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Introduction

The purpose of this paper is to explain the current state of Hironaka’s
program for the characteristic-free resolution of singularities of excellent
schemes. More specifically, we collect together results on infinitely near
points and infinitely very near points due to Bennett [B]. Giraud [G,],
[G:]. Hironaka [H,], [H,]. Herrmann-Orbanz [HO], Oda [O,] and Singh
[S.], [S:], [S;]. We remove unnecessary restrictions and give unified proofs
for most of them, using the ideas found in the above papers. Hopefully,
we thus get insight into possible further study of the program.

Hironaka’s program consists in

(D) finding good numerical invariants for singularities which always
improve or at least remain the same under any permissible blowing up,
and

(II) finding a finite succession of permissible blowing ups which
actually improves these numerical invariants at singular points of a given
excellent scheme.

Hironaka successfully carried out this program for excellent surfaces
(see [H,] for a sketch). It might be possible to carry out (II) either

(II) in a mesh of inductions on the dimension as in Hironaka’s
proof [H,] in characteristic zero, or

(II) in formulating a good game on Newton polyhedra and then
finding a winning strategy for it.

Spivakovsky dealt with a prototype of this game formulated by
Hironaka and in [S,] found a winning strategy for a simpler version,
while in [S,] he showed that a winning strategy need not exist for a harder
version. Nothing else seems to be known about (II) at the moment.

Our main concern in this paper is (I) for general excellent schemes.
We have already sketched in [O,], without proof, the current state of (I)
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in the technically much simpler case of hypersurface singularities.

Good numerical invariants for singularities found so far are essen-
tially refined versions of those in [H,] for characteristic zero. Complica-
tions arise in positive characteristics, however, due to the existence of
nonlinear additive forms. They do not cause much trouble for surfaces as
Hironaka showed in [H,]. But already for threefolds, the simple result
due to Zariski [Z, Lemma 7.1] for characteristic zero breaks down in
positive characteristics. Hironaka [H,] formulated this phenomenon in
terms of group schemes, now called Hironaka group schemes. We have
studied them as well as their higher order analogues in [O/], [O,}, [O,].

Here, we do not deal with Hironaka group schemes, but rather use
the techniques developed so far for them to study the ridge of tangent
cones and normal cones, which is more directly related to singular points.
The ridge of a cone in a linear space is the largest subgroup scheme of
the ambient linear space which leaves the cone stable under translation.
Section 1 is devoted to the elementary but basic results on the ridge of a
cone.

In Section 2. We collect together known results on the Hilbert-
Samuel functions of a Noetherian local ring.

Then in Section 3, we introduce three numerical invariants known so
far for a singularity and state basic stability theorems for them. We
prove most of them in Section 4.

These numerical invariants are defined locally. Hence we restrict
ourselves to the following situation: X is a scheme embedded in a regular
ambient scheme Z. For a point x of X not necessarily closed, we intro-
duce three numerical invariants as follows:

The first is the sequence {H{’(X); all nonnegative integersj} of
higher order Hilbert-Samuel functions of the local ring 0 , of X at x.
They are integer-valued functions on the set of nonnegative integers and
defined for j =0 by

H.;O)(X)(l) = dimlc(x)(mX,z)l/(mX,x)l + fOl' l—_—>_05

where my , is the maximal ideal of ¢, , and k(x) is the residue field, and
for j >1 inductively by

HP(X):= Tosias HYO0)  for 120

Let II: Z'—Z be the blowing up along a center YC X permissible for X,
i.e., Y is regular and X is normally flat along Y. The restriction of I/ to
the strict transform X’ of X in Z’ is the blowing up of X along Y. Fora
point x’ of X’ with J1(x")=x, we have the first stability theorem (Theorem
3.1), which asserts
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HOX)>HY* (X)) for all j>0,

that is,
HPX) () >HE (X)) for all />0 and j>0,

where d:=tr. deg,,k(x’) is the transcendence degree of the residue field

extension.

Following Giraud [G,], we call x’ an infinitely near point of x if the
equality holds for some (hence any) j>0. The study of these higher
order Hilbert-Samuel functions was started by Bennett [B] and improved
by Hironaka [H,], Singh [S], [S,], [S,], Giraud [G,], [G,] and Herrmann-
Orbanz [HO] into its present form.

When X is a hypersurface in Z, the multiplicity of X at x gives the
same information as the Hilbert-Samuel functions. In the general case,
Hironaka [H,], [H,] introduced the second numerical invariant to be a

countable sequence
y;:k(X3 Z)=(!J(1), 1)(2), R} IJ(I'), 0, 00, - ’)

of nonnegative integers y()<(2)<---<u(r) and oo. Pick a standard
base {g,, - - -, g,} for the 0, ,ideal J with O ,=0, ,/J and let v(j) be the
m,, ~adic order of g, (cf. Sections 2 and 3).

As we recall in Theorem 3.2, [H,] showed that

vi(X, Z)>vi(X', Z7)

in the lexicographic order (see also [S;] and [HO]). Moreover, the equality
holds if and only if x’ is an infinitely near point of x.

The third numerical invariant is the nonnegative integer
(X, Z):=tr. deg,,, Y. (X, Z),

the transcendence degree over x(x) of the algebra 9 (X, Z) defined as
follows (cf. Sections 1 and 3): the associated graded ring

8(Z2):=Dizo (Mz,2) (M4, )"

is a polynomial ring over x(x), say gr(Z)=«(x)[z;, - - -, z,]. An additive
form h in gr,(Z) is a polynomial of the form

h=azt’'+az+ - - - +a,z;

for elements a,, - - -, a, in £(x) and a nonnegative integer e, where p is the
characteristic exponent of k(x). The initial ideal in (X, Z) is defined to be
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the kernel of the canonical surjection gr(Z)—gr (X). Then € (X, Z) is
the smallest k(x)-subalgebra of gr,(Z) generated over x(x) by additive
forms such that in, (X, Z) is generated as an ideal by the intersection
in (X, Z)NYU (X, Z). In characteristic zero, we have p=1, hence additive
forms are linear forms. Thus ¢, (X, Z) is the smallest number of variables
in gr,(Z) necessary to describe the ideal in (X, Z) as defined in [H;].

Giraud [G,] showed that if x’ is an infinitely near point of x, then the
second stability theorem (cf. Theorem 3.3) holds, i.e.,

(X, Z)< 2 X', Z7).

Since his concern was slightly different from ours here, he imposed the
condition to the effect that @, , is a complete local ring containing a field.
As we see in Section 4, we can modify his proof and find these restrictions
to be unnecessary in our situation.

Following Giraud [G,], we call x” an infinitely very near point of x if
x’ is an infinitely near point of x and if, moreover, the equality z (X, Z)=
(X', Z’) holds, i.e., all three available numerical invariants stay the same
at x’.

As we see in Theorems 3.5 and 3.6 as well as Corollary 3.7, we can
choose a standard base for the initial ideal in, (X, Z) and one for
in,.(X’, Z") related with each other in the following nice manner (6), if x’
is an infinitely very near point of x. (Compare this result with [H,, Pro-
position 21] which deals with the case of infinitely near points and which
uses the Hironaka group scheme.)

() Let us denote

V;k(Xa Z):”;k’(X/’ Z/): : (U(l), T l"(")s 0, OO0, - - )
7.(X, Z)y=7 (X', Z)=: <.

Let us choose a regular system of parameters (u,, - - -, #,, U, - - -, Uy) of
Wy, so that Op =0, [(uy, -, u,)05,, and that (uy, -+, 4,)05 =
U0z .. Hencemy 0z =, Uy, - -+, V)0 g0 o

(2) If we denote by y,:=in,(u;, Z) the i, -adic initial form of u,
for 0<<i<n, then we have canonically

K(x)®ay grY(Z):":(x)[yov M) yn]Cgrz(Z):

and the left hand side contains U (X, Z). We can find algebraically
independent additive forms 4, - - -, A, of degrees g(1)=p°®, - - -, g(z)=
pe@ with e(1)<<e(2)< - - - <e(r) in the variables y,, - - -, ¥, such that

2[z(‘Ya Z)ZIC(X)[}ZI, s hr]
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3 0z,./mz .04, is the local ring of I1-'(x) at its point x’ and
coincides with the subring consisting of the homogeneous eclements of
degree zero in the localization of £(x)[ y,, - - -, y,] with respect to a homo-
geneous prime ideal not containing y,. The canonical surjective homo-
morphism gr,(Z")—gr.(II-'(x)) has kernel generated by the m,. ,-adic
initial forms ing(u, Z’), in,(v,, Z'), - - -, in,(v,, Z’), which are linearly
independent linear forms in gr,(Z’). The above surjection turns out to
induce an isomorphism of x(x’)-algebras

WU AX', ZN "W (X N IT (%), IT7(x)).
(4) For each 1<i <, the initial form
i =ing(h/Y§P, IT71(x))

turns out to be an additive form of degree ¢(i) in gr,(II-*(x)) with
coefficients in the subfield #(x)F*®(x(x")) of #(x’), where F is the ¢q(i)-th
power Frobenius map. Moreover, we have

AoAX NI (), T ()= k(DAY - - -, B

(5) For each 1<i<z, there exists a unique additive form 4] in
gr.(Z") mapped to 4; under gr,(Z’)—gr,(II7*(x)) such that

UAX", Z0)= k(XA - - -, M)

(6) There exist k(x)-coefficient polynomials «r, - - -, |, in ¢ variables
of weights g(1), - - -, g(z) such that +; is isobaric of weight v(j) for 1<j
< r satisfying the following properties:

(i) The subset {y;(A, - - -, h,); 1< j<r} of A, (X, Z) is a standard
base for in, (X, Z).

(ii) The subset {y,(hy, - - -, b/); 1<j<r} of W (X' NI (x)) is a
standard base for in (X’ N IT-*(x), II~'(x)).

(iii) The subset {y,(A], - - -, 1); 1<j<r} of A (X', Z’) is a stand-
ard base of in (X', Z').

The main part of this work was done while the author was visiting
Harvard University during the academic year 1983/84. He wishes to
thank the members of the Department of Mathematics for hospitality.
Thanks are due to the National Science Foundation and the Japan-U. S.
Exchange Foundation for the financial support which made the visit
possible.

This paper is dedicated to the memory of Professor Yasuo Akizuki
who passed away on July 11, 1984.
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§ 1. Homogeneous subgroup schemes and the ridge of a cone

In this section, we collect together basic facts on homogeneous sub-
group schemes of a fixed vector group V. The ridge of a cone in V is an
example of homogeneous subgroup schemes of ¥ and will play an im-
portant role in the resolution of singularities, as we see in Sections 3 and
4. Other examples are Hironaka group schemes associated to homo-
geneous prime ideals of S introduced in [H,], and their higher order
versions studied in [O,] and [O;].

We fix a field k& of characteristic exponent p, ie., p=1 if k is of
characteristic zero, while p is the characteristic of k if the latter is a
nonzero prime. Let S=k[z, - - -, z,] be a polynomial ring in n variables.

For each nonnegative integer v, we denote by S, the k-subspace
consisting of homogeneous polynomials of degree v so that S=@@,5, S, is
naturally a graded ring. An additive form in S is a homogeneous poly-
nomial of the form

h=az{'+az8’+ - - - +a,z8°

with elements a,, ---,a, in kK and a nonnegative integer e. For each
nonnegative integer e, we denote by L, the k-subspace in S,. of additive
forms of degree p°.

We denote by F the p-th power Frobenius map. Then the direct sum

L:=@¢s0 L.

is naturally a (left) graded module over the twisted polynomial ring k[F]
over k in F with the relation Fa=a?F for each a in k. Here we regard
aF¢ e k[F] to be of degree ¢ for each a in k and for each nonnegative
integer e.

