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Three-Dimensional Cusp Singularities 

Hiroyasu Tsuchihashi 

Introduction 

2-dimensional cusp singularities are characterized by the exceptional 
sets of their resolutions. Namely, a 2-dimensional isolated singularity 
(V, p) is a cusp singularity, if and only if it has a resolution (U, X)~(V, p) 
whose exceptional set X is a cycle of rational curves or a rational curve 
with a node. (See, for instance, Laufer [2].) Thus assigning to each 
2-dimensional cusp singularity the weighted dual graph of the exceptional 
set X of its unique minimal resolution, we have a one-to-one correspond
ence between the set of all isomorphism classes of 2-dimensionaI cusp 
singularities and the set of all weighted triangulations of circles whose 
weights are not greater than - 2 and at least one of whose weights is 
strictly smaller than - 2. Here the weighted dual graph of X is the dual 
graph of X, in the usual sense, to each vertex of which is attached the 
self-intersection number of the corresponding rational curve as the weight, 
when X is a cycle of rational curves. When X is a rational curve with a 
node, the weighted dual graph of X is a circle with one vertex, to which 
is attached X 2 - 2 as the weight. 

The purpose of this paper is to find out the 3-dimensional analogues. 
First, we define toric divisors as analogues of the exceptional sets of 

resolutions of 2-dimensional cusp singularities (Definition 1.1). For ex
ample, all the isolated cusp singularities which appear in compactifications 
of quotient spaces of tube domains have resolutions whose exceptional 
sets are toric divisors (see [I)). Then we define a "cusp" singularity to 
be a 3-dimensional isolated singularity having a resolution whose excep
tional set is a toric divisor. Next, we define the weighted dual graph of 
a toric divisor, which is a graph on a compact topological surface with 
two integers attached to each edge as weights (Definition 1.2). Then we 
have the following result (Theorem 1.6), which we prove in Section 2: 
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An arbitrary weighted graph on a compact topological surface is a 
weighted dual graph of a toric divisor arising as the exceptional set of a 
resolution of a 3-dimensional isolated singularity, if and only if it satisfies 
the monodromy condition (Definition 1.3) and the convexity condition 
(Definition 1.5). 

However, we cannot expect to have a natural one-to-one correspond
ence between the set of all isomorphism classes of 3-dimensional "cusp" 
singularities and the set of all the weighted graphs on compact topological 
surfaces satisfying these two conditions. For one thing, a 3-dimensional 
isolated singularity does not have a unique minimal resolution. For 
another, there may be many 3-dimensional "cusp" singularities with 
resolutions, the weighted dual graph of whose exceptional sets coincide 
with a given weighted graph on a compact topological surface. However, 
we have the following commutative diagram. 

(
Isomorphism classes Of) (Weighted graphs on compact tOPOlOgiCal) 
3-dimensional "cusp" surfaces satisfying the monodromy condi-
singularities tion and the convexity condition 

hi / jl lIsomorPhism classes of pairs of a} I h' 1ft' 
3 d· . I I 'f ld somorp Ism c asses 0 onc - ImenSlOna comp ex mam 0 k .. . 
and a toric divisor on it contract- ------)oj ~Ivlsors as r~duced 2-dlmen-} 
ible to a point l slOnal analytic spaces 

The map h is surjective by definition. The map i is also surjective by the 
above result, but is not injective. 

In Section 3, we examine the inverse image under j of a weighted 
graph ,1 on a compact topological surface [,1[ satisfying the monodromy 
and convexity conditions, i.e., the set Xd of isomorphism classes of toric 
divisors as reduced analytic spaces which have a fixed weighted dual graph 
,1. We show that XJ is parametrized by a subset of the first cohomology 
group Hl(r, T) of the fundamental group r of [,1[ acting on a 3-dimen
sional algebraic torus T = (C*)3 (Theorem 3.6). In particular, if [,1[ is 
isomorphic to a 2-dimensional real torus, i.e., the singularity is a 3-dimen
sional Hilbert modular cusp singularity (see [4, p. 625]), then XJ = Hl(r, T) 
and is a finite group. 

§ 1. The weighted dual graph of a toric divisor 

We first recall the definition of torus embeddings. A torus embed
ding Z is an algebraic variety containing an algebraic torus T = (C*Y as 
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a Zariski open set such that T acts on Z extending the natural action on 
itself defined by multiplication. We call a 2-dimensional torus embedding 
a toric surface. The union of the closure of the I-dimensional orbits of 
a compact toric surface under the action of the algebraic torus is a cycle 
of rational curves. 

Definition 1.1. A (reduced effective) divisor X = XI + X2 + ... + X. 
of a 3-dimensional complex manifold U is said to be toric if X has only 
normal crossings as singularities, each irreducible component Xj of X is 
isomorphic to a compact toric surface and the union U '*j Xj n X. of the 
double curves Xj n X k on Xj coincides with the union of the closure of all 
the I-dimensional orbits on Xj' 

Let X be a 2-dimensional toric divisor and let Ll be its dual graph. 
Namely, to each irreducible component Xj of X corresponds a vertex Vj 

of Ll so that Xj and X. (resp. Xj' X. and XI) intersect along a curve (resp. 
at a point) if and only if Vj and v. are joined by an edge of Ll (resp. Vj' vk 

and VI form a triangle in L1). 
If X has only simple normal crossings, then by the definition of toric 

divisors, the dual graph Ll of X is a triangulation of a compact topological 
surface S=ILlI. In general, Ll is not a triangulation, because an irreducible 
component of X may have self-intersection. However, there exists a 
triangulation .a of the universal covering surface S of S invariant under 
the action of the fundamental group trl(S) such that Ll = .a/triS). We call 
.a the triangulation associated to the dual graph Ll. 

Definition 1.2. The weighted dual graph WDG(X) of a 2-dimension
al toric divisor X is its dual graph Ll as above with a pair of integers 
attached as weights on both ends of each edge of Ll in the following way: 
Let Xj and X k be irreducible components of X intersecting along a double 
curve E. Let Vj' v. and e be the vertices and the edge of Ll corresponding 
to Xj' X. and E, respectively. Then we attach the self-intersection 
numbers (Elx f)2=(Xj .XD and (Elxk)2=(X~.X.) of E on Xj and X k to the 
sides of the vertices v. and Vj of the edge e, respectively (see Figure 1.1). 

