1 map Km 4—Km AV send-

ing zx € K to the unique quadric >} 7,q7 singular at zx.
The three quadrics g7/, g4’ and ¢4 span a plane

PZ(Q{,a 2> Qél) = {Z: AZy hZy = AnZs+ WeZ,= AsZs+- MsZg= 0}
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in P(Q,, ---, Q,). This is exactly the singular plane S, of the cone K,
from Section 4.1. The nodes of Km 4V lie by fours in the four singular
planes S, - +-,S,. The plane S, is distinguished, because the four nodes
it contains are the images of the 16 nodes of Km 4, i.e., the images of the
16 points e,, - - -, ;3 € 4 modulo T(%).

§5. Haine’s theorem

In this section ACP, is assumed smooth, i.e., »0. Additionally
we assume 2, -2, 2,70 w.l.o.g. (cf. Section 3.1).

5.1. The pencil of odd sections
The sections x;, x; € H(Op,(1)) = H(£®*) span the two-dimensional
vector space of ¢-anti-invariants. Here we consider the pencil of curves

C: ax;+ Bxy=0, a:felP,

on A. Its base points are {e,, - - -, e, ,}=ANP;. We observed in Section
2.1 that at each ¢, the tangent plane to A is the join of e, with P;. Any
hyperplane ax,+ px,=0 intersects it transversally. So all C are smooth
ate, ---,e, By Bertini’s theorem the general curve C is smooth and
connected. Since C*=16, its genus is 9.
The rational function x,/x, is invariant under ¢, 7, and ¢«. The pencil

|C| on A therefore descends to pencils

|D] on AV =A4/{a, )

[ 7] on KmA=A/:

|E| on Km AV=4/{g, z, ).
We have Diagram 2

>AY
é I 4:1 r=0 D/
2:116 2:1
=1 Kma4 r=4 1 Kmav
JE
4:1 r=y(

Diagram 2

where r denotes the number of ramification points. Therefore, for smooth
C the image curves D, I, E are smooth of genus

gD)=3, g()=g(E)=1.

The pencil | D| on AV defines a polarization of type (1, 2).
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The pencil |7} of elliptic curves on Km A passes through the 16 nodes
of this surface. On each of these curves the map /—E is the quotient
with respect to a translation group Z,X Z,. So I and E are isomorphic as
abstract elliptic curves. The pencil |E| on Km A4V passes through the 4
nodes of Km A4V lying in the singular plane S, (cf. end of Section 4.3).

To find equations for 7 and E we abbreviate

Xoi =Xy BX5.
The relation

=T (a4 + O (x4 20

implies
’e__ 052""‘52 24

az——ﬁz [3 7 2
q. 2, q: 2 qs 2 95=q4 0

with

n_ a4 ,82 2 2 2 ) 2 2
q4 —T(#l(xl‘f’xz) 21(x3+x4)+#1(x5+x6))
1

o — 132 2 2 2 2 2 2
+ 27 (#2(x1'—x2)—‘12(x3'—x4) +[«52(x5"'x6))
2

2ap
+ 2

(ﬂ3x1x2 — AaXy Xy /lsxsxs)

3

— /11224'#221 o’ #122—/1221 2) 22
( 22,2 + 22,2, F )it

/«1122"‘#221 2 #122+#221 z) 2o 2
+( 202, a4+ 20 ,3 (x3+x3)

+ '/;—3 : 20([3()61)62 + x5%x) — (x4 ﬁx4)2

3

a quadric depending on x;, - - -, x; only. This means: Q} considered as
cone in P, touches 4 along C. The quadric @ C P; touches Km A4 along I.
It follows that g{/, - - -, g4 are quadratic equations for I, providing this
curve with a nonreduced (double) structure.

5.2. The complete intersection surface 4,C P
We now project P, to P, from the point Py: Py N {x,=0} via

P (xy -y Xh——>(xg== Xy BXg, Xy, ¢ vy X

We denote the image surface pA C P, by A,. There is the factorisation
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w: A——p-—>AC———>Km A.

So for x#y e A we have px=py if and only if y=¢x and the secant L of
A joining x with y passes through P,. This is equivalent to x,| L=0, i.e.,
x e C. Hence p|A is bijective on 4\C, but it is a 2:1 map of C onto
I=P;N A, On Agthis curve I=A,N{x,=0} appears as a double curve.
In particular we have degd,=degA=16.

(5.1) Proposition. A,C P, is the complete intersection of the four
quadrics Qf, - - -, QL, where q1, q3, q} are the quadrics g7, q3’, q% from (4.3),
but considered as quadric cones in P, and q,=q} -+ x.