V:=Spec(S) is naturally an r-dimensional vector group scheme
over k, i.e., a group scheme under the usual addition, together with the
usual scalar multiplication action of the one-dimensional multiplicative
group scheme G,,. Kk[F] can be naturally identified with the ring of endo-
morphisms End (G,) of the one-dimensional additive group scheme G,
where F acts as the Frobenius endomorphism. Then L can be naturally
identified with the A[F]-module Hom (V, G,) consisting of the homo-
morphisms of group schemes from V to G,. A homogeneous subgroup
scheme G of V is a closed subgroup scheme of ¥ stable under the scalar
action of G,,. Thus for an ideal J of S, the subscheme G=Spec (S/J) is
a homogeneous subgroup scheme if and only if J is a homogeneous ideal
generated by a finite number of additive forms, or equivalently, J is
generated by JN L.
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The subring S¢ of elements in .S invariant under the translation action
of G on S is a graded k-subalgebra of S and Spec(S¢) is the quotient
group scheme V/G. Note that S¢ is the graded k-subalgebra generated
over k by

JNL=L°=Hom (V/G, G,),

where Lé=L NS¢ and the extreme right hand side is the set of homo-
morphisms of group schemes from V/G to G, naturally regarded as a
graded k[F]-module.

By G— L% and G—S° we have one-to-one correspondences among
homogeneous subgroup schemes in V, graded k[F]-submodules of L and
certain graded k-subalgebras of S, which we now characterize and which
will play important roles later.

For that purpose, denote by Hyp (V') the Ayperalgebra of V, i.e., the
set of invariant differential operators of finite order from S into itself over
k. In down-to-earth terms, consider the Taylor expansion of fe S

fE+29=2. 0. /)2

with /=(/,, - - -, [,) running through n-tuples of nonnegative integers, where
for a new set of variables zj, - - -, z¥ we let (z%)! =(zF)"*(z¥)*- - - (z¥)'» in
the usual multi-index convention. Then f+—d, fis a differential operator
from S into itself over k of order |/|:=/+ -+, and is invariant with
respect to the additive group law. We have the composition law

az ° az'=(l, l/)auz'
with the multi-binomial coefficient

(1) :=TTiciea GAHIDYANDY,
and /[4+1:=(,+1}, ---,1,+1}). For fand gin S we have Leibnitz’s rule

0.(f8)=2"111-1 (0,.1)0,-8).

Hyp (V) is then the k-vector space consisting of finite k-linear combina-
tions of {3,; all n-tuples /} with the multiplication and comultiplication
defined respectively by the composition and Leibnitz’s rules.

The following characterization is of utmost importance later:

Lemma 1.1 (Hironaka [H,, Corollary 2.3] and Giraud [G,, Corollaire
1.5.5]). For a graded k-subalgebra U of S, the following are equivalent:

(i) There exists a (necessarily unique) homogeneous subgroup scheme
G of V such that U=S¢,
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(ii) U is generated as a k-subalgebra by additive forms.
(iii) U is stable under the action of Hyp (V) on S.

Proof. (ii) implies (i), if we let G=Spec (S/J), where J is the ideal
generated by UN L. (i) obviously implies (iii), since Spec (S%) = V/G.

As for the implication from (iii) to (ii), consider the k-subalgebra U’
of U generated by UNL. As in [H,, Corollary 2.3] and [G,, Lemme
1.5.4.3], we can easily show U’=U by looking at the leading exponents
of monomials in z,, - - -, z, with respect to the lexicographic order. gq.e.d.

Remark. (cf. Hironaka [H,, (1.2)] and Giraud [G,, Proposition 1.5.4)).
For a homogeneous subgroup scheme G in V, we can linearly change the
variables in .S so that

Sazk[hla tt hz]
with additive forms in “triangular shape”
i) i .
hr_—zfe( +Zi+1$l$n auZ?e( )’ l=1, cre T

where a,; are elements of k and e(1)<<e(2)<---<e(r) are nonnegative
integers. In particular, S¢ is purely transcendental over k and S is flat
over S¢. Since S¢ is generated by L¢ as a k-algebra, we have only to
note that L¢ is k[F]-free and to choose a basis as A, - - -, h.. Note that
r=dim V/G=tr. deg, S°.

An important example of homogeneous subgroup schemes in ¥ arises
as the ridge of a cone as follows:

A cone C=Spec(S/I) in V is a closed subscheme defined by a
homogeneous ideal I of S. The ridge (faite in French, due to P. Gabriel,
cf. [Gy, 1.3]) of C is the largest subgroup scheme A= A(C) in V¥ such that
A+ CcCC. Namely, A4 is defined as a subgroup functor of V by

AR :={v e V(K'); V+(CX kYT (C X k)}

for all k-algebras k’. It is easily shown to be representable by a homo-
geneous subgroup scheme of V, as we see in Proposition 1.2 below. The
condition A4 CC C means that [ is generated as an S-ideal by a finite
number of elements of positive degree in S4. On the other hand, S is
generated as a k-algebra by a finite number of elements in L4. Thus the
consideration of the ridge of C amounts to that of the smallest k-subalgebra
klhy, - - -, h] of S generated by additive forms 4, - - -, A, such that I is
generated as an S-ideal by INkfA,, - - -, h]. Note that A(C) depends only
on C and is independent of the particular embedding in a linear space V.
However, S4© does depend on V, since ¥/A4(C)=Spec (S4).
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Definition. Let 7 be a homogeneous ideal of S. A standard base of
I'is a minimal system of generators {f;, - - -, f,} such that each f; is homo-
geneous and that

deg fi<deg f,< - - - <deg f,.

A standard base {f}, - - -, f,} of I'is said to be normalized with respect to
the variables z=(z, - - -, z,), if for each 1< j<r, the coefficient of f;
with respect to the monomial z' vanishes when / is in the exponent
exp((fy, - - -, f;-1) of the ideal (f}, - - -, f;_,). Here, the exponent exp (f)
=exp (f; z) of a nonzero homogeneous element f of S is the n-tuple /, if
the monomial z' appears in f with nonzero coefficient and if / is the
greatest among such with respect to the lexicographic order of n-tuples.
Then the exponent of a homogeneous S-ideal J is defined to be the set

exp (J)=exp (J; z):={exp (f); nonzero homogeneous fin J}.
Remark. For a homogeneous ideal I of S, the sequence

1J*(I)Iz(degfl’ degfza MY degﬁs o0, 00, - - )

is known to be independent of the choice of a standard base of 7 (cf. [H,,
Chapter III, § 1, Lemma 1, p. 205]). A standard base of I exists and can
be easily modified to become normalized with respect to (z,, - - -, z,).
For a homogeneous S-ideal J, its exponent exp (J) is a semigroup ideal in
the semigroup of n-tuples of nonnegative integers, i.e., if / is in exp (J),
then [ +m is in exp (J) for each n-tuple m of nonnegative integers.

Proposition 1.2 (Giraud [G,, Propositions 1.5.3 and II1.2.10] and
[G,, Lemme 1.6]). Let C=Spec(S/I) be a cone in V. Then the ridge
A(C) of C exists and is a homogeneous subgroup scheme of V satisfying the
following properties:

(i) If a standard base {f,, - - -, f,} of I is normalized with respect to
the variables z=(z,, - - -, z,) of S, then it is quasi-normalized with respect
to z in the sense that

a;f}=0

Sfor all 1< j<r and all | € exp (I; z) with |l|<deg f;, where 8, is the Taylor
coefficient differential operator with respect to z for each n-tuple I of non-
negative integers.

(ii) If a standard base {f,, - - -, f,} of I is quasi-normalized with
respect to z, then S*© is the k-algebra of S generated by

{0.f;; 1< j<r, Inot in exp (I; 2), | /|<deg f;},
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hence by Hyp (W) f,+ - - - +Hyp (V) f,, where Hyp (V) is the hyperalgebra
of invariant differential operators on V with the k-basis {9,; all n-tuples [
of nonnegative integers}.

(iii) In particular, any standard base of I quasi-normalized with respect
to any set of variables of S is contained in S4©,

Proof. (i) Let c¢,(m) be the coefficient of f; with respect to z™
Then

(0. fXD) = 2w (I, m)e (I m)z™,

where the summation is over all n-tuples m of nonnegative integers. If /
is in exp (/; z) with |/|<degf;, then /, hence /+m for any m, are in
exp((fi, - - -, fi-1); 2), since {f;, -- -, f,} is a standard base of I. Thus
ci(I+m)=0 for all m, since {f,, - - -, f;} is normalized with respect to z.

(ii) A=A(C) is the subgroup functor of V defined by A(k")=
{ae VIKY=(K)"; fila+2)—fi(z) e KRl 1<j<r} for all k-algebras k.
Let S*=kK[z¥, - - -, z¥] and its homogeneous ideal I* be copies of S and
I, respectively. We then have

Fiz+29) = fi(Z*) =211 <aeg 5, 01 S )"’

for 1<j<r, where z¥=(z¥, - - -, z¥). Obviously, the classes of {(z*)!;;
not in exp (I*; z¥)} modulo 7* form a k-basis of S*//*. The image of
filz+z¥)— fi(z*) in S, (S*/I*) coincides with that of

2. @ 1)@

the summation being over all n-tuples I not in exp (I*; z¥) with [I|<deg f;.
Thus A is represented by the closed subscheme of ¥ defined by the S-ideal
generated by P:=1{d,f;; 1<j<r, I not in exp (I; z) with |I|<deg f;},
hence by P':={0,f;; 1< j<r, |1|<deg f;}, since {fi, :--,f;} is quasi-
normalized with respect to z. However, P’ is contained in S4, since
@SN z+2%) = @ S)E) = Simicaes sy 1 (b M@ SYDEH)™, the right
hand side of which vanishes on 4. Since 9, f; is in k if |/{>deg f;, we
conclude that S“ contains P”:=Hyp (V)f,+---+Hyp(V)f,. The ele-
ments of positive degree in P’/ generate the S-ideal defining 4 and P” is
stable under the action of Hyp (}). Hence by Lemma 1.1, S4 is the
k-subalgebra generated by P”. : g.e.d.

The following improvement of Proposition 1.2 due to Giraud will
play an important role in Section 4:

Let A(C) be the ridge of a cone C=Spec (S/I). As we saw in the
remark after Lemma 1.1, we can choose variables in S so that
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S:k[SI’ Y Sza ;O 7741]5 SA(C)zk[hl’ T hr]
with additive forms in triangular shape

hi=hi(&, P =a&)+ (),
a(&)=EID+ 3 2. ;85
b(p)= Zlg]’ga bimg(i)’

for 1<i<r, where a,; and b,; are in k and ¢(i)= p*® with nonnegative
integers e(l)< e(2)< --- <e(r). For simplicity, let us denote &:=
(gl, MY Ez)? 77::(7/15 T 77:7)’ h::(hl’ T h,), a:=(a1, Tty ar) and b:=
(b, ---,b,). Consider the polynomial subring S*:=k[y] of S and the
polynomial residue ring S':=S/(z,, - - -, 7,) =k[&'], where & :=(&[, - - -, &).
Here the projection S—S’ sends f(£, ) in S to f(¢,0) in S’. We denote
by I’ the image of I in S’. For each r-tuple p (resp. o-tuple v) of non-
negative integers, let us denote by &#, @, (resp. 7*, 9)") the corresponding
monomials in & (resp. in ) as well as the Taylor coefficient differential
operator with respect to & (resp. with respect to 7).