The above definition is not exact, if Xj = X k • So in this case, we 
need the following correction: Take a finite unramified covering space 
S' of S=ILlI with a covering transformation group G so that the inverse 
image Ll' of Ll is a triangulation of S'. Then there exists an unramified 
covering space X' of X such that the dual graph of X' coincides with Ll' 
(cf. Section 3 for the construction of X'). Since X' has only simple 
normal crossings, the weighted dual graph WDG(X') of X' is well-defined 
and is clearly G-invariant. Then the weighted dual graph WDG(X) of X 
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Xi 
a=(Elx.)2 

E 

Xlc 

b=(ElxJ)2 

Figure 1.1 

is the image WDG(X')/G of WDG(X'). Although we mostly treat X 
below as if it has only simple normal crossings for simplicity, the same 
results hold for general X after this modification. 

Lifting to each edge of Li two integers on its image, we naturally 
have a 1t'1(/ d I)-invariant weighting on the triangulation Li associated to d. 
We call Li with this weighting the weighted triangulation associated to 
WDG(X). 

More generally, we consider weighted graphs which need not be the 
weighted dual graphs of toric divisors. Namely, a weighted graph d is a 
graph on a compact topological surface S, on both ends of whose edges 
are attached integers and which is the image Li/1t'lS) of a 1t'1(S)-invariant 
triangulation Li of the universal covering space S of S. Each edge of Li 
has as its natural 1t'1(S)-invariant weights two integers which are inverse 
images of those on its image. We call Li the weighted triangulation 
associated to the weighted graph d. 

Definition 1.3. A weighted graph d, or the weighted triangulation Li 
associated to it, is said to satisfy the monodromy condition at a vertex v 
of Li, if the following hold: Let VI> Va, ... , v. be the vertices of the link 
of V going around V in this order. We first attach three elements n,nl 

and na of a basis in, nh na} of ZS to the vertices v, VI and Va, respectively. 
Then we can determine the elements ns, •.. , n" ns+ 1 and ns+a of ZS 
attached to the vertices VS, ••• , V., VI and Va, respectively, by the equalities 

(*) nt_l+atnt+nt+l+btn=O, i=3,···, s+l, 

where at (resp. bt) is the weight on the side of Vt (resp. v) of the edge 
joining V and Vt and aUI =al (resp. b'+ 1 =bl). Then we require that 
n.+ 1 =nl> n'+2=na and that p(nl), p(na), ••• , p(n.) go around pen) exactly 
once in this order, where p: R3\{o}~sa is the natural projection onto the 
sphere sa=(R3\{O})/R>o (see Figure 1.2). 
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Figure 1.2 

L1 or .3 is said to satisfy the monodromy condition, if it satisfies the 
monodromy condition at each vertex. 

Proposition 1.4. Let the notations be the same as in Definition 1.3. 
Then .3 satisfies the monodromy condition at the vertex v, if and only if the 
following two conditions are satisfied. 

(i) L::=t at = 12-3s. 

[0-10] [0-1 
(ii) 1 - as 0 ... 1 - a2 

o -bs 1 0 -b2 

0][0 -1 o 1 -at 
1 0 -bt 

0] [1 0 0] o = 0 1 O. 
1 0 0 1 

Proof Let {nt, n2, n} be a basis of ZS and let ns, ••• , ns+ t, ns+2 be 
the elements of ZS obtained as in Definition 1.3. Then by (*), we have 

Hence ns+t=nt and ns+2=n2, if and only if the condition (ii) is satisfied. 
From now on, we assume that this condition is satisfied. For an element 
1=(11, P, [3) of Zs, let {o=(I1, P) E Z2. We may assume that n° = (0, 0). 
Then the relation n~_t+atn~+n~+t=O holds and {n~, n~+t} is a basis of Z2, 
for each i in Z/sZ. Moreover, n~, ~, ... and n~ go around the origin 
exactly t times, if and only if pent), p(n2), ... and pens) go around p(n) 
exactly t times. When t=1, {faces of R~on~+R~on~+tliEZ/SZ} is an 
r. p. p. decomposition associated to a nonsingular compact toric surface. 
Hence by [3, § 8], we have L::=t at = 12- 3s. On the other hand, when 
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t> 1, using [3, Corollary 8.5] and by an easy calculation, we have L:~~1 ai 

= 12t - 3s. Hence t = 1, if and only if the condition (i) is satisfied. 
q.e.d. 

Definition 1.5. A weighted graph ,1 or the weighted triangulation .1 
associated to it, is said to satisfy the convexity condition, if we can 
associate a positive integer m[v] to each vertex [v] of ,1 so that the follow
ing two conditions are satisfied. 

(i) For each edge of .1, the inequality 

holds, where two triples (u, v, w) and (u, v, t) form two adjacent triangles, 
a and b are the weights on the u-side and v-side of the edge, respectively, 
and [v] is the image of v under the projection .1-+,1 = .1jniS). 

(ii) If we delete from .1 all edges for which the equalities in (i) 

hold, then we still have a polygonal decomposition 0 of S. 

Clearly, [] is 7rJS)-invariant. Hence we have a cell division 0 = 

Dj7rI(S) of S. The convexity condition is a generalization of the condi
tion (3) of [4, Proposition 4.6]. 

Theorem 1.6. Let ,1 be a weighted graph. There exist a 3-dimen
sional isolated singularity (V, p) and its resolution (U, X)-+(V, p) whose 
exceptional set X is a toric divisor with WDG(X) = ,1, if and only if ,1 
satisfies the monodromy condition and the convexity condition. 

We devote Section 2 to the proof of this theorem. 