Proof. Q.NQ;NQ;CP, is the cone over KmA. For each x" e
Km A4 there are not more than two points x’=(x,, x”) on which ¢} van-
ishes. This shows that Q;N --- N Q. is a surface, of degree <16. This
surface contains the degree-16 surface A,. It follows that 4,=QiN - - -
N Q. O

The quadrics ¢1, - - -, g4 span a web > i t,g95. We denote it by P;=
P, (qi, ---,q7). Itis contained in the hypernet P;=P; (¢, - - -, go)-

(5.2) Proposition. The 3-space PJqi, ---,q.)CPSq,, - -+, qs) lies
on the cone K, and contains the singular plane S,.

Proof. The quadrics ¢q{, g1, g5 lie on the singular plane of the cone
K,: (Azi+ 2o — (Qozs+ 2. — (Aazs -+ p1a26)".
We have g;=> $z,q, with

o’ 2 at— B o
s 2—;16 , Z3= AB s Z5:—é 22224=26:07
1

Z;

22, A
showing ¢} € K,. O]

We observe that ¢ : 8 can be viewed as the parameter for the 1-para-
meter family of 3-spaces on K.

5.3. 'The elliptic curve EC P,

The web 3 ¢,9 inherits its 2 X 2-block form from the hyperweb, the
fourth 2 x2-block degenerating. It follows that the discriminant surface
in P, of the web is KU K;UK;US,, where K;=P,N K;. The rank of the
cone K can drop to 2 only if S; meets S,. In general this is not the case
(cf. Section 4.1). The cones K,, - - -, K, are dependent, hence because of
P,CK, the cones K}, K}, K; are dependent. Their common intersection is
the curve KV N P,.
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(5.3) Proposition. The curve KV N P, is just the image ECKV of C.
In particular, for general choice of the w, B it is smooth elliptic. Its degree
in P, is 4.

Proof. KV P, parametrizes precisely the rank <4 quadrics > 2 z,q,
which are singular at P, e P;. We have to show that these are precisely
the rank <4 quadrics singular at some point of C:

i) Assume Q, is singular at some point x=te, ¢ C. If t ¢ T(L®)
the four translates of x under T(%) span the singular 3-space S, of Q,
(Proposition (2.2)). It follows that S, C{x,=0} and since S, is ¢-invariant,
S, Z P}, we have S, N Py #£¢.

ii) Assume P,e S, and t ¢ T(£%%). Then gq,=> $z,q; with z¢ S|,
hence ¢, does not vanish identically on P;. For y and ¢y from S,N A
the secant L joining y and ¢y is ¢-invariant, LZP;. So L meets Py,
hence P, e L and LC{x,=0}. In this way one proves S,NACC, i.e., g,
is singular at points of C.

This proves the assertion for all ¢ ¢ T(4) except for ¢ € T(#®%). But
for them.it follows by continuity.

The 3-spaces in K, cut out on KV the pencil |E|. So the union
E U E’ of any two such curves is a hyperplane section of KV. This proves
deg E =4. |

Because of gi=qi+x}, a quadric > i¢,q7 is singular at x” ¢ Py if
and only if > 1#,q is singular at the two points (x”, +x,, *x,) over it. It
follows that the map I—E, induced from 4—Km AV is the same map
that sends x”/ e I to the unique quadric in P,(gq{, - - -, g’) singular at x”
(“generalized GauBl map” in [M5]). As long as E is smooth, it is the
intersection of four quadratic cones in P,. Three of them are K7, K3, K.
The fourth one, K, is distinguished by its absence.

The double cover D—E is ramified at the four nodes of KV contained
in E, i.e., at the four points {P,, - - -, P,}=ENS,. Any double cover of
E ramified over the four points of a plane section is determined by these
four points and a class @ e Pic(E) with 9%*=04(1). There are four such
classes 9, corresponding to the four cones K, - - -, K5: The linear series
|2,| is cut out on E by the ruling of the cone K;. The following is easy
to guess:

(5.4) Lemma. The double cover n: D—E corresponds to the absent
cone K.

Proof. If P, ---, P, e D are the points over P, ---, P, ¢ E, then
the class 9, defining the covering is distinguished by 7#*@~0,(P,+ - - -
+P)=w,. For i=1,2,3 the linear series 7*|2,| on D is cut out by the
pullbacks to 4V of the ruling solids in K;. The linear system |D]| is the
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pullback to 4V of the ruling of K,. It follows that the rulings of the X,
i=1,2,3, pull back to 4V as the linear systems |¢,D| where ¢, € T,(4V)
does not belong to T(0,+(D)). Hence we have 0,.(¢,D)+*=0,.(D). So
(0, (D—1t,D))=0 and by Riemann Roch A'(0,.(D—t,D))=0. This
implies #°(0,(D —t,D))=0, i.e., 0,(t,D) is not isomorphic to w,=~0,(D).
O

Diagram 3 summarizes all the varieties and maps we are considering.