Corollary 1.3 (Giraud [G,, Lemme 1.7, 3.3.2 and 3.3.3]. In the above
notations, we have the following for the cone C=Spec (S/I):

(i) C is flat over Spec (S¥) so that {n,, - - -, 1,} is a regular sequence
for S/I. The exponent exp(I; &, 1) of I with respect to (&, ) consists of
all (i, v), where v runs through all o-tuples of nonnegative integers, while u
runs through the exponent exp (I’; &) of the S’-ideal I’ with respect to &'.
Moreover, if { fi, - - -, f,} is a standard base of I, then { f}(§',0), - - -, f,(&,0)}
is a standard base of I'.

(ii) Suppose {f,, - - -, f.} is a standard base of I and is contained in
S4O . Then {f,, - - -, fr} is quasi-normalized with respect to (£, 3) in the
sense of Proposition 1.2 if and only if 8, f;=0 for all 1<j<r and all m
exp (I7; &) with |m|<deg f;.

i) If {fy, ---.fr} is a standard base of I quasi-normalized with
respect to (&, ), then S*© is generated as a k-algebra by

{8, f;; 1< j<r, =-tuples m not in exp (I’; &) with |m|<deg f;}.

Moreover, {f(&,0), - - -, f,(¢, 0)} is a standard base of 1’ quasi-normalized
with respect to &', and the ridge A(C’) of the cone C’:=Spec (S’/I) satisfies

()1 =k[h(£’, 0), - - -, h(¢’, O)L.

Proof. (i) Recall that V:=Spec(S) and 4:=A(C). Then the
closed embedding C/A4=Spec (S4/(IN S4))—V/A=Spec (S4) gives rise to
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the equality C=V X (4 (C/4)=Spec (S/(IN §4)S). The restriction C—
V*:=Spec (S*) of the canonical morphism V-—V* decomposes as

C=V X g0, (ClA—{VX (V] A} X )0, (C1A) =V (C/A)— V.

The first morphism is flat, since it is the base extension by C/4A—V/A4 of
the canonical morphism ¥V =Spec (k[&, 5])—V* X (V/A)=Spec (k[y, h]),
which is obviously flat in view of the triangular shape of . The second
morphism is also flat, since it is the base extension by V*—Spec(k) of
C/A—Spec (k). Consequently, C—V* is flat, i.e., S/I is S*-flat, and the
regular sequence {7, - - -, 7,} for S* remains one for S/I. Hence we see
that the kernel of 7-»1’ coincides with (3, - - -, 5,)I.  Then for exp (f”) e

exp (I’; &) with a nonzero homogeneous f” € I’, there exists a homogeneous
fin I such that f’=f(&, 0) and that exp (f)=(exp (f*), 0). Therefore,
(exp (f),v) is in exp(/; &, 5) for all v. As we see in Corollary 2.4,
{fi(&,0), -+, f,(&,0)} is a standard base of I’ if so is {f, - - -, f,} for I,
since {5, - - -, 7,} 18 a regular sequence for S/I.

(ii) Suppose f;, - -+, f; are elements of SO =k[h, ..., h]. For
1< j<r, -tuples g and o-tuples v, we claim that 3,3,’f; is a k-linear combi-
nation of 8,,f;, where m runs through r-tuples of nonnegative integers
satisfying [m|=|p|+|v|. We would then get (ii), since (m,0) is in
exp (I; &, ) if and only if m is in exp (I”; &) by (i).

To prove the above claim, let us introduce a new set of variables
g¥=(&, - -, &) and 9*=(pf, - - -, 77). We have a(§+£5%)=a(§)+a(&*)
and b(p+5*)=>b(y)+b(y*), since a, and b, are additive forms. There
exist polynomials 4, - - -, 4, in = variables A={h,, - - -, A,) such that

S1E D= (W&, 7)) for 1<j<r.
Thus we have

SiE+E5 9+ 7 )=, (E, D) +aE*)+b(7*)
=21 (D )(h(E, PHa(e™) + b))

with A=(4,, - - -, 4.) running through z-tuples of nonnegative integers, where

HaE)+ b)Y = T1cic- (@§*)+bir*))"* and where ;> Dyfry is the
Taylor coefficient differential operator for ¢ variables 4. Let us denote
Ag:=Qq(D), - -, 4,4(z)) for each z-tuple 2. Then we have

{a€)+bCr")Y = 2 €1 (EY (Y

with ¢, ,, € k, where ¢ and v run through z-tuples and o-tuples of non-
negative integers such that |Ag|=|g|+|v]. Since a(€*) is in triangular
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shape, we see that C,,, ,=1 and that ¢,,,=0 if y is lexicographically
greater than 1g. Comparing the coefficients with those of the Taylor
expansion of f,(¢, »), we have

(@8.F)E D=2zt 1+ 1t €2l Dl J(A(E, 7)),

for each z-tuple x and o-tuple v, where A runs through z-tuples satisfying
[2g|=|p|+]v]. If welet 7*=0, then

(@S NE D=2 1= 1m1 Cam, o Dl YA, 7))

for each z-tuple m. Since ¢, ;,,,=1 and ¢, ,,,=0 if m is lexicographically
greater than Aq, we can solve each (D;,)(A(§, 7)) as a k-linear combina-
tion of (3,, f,)(&, ) with m running through z-tuples of nonnegative integers
satisfying |m|=|4q|. Hence the above claim is verified.

(iii) is obvious by (i) and (ii). g.e.d.

Remark. To a homogeneous prime ideal p of S is associated the
Hironaka subgroup scheme B(p) of V" as follows (cf. Hironaka [H,]): For
each nonnegative integer v, let U,(p) be the subset of .S, consisting of zero
and all those nonzero f'e S, for which the hypersurface Proj (S/Sf) has
multiplicity v at p regarded as a point of Proj(S). By the Jacobian
criterion (cf. Oda [OQ,, Proposition 2.2 (i)]), fe S, is in U,(p) if and only if

Diﬂ;_ 1(S)fc p’

where Diff,_(S) is the set of absolute (i.e., over the ring of integers)
differential operators of S into itself of order at most v—1. Then
U(p):=D,=, U(p) is easily seen to be a k-subalgebra of .S stable under
Hyp (V). Hence by Lemma 1.1, there exists a unique homogeneous
subgroup scheme B(p), the Hironaka subgroup scheme associated to p, in
V such that U(p)=S2®. [0, Proposition 4.1] associates to p the se-
quence of higher order Hironaka subgroup schemes.

The following gives information on the ridge of the intersection of a
cone with a linear subspace:

Lemma 1.4 ([Giraud [G,, Corollaire 1.6.9.2] and [G,, Lemme 5.5.2]).
Let V'=Spec(S’) be a codimension d linear subspace of V, i.e., S’ is the
residue ring of S modulo an ideal generated by d linearly independent linear
forms. For a cone C=Spec(S/I) in V, let A=A(C) be its ridge and let
A’ = A(C") be the ridge of C':=V'N C=Spec(S’/I"). Then dim V/A>
dim V'/ A’ holds and the transcendence degree over k satisfies

tr. deg, S4>tr. deg,(S)*.
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Moreover, the following are equivalent:

(i) dim V/4= dim V’/4".

(ii) The equality tr. deg, S*=tr. deg,(S")* holds.

(iiiy The closed embedding V'—V induces an isomorphism of quotient
group schemes V'[A's V]A.

(iv) The canonical surjection S—S’ induces an isomorphism S*=
(S*, which necessarily sends additive forms to additive forms and the ideal

INS* to I'N(SH™.

Proof. The scheme-theoretic intersection ¥/ A4 is contained in 4’
by their functorial definition. Thus we have a surjection a: V’//(V' N A)
—V’|4’, hence an injection a*: (S/)*—(S’)"""4.  On the other hand, the
canonical isomorphism V//(V/' N A)=(V'+ A)/A gives rise to a closed
embedding 8: V’//(V'N A)—V/A, hence a surjection f*: S4—(S")""4
In particular, we have

dim V/A>dim V/[(V/ N Ay >dim V’/4A” and
tr. deg, S4>tr. deg,(S")' "4 >1tr. deg, (S))*.

(iit) holds if and only if V'=V"'+44 and A’=V"' A, while (iv) holds
if and only if @* and g* are isomorphisms. Thus (iii) and (iv) are obvi-
ously equivalent and implies the obviously equivalent statements (i) and
(ii). Suppose (i) holds. Then S4, (S)"'"4 and (S')* have the same
transcendence degree over k. In particular, §* is a surjection between
finitely generated integral domains of the same transcendence degree over
k, hence is an isomorphism and we get V=V’'4 4. Since VN ACA,
we have the following inequalities for the Hilbert-Samuel functions of A,
V’'N A and A’ at the origin O (cf. Sections 2 and 3):

HPA)<HPV' NAHPA),

where the first inequality is by the theorem of Bennett, Hironaka, Giraud
and Singh we recall in the next section as Corollary 2.3, while the second
inequality is obvious.

We now claim that H{(4)=H{®(4’). Then it would follow that
HP(WV' N Ay=H(A’), which implies V'NA=A’. Together with the
equality V=V’ A4 above, we thus get (iii).

To show H(A)=H{(A"), we may assume k to be perfect, since
the formation of the ridge is compatible with base change. Then the
“directrixes” D:=A,eCV and D’':= AL, V"’ are the largest linear sub-
space such that D+ CCC and D'+ C’'cC C’, respectively. Obviously, we
have V/NDCD’. Since V=V'4+A4 and dim (VN A)=dim A’, we see
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that V=V’'+4+D and V'ND=D'. Hence we have an isomorphism
V’'|D’= VD, which induces a closed embedding C’/D’—C/D. Thus for
r:=dim D’, we have '

Hg+2(C|D)< HE*"(C/D).

The left hand side is equal to H$”(C’) again by Corollary 2.3, since C’ is
noncanonically isomorphic to the product (C’/D)y X D’. Similarly, the
right hand side is equal to H§’(C), since C is noncanonically isomorphic
to (C/ID)XD and dim D=d+r. Since C’=V’'NC by definition, we
have HP(C)<K HFP(C’) again by Corollary 2.3. Hence HE*"(C’/D)=
HE*n(C/D) and the closed embedding C’/D’—C/D is necessarily an
isomorphism. Since C’=(C’/Dyx D’ and C=(C/D)x D=(C/D)x D’ X
(D|Dy= C’ x (D|D"), we see easily that 4 is noncanonically isomorphic to
A’ X (D|/D"). Hence H(A)=H$(A") once again by Corollary 2.3.
q.e.d.

§ 2. Hilbert-Samuel functions and series

In this section, we collect together results on the Hilbert-Samuel
functions and series we use later. Of particular importance is the result
due to Bennett, Hironaka, Giraud and Singh (Theorem 2.1 and Corollaries

2.3 and 2.4).
Throughout this section, we fix a Noetherian local ring £ with the
maximal ideal I and the residue field £=O/IN.

Definition. The sequence {H{’; j nonnegative integers} of the
Hilbert-Samuel functions of the local ring £ is defined inductively as
follows: the O-th Hilbert-Samuel function is the integer-valued function
on the set of nonnegative integers given by

HP():=dimg (M'/AR17),

for nonnegative integers /. For a positive integer j, the j-th Hilbert-
Samuel function is an integer-valued function on the set of nonnegative
integers determined from the (j—1)-st one by

HP) =3 peie; HY V@) for 1>0.

The corresponding Hilbert-Samuel serizs are the formal power series
in a variable ¢ with integer coefficients defined by

h (1) =2 120 HE (D1

The Hilbert-Samuel functions and series give the same information,
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but one is sometimes more convenient than the other. Note that they
depend only on the associated graded ring 1gry(0): =@, gria(O), where
gri(0): =M /M!+*.  The first Hilbert-Samuel function

HOW)=Yozsz: dimg (YD) =length, (O/M+)
is usually called just the Hilbert-Samuel function of £. We have
HY()=HY () — HY*(—1)

for all j >0 and / >1. Thus H{" is the difference of H{*", and H§" is the
“j-th order sum function” of HY’. As for the Hilbert-Samuel series, we

have
RS ()=hy ~>()/(1—1)
for all j >1. Hence
hP)=hP®))(1—1)  for j>0,

and we can use this to define 45" also for negative j.