§ 2. Proof of Theorem 1.6 

First, we show that for a weighted graph ,1 satisfying the mono
dromy condition and the convexity condition, a cusp singularity and its 
resolution as in the theorem exist. Choose a basis {nl' nz, n3} of Z3 and a 
triangle of .1. Let a(vl)=no a(v2)=nZ and a(v3)=n3, where VI' V z and V3 

are the vertices of the triangle. Then by the equalities (*) of the mono
dromy condition, we obtain a map a: {all vertices of .1}-+Z3. Moreover, 
we have a unique homomorphism p: 7r1(S)-+GL(3, Z) satisfying p(r)a(v) 
= a(rv) for each element r of 7r1(S) and for each vertex v of .1. Let 
a(v): =m[;,~. a(v) E Q3 for each vertex v of .1. Let u, v, wand t be vertices 
of .1 such that two triples (u, v, w) and (u, v, t) form two adjacent 
triangles. Then we have a· m[u]' a(u) + b· m[v]' a(v) +m[W]' a(w)+m[t]' a(t) 
=0, because a·a(u)+b·a(v)+a(w)+a(t)=O. Hence the point a(t) 
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is either on the plane passing through the points o'(u) , o'(v) and o'(w) or 
in the half space not containing ° and determined by the plane, according 
as a·m[u]+b.m[v]+m[W]+m[t] is zero or negative. Thus in the same 
way as in [4, Proposition 4.3 and Theorem 4.5], we have a cusp singularity 
(V,p)=Cusp(C, r) and its resolution (U, X)-+(V,p) such that the excep
tional set X is a toric divisor with WDG(X) = LI, where C is the smallest 
open convex cone containing the image of (J and where r = P(n-l(S)). 
(For the definition of Cusp (C, F), see [4].) 

Next, we show that the weighted dual graph LI= WDG(X) of a toric 
divisor X of a 3-dimensional complex manifold U satisfies the monodromy 
condition. Clearly, we have: 

Lemma 2.1. Let X be a toric divisor of a 3-dimensional complex 
manifold U and let Xj and X k be two irreducible components of X intersect
ing along a double curve E. Then 

where (!) E(Xk ), for instance, is the invertible sheaf on E, which is the restric
tion of the invertible sheaf (!)u(Xk ) on U. 

Lemma 2.2. Let X be a toric divisor of a 3-dimensional complex 
manifold. Then the weighted dual graph of X satisfies the monodromy 
condition. 

Proof Let Z be an irreducible component of X and let D = Dl + Dz 
+ ... +Ds be the double curves on Z, which form a cycle of rational 
curves. Here, we may assume that D; and D i +1 intersect at a point for 
each i in Z/sZ. Since Z is a compact toric surface and D is the union of 
its I-dimensional orbits, we have (!)z(Z) = (!)z(d1D1 + deD2 + ... +dsDs) for 
some integers d1, d2, ... , ds by [3, Proposition 6.1]. Then we have bi = 
deg«(!)n/Z))=«(!)z(Z).(!)z(Di))=diai+di_l+di+l by Lemma 2.1, where 
bi=(DilxY and ai=(Dilz)2. Here Xi is the irreducible component of X 
intersecting Z along D i • On the other hand, associated to the nonsingular 
compact toric surface Z, we have s elements n1, 112, ••• and n. of Z2, 
going around the origin exactly once in this order, each adjacent pair 
{ni, ni +1} of which form a basis of Z2 with the relations ni_1 +aini +ni +1 =0 
(see [3, § 8]). Consider the elements Hi=(ni, di) and n=(O, O, -1) of 
Z3=Z2EBZ. Then Hi _ 1 +Hi+l +aiHi+biH=O and {Hi' Hi+1, H} is a basis of 
Z3 for each i in Z/sZ. This is nothing but the monodromy condition at 
the vertices of 3 which are inverse images under the projection n-: 3-+LI 
of the vertex corresponding to Z. q.e.d. 
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Finally, we show that L1 satisfies the convexity condition, if X is the 
exceptional set of a resolution 1t': (U, X)~( V, p) of a 3-dimensional 
isolated singularity. Let [1t'*f] be the zero divisor of the pulled-back 
holomorphic function 1t'*f on U for a holomorphic function f on V vanish
ing at p. Then we can write 

with an effective divisor Y on U so that the support of each irreducible 
component of Y is not contained in X. Let m, be the smallest number 
among mi(f)'s with f running through all elements of the maximal 
ideal m of l!7v at p, and let X+ = I: m,X,. Then 1t'*f is a section in 
HO(U, l!7u( -X+)) and we have a canonical linear map 

sending f+mz to the restriction (1t'*f)lx of 1t'*fto X. To show that the 
above positive integers m, satisfy the two conditions of Definition 1.5, we 
need some lemmas. 

Lemma 2.3. Let the notations and the assumptions be as above. 
After blowing up U along double curves and triple points on X and then 
replacing X by its total transform, we may assume that no double curve of X 
is contained in the fixed locus of the image ofh: m/mz~HO(X, l!7x(-X+)). 

Proof Let I: (V, p)~(B, 0) be an embedding of (V, p) into an open 
set B of C N with I(p)=O and let F=Hom(CN , C) be the vector space 
consisting of the linear functions on CN. We show that there exist a 
nonempty open set C of F and a composite II: W ~ U of blowing ups 
along double curves and triple points on (the total transform of) X satis
fying the following property: For any function f such that f +mz is in 
the image C of C under the surjective restriction map F ---)o)om/mz, we 
have 

at> az, as E Z>o, on some neighborhood W(p) of each triple point p of 
X'=II-I(X) with a local coordinate (YI' Yz, Ys) such that W(p) n X' is 
defined by YI·YZ·YS=O. Take a divisor Xl on Wand a homomorphism 
h': m/mz~HO(X', l!7x,(_XI)) in the same way as we take X+ on U and h. 
Then the zero-loci of h'(f+mZ) contain no triple point and hence no 
double curve of X' for all f +mz in C. Thus we have the assertion of 
the lemma. 

For the germ f = I:n c"xn of a holomorphic function f on C S at 0 
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with n=(nl, nz, ns) running through Z~O, where Cn E C and xn=x~lx~2x~', 
we denote by r + (f) its Newton polyhedron, i.e., the convex hull of 
UnEK(n+,R3~O) with K:={n E ZSlcn*O}. 