P,
«” 4:1
A=0:N - NQ———5—> 4"
Al Y -
C : > D
r=0 2:1|r=16
P,

2:1|r=16 l / ¢ 2:11r=4
A;=0/N---NQ:
v .7

I
| P;
/' N '
KmA=0/NO/NQy—— | —> KmAVCP(Q;, - -+, Qo)
4.1 \L / /
I r;o %ECPS(QL tt Q‘;)

e "
{Pv ) P4}CP2(Q:{,= ;,a é,)

Diagram 3: the characters in the play

In [H] Haine considers exactly this situation: He starts with the
elliptic curve I C P, and its associated curve EC P,. He writes I: Q;=- - -
=Q,=0 and defines 4, by Q,=c¢x%, ---, Q,=c,x2. The coefficients ¢,
determine the plane > {¢,f,=0 in P, (our plane S,) which meets F in four
points. Forming explicitly the double cover D—FE he proves by comput-
ing the period matrices:

(5.5) Haine’s Theorem. There is an isomorphism of A with
Prym(D/E).

This assertion is clear in our setup, because by (1.12) Prym(D/E) is
dual to A4V, the surface containing D. We have however an explicit
geometric description of this isomorphism: The points P € D parametrize
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the pencils of P;’s contained in the quadrics 9, D> 4. Each pencil cuts out
some class @,(tD). Mapping P to this class we obtain a map D—4V (of
course our embedding DC AV) inducing a map Pic®(D)C 4Y. Dualizing
this map one obtains the identification 4—Prym (D/E)CPic’(D).

§ 6. Comments

(6.1) If a parameter A,/u,; takes one of the 6 values 0, oo, +1, =44,
by Sections 4.1 and 2.3 the surface A4 is isogenous to a product| and |Z|
contains a curve E4 F of type c) in Table (1.2). This may happen three
times, e.g. A,/p, =0, /u,=1, A/p,=1i and r=0. This corresponds to six
distinguished abelian surfaces. Under the symmetries from Section 3.1
all six surfaces are equivalent. By some tedious computations I checked
that the surface is E; X E; with E;=C/{(Z-iZ). A polarization of type
(1,2) is given on this surface e.g. by E+F, E diagonal, F=graph of
multiplication by i.

(6.2) It seems to be the general philosophy that the coordinates of
the theta-null values give the moduli. After a question of H. Morikawa I
did the simple computations in Section 3.4 and found to my own surprise
that these coordinates (up to some ambiguity due to the symplectic
automorphisms of 7'(2,4) and the monodromy acting on the 2-torsion
points) are the parameters 1,/p; for the dual surface 4V. This must have
some reason, but I do not know it.

(6.3) The degenerate surfaces appearing in the family can be con-
sidered a little more closely than it is done in Section 3.2. The ruled
surface appearing as the general degeneration should be the compactifica-
tion of a quasi-abelian surface which is a C*-bundle over the elliptic base
curve E. Such surfaces are parametrized by points in the group T(E).
I expect the surface to be a “translation scroll”, i.e., after fixing a para-
meter ¢ € T(E) points x € E, x" € E’ are joined if x’=+1x. Unless zis a
2-torsion element the surface then should be reducible. This is very
similar to the degenerations of Horrocks-Mumford surfaces [HM] in P,,
as computations of R. Moore seem to indicate. Also the surface which is
broken into 8 quadrics is very similar to a degeneration in [HM]. One
might expect under mild assumptions on a very ample polarization (of
type (d,, d;)) that the general degeneration always is a kind of translation
scroll, which then further degenerates into a surface broken into d; X d,
quadrics.

(6.4) The Kummer surfaces Km ACP; are intersections of three
quadrics, but unlike in the principal polarization case they have 16 nodes
and are not smooth. The most interesting surface Km(E, X E,)CP;
implicitly appears in [BH]. It is the modular surface S(4) embedded with
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the linear system /-4-2F.

(6.5) Haine [H] uses totally different parameters: The modulus of
the elliptic curve E=K;NK;NK,C P, with its level-4-structure and the
equation of the plane S,CP,. I tried to transform these into my para-
meters, but although it seems possible, the computations became too
tedious.

(6.6) The question was posed by van Moerbeke to classify all com-
plete intersections in P; having as affine part the affine part of a smooth
abelian surface. At present this is not known, and in this generality I do
not see any approach. However in the examples [AM2] always three of
the four equations come from the Kummer surface in P;. So under some
additional assumptions perhaps a reasonable classification will be possible.
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