We need to compare below the Hilbert-Samuel functions and series
of two different local rings. For that purpose, we introduce the following
order as in [B], [H,], [G], [G.], [Si], etc.

Definition. Let H and H’ be integer-valued functions on the set of
nonnegative integers. We define H > H’ to mean

H(H>H'(]) for all nonnegative integers /.

For the corresponding formal power series A(t):=>,5, H()t* and
H(t):=2,50 H'(I)t', we also denote this fact by Ax>#'.

Remark. The above order H>H’ is only a partial order, but is
stronger than the lexicographic order indexed by nonnegative integers /.
H>H’ implies H" > H'® for nonnegative integers j, where H and
H'® are the “j-th order sum functions” determined from H and H’,
respectively, exactly as in the case of Hilbert-Samuel functions. It also
implies A’ > K9 for the corresponding ‘‘j-th order series”.

For a local homomorphism £-—>%’ of local rings with the maximal
ideals I and I/, we have the induced homomorphism of graded rings
2r(0)—gra (0. When £'=9O/J for an O-ideal I, we denote the kernel
of the surjective homomorphism by

ing(y) : =ker [gra(0)—grays(00/I)]
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and call it the IN-adic initial ideal of . 1If ¢ is an element of M’ not in
R+1, then we denote by ing(p) the class of ¢ in gri(9O) and call it the
M-adic initial form of ¢ and I:=ordy(yp) the M-adic order of ¢.

The following theorem plays an important role in the resolution of
singularities. It was originally given by Bennett [B, (4.1), Theorem (1)]
for j>1 and y(1)="---=y(d)=1, and by Hironaka [H,, Propositions 5
and 6] for j>1, d=1, v(1)=1. Singh [S,, Theorem 1, Corollaries 1, 2
and 3] later improved it to include the case j=0 and u(1), - - -, v(d)
arbitrary, from which all the other cases follow. Giraud [G,, Lemme
1.3.9 and Proposition 1.6.6] dealt with the question in a more general
setup and stated the result in its present form in [G,, Lemme de trans-
versalité, 1.2].

Theorem 2.1 (Bennett, Hironaka, Giraud and Singh). Let O be a
Noetherian local ring with the maximal ideal . Let ¢, - -+, @, be its
elements satisfying ¢, € P9 for 1<i<d and positive integers v(i). Let
O =0((¢y, -+, 0;) be the residue local ring of © modulo its ideal
(01, - - 5 ©4) With the maximal ideal V. Then the following holds for the
Hilbert-Samuel series:

hg* PO =hS (@) [licica 1—1")/(1—1)

for all nonnegative integers j. Let @, be the class of ¢, in grg™(0). Then
the equality holds above for some (hence any) nonnegative integer j if and
only if @, ---,0, form a regular sequence in gro(O). In this case, the
canonical homomorphism

gra(Q)/(Dy, - - -, D) —>grn (D)
is an isomorphism.

By induction on d and j, we can reduce the proof of Theorem 2.1 to
the case d=1 and j=0. We follow the formulation of Hironaka [H,,
Proposition 6] and Singh [S,, Theorem 1, Corollaries 2 and 3].

Proposition 2.2. Let ¢ be an element of I for a positive integer yv.
For each nonnegative integer I, let

ai={x e Q; xp e M1}
Then a, DI ! and we have
H(DI/)W(I)_Zoszgp—l HY(I—i)=lengthy (a,/MM* )

for all 1 >0, hence
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hg/)w(t)—hg))(t)(l —)/(1—1)=3 5, length, (a, /M-t t,

Moreover, the following are equivalent:

(i) HEp()=2> s<ic,-1 HP(I—17) for all I >0.

(ii) Ao (1)=hP ()1 —1)/(1—1).

(i) a,=M***! for all / >0.

(iv) OpNMI*1=pIN*~** for all I >0.

(v) The class @ of ¢ in gry(8D) is not a zero divisor in gry().

(vi) The class @ of ¢ in gr(D) is not a zero divisor in gry(O) and the
canonical homomorphism gry(0)/(D)—>gry0,(O/Dy) is an isomorphism.

Proof. Let us denote £':=0/O¢p with the maximal ideal I':=
M/Op. Since O (W) =0/(Op+M**"), we have an exact sequence

0—>(Dp+ MH+1)/ M+ 1> O M+ 1O/ J(PV)*+1 0.
The multiplication by ¢ induces an isomorphism
D/a, 5 0p/(Dp N T+ = (Op-+ T +1/M 1+,
Since ¢ is in P, we see that a, DIM*~>*, and we have an exact sequence
0—a,/ M —O/M -0/ a,—0.

All these are modules of finite length over ©. Thus looking at the
lengths over ©, we have HS(/)=length, (a,/P!*?) =lengthy(a, /MM >+ )+
> ocicwt HO(I—1).  Hence (i), (ii), (iii), (iv) and (v) are obviously equi-
valent. (vi) obviously implies (v), while (iv) implies (vi), since

gra (D)= (Op+ M) /(Op+ MM+ )= WM /M N (DOp+W**)
=§D2l/{§IRl“+(Qg0 m ml)}___ %l/(ml+l+¢w’el—»)
= grp(0)/@ - grig (D). q.e.d.
When v(1)=y(2)="-".-=v(d)=1, Theorem 2.1 has the following

form, which can be found in [B], [H,], [G}], [G,] and [S,] quoted above
and only in which form we use this result later:

Corollary 2.3. Let ¢,, - - -, ¢, be elements of the maximal ideal M of
a Noetherian local ring . For the residue local ring O :=9D/(py, - -, ¢04)
of O modulo (¢y, - - -, ) with the maximal ideal ', we have the following
inequality for the Hilbert-Samuel functions (resp. series): For all j >0,

HS*O>H (resp. h§*® >hy).
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Let @, be the class of ¢, in gry(0). Then the equality holds above for
some (hence any) nonnegative integer j if and only if @,, ---,®, form a
regular sequence in gro(). In this case, the canonical homomorphism

gra'0)/(D;, - - -, Dy)—gru(D)
is an isomorphism.

Let @ be a regular local ring with the maximal ideal m and the
residue field k. Thus gr,(0) is a polynomial ring over k. Elements
g -+ > & In O are said to form a standard base of an (O-ideal J if their
m-adic initial forms f;:=in,(g)), - - -, f,:=in,(g,) form a standard base of
the m-adic initial ideal in,(J):=ker [gr,(0)—gr.,,,(0/J)] in the sense of
Section 1, i.e., {fi, - -, f,} is a minimal system of generators of the
homogeneous ideal ing(J) such that deg f,<<degf,< - - - <deg f,. Follow-
ing [H,, Chapter III], we define the numerical invariant v*(J, ©) to be the
sequence

vi(J, 0):=(deg f;, deg f;, - - -, deg f,, 00, 0o, - - -).

We known that {g,, - - -, g,} then actually generates the ¢-ideal J (cf. [Hj,
Lemma 6, p. 190 and Corollary, p. 208]) and that »*(J, @) depends only
on in,(J) and is independent of the particular standard base of J used to
define it. This numerical invariant v*(J, 0) also plays an important role
in the resolution of singularities, as we see in the following sections.

We use the result in Corollary 2.3 sometimes in the following form
which can be found in Hironaka [H,, Lemma 7], Giraud [G,, Scholie 1.6.7
and Proposition 6.8] and [G,, Corollaire 1.4 and Lemme 5.4.3].

Corollary 2.4. Let @ be a regular local ring with the maximal ideal
m. Suppose {vy, - - -, Uy} is a part of a regular system of parameters of m
so that O':=0/(v,, - - -, v,) is a regular local ring with the maximal ideal
m' :=m/(v,, - -+, V;). Denote by J’ the image in O’ of an O-ideal J con-
tained in m.

(i) We have HGY < HF}® for any j>0. The equality holds for
some (hence any) j >0 if and only if in,(v,), - - -, in,(v,) form a regular
sequence for the gr.(O)-module gr,,,;(0]J). In this case, we have a canonical
isomorphism

2O/ NI, (), - - -, in,(V,)) &y s (O} D) 81,05 (O T).

(ii) Suppose HS),=HD,.. If g, - -+, & form a standard base of J,
then their images g1, - - -, g, in (' form a standard base of J'. In particular,
v¥(J, O)=v*(J’, O") holds.
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(i) Suppose vy, - - -, U, form a regular sequence for the O-module
Ol If v¥(J, O)=v*(J', O') holds, then we have H{),=H ;..

Proof. (i) follows from Corollary 2.3 applied to O:=0/J and the
images ¢, - -+, ¢, in O of vy, + -+, v,

By induction on d, we can reduce the proof of (ii) and (iii) to the case
d=1. Then we have the following commutative diagram with exact rows
and surjective columns:

0— in,(J) —>gr(0) —> gr,,,(0/]) —>0

0——>in, (J)—>gr, (O)—>gro, A0’ [])—>0

The middle column is surjective with kernel in,(v))-gr.(0). By (i), we
have H{),=H{),. if and only if in,(v,) is not a zero divisor for gr,,,(0/J)
on the right hand side, or equivalently, the left hand column has kernel
in,(v,)-in,(J).

For the proof of (ii), let {g, - - -, g,} be a standard base of J and let
fii=in,(g,) for 1<j<r. Thus their images f/:=in,(g7) for 1<j<r
generate in,.(J’). Since deg f;=deg f if f==0, it suffices to show that
{f1, ---,f7} is a minimal system of generators of in,(J’). If not, there
would exist j and homogeneous g, - - -, ;_, in gr,(0) such that deg ;=
deg f;—deg f; for 1<i<j—1 and that f;— >, .;.;_; . fi is mapped to
zero in in,(J’). Hence it would be in in,(v;)-in,(J) and be of the form
in, (V) Dl1cicj-1 2. f; for homogeneous «, in gr,(0) with deg o;=deg f;—
deg f;—1, since {f;, - - -, f,} is a standard base of in,(J). Thus

fi= Zlgisj -1 (ﬁt +a;- inm(vl))fz‘,

a contradiction to the minimality of {f, - - -, f,}.

For the proof of (iii), let {g, - - -, g,} be a standard base of J. Thus
{fi, - -+, f;} with f;:=in,(g,) is a standard base of in,(J). Let g} be the
image of g; in J/ and let /7 be the image of f; in in,(J’). Since v*(J, O)
=y*(J’, ¢') by assumption, {g7, ---, g} and {f7, ---,f;} are standard
bases of J’ and in,/(J’), respectively, with v(j):=ord,(g;,)=ord,(g})=
deg f;=deg f7; for 1<j<r. By what we saw above, it suffices to show
that any homogeneous f of a given degree v in in,(J)Nin,(v,)-gr.(0) is
necessarily contained in in,(v,)-in,(J). There exists g € J such that in,(g)
=f. Since the image of f in in,(J’) vanishes by assumption, the image
g’ of g in J’is contained in (m/)**'. Thus there exist a; in m**'~*¢’ for
1<j<r such that their images @} in (m/)"*'~*¢ satisfy g’'=>,_;., a}g;}.
Hence §:=g— 3 ,c;<, a;8; is in JN(v,0). Since v, is not a zero divisor



Infinitely Very Near Singular Points 383

for the ¢-module @/J by assumption, g is in v,J. Thus f=in,(g)=in,(§)
is in in,(v,) - in(J). q.e.d.