Lemma (Varchenko [5, Lemma 2.13]). For any Newton polyhedron 
r, there exists a finite nonsingular r.p.p. decomposition (ZS, I) of ZS with 
III:=UoE.l.'O'=,R3~o such that we can write 'iY=Yfl.y~2,y~·Io withJ.(O) 
*0, for any 3-dimensional cone 0' = R~o' nl + R~o' nz + R~o' ns of I and for 
any holomorphic function f with r +(f)=r. Here To is the restriction of 
T: T emb (I)-* T emb ({faces of R~o}) = C S to the open neighborhood Uo of 
the point orb (0') and (YI' Yz, Ys) is the coordinate of Uo such that Yi is the 
holomorphic function obtained as the extension of m/~C* for the basis 
{ml' m2, ms} of Hom (Z', Z) dual to {n" n2, ns}. 

Here we note that this lemma remains to be true, even if we replace 
I by any nonsingular subdivision of I. Let t l , tz, •• " t z be the triple 
points of X and let Ui be an open neighborhood of ti with local coordi
nate (z~, z~, zD such that xn Ui is defined by z~·z~·z~~O. We choose an 
open set C of F so that the Newton polyhedron r + (11:*f) with respect to 
the coordinate (z}, z~, zD coincide for allf +mz in C, on each open set Ui • 

Assume that we have a composite IIj_l: Wj_I-*U of blowing ups along 
double curves and triple points on (the total transforms of) X satisfying 
the property (P) at each triple point of XU-I) = IIj!:./X) contained in 
IIj!:.l(Uk ) with k<j-l. Then we have an r.p.p. decomposition (ZS, A) 
with I A I = ,R3~o so that the following diagram is commutative: 

IIj!:.l(Uj ) ) Uj 

1 1 
Temb (A)~Temb ({faces of ~o})=Cs. 

Let Io be an r.p.p. decomposition of RS as in the above lemma for 
r +(rrlu/f) with f +mz in C. We have a subdivision I of Io obtained 
by successive subdivisions of A corresponding to blowing ups along 
double curves and triple points on the total transform of the union of the 
2-dimensional orbits of Temb (A) (see [3, Corollary 7.6 and § 8]). Then 
associated to the above subdivision I of A, we have a composite II~: Wj 

-* W j _ 1 of blowing ups of W j _ 1 so that the following diagram is com
mutative: 
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Then the composite llj=llj-t 0 ll~ of ll~ and llj_l satisfies (P) at each 
triple points of XW =lljl(X) contained in lljl(Uk ) with k::2j. Thus we 
have a desired map II =lll: W= Wl-+U, because each triple point of 
X'=ll-1(X) is contained in one of ll-I(Uj ). q.e.d. 

Remark. Let U'-+U be a blowing up along a double curve or a 
triple point of X and let X' be the total transform of X. Then X' is also a 
toric divisor and the weighted triangulation]' associated to d' = WDG(X') 
is a 7r1([ d' I)-invariant subdivision of the weighted triangulation] associated 
to d= WDG(X). We easily see that the weights on .1' are obtained from 
those on], as in Figure 2.1, where (i) (resp. (ii)) is the case of a blowing 

.:1 .:1' 

z z 

y (i) y 

.:1' 

r-------~t-----____ r 

s 

(ii) 

Figure 2.1 
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up along a triple point (resp. a double curve). The new irreducible 
component of X' which is the inverse image of the center of the blowing 
up, corresponds to the vertex t in the figure. The weights of 3' which do 
not appear in the figure, are the same as those of 3. 

Lemma 2.4. With the above notations, we have 

for each double curve D=X, n Xj' where D transversally intersects irreduci
ble components X k and X! of X, a=(D!xl and b=(D!x,)2. Moreover, the 
equality holds if and only if deg @ D( - X +) = O. Here @ D( - X +) is the 
restriction to Dof the invertible sheaf@x(-X+) on X (see Figure 2.2). 

Figure 2.2 

Proof The second assertion follows from the equality 

deg@D(-X+)=(-X+·D)=-(m,X,+mjXj+mkXk+m!X!).D 

= -(m,a+mjb+mk+m!), 

which we obtain by Lemma 2.1. Moreover, under the assumption of 
Lemma 2.3, wehavedeg@D(-X+»O and hence the inequality of the 
lemma. Also in the general case, we have the inequality by Lemma 2.3 
and by the following observation. In the case (i) (resp. (ii)) of the above 
remark, we easily obtain the inequalities 

a.m[u]+b·m[v]+m[X]+m[W]:"S:O and so on, 

(resp. a· m[u] + b· m[v] + m[x] + mew] <0, 

c.m[u]+d·m[x]+m[V]+m[T]<O and so on,) 

from the inequalities 
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m[u] + m[v] + mew} - met} ~ 0, 

(a-l).m[u]+(b-l)·m[v]+m[X}+m[t}::;;O and so on 

(resp. m[u] + m[v] - met] ~ 0, 

(a- b)· m[u] + b· met] + mew} + m[x} ~O, 

(c-l).m[uJ+d.m[x}+m[t]+m[r]~O and so on). 

Therefore, if the inequalities of the lemma hold for all edge of .1', then 
they hold also for those of .1. q.e.d. 

We call an edge of .1, a proper edge, if the strict inequality in the 
above lemma holds for the edge. Suppose that equalities in the above 
lemma hold for all edges of]. Then deg@D(-X+)=O, for all double 
curves D of X by Lemma 2.4. However, the zero-locus of the image 
h(f) under h of a generic f in m/m2 must intersect at least one of the 
double curves, because the complement of the double curves on each 
irreducible component of X is an algebraic torus and hence contains no 
compact divisor. Hence by Lemma 2.3, .1 has at least one proper edge. 
By Lemma 2.2, we have a map a: {all vertices of .1}-+Z3 and a homo
morphism p: 1!"1(S)-+GL(3, Z) satisfying a(rv)=p(r)a(v) for all r of 
1!"1(S) and for all vertices v of .1, as in the beginning of this section. Let 
0'( v) = mlv~ . a( v) for each vertex v of .1, where m[v] = m t if its image [v] in L1 

corresponds to the irreducible component Xi' Take an extension r of a 
to S so that r maps each edge (resp. triangle) of .1 onto a segment on a 
line (resp. a triangle on a plane) of R3 and that r is 1!"1(S)-equivariant 
through p. Then r is locally injective by Lemma 2.2. Let two triples 
(u, v, w) and (u, v, x) of vertices of .1 form two adjacent triangles. Then 
as we observed before, rex) is in the half space not containing ° and 
determined by the plane H passing through r(u), rev) and r(w), if the 
edge e joining u and v is a proper edge. On the other hand, by Lemma 
2.4, rex) is on H, if e is not a proper edge. 

Observations. Let VI' v2, ••• and Vs be the vertices of the link of a 
vertex v of .1 going around v in this order. 

1. Suppose that the edge joining v and VI is a proper edge and that 
the other edges meeting at the vertex v are not proper edges. Then r(v3) 

is on the plane H passing through rev), r(v l ) and r(v2). Moreover, we 
successively see that r(v.), r(v5), ••• and revs) are on H. Hence rev,), 
r(v l ), r(v2) and rev) are on the same plane H. It contradicts our assump
tion that the edge joining VI and v is a proper edge. Therefore, the 
number of the proper edges meeting at a vertex cannot be one. 

2. Assume that two edges e (joining v and VI) and e' (joining v 



Three-Dimensional Cusp Singularities 661 

and Vj) are proper edges and the other edges meeting at the vertex v are 
not proper edges. In a way similar to that above, we see that ,,(v), ,,(VI), 
,,(V2) , ••• and ,,(Vj) are on a plane H and that ,,(v), ,,(Vj), ... , ,,(v.) and 
,,(VI) are on a plane H'. Here we note that H' is different from H, 
because the edge e is a proper edge. Since ,,(VI), ,,(v) and ,,(Vj) must be on 
the intersection of H and H', the images ,,(e) and ,,(e') under" of the two 
proper edges are on a line. 

3. Let ViI' Vi., ... and Vi, (il < iz < ... < it with t > 2) be the vertices 
which are the other ends of the proper edges meeting at v. Then ,,(Vij)' 
,,(Vij +I), ... , ,,(Vij+ l ) are on a plane H j and ,,(Virl) and ,,(viJ +I+I) are in 
the half-space not containing 0 and determined by the plane H j • Hence 
we see that ,,(ViJ+1), ,,(vij+Z), . .. and ,,(Vij+!) are on one side of a half
plane of H j determined by the line passing through ,,(Vij) and ,,(v). 

Taking Observation I above into account, we classify the vertices of 
3 into three types i), ii) and iii) according as there is no, exactly two or 
more than two proper edges meeting at a vertex. Now we have a "cell" 

division 0 of S, of which 3 is a subdivision, in the following way: A 0-
dimensional "cell" is a vertex of type iii). A I-dimensional "cell" is a 
connected union of proper edges such that each vertex of 3 on it is of 
type iii) (resp. of type ii)) if and only if the vertex is an end (resp. a 

relative interior point) of the "cell". Since 3 has proper edges, 0 has 
at least one I-dimensional "cell", even though it has no O-dimensional 
"cell". A 2-dimensional "cell" is the closure of a connected component 
of the complement of all the I-dimensional "cells" on S. Note that the 
image under" of each 2-dimensional "cell" (resp. I-dimensional "cell") is 
on a plane (resp. a line) of R3. In the following, we show that this "cell" 

division 0 is indeed a polygonal decomposition of S. 

Lemma 2.5. The restriction "Ia of" to each I-dimensional "cell" a 
is injective and the image ,,(a) is a segment or an entire line. 

Proof Since ,,(a) is on a line Land " is locally injective, "Ia is 
injective. If a has at least one end, then it has exactly two ends, because 
the image of a under the projection S---+S is the compact quotient of a 
by a subgroup of nlS). In this case, ,,(a) is clearly a segment. When 
a has no end, ,,(a) agrees with the entire line L, because the images under 
" of all the vertices of 3 on a are contained in m- I • Z3 n L, where m = 
I.c.m. {me"] I all vertices [v] of LI}. q.e.d. 

Lemma 2.6. The restriction "Ia of" to each 2-dimensional "cell" a 
is injective and the image ,,(a) is a polygon or a domain bounded by two 
parallel lines of a plane. 
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Proof As we noted above, -rea) is on a plane H of R3. Fix a point 
p in the interior of a and let T be the set of all the points of a joined 
with p by curves in a which are mapped under -r isomorphically onto 
segments of lines on H. First, we. show that T is an open set of a. Let 
t be a point of T and let t and p be joined by a curve I in a such that -r(/) 
is a segment of a line. Then by Observation 3, we see that (1\ {t }) n aa 
=rp, where aa is the boundary of a, i.e., the union of I-dimensional 
"cells" contained in a. Hence any point of a small neighborhood of t in 
a is joined by a curve which is mapped isomorphically onto a segment of 
a line. Therefore, T is open. Moreover T= T, because -reT) is star
shaped with p as the center. Hence a = T and Tla is injective, because it 
is locally homeomorphic. The image -rea) of a under -r is convex, because 
we can choose an arbitrary point in the interior of a as the center p. 
Thus we see by Lemma 2.5 that -rea) is a polygon, a domain of Hbounded 
by two parallel lines or a domain of H bounded by a straight line or a 
piecewise linear curve (see Figure 2.3) . 

• (i) (ii) (iii) 

Figure 2.3 

The image of a under the projection S---+S is its compact quotient by 
a subgroup G of 7t'1(S), For each element g of G, its image p(g) under p 
maps H on itself and the restriction p(g) IH of p(g) to H is an affine 
transformation. Hence the third case (iii) cannot occur, because the 
quotient of T(a) by the group {p(g) IH I g E G} of affine transformations 
must be compact. q.e.d. 

If one of the 2-dimensional "cells" of 0 is a polygon, then so are 
all the 2-dimensional "cells'; by the above lemma and observation 3. 