Remark. Geometrically, Corollary 2.4, (i) means the following:
Inside the regular ambient scheme Z:=Spec (@), the intersection of the
closed subscheme X:=Spec(®/J) with the regular closed subscheme
Z’:=Spec () is XN Z’'=Spec (¢’/J"). In the tangent space T, (Z):=
Spec (gr,(@)) of Z at m, the tangent space T,(Z’):=Spec (gr,(0")) is a
linear subspace which transversally intersects the tangent cone C (X):=
Spec (gr.,,,(0/J)) of X at m so that the tangent cone C (XNZ'):=
Spec (gt [J")) of XN Z’ at m satisfies

CXNZ)=Cu(X)NT(Z)
scheme-theoretically.

The Hilbert-Samuel functions appear also in numerical criteria for
other properties. Here is another example asserting the wupper-semicon-
tinuity of the Hilbert-Samuel functions and characterizing the permissibility,
which collect together those results found in Hironaka [H,, Theorem 2,
p. 195], Bennett [B, Theorems (2) and (3)] and Singh [S,, Theorem 1 and
papers quoted on p.20]. For the proof, we refer the reader to these
papers.

Theorem 2.5. Let O be a Noetherian local ring. If Q is a prime
ideal of O, then for ¢:=dim O/Q we have the upper-semicontinuity

HY>HY  for all j>0.

Suppose O]Q is regular and let M be the maximal ideal of O with the
residue field R:=0/IN. Then the following are equivalent:

(1) gro(Q) is flat over O], 1.e., L is permissible.

(ii) The canonical surjective homomorphism gry(0)— gryo(O/L)
splits. A splitting and the canonical homomorphism gro(0)R)g,08—>rn()
then give rise to an isomorphism

(2ra(0) @o/0R) Ds 8raya(D/Q) = gra(D).

(iii) The equality HY)=H gg 9 holds for some (hence any) j >0.

Furthermore, if O=0/J, M=wm/J, Q=q/J for a regular local ring O
with the maximal ideal mi and a prime ideal g, then (1), (ii), (iii) are also
equivalent to the following:

(iv) There exists a standard base {g, - -+, g,} of J such that the
m-adic and g-adic orders of g; coincide, i.e., ord,(g)=ord(g,), for all
1<j<r.
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Remark. Geometrically, (ii) of Theorem 2.5 means the following:
Let X:=Spec () with its regular closed subscheme Y:=Spec (/D).
Thus the tangent cone Cy(X):=Spec(gruy(0)) of X at P contains the
tangent space Ty(Y):==Spec (gry, (/L)) of ¥ at IN. Then the canonical
surjection Cyp(X)—>Cy(X, Y) splits and we have a noncanonical isomor-

phism
Ca(X, Y) X T(Y) = Co(X),

where CofX, Y):=Spec (gr5(O) Xe/o &) is the normal cone of X along YV
at M.

In the special case where © in Theorem 2.5 is the local ring @y, ,, at
a point w of a scheme W of finite type over a field K, we can prove the
upper-semicontinuity of the Hilbert-Samuel functions by relating them to

coherent Oy-modules:
When K is perfect, Bennett [B, Chapter III, § 2, especially Proposition

(2.2)] showed that
@nf,w/(mu',w)L“:"(W)@aW g’iV/K for 10,
for a closed point w of W, hence

HE ()=dim, {s(")®,, Phx}  for 10,

oW, w

where #,, . is the coherent ¢-module of principal parts on W over K of
orders up to [ and k(w):==0y /My, is the residue field at w regarded as
an Oy-module. The right hand side of this latter equality is well-known

to be an upper-semicontinuous function in w.

Giraud [G,, Théoréme 2.12] extended this result to one valid for
general K by introducing a suitable subfield £ C K, as we now recall.

For that purpose, we need to introduce some notations. A field
extension L/K is said to be differentiably finite if the kernel 2", and the
cokernel Q7 of the canonical homomorphism (cf. [EGA, Chapter Oy 1,

§21D
L@gQx—> 1

are finite dimensional over L, where, for instance, 2% denotes the module
of Kéhler differentials of L over the prime field. In this case, we define
the index by

t(L/K):=dim, 2}, —dim, T, «.

If L/K is of finite type, then Cartier’s equality holds:
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t(L/K)=tr. deg, L.

On the other hand, if L/K is separable with 0}, finite dimensional over
L, we have 1", =0 and

t(L/K)=dim, @ .

In general, if L/K and K/k are differentiably finite, then so is L/k and the
additivity of the index holds:

t(LJk)=t(L/K)+t(K/K).

In particular, if L/K is of finite type and if K/k is separable with 2%,
finite dimensional over K as in the following theorem, then we have

t(Ljk)=tr. degy L+dimz0%,,.

Theorem 2.6. (Bennett and Giraud). Let W be a scheme of finite
type over a field K. Then there exists a subfield k C K with K|k separable
and with dimyg Q%,, finite such that the following holds: For each non-
negative integer I, the Oy-module P, of principal parts on W over k of
orders up to | is Op-coherent and for each w e W, we have

H Gt O (1) = dim, o) {#(W) @ oy Pir i}
where t(k(w)/k) is the index over k of the residue field k(w) of W at w.

For the proof of this theorem, we refer the reader to [G,].

Remark. Given win W, we can actually choose k as above so that,
furthermore, x(w)/k is separable (cf. [G,, Lemme 2.10]).

§ 3. Stability theorems under a permissible blowing up

In this section, we introduce three numerical invariants to measure
a singularity, and collect together known results on their behavior under
a permissible blowing up. We prove most of them in the next section.

Let @ be a regular local ring with the maximal ideal m and the
residue field k:=0@/m. For an ideal JCm, we consider the closed sub-
scheme X:=Spec(¢/J) embedded in the regular scheme Z:=Spec (0).
X contains the closed point x of Z corresponding to the maximal ideal .
We deal with the following three numerical invariants for the singularity
of X at x:

(1) The sequence {H{’(X); all nonnegative integers j} of the Hilbert-
Samuel functions of the local ring Oy, ,=0/J of X at x each of which is
an integer-valued function on the set of nonnegative integers defined by
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HP(X):=Hgy,  j=0,

the right hand side being the one defined in Section 2. They are independ-
ent of the embedding of X in Z and in fact depend only on the tangent
cone

C(X):=Spec (gr,(X))

of X at x, where gr (X):=gr.,,,(0/]).
(2) The countably infinite sequence consisting of a finite number of
nonnegative integers and oo defined by

vi(X, Z):=v*({J, 0),

the right hand side being the one defined immediately before Corollary
2.4.

(3) The tangent cone C,(X) is canonically embedded in the tangent
space T,(Z):=Spec (gr,(Z2)) of Z at x, where gr(Z):=gr.(¢). Then we
let A4,(X) to be the ridge of C,(X)CT,(Z) in the sense of Section 1.
Denote

A (X, Z):=gr,(Z)*D,

the ring of invariants in the polynomial ring gr,(Z) under the translation
action of 4,(X). As we remarked in Section 1, A (X, Z) is the smallest k-
subalgebra of gr,(Z) generated by additive forms such that the initial ideal
in,(X, Z):=in,(J) is generated as a gr,(Z)-ideal by iny (X, Z) N U, (X, Z).
We then define the third numerical invariant to be the nonnegative integer

70X, Z):=tr. deg, N, (X, Z)=dim {T(Z)/4,(X)}.

Our concern is the behavior of these three numerical invariants under
a permissible blowing up: For a prime ideal q of ¢ with JCqCm and
with 0/q regular, consider the regular closed subscheme Y:=Spec (¢/q) of
X. Yis said to be permissible for X at x, if X is normally flat along Y at
x, that is, gr,(X):=gr,,;,(0/J) is a flat module over ¢, ,=0/q. Denote
gry(Z):=gr,(0). Then we may and do regard

S:=k®,,, &r+(Z)

canonically as a polynomial k-subalgebra of gr(Z)=gr.(0) generated by
linear forms. 1In fact, S coincides with the ring of invariants in gr,(Z)
under the translation action of the tangent space T,(Y):=Spec (gr(Y))
of Y at x regarded as a linear subspace of T,(Z). As we recalled in
Theorem 2.5 and the remark immediately after that, the permissibility
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guarantees that in (X, Z) is generated as a gr,(Z)-ideal by in(X, Z)N S,
that is, C,(X) is stable under the translation by T,(Y). Hence we have
T(Y)CA/(X) and

AX, Z)CS.
The normal space of Z along Y at x is
NAZ, Y):=T,(Z)]T,(Y)=Spec(S)
and canonically contains the normal cone
C(X, Y):=C(X)/T(Y)=Spec (S/{SNin,(X, Z)})

of X along Y at x. The permissibility of ¥ means that we have a non-
canonical isomorphism

CX)=CX, Y)XTLY).

Thus 4,(X)/T,(Y) is the ridge of C(X, Y).
Let I1: Z’—Z be the blowing up of Z along the permissible center
Y, i.e.,

Z'".=Proj (Rees (1))

with the Rees algebra Rees(q):=,.,q*. Such a blowing up is called a
permissible blowing up. Denote by X’ the strict (also called proper)
transform of X in Z’. Thus the restriction X’—X of Il to X’ is the
blowing up of X along Y. Consider a (not necessarily closed) point x’ in
the fiber I7-!(x) and denote by ¢’:=0,. .. the local ring of Z’ at x’ with
the maximal ideal m’:=my, , and the residue field k': = @' jm’. We
denote by J’ the strict transform of J, i.e., the ideal of @ such that 0. ,.
=@']J’. We consider the three numerical invariants for X’ CZ’ at x’:

{HPX):j=>0}, viX',Z) and (X', Z).

Theorem 3.1 (The first stability theorem) (Bennett [B, Theorem (OE)],
Hironaka [H,, Theorem I] and Singh [S;, Main Theorem]). If we denote
d:=tr. deg,k’, then the Hilbert-Samuel functions satisfy

H(XY>HY (X" for all j >0
in the sense of the order in Section 2.

Definition. x’ is said to be an infinitely near point of X, or to be
inifinitely near to x, if the equality
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HID(X)=HI*9(X'), d=tr. deg,k’
holds for some (hence any) nonnegative integer ;.

Theorem 3.2 (Hironaka [H,, Theorems II and I1I], Singh [S;, Corollary
3.4] and Herrmann-Orbanz [HO, Theorem]). We have

vi(X, Z)>vi(X', Z7)

with respect to the lexicographic order. The equality holds if and only if x’
is an infinitely near point of x.

Remark. As Singh [S,, Examples 1 and 2] noted, neither of H{’(X)
and v¥(X, Z) determines the other. In spite of this, the equality in The-
orem 3.1 is equivalent to that in Theorem 3.2. [S;] and [HO] introduced
a new numerical invariant v¥*(X, Z) which determines HY’(X) and which
is an infinite matrix with the first row equal to v¥(X, Z).

Theorem 3.3 (The second stability theorem) (Giraud [G,, Théoréme
5.5.3D). If X’ is an infinitely near point of x, then

X, 2)<t X", Z)).

Definition. x’ is said to be an infinitely very near point of x, or to
be infinitely very near to x if x’ is infinitely near to x and the equality
(X, Z)=1,{X’, Z’) holds.

Thus by Theorem 3.2, the following are equivalent:

(i) X’ is infinitely very near to x.

(i) HYX)=H{+*»(X’) for some j >0 and ¢ (X, Z)=r (X', Z').

(i) v¥(X, Z)=vXX’, Z’) and 7 (X, Z)=r1,(X', Z).

G(v) HYX)=HY*2(X’) for any j>0, v¥(X, Z)=yv}(X’, Z’) and
(X, Z)y=1(X’, Z').