Hence 0 is either a polygonal decomposition or a "cell" division whose 
2-dimensional "cells" are homeomorphic to the product of a segment 
and an entire line. We show that the latter case does not occur. In this 
case, we see by Lemma 2.6 that -r is injective and that S=:::'T(S)/p(7t'I(S» 
is homeomorphic to a 2-dimensional real torus or a Klein bottle. Hence 



Three-Dimensional Cusp Singularities 663 

p(1t"t(S)) contains a free abelian subgroup r of rank 2 and of index 1 or 2 
with r(S)/r-:::=. SI X SI. Let {L j } be the set of the images under r of I-dimen
sional "cells". We may assume that the lines L j and L j + 1 are on a plane 
H and the other lines Lk (k*j,j+ I) are on the half-space not contain
ing ° and determined by H, by Lemma 2.6 and the definition of proper 
edges. Since r has no fixed point on reS), all lines L j are r-invariant, if 
at least one of them is r-invariant for an element r in r. Hence we can 
take generators r 1 and re of r so that r1(L j )=Lj and that r2(L j )*L j for all 
lines L j • Since the lines are parallel to each other, L j = Ij + Rn for 
primitive elements /j and n in N. Then /0' 11 and n are linearly inde
pendent and r(n)=n for all elements r in r, because r(S)/r is orientable. 
Hence we can take a basis {j, k, n} of N so that j and k are linear 
combinations of 10 and 11' that r1(j) = j + an and that r1(k) = k + bn for 
some integers a and b with (a, b) *(0, 0). Let r2(j) = cj+ dk+ en and let 
rlk)=fj+gk+hn. Since r, 0 r2=r2 0 r1, we have ac+bd=a and af+bg 
=b. Hence (l-c)(l-g)-df=O. Let m'=k or m'=fj+(l-c)k ac
cording as (f, (1- c)) is equal to (0, 0) or not. Then m' is a nonzero 
element in Nand r,(m'), r2(m') E m' + Rn. Hence we can take another 
basis {t, m, n} of N so that m'=tm for some nonzero integer t. Then 
r(l) E t +Rm+Rn and rem) E m+Rn, for all elements r in r, because r 
is contained in SL(N). Therefore the images r(Lo) of a line Lo = 10 + Rn 
under r must be contained in the plane 10+Rm+Rn. However, 
{r(Lo) IrE r} is contained in {Li}, a c:mtradiction. Thus we complete the 
proof of Theorem 1.6. 

§ 3. A classification of the toric divisors with the same weighted dual graph 

Throughout this section, we fix a weighted graph L1 satisfying the 
monodromy condition and the convexity condition. As we saw at the 
beginning of Section 2, we have a 3-dimensional cusp singularity (Va> Po)= 
Cusp (C, n, in the sense of [4] and its resolution 1t"0: (Uo, Xo)-+(Vo, Po) 
whose exceptional set Xo is a toric divisor with WDG (Xo)=L1. Here 
Uo = [U r (resp. X;, = 201 n is the quotient space under r of an open set 
Do (resp. the union 20 of the 2-dimensional orbits) of a torus embedding 
TembC,r) (see [4]). 

The subgroup r of GL(3, Z) acts naturally on T=C*®Z3=(C*)3. 
F or each r in r, let us denote by r * the corresponding automorphism of 
the algebraic torus T. Since the r.p.p. decomposition S of R3 is chosen 
to be r-invariant, r acts also on the torus embedding Temb(S). For 
each r in r let us denote again by r * the corresponding automorphism 
of Temb(S). Obviously, for any element tin T and for any point x of 
Temb (S), we have r *(t. x) = r *(t). r *(x). Let us denote by l(t) the action 
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of each element t in T on Temb (2'). Then we have an injective homo
morphism I: T -+Aut (Temb(2')) to the group Aut (Temb(2')) of automor
phisms of Temb (2') as an algebraic variety. We also have an injective 
homomorphism r -+Aut (Temb (2')) sending r to r *. By what we saw 
above, we have r * 0 l(t)=/(r *t) 0 r * for any t in T and for any r in r. 
It is easy to see that A(T):={/(t)or*lrEr,tET} is a subgroup of 
Aut (Temb (2')), which is the semi direct product of the subgroups 
{let) I t E T} and {r * IrE n. Hence we have a split exact sequence 

1--+ T --+ A(T)--+r --+ I. 

Note that X'o=Temb(2')\T is invariant under T and r, so that X'o is 
A(T)-invariant. 

Consider the compact real torus CT= U(l)@Z3= U(1Y in T, where 
U(l)={z E C] IZI= I}. Then we have a split exact sequence 

ord 
l--+CT --+T --+R3--+O, 

where ord is induced by the homomorphism C*:;J z>-+-loglzl E R. 
Define a subgroup of A(r) by CA(T): = {let) 0 r * I t E CT, r E n. Then 
we also have a split exact sequence 

l--+CT --+CA(T)--+r--+I. 

The open set Do: = ord -I( C) U X'o of Temb (2') is invariant under rand 
CT. So Do is CA(T)-invariant. 

Via the action of r on T, we can consider the first group cohomology 
group HI(r, T)=ZI(r, T)/BI(r, T), where ZI(r, T) consists of the cros
sed homomorphisms rp: r -+ T satisfying rp(rr') = rp(r) . r * (rp(r' )) , while for 
an element t in T, we define the element ot of BI(r, T) to be the map 
r-+T sending r to r-I·r*(t). Similarly, we can define HI(r, CT) and 
HI(r, R3). By the split exact sequence I-+CT-+T-+R3-+O, we have a 
split exact sequence 

The following is well-known: 

Lemma 3.1. HI(r, T) (resp. HI(r, CT)) is in one-to-one correspond
ence with the splitting of the exact sequence I-+T -+A(r)-+r-+I (resp. I 
-+CT-+CA(r)-+r-+l) up to conjugacy in A(T) (resp. CA(r)). 

The relevance of the first group cohomology groups HI(r, T) and 
HI(r, CT) to our problem in this paper is explained as follows: For rp 
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in ZI(r, T), the group r<p :={I(SO(r» 0 r * IrE F} acts on 2 0, If SO IS III 

ZI(r, CT), then r<p acts on 0'0 properly discontinuously and without 
fixed points, since the induced action on (0'0\20)/ CT = C coincides with 
that of ron C eR3. If SO' =so· ot for an element t in T (resp. CT), then 
we have an isomorphism of quotients 

20/r<p,::::::.20!F<p (resp. ao/r<p'::::::' ao/r<p)' 

For the cohomology class [SO] of HI(r, T) (resp. H1(r, CT», let us denote 
the isomorphism class consisting of these analytic spaces (resp. 3-dimen
sional complex manifolds) by 

x[<p]:=20!F<p (resp. U[<p]:=ao/r<p)' 

If [SO] is in H1(r, CT), then X[<p] is a toric divisor on U[<p]' Since let) maps 
irreducible components, double curves and triple points of 20 onto 
themselves, for each t in T, the weighted dual graph of X[<p] coincides with 
that of Xo, i.e., WDG(X[<p]) = £1. We can prove the following proposition 
in the same way as [4, Proposition 1.5]. 

Proposition 3.2. If the cohomology class [SO] is in HI(r, CT), then 
X[<p] is contractible to a point. Hence we obtain a 3-dimensional isolated 
singularity V[<p] and its resolution (U[<p]' X[<p])-..(V[<p], p) whose exceptional 
set X[<p] is a toric divisor with WDG (X[<p]) = £1. 

In the following, we show conversely that any to ric divisor X, with 
WDG(X)=£1, of a 3-dimensional complex manifold U is isomorphic to 
X[<p] for some cohomology class [SO] of HI(r, T). Recall that the weighted 
triangulation ,1 associated to £1 is a niS)-invariant triangulation of the 
universal covering space S of S=I£1I. We can take an unramified cover
ing space 2-..x of X so that the dual graph of 2 coincides with ,1 as 
follows: For each vertex v of ,1, take a copy Xv of the normalization of 
the irreducible component Xcv] of X corresponding to the image [v] of v 
under the projection ,1-..£1, and let jv: Xv-"X[v] be the normalization 
map. We identify the points x of Xv and y of Xw, if and only if v and w 
are joined by an edge of ,1 and i[v]Uv(x» = i[w]Uw(Y», where i[v]: X[v]-"X 
is the inclusion map. Then we obtain an analytic space 2= Uv E {vertices of i} 

Xv and a map 2 -..X sending a point x of Xv to i[v]Uv(x». Here we note 
that the weighted dual graph of 20 also coincides with ,1 (see [4, § 4]). 

Proposition 3.3. Under the above notations, we have an isomorphism: 
2::::::.-..20 , 

Proof For each vertex v of ,1, let (Xo(v), Do(v» (resp. (X(v), D(v») 
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be the pair of the irreducible component of Xo (resp. X) corresponding 
to v and the union of the double curves on it. Since each irreducible 
component of a toric divisor X and the double curves on it are uniquely 
determined up to isomorphism from the weighted dual graph WDG(X) 
of X (see [3, § 8]), we have an isomorphism (X(v), D(v»~~(Xo{v), Do{v» 
of pairs. Take a vertex v of J and fix one such isomorphism 

lev): (X{v), D(v»~~(Xo(v), Do(v». 

Let W be a vertex which is connected to v by an edge e of J. Let Do= 
Xo(v) n Xo(w) and D=X(v) n X(w) be the double curves of Xo(v) and XCv), 
respectively, corresponding to e. Then we take an isomorphism 

lew): (X(w), D(w»~~(Xo(w), Do(w» 

in such a way that the restriction l{w) In of lew) to D is equal to that of 
lev), i.e., l(w) In =l(v) In. Next let u be a vertex of J such that u, v and W 
are vertices of a triangle. We easily see that for g, h in Auto(X(u), D(u» 
~(C*)2, if gIE=hIE' then g=h, where E=X(u)n X(v)+X(u) nX{w). 
Thus we have a unique isomorphism 

leu): (X(u), D{u»~~(Xo(u), Do(u» 

with leu) Ix(u)nx(v) =l(v) Ix(u)nx(v) and leu) Ix(u)nx(w) =l(w) Ix(u)nx(w)' Hence 
the following lemma complete the proof, because J is simply connected. 

Lemma 3.4. Let v be a vertex of J and WI> wz, .. " w. be the vertices 
adjacent to v going around v in this order. Fix isomorphisms lev): XCv) 
~~Xo(v) and l{wl): X(WI)~~XO(WI) with l(v)ln(l)=l(wl)ln(I)' where 
D(l)=X(v)nX{wl)' We have isomorphisms l(wJ: X(wz)~~Xo(wJ, 
l{wa): X{wa)~~Xo{wa), ... and lew,): X(w,)~~XO(W8)' successively, with 
l(v)ln(J) =l(wj)!n(j) and l(Wj_I)IE(J) = l(wj)IE(j) in the above way, where D(j) 
=X(v) n X(Wj) and E(j) = X(Wj_l) n X(Wj). Then l{W')]E(I) = l(wl)IE(I)' 
Namely, we have an isomorphism from X(v)+X(wl) + ... +X(w.) to 
Xo(v)+XO(w1)+, .. +Xo(ws)' 

Proof By the definition of toric divisors, we can take coordinates 
(Xi' Yi), (Ui' Vi) and (Zi' Wi) for Zariski open sets of toric surfaces XCv), 
X(wt_l) and X(Wi), respectively, for each i of Z/sZ so that E(i) is defined 
by vt=O and also by Wi=O, that D(i) is defined by xt=O, by Yi+I=O, by 
Zi=O and also by Ui+I=O and that the relations 
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£(1) 

£(5) X(Ws) £(2) 

X(WS-l) 

X(V) 

D(s-l) 

I 
D(2) 

\ 
Figure 3.1 

hold. (See Figure 3.1.) Here we may assume that Wi=Yi and Vi=Xi on 
D(i) for each i of Z/sZ, multiplying Wi and Vi+1 by some constants, since 
Wi/Yi=Xi+1/Vi+! is a nonzero constant on D(i). Similarly, keeping the 
relations (#), we may assume that Ui.=Zi on E(i) for i=2 through s. 
Then UI = tZI on E(1) for some nonzero complex number t. It is sufficient 
to show that t= 1. Take an open covering {Uih~I,2, ... ,S of XCv) so 
that Ui is a Stein neighborhood in U of the triple point XCv) n X(Wi_l) n 
X(Wi)' Let It be a defining equation for XCv) n Ui on Ui and let gij = 
(It/h) Ix(v)' Then the collection {gij} of the transition functions gij defines 
the normal bundle @X(V)(X(v)) of XCv) in U. On the other hand, the line 
bundle @X(v)(X(v)) is linearly equivalent to dl·D(1)+d2 ·D(2)+ ... + 
ds·D(s) for some integers dl, d2, ... and ds' Hence we have a colle::tion 
{hi} of nowhere vanishing holomorphic functions hi on XCv) n Ui with 