Actually, we have further detailed information on infinitely very near
points. To describe it, we need the following:

The fiber of II: Z’—Z over x coincides with

IIY(x)="Proj (S),

the projective space associated to the normal space N, (Z, Y)==Spec(S)
of Z along Y at x. Thus the point x’ € I1*(x) corresponds to a homo-
geneous prime ideal p of the polynomial ring S over k different from the
ideal S, of polynomials without constant terms. We can choose the
variables in S so that

Szk[ym "'7yn]’ Yo not in p
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Let R:=3S, be the localization with the maximal ideal M and the
residue field K:=R/M. Hence R is the local ring of N,(Z, Y) at its point
9. The local ring @’'/m@” of II-*(x) at x’ coincides with the subring of R
consisting of the homogeneous elements of degree zero. Moreover, y, is
a unit in R, and K is generated over &k’ by the image ¥, of y, in K, that is,
K=k'(3,). In these notations, we first of all have the following:

Proposition 3.4 (Hironaka [H,, Theorem IV]). If x’ is an infinitely
near point of x, then any homogeneous element fin W (X, Z)CS of degree
vy necessarily belongs to M*. Hence f]y; is in (w//m@’)".

By sending such fto its M-adic initial form in,(f) we have a (neces-
sarily injective, see [O,, Proposition 2.2, (i)]) homomorphism of graded
rings -

inM: 9’Iz'(A/s Z)’_)grp(Na:(Z9 Y)):ng(R)
On the other hand, we have the graded k’-subalgebras
%[x’(X,’ Z’) c grm’(Z/) = grm’(@,)
W (X NIT(x), (X)) C gr (1T (x))
%[p(cx(Xa Y), Nz(Za Y))Cgrp(Nz(Z> Y))
Theorem 3.5 (Giraud [G,, Théoréme 5.5.3]). x’ is an infinitely very
near point of x if and only if the following conditions are satisfied:
(i) X' is an infinitely near point of x.

(ii) The canonical injection iny: N (X, Z)—gr(N(Z, Y))=gr,(R)
induces an isomorphism of graded K-algebras

inM: K@k%z(Xs Z)%%y(cz(X: Y)a NI(Z9 Y))

which sends additive forms to additive forms and which sends the ideal
K®{in (X, Z) N U, (X, Z)} to the ideal in(CAX, Y), N(Z, Y)) NU,(C,
(X, Y), NAZ, Y)).

(iii) The canonical surjection gr (Z")—sgr (I~ (x)) induces an iso-
morphism of graded k’-algebras

(X', ZN U AX NI M(x), [T 1(x))

which sends additive forms to additive forms and which sends the ideal
in (X', ZYNAAX’, Z') to the ideal in (X' NI~ (x), I (X))NYAX'N
II-'(x), II"'(x)).



390 T. Oda

As for the isomorphism in Theorem 3.5, (ii), we have still further
information as follows:

Theorem 3.6 (Oda [O,, Main Theorem)). Suppose x’ is an infinitely
very near point of x and let h e N (X, Z) be an additive form of degree p°.
Then iny(h) is an additive form belonging to % (C (X, Y), N(Z, Y)) and has
coefficients in the subfield kF¢(K) of K. Furthermore, in. .., h/yy") is an
additive form belonging to W (X' NII-*(x), II-'(x)) and has coeffcients in
the subfield kF*(k’) of k’. Here F° denotes the p°-th power Frobenius map
on the fields K and k.

We do not reproduce the lengthy proof of this theorem here.

As a consequence of Theorem 3.6 and the proof of Theorem 3.5 in
the next section, we get the following information as to the choice of
standard bases for in, (X, Z) and in,(X’, Z’): Suppose x’ is an infinitely
very near point of x and denote

viIX, Z)=viX', Z)=: (/(1), - - -, u(r), 00, 00, « - )
TI(X, Z)=Tz,(X/, Z/)z T

We can choose algebraically independent additive forms 4, - - -, &, in .S of
degrees g(1)=p°®, - .-, g(r)=p*® with e(1)<{ - - - <e(z) such that

gr.nc(/xls Z):k[hb T hr]

Let us choose the variables y=(y,, - --,»,) for S so that A, .. -h, are
in triangular shape as in the remark after Lemma 1.1, and let {f;, - - -, f;}
be a standard base for in (X, Z) quasi-normalized with respect to these y
in the sense of Proposition 1.2, for instance, normalized with respect to y.
Then f,, - - -, f; are in A (X, Z) so that there exist k-coefficient polynomials
Yy, 5 Y, in ¢ variables Ay, - - -, A, of weights g(1), - - -, g(z) such that
+r; is isobaric of weight v(j) for 1 < j <r satisfying

-f}:‘!"j(hls "':hz) for lgjgl"

Corollary 3.7. In the above notations, we have the following:
(1) The initial forms ing(hy), - - -, iny(h) are algebraically inde-
pendent additive forms in gr(N(Z, Y)) such that

?Ip(cz(X5 Y); NI(27 Y))ZK[IHM(hI)a tT s inM(hr)]

and that iny(h;) has coefficients in kF*®(K) for each 1<i<r. Moreover,
the subset {yr;(iny(hy), - - -, iny(h)); 1<j<r} of U(CX, Y), NAZ, Y))
is a standard base of in(C (X, Y), N(Z, Y)) quasi-normalized with respect
to a suitable set of variables.
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(ii) Let b :=iny(h,/yi®) for each 1<i<t. Then k!, ---, b’ are
algebraically independent additive forms in gr,(Il~*(x)) such that

UAX' NI (x), T )=K'Th, - - -, b!]

and that h! has coefficients in kF¢® (k') for each 1<i<r. Moreover, the
subset {r;(hy’, - - -, B); 1<j<r} of U (X' NIT-'(x), II~*(x)) is a standard
base of in (X' N II-*(x), Il ~'(x)) quasi-normalized with respect to a suitable
set of variables.

(iii) For each 1<i<«t, there exists a unique additive form h, in
gr.(Z") mapped to h under the canonical surjection gr,(Z")—gr (Il ~*(x))
such that

%x’(X’) Z/)=k,[h;’ B} h:]

Moreover, the subset {\p;(h;, - - -, B); 1<j<r}of U AX', Z") is a standard
base of in (X', Z’) quasi-normalized with respect to a suitable set of varia-
bles.

§4. Proof of the stability theorems

In this section, we prove Theorems 3.1, 3.3 and 3.5, Corollary 3.7,
Proposition 3.4 as well as a part of Theorem 3.2 simultaneously by first
breaking them up into five stages and then recombining them at the end
of this section. Our proof is essentially the same as that in [H,] and [G,].

We retain the notations in Section 3.

The following three stages are rather easy:

Proposition 4.1. Let O be the origin of the tangent cone C(X). Then
we have the following equalities:
On) HPX)=HP(C,(X))  for any >0.
0) VX, Z)=v§(C(X), T(Z)).
71(X9 Z) = 70(Cz(X)3 Tw(Z))
Proof. By definition, these invariants on the left hand side depend

only on the associated graded rings gr,(X) and gr(2), i.e., on C,(X) and
T.(Z). Hence the equalities are obvious.

Proposition 4.2. Let O denote the origin of the tangent cone C(X)
as well as that of the normal cone C,(X,Y). Then we have the following
equalities:
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(Ix) HPC.XN)=HG*CAX, Y))  for any 120,
where s=dim Y, hence s+ 1 is the codimension of Il-'(x) in Z’.

(1) v¥(CX), TAZ)=v§(CAX, Y), NAZ, Y)).
(1) A(CAX), TAZ)=U(CX, Y), NAZ, Y)) and
TO(CI(X)ﬁ T:C(Z)):TO(C:C(X5 Y)9 Nx(Za Y))
Proof. Since Y is permissible, we have a noncanonical isomorphism
C.(X)=C, (X, Y)XT,(Y) as we recalled in Theorem 2.5 and the remark
immediately after that. Thus A4, (X)/T,(Y) is the ridge of the normal

cone C,(X, Y) and we clearly have (1,). Since T,(Y) is an s-dimensional
linear space, we have (1) and (1,) by Corollary 2.4.

Proposition 4.3. Let p be the homogeneous prime ideal of S:=
k Ry (2 corresponding to the point x' of II-(x)=Proj(S). Regard p
also as a point of N (X, Y)=Spec(S). Then the following equalities hold:

G HOCX, Y)=HYX'NI'(x))  for any I>0.
B) v (CAX, Y), NAZ, Y))=v3(X' N IT}(x), IT7(x)).
B)  w(CulX, Y), NAZ, V)= (X' N IT7(x), T7'(x))-

Proof. Again obvious by definition, since for the homogeneous
ideal I: =S Nin (X, Z), we have C,(X, Y)==Spec (S/I), while X’ N II~}(x)
=Proj (S/I).

We have two more stages which are more involved.
Proposition 4.4. (i) We have the inequality
(4w) HIPX'NI)>HP(X')  for any [0,

where s+ 1 is the codimension of II7'(x) in Z’, hence s=dim Y.
(ii) The equality in (4) holds for some (hence any) 1 >0 if and only
if the following equality holds:

4) XN ), I () =vi(X", Z7).

(i) If the equality in (4) holds for some (hence any) 1 >0, then the
Jfollowing inequality holds:

4) X' NI (X), I X)) <X, Z7).
(iv) Suppose the equality in (4,) holds for some (hence any) I>0.



Infinitely Very Near Singular Points 393

Then the equality in (4,) holds if and only if the canonical surjection gr (Z")
—gr, (I17%(x)) induces an isomorphism of graded k’-algebras

W (X', Z) W AX NI (x), IT(x))

which sends additive forms to additive forms and which sends the ideal
ing(X’, ZYNWA (X', Z") to

in (X’ NIT(x), () NUAX" N IT7(x), 1T7(x)).

Remark. As Hironaka [H,, Example (4.2)] noted, no general ine-
quality holds between the left and right hand sides of (4,). This is one of
the reasons why the proof of Theorem 3.2 does not parallel that of The-
orem 3.1.

Proof. We can find a regular system of parameters {u, - - -, u,,
vy, « -+, Uy} for m such that g=u,0+ - - - +u,0 and that q0’=u,@®’. Thus
mé’ =u,0’ +v,0’+ - - - +v,0. Note that q¢’ is the ideal in @ defining
I17(Y) at x’/, while m¢’ is the one defining /7-*(x) at x’. The restriction
X’—X of II is the blowing up of X along Y. Moreover, by the permis-
sibility of Y, we have X’ N II-'(Y)=Proj (gry(X)) with gry(X) flat on Y.
Hence {u,, vy, - - -, U,}, which is a part of a regular system of parameters
for w’, is also a regular sequence for the @’-module ¢’/J' =0y, ..

(i) follows from Corollary 2.4, (i), while (ii) follows from Corollary
2.4, (ii) and (iii), in view of what we saw above.

Furthermore, in this case we have

CoAX" NI (x)) = CoAX") N T I 1(x))

by the remark immediately after Corollary 2.4. Hence by Lemma 1.4,
we have ¢, (X' NI '(x), [I7(x)):=dim {T . (II~'(x))]A A X' NI (x)} <
dim {T,(Z")] A (X")}=":7,{X’, Z’), which is (iii). Again by Lemma 1.4,
the equality holds here if and only if gr .{(Z")—sgr.(II"*(x)) induces an
isomorphism of graded k’-algebras

WX, Z) U AX N (), TT7(X))
between the rings of invariants, which has the required properties. q.e.d.

The final stage is the most involved. We prove them using several
lemmas.

Proposition 4.5. Let N, (Z, Y)=Spec (S) be the normal space of Z
along Y at x and let C (X, Y)=Spec (S/I) be the normal cone of X along Y
at x.. For the homogeneous prime ideal p of S corresponding to the point
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x" e IT-Y(x)=Proj(S), let R:=S, be the localization with the maximal
ideal M and the residue field K:=R|/M. Then we have the following:
(i) The inequality

Qn) HP(CX, YNZH*(CAX, YY) forall [0

holds, where O is the origin of C(X, Y)CN(Z, Y) and c:=dim Spec(S/p)
=tr. deg, K.

(ii) If the equality in (2z) holds for some (hence any) I, then the
equality

and the inequality
(21) TO(Cz(X> Y)a Nz(Za Y))grp(cx(Xa Y)s Nz(Z: Y))

hold. The equality in (2,) holds in this case if and only if the map sending
each homogeneous f in S to its M-adic initial form iny(f) in gr,(R) induces
an isomorphism of graded K-algebras

K@ Uo(Co(X, Y), No(Z, Y))——>U(CAX, Y), No(Z, Y))

which sends additive forms to additive forms and which sends the ideal
K®k{1n0(cz(Xa Y)s Nx(Zs Y))H%O(Cx(X’ Y)7 Nz(Za Y))} fo inp(cx(X, Y),
NAZ, V) NUL(C(X, Y), NAZ, Y)).

From now on, let us simply denote
N:=N,(Z, Y)=Spec(S), C:=C (X, Y)=Spec(S/I)

and let A:=A,(C) be the ridge of C at the origin O. By definition, R is
the local ring of N at its point p. By Corollary 1.3, we can choose the
variables in S so that

S:k[gb Tty Era N '5770]
AA(C, N):=S4=klh,, - -+, h,]
with additive forms in triangular shape
hl:hz(é’ 77)255(2) +Zi<j£r aij$§(i> +Zl§jgo' bijv?(i)

for 1<{i<r, where g(i)= p*® for nonnegative integers e(1)<e(2)<---
<e(z) and a;;, b,; are elements of k. Note that r=1r,(C, N)=tr. deg, 54
is the number of &,’s as well as that of 4,’s. Let us choose, once for all,
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a standard base {f}, - - -, f,} of I normalized with respect to {&,, ---,&,,
71+ + > 7,}. Hence

”;‘:(XD Z)=v3‘(C, N)=(”(1)7 v -,XJ(I‘), oo, OO, - - )

with v(j)=deg f; for 1 <j<r. Let S—S":=S8/(py, - - -,7,)=k[&], - - -, &] be
the projection to the residue polynomial ring sending f(&, ») in S to f(&’, 0)
where §:=($13 ] 57), 7]:=(771a ] 770) and 5,:=(Ei, ) s:) Denote by
I’ the image of 7in S’. Then again by Corollary 1.3, S* is generated as
a k-algebra by {3}, f;; all 1<j<r and all r-tuples m of nonnegative integers
not in exp (I’; &) with |m|<v(j)}, while 8/, ;=0 if m is in exp (I’; &) with
|m|<u(j). Here exp(I’; &) is the exponent of the ideal I’ with respect to
the variables &. Hence there exist isobaric polynomials +y, - - -, +, of
weights v(1), - - -, v(r), respectively, in z variables Ay, - - -, h, of respective
weights g (1), - - -, g(z) such that

-f}z"!/'j(hl""ahr) forlgjér,

while there exist polynomials ¢,, - - -, ¢, in variables &, ; of weight v(j)—
|m| with 1<j<r and with m running through z-tuples of nonnegative
integers not in exp (I’; &) satisfying |m|<u(j) such that each ¢, is isobaric
of weight ¢(i) and that

hi=¢ (-, 0mfi -+ +) for 1<i<r,

if we put d,, f; in place of the variable £, ;.
We fix these notations throughout the rest of this section. As in
Corollary 1.3, let us denote

S#:=k[7]19 Y 770] and N*= SpeC (S#)'

The injection S*C.S induces a canonical morphism N —N* which sends O
and p to O and p¥, respectively, where the prime ideal p*:=pN S* is
regarded also as a point of N*¥, while O* is the origin of the linear space
N* corresponding to the maximal ideal S%. We denote by R* the local
ring of N* at p* with the maximal ideal M* and the residue field K*:=
Rt/M* Thus R*is the localization of S* with respect to p* and K* is the
field of fractions of S*/p*.

We denote by N’:=Spec(S’), C’:=Spec(S’/I') and A’ the fibers
over Of ¢ N* of N and its closed subschemes C and A, respectively, i.e.,
the base extensions with respect to Spec (k)—N*¥ at the closed point O*.
N’ is a linear subspace of N passing through O and C’ is a cone in it.

‘We have an occasion later to consider also the fibers N/, C”’ and 4”
over p*t e N* of N, C and A4, that is, the base extensions with respect to
Spec (K*)— N* at the point p*. Thus N”’=Spec (S”) with $”:= S s+K*.
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Lemma 4.6 (cf. [G,, 3.3.2 and 3.3.3])). In the above notations, we
have the equalities

HP(C)=H(C),  v§(C, N)=v§(C’", N).

Furthermore, A’ is the ridge of C’ and S—S’ induces an isomorphism of
graded k-algebras N, (C, NY=U,(C’, N) which sends additive forms to
additive forms and I NU,(C, N) to I' NU[(C’, N'). In particular, we have
the equality 7,(C, N)=1,(C’, N’).

The proof is obvious by Corollaries 1.3 and 2.4.

Lemma 4.7 (cf. [G,, Lemme 5.2.2]). In the above notations, suppose
the equality HP(C)=H(C) in (2y) holds. Then we have the following
equalities for the M-adic orders:

ord,(f))=v(j):=deg f;,  1<j<r
ord,(h)=q(i):=deg A, 1<i<r.

Proof. The equalities ord ,(f;)=u(j) for 1< j<r imply ord,(h)=
q(i) for 1<i<<r. Indeed, there exist isobaric polynomials ¢, - - -, ¢, of
weights ¢(1), - - -, g(z) such that

hi:?’i(' . .,a;nf}’ -)

and that @, f; is given the weight v(j)—|m|, which is exactly the M-adic
order of 9., f;. Hence ord ,(h,)=q(i).

Obviously, ord,(f;)<deg f; by the Jacobian criterion, for instance.
Hence it remains to show ord,(f;)>deg f;.

For that purpose, let us apply Theorem 2.6 to the scheme C of finite
type over k. We can find a subfield k&’ of k with k separable over k¥’ and
dim, £}, finite. Then for any point w € C, we have

H G e IN(CY(1) = dim, ) {£(W) Qoo Poyi}

for all />0, where t(k(w)/k’)=tr. deg,x(w)-+dim, 2},. For w=0, we
have x(0)=k and t(x(0)/k")=dim, 2} ., while for w=4p, we have k(p)=K
and #(x(p)/k")=c+t(x(0)/k’). Thus the equality HJ(C)=H(C)in 25)
implies

dim, g, {#(0) Qs , L ¢} = dim, ) {£(p) ®o, P/v'}

for all />>0. The equality in (2,) also guarantees that x’ is in X’ N I7-(x)
=Proj (S/I), hence p is in C. Since p is a homogeneous ideal as well,
D:=Spec (S/p) contains O and is contained in C. The above equality
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thus means that @, &, Pop is Op-flat for all 1 >0.
We have canonical homomorphisms for the modules of principal
parts

1
IN/w
l l
QN——e.@N,k,——»@C,k,,

for all / >0, where j%, is the jet map or the Taylor expansion map which
can be described as follows: Letc,, ---, ¢, be elements of k such that
their differentials dc,, - - -, dc, in 2}, form a k-basis. Then #%, is
isomorphic to the truncated polynomial ring over @, in three sets of vari-
ables dé=(d¢,, ---,d¢g,), dp=(dy, ---,dy,) and de=(dc,, - - -, dc,) of
the form

Phvpw=0x[d¢, dy, dc)/(d§, dy, do)' ",

which is a free ¢,-module with a basis consisting of

(dg)x(dﬁ)p(dc)v:= nlsi; (déz)h nlsjso (dﬂj)” H 1<n<t (dcn)u",

where 2:=(2,, -- -, 4,), pi=(y, - - -, ) and v:=(y,, - - -, v,) run through
z-tuples, o-tuples and #-tuples of nonnegative integers satisfying

I\ 2]+ plHv]i=Dicice At Dicieo 5+ Dicnst Var

Correspondingly, we have the Taylor coefficient differential operators
070,/9, from O, to itself over k’ so that for f e 0, we have

T f)= Zu|+ lal+ vl (aﬁalﬁ'a,.f)(ds)‘(dp)"(dc)”.

As we remarked immediately after Theorem 2.6, we may choose the
subfield X’ in such a way that x£(p)= K is also separable over k’. Then by
the Jacobian criterion, we have ord,(f;)>deg f; if and only if 9/9/9,f; is
in M for all I<degf;, 2, # and v satisfying |2|+|p|+|v|</, that is, the
image of j%,,(f;) under the canonical surjection

g%\’/k'——)’c(p) ®ay'@5\1/lc'

vanishes for all /<deg f;. To see that this latter condition is satisfied,
consider the commutative diagram

P10 R0y P j—>k(0) oy P/
o
Pep—>0p ®0Ng:}'/k'

and the direct summand @y-submodule #* of #Y,,. defined by
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H'i= D Oy(d§)(dn)"(dcy,

with 2, g, v running through z-tuples, ¢-tuples and #-tuples of nonnegative
integers, respectively, satisfying

[2]+|p]+[v|<! with (4, ¢) not in the exponent exp (I; £,7),

where exp ([; &, ) is the exponent of the ideal / with respect to the vari-
ables (¢, 7) of S as we defined in Section 1.

Since the standard base {f;, - - -, f,} is chosen to be normalized with
respect to (&, 7), we see by Proposition 1.2 that §:9/f;=0 if (1, ) is in
exp (I; & 7) and |2|+|px]<deg f;. Hence

a7 e #° for I<<deg f; and 1<<j<r.

The kernel of the left hand column p: %Y, —Z,,. of the above
commutative diagram is the ideal generated by j%,.(f), - -, Jfi(f)-
The restriction of o to #* induces an isomorphism

H(0) Qo ' ——k(0) Q oy Py

Moreover, if /<degf;, then the image of ji, . (f;) € #" in &%, hence
that in 0,&),,%%;, vanish. The middle column 0,&),, P4 —
0,X,, P10, however, induces an isomorphism

01) ®@N%l_:’")@n ®0Nglé;/k”

since both sides are @,-flat of finite rank as we saw above and since it
induces an isomorphism when tensored with £(O) over ¢,. Consequently,
if /<{degf;, then the image of ji,.(f) in 0,R,,#", hence that in
£(0) X, P i, vanish, q.e.d.

Lemma 4.8 (cf. [G,, Corollaire 5.3]). Suppose we have the equalities
ord,(f)=v(j):=deg f;,  1<j<r,
ord ,(h;,)=q(i): =deg h,, 1<iLr.

Then the map sending a homogeneous polynomial h in S to its M-adic initial
Jorm iny(h) gives rise to a homomorphism of graded rings

iny: Ay(C, N)—>gr,(N):=gr,(R).

Moreover, the canonical injection K¥*—K of the residue fields at §* and p is
an isomorphism. Furthermore, if we denote by N’ and N"' the fibers of
N—N*¥over O and p*, respectively, then there exists a unique point p” of
N’ Iynig above p in N and we have an isomorphism
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N’ X K*~=5>N",

from the base extension of N’ from k to K*, which sends the origin O to p”
and which also induces the following isomorphisms for the fibers C’, A’
(resp. C”, A”) of C and A over OF (resp. p*):

C'X K—5C", A'X K—>A4".