In particular, gi,i+l=xi1i, because bi=di_l+aidi+di+I' Now let !i= 
It . Iii for a holomorphic function Iii which is an extension of hi to Ui. 
Then (Ji/!i+I)lx(v)=xi1i and hence {(JJzi)'(Ji+l/Ui+l)-I}ID(i)=l for i=l 
through s-l, because Vi+1 =Xi+1 on D(i). So (!dZi) and (!i+l/Ui+l) 
define the same nonzero holomorphic function Fi on D(i). Clearly Fi = 
Fi+1 on the triple point D(i) n D(i + 1). Since the double curves DO) are 
compact, the collection {Fi} defines a nonzero constant function on 
D(1)+D(2)+· .. +D(s). Hence t=UI/ZI =(JI!ZI)·(JI!UI)-I= 1. q.e.d. 
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Let Aut/Xo) be the subgroup of Aut (Xo) consisting of the automor
phisms of Xo which map each irreducible component of Xo to itself, i.e., 
the induced action of Auto(Xo) on .a is trivial. Clearly T acts on Xo 
effectively and hence is a subgroup of Auto(Xo). 

Proposition 3.5. Auto(Xo)= T. 

X(u) 

X(v) 

Figure 3.2 

Proof Let u, v and w be the vertices of a triangle of .a . We can 
take a coordinate (ZI' Z2' Z3) on a neighborhood V in [fo of the triple 
point Xo(u) n Xo(v) n Xo(w) so that Xo(u), Xo(v) and Xo(w) are defined by 
ZI=O, Z2=0 and Z3=0, respectively, and that the action of any element c 
of T can be written as (Zl> Z2' Z3) ~ (CIZI, C2Z2, C3Z3)· Then (xu, Yu) = 
(z2Ix(u), z3Ix(u)), (xv, Yv) = (z3Ix(v), zllx(v)) and (xw, yw)=(zllx(w), z2Ix(w)) are 
coordinates of vn Xo(u), vn Xo(v) and Vn Xo(w), respectively (see Figure 
3.2). The restriction of any element g of AutiXo) to Xo(t) can be written 
as (Xt' Yt)~(atxt, btYt) for some nonzero complex numbers at and bt and 
for t=u, v and w. Here clearly, av=bu, aw=bv and au=bw' Hence the 
restriction of g to Xo(u)+Xo(v)+Xo(w) agrees with that of some element C 

in T. Then we see that g= c on Xo> as in the proof of Proposition 3.3. 
q.e.d. 

By Proposition 3.3 and 3.5, there exist a subgroup F' of A(r)c 
Aut(XJ with Xc:::.Xo/F' and an isomorphism h: rc:::.-+F' with h(r) 0 r;j/ 
E Tfor any element r of r. Let rp(r)=h(r) 0 r;l. Then by an easy calcula
tion, we see that the map rp: r -+ T satisfies the cocycle condition rp(rr') = 
rp(r). r * (rp(r')) for any elements rand r' of r. Hence the map rp: r -+ T 
defines an element [rp] of HI(r, T) and F'=rp' Thus we have Xc:::.X[p]. 
Suppose that X[p]c:::.X[t] for another element [1/r] of H1(r, T). Then there 
exists an element g of Auto(Xo) such that 1(1/r(r)) 0 r* 0 g=g 0 l(rp(r)) 0 r * 
for each element r of r. By Proposition 3.5, g= l(t) for some t in T. 
Hence we have rp(r). 1/r(r)-I=r *(t). rl. So [rp]=[1/r]. Thus we obtain: 
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Theorem 3.6. There exists an injective map to HI(T, T)from the set 
of isomorphism classes of to ric divisors X, with WDG(X)=L1, of 3-dimen
sional complex manifolds. The map sends each toric divisor X to the 
element [SO] of HI(T, T) with X ~ X[9'J and its image contains HI(T, CT). 

When T is an abelian group, the calculation of HI(T, T) is easy. T 
is isomorphic to the fundamental group 7r1(S) of a compact topological 
surface Sand S cannot be a Klein bottIe [4, Corollary 3.2]. Thus T is 
an abelian group, if and only if S is a 2-dimensional real torus. 

Proposition 3.7. If T is an abelian group, then we have HI(T, CT)= 
HI(T, T) and it is a finite group. 

Proof As we saw above, T~ZtBZ. Let rl and r2 be generators of 
Te GL(3, Z). Then det(rl-l)*O, because rl has three eigenvalues none 
of which are equal to 1 as we saw in the proof of [4, Theorem 3.1]. Hence 
for any element b of T, there exists an element a of T with (rl*a)·a-I=b. 
Thus for any element [SO] of HI(T, T), we can take a representative SO with 
SO (rl) = 1 in ZI(T, T). Since T is abelian, we have (rl*so(e))'so(et l= 
(e*SO(rl))· SO(r1t l= 1 by the cocycle condition for any element e of T. 
Hence so(e) is contained in the subgroup K of T consisting of the (rl)*
fixed elements. Since K is a finite subgroup of CT and since SO is uniquely 
determined by SO(rl) and SO(r2) in K, we are done. q.e.d. 

Remark. When T is not abelian, H1(T, T) and H1(T, CT) are 
infinite. Moreover, HI(T, T) (resp. HI(T, CT)) contains a subgroup 
isomorphic to an algebraic torus (resp. a real torus), in general. Hence 
the singularity Cusp (C, T) may have a non-trivial deformation. (Freitag 
and Kiehl showed that Hilbert modular cusp singularities with demensions 
greater than 2 are rigid.) In a forthcoming paper, we will calculate the 
cohomology groups HI(T, T) and H1(T, CT) and study the rigidity of 
the singularities treated in this paper. 

We take this opportunity to correct the following errors in our 
previous paper [4], which the referee of the present paper kindly pointed 
out: e on p. 609, line 35 from above as well as e on p. 610, line 6 from 
above should both be ae. 
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