Proof. The first assertion is obvious, since UA,(C, N)=k[h,, - - -, h,]
and ord,(h;)=q(i)=degh,. As for the second, 4==Spec (S/(h,, - - -, A.))
is finite and flat over N*=Spec (S*) of degree [[,.:..q(i), since S=k[§, 7],
S*=k[y] and h,, - - -, A, are additive forms of degrees q(1), - - -, g(z) in
triangular shape. At the point p, however, the length of R/(h,, - - -, k) is
already []i<i<.q(), since ord,(h;)=¢g(i) for 1<i<z. Hence p is neces-
sarily the unique point of 4 lying over p* with the trivial residue field
extension. - Thus for each 1<<i<{r there exists «; € R* such that &*:=§,
—a,; isin M., We denote £*:=(&¥, .-+, 5 and a:=(a,, - - -, &¢,). Since
h; is an additive form, we have A,(&, 7)=h,(E* +a, p)=h(*, O)+h(a, 7).
Obviously, 4,(£*, 0) is in M2, while A&, ») is in M ¢¥ by assumption.
Hence A,(a, 7) is in M*O O\ R¥FC M*.

We know that there exist polynomials 4, - - -, 4, in = variables such
that

ﬂ(s’ ”)-__’\!f](hl(S’ 77)9 M) hr(sb 7]))5 lgjgr'
Thus their images in the ring S”:=S Q) K* are
Fi", 0)y=,(h (5", 0), - - -, (7,00,  1<j<r,

where &7:=(¢&/, - - -, &’) with the image &/ of & in §”. Obviously,
S”=K*g/, -+, &'} is a polynomial ring and we have an isomorphism of
K*-algebras

S/®kK#=K#[E{3 ] f:];)SN

sending & to &’. We have C’=Spec(S’/(fi(&,0), ---,f(§,0))) and
A’'=Spec (S’/(h(&, 0), - - -, h(¢’, 0))), while C”"=Spec(S"/(£,(§",0), - - -,
f:(&”,0))) and 4”=Spec (S"/(h(&",0), - - -, h(£”, 0))). g.e.d.

Corollary 4.9. If we have the equality HY(C)=H{"(C) in (25) with
c¢=tr. deg, K, then we have

o=c+height(p),  HG(C)=H(C")

v¥(C’, N)=v}(C”, N, to(C’, N)=1,(C", N")
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and an isomorphism of graded K*-algebras
A (C’, N)YR KF—>UA,.(C”, N”)
which sends additive forms to additive forms and which sends
{ing(C’, NYNUL(C’, NI R K to i (C”, NYNU.(C”, N”).

Proof. By Lemma 4.7, the assumption here implies that of Lemma
4.8. Thus by Lemma 4.8, we have c=tr. deg, K=tr. deg, K*, which is
well known to equal o—height(p*), since g=dim S*. The remaining
assertions are clear by Lemma 4.8. . q.e.d.

Proof of Proposition 4.5. (i) follows from the upper-semicontinuity
of the Hilbert-Samuel functions in Theorem 2.5, (i). Note that Theorem
2.6 guarantees the inequality (2,) only for />dim, 2}, for the k&’ appear-
ing in the proof of Lemma 4.7.

To show (ii), assume that the equality HY(C)=H{(C) in (2,) is
satisfied. Then by Lemma 4.6 and Corollary 4.9, we have

H{(C)= HY(C)=H(C)) = HP(C")

and ¢—c=height (p*)=:p. Here p” is the unique point of N’ lying
above pe N. Clearly, the local ring R/RM* of N’ at p” coincides with
the local ring at p of the closed subscheme W:=Spec(S/Sp*) of N. The
morphism N—N* is smooth, hence W is regular at p of codimension p in
N and RM* is generated by a regular system of parameters {4, - - -, 4,}
of M*. We have

T(N)D T(W)<=T,(N")
for the tangent spaces, as well as
CC)DC(C N W)<=—CylC7)

for the tangent cones.

By these results, we see that H{(C)=H{***(C N W) and Corollary
2.4, (i) is applicable. Thus C(CN W)=C(C)NT,(W) and v}(C, N)=
vHCNW, W)=y}(C"”, N”), which equals v}(C’, N')=v}(C, N) by Cor-
ollary 4.9 and Lemma 4.6. Hence we get the equality (2,).

Let &%:=(¢&¥, - - -, £F) be as in the proof of Lemma 4.8 and let 4:=
6, ---,0,) be as above. Then (&%, ) is a regular system of parameters
for M. Thus gr,(R) is the polynomial ring over K with variables 5:=
(&, -, &8)and ©:=(6,, - --,0,), where
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B i=1n,(&F) for 1<i<r and
0,:=in,(4,) for 1<j<p.

As in the proof of Lemm 4.8, we have 4,(§, 7)=h,(&*, 0)+hy(a, ) with
ord, (h(&*, 0))=ord y(h(a, 9))=q(@) for 1<i<z. We see that aj:=
in, (h(&*, 0))=h,(&, 0) is an additive form in & of degree ¢(i) in triangular
shape, while &}:=in,(h,(«, 7)) is a homogeneous polynomial in © of
degree g(i). Since fy=41;(hy, - - -, h.), we see that

ing(f)=va+b, ---,a+b)  for 1<j<r.
Thus for each z-tuple m of nonnegative integers, we have
in 4 (0, /) = 0,,(in,(f3) for 1<j<r,

where 0;, on the left (resp. right) hand side is the Taylor coefficient
differential operator with respect to &™ (resp. &™). We also have

lnM(hz)=§oi( Tt a;n(lnM(f;)L M ) fOI' lglgf

Moreover, K*=K by Lemma 4.8, and the canonical surjection gr,(R)=
K[5, O]-S"”=K[¢£"] sends in,(f;) to fi(§”,0) for 1<j<r. By Lemma
4.8, {f3(&”,0); 1<j<r} is a standard base of in,.(C”, N”) quasi-nor-
malized with respect to & and U,.(C”, N")=K[h(¢",0), - - -, h(&”, O)].

Even though bj;,’s may not be additive forms in @, the proof of
Corollary 1.3 works here, and we conclude that {in,(f;); 1<j<r}is a
standard base of in,(C, N) quasi-normalized with respect to (&, 6). In
particular, 2,(C, N) contains in(f;) for 1<j<r, hence contains in (k)
=@i(- - -, Op(iny(fy)), - - -) for 1<i <z, since A,(C, N) is stable under 3.

By Lemma 1.4, we have 7,(C,N)>7(CNW, W)=r1,(C", N"),
which equals 7,(C’, N)=17,(C, N) again by Corollary 4.9 and Lemma
4.6, hence we get the inequality (2,). Moreover, we have homomorphisms
of graded K-algebras U,(C, N)—gr(W)DU(CNW, W)=U,(C", N")=
K[h(&",0), - -+, h(g”,0)], as well as isomorphisms of graded k-algebras
21TO(C9 N)=k[h1($, 77): Tt h,(f, 7))]:;2[0(6”’ N,)=k[h1($,> 0)’/ LRE hz(sl’ 0)]
By Lemma 1.4, the equality in (2,) is equivalent to the equality z,(C, N)
=, (CN W, W), which holds if and only if the above homomorphisms
induce a composite isomorphism %,(C, N)s%(CN W, W)=¥U,.(C”, N")
which sends additive forms to additive forms and which sends in,(C, N)N
A(C, N) to in,.(C”, N")NA,.(C”, N”). This is certainly the case if and
only if in,(h,), which we have already shown to be in %,(C, N), is an
additive form for 1<i<r, since its image A,(&”, 0) is an additive form
.nd since
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Al C”, N)=KIn(&",0), - - -, h(E”, 0)]. q.e.d.

We now combine the results obtained so far in this section to prove
most of the assertions in Section 3.

Proof of Theorem 3.1. Since d:=tr. deg,.k’ and c:=tr. deg, K satisfy
c¢— 1=d, we have the chain of equalities and inequalities for all j >0

HP(X)=HP(C(X)=Hg*(CAX, Y)=H  **2(CX, Y))
=HY* (X' NI (x)>HE*O(X)

successively by Proposition 4.1, (0z), by Proposition 4.2, (1), by Proposi-
tion 4.5, (2), by Proposition 4.3, (3;) and by Proposition 4.4, (4),
where s=dim Y. q.e.d.

Remark. The above proof shows that x’ is an infinitely near point
of x if and only if the equalities in (2,) and (4,) are satisfied.

Proof of Proposition 3.4. Since x’ is assumed to be infinitely near to
x, we have the equality in (2), hence we have a homomorphism in, of
graded rings from

S‘)’[I(X’ Z) = 9IO(CJ(IY), Tz(Z)) = 9/Io(cac()(’ Y)s Nz(Z: Y))

to gr,(R) by Proposition 4.1, (0,), by Proposition 4.2, (1,), by the remark
above and by Lemmas 4.7 and 4.8. q.e.d.

Proof of Theorem 3.3. Since x’ is assumed to be infinitely near to x,
we have the equalities in (2;) and (4;) by the above remark. Hence we
have the chain of equalities and inequalities

(X, Z)= z'O(Cx(‘Y)a TI(Z))"—‘ TO(C:c(Xa Y)9 N.(Z, Y))
<t(CAX, Y), NAZ, Y))=7(X'NII"'(x), I"'(x)<7.AX", Z)

successively by Proposition 4.1, (0,), by Proposition 4.2, (1,), by Proposi-
tion 4.5, (2,), by Proposition 4.3, (3,) and by Proposition 4.4, (4,). q.e.d.

Remark. The above proof and the remark immediately after the
proof of Theorem 3.1 show that x’ is an infinitely very near point of x if
and only if the equalities in (25), (2.), (45) and (4,) are satisfied.

Proof of Theorem 3.5. As we saw above, x’ is infinitely near to x if
and only if the equalities in (25) and (4,,) are satisfied. Under the cir-
cumstances, x’ is infinitely very near to x if and only if the equalities in
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(2.) and (4,) hold. By Proposition 4.1 (0,) and by Proposition 4.2, (1),
we have

On the one hand, Proposition 4.5, (ii) shows that under the equality
in (2), the equality in (2,) holds if and only if in, induces an isomorphism
of graded K-algebras

K@k Q'[O((-:ac()(’ Y)7 Nx(Z’ Y))_:—)Q’IP(CJ(X’ Y)9 NI(Z’ Y))

having the required properties. On the other hand, Proposition 4.4, (iv)
shows that under the equality in (4), the equality in (4,) holds if and only
if we have an isomorphism of graded k’-algebras

W X' NI (x), I (x))y«<—UA (X', Z)
having the required properties. q.e.d.

Corollary 3.7 follows immediately from Theorem 3.6 and the proof
‘of Propositions 4.4 and 4.5 as well as that of Theorem 3.5 above.

Proof of a part of Theorem 3.2. Hironaka [H,, Proposition 21,
Lemmas 23 and 24 and Corollary 23.2] showed the first assertion and the
“only if” part of the second assertion simultaneously in the following
form (see also Singh [S,] and [HO}): If v¥(X, Z)<v¥(X’, Z’), then
v¥(X, Z)=v%(X’, Z’) and the equalities in (2;) and (4;) are satisfied.
Note that our lexicographic order for v* is a total order.

We do not reproduce the proof of this part here, since it is long and
since we do not use it directly in this paper.

We here show the “if”” part of the second assertion. If x’is infinitely
near to x, then the equalities in (2) and (4;) hold by the remark imme-
diately after the proof of Theorem 3.1. Then the equalities in (2,) and
(4,) hold so that we have the chain of equalities

vi(X, Z)=v§(C(X), TAZ)=v§(Cu(X, Y), NAZ, Y))
=v}(C(X, Y), NAZ, Y)=vE(X' NII"}(x), 1} (x))=v(X’, Z')

by Proposition 4.1, (0,), by Proposition 4.2, (1,), by Proposition 4.5, (ii),

by Proposition 4.3, (3,) and by Proposition 4.4, (ii). q.e.d.
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