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Comparison and Finiteness Theorems
in Riemannian Geometry
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This is a survey article on the above subject. A differentiable mani-
fold admits variety of riemannian structures but we don’t know in general
what is the most adapted metric to the given differentiable structure. On
the other hand, in riemannian geometry we have many important rieman-
nian invariants, e.g., curvatures, volume, diameter, eigenvalues of
Laplacians etc., and we know what is the most standard riemannian mani
folds (model spaces) in terms of riemannian invariants, e.g., spaces of
constant curvature, symmetric spaces, Einstein spaces etc.

We ask here the following problem: if riemannian manifolds are
similar to the model spaces with respect to the riemannian invariants, are
they also topologically similar?

This is in fact a kind of perturbation problem, but perturbation in
terms of riemannian invariants and manifolds may vary during the pertur-
bations. A typical example is the Hadamard-Cartan theorem which states
that a complete simply connected riemannian manifold of non-positive
curvature is diffeomorphic to the euclidean space. This follows from the
fact that geodesic behavior from a point of the manifolds is similar to that
of euclidean space. Namely the exponential map gives a diffeomorphism
(see e.g. [B-C], [C-E], [G-K-M], [N-K], [K 6], [B 5]). Also many results from
the theory of surfaces of fixed signed Gaussian curvature and the theory
of space forms of constant curvature motivated such a question.

In 1951 H. E. Rauch proposed the above problem for sphere case and
showed that if for sectional curvature K of a compact simply connected
riemannian manifold min K/max K is sufficiently close to 1, then the mani-
fold is homeomorphic to the sphere. This was further developed by
Berger, Klingenberg, Toponogov, Tsukamoto, Cheeger, Gromoll, Shio-
hama, Karcher, Ruh and other people and their works gave much influence
on riemannian geometry. In Chapter 2 we treat the above problem.

On the other hand we may ask more generally: classify all the topo-
logical types of riemannian manifolds some of whose riemannian invariants
satisfy some conditions. For instance classify manifolds of positive (or
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more generally fixed signed) curvature. Usually such classification prob-
lems are very difficult and we may ask whether there are only finitely many
topological types of such riemannian manifolds. This was firstly attacked
by J. Cheeger and A. Weinstein around 1967. We will be concerned this
problem in Chapter 3.

In Chapter 1 we collected some fundamental tools for the above prob-
lems. The riemannian invariants with which we are mainly concerned here
are sectional curvature, Ricci curvature, diameter and volume. Of course
there are many other important invariants, e.g., eigenvalues of Laplacians
and we may also consider the above problems in these cases (see e.g.,
[Cro], [L-T], [L-Z], [Pi]). Also tools and methods which are treated here
are mainly concerned with geodesics. We could not here treat methods
from Partial Differential Equations although they are playing important
roles (see [Ya]). Since there are survey articles on non-compact manifolds
and manifolds of negative curvature in this proceeding we don’t touch
upon these manifolds here.

Now Gromov’s recent works with many brilliant ideas from various
branches of mathematics are giving decisive influence on the above problem
(in fact on many problems beyond above). Since they are still expanding
we could only touch some of them here (see papers by Gromov [G 1-8]
and [Bu-K], [B 8,9]).

Also the references given here are far from completeness.

In this article I owe very much to the papers by Buser-Karcher,
Cheeger, Gromov, Heintze-Karcher, ImHoff-Ruh, Weinstein and other
people to whom I would like to express my sincere thanks.

I also would like to thank M. Berger, W. Klingenberg, K. Shiohama
and T. Yoshida for advices and suggestions.

Chapter 1. Preliminary Comparison Results

§1. Riemannian invariants

In this section we introduce some fundamental riemannian invariants.
From the existence of a riemannian structure g on a smooth manifold M
we can introduce the following concepts and notions:

1°. Firstly we have the Levi-Civita connection V', adapted to the
given metric. For a given curve c: [0, /]—M and a vector field ¥ along ¢
we denote by V,,,, Y(:=VY) the covariant differential of Y in direction of
tangents to ¢. We also denote by P,: T, M—T,,,M parallel translation
along c¢. Recall that V5 is not a tensor field on M and we lift it to the
tangent bundle ¢, : TM— M so that we can define the bundle map K: TTM
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—TM in the following way: for § e T,TM, v e TM choose a curve t—v,
e TM tangent to & at =0, which may be considered as a vector field
along a curve x,:=17,v,. We define

(1.1 K(&):=V;,51:=00: (this is in fact well defined).

Restricting K to the vertical subspace (7,T7M)":=d,c5/(0)=T,T. ,TM, we
have

K\ 4,:3' @ =the canonical identification ¢,: 7,7, M =T, M.
Then dry(v): K-(0)=T. .M is an isomorphism and we have a splitting

(1.2) T,TM(=K-0)®d,c (0) =T,

Ty

M®T. M.

(T,TM)":=K-%0) will be called the horizontal subspace. Especially
horizontal vector field S,:=(v, 0) on TM is called the geodesic spray.
Now from F we have the curvature tensor

(1.3) RX, VNZ:=V Wy Z—V ol yZ—V iz 12,

which is the most fundamental local invariant of (M, g) with its successive
covariant derivatives. Geometrically following sectional curvature intro-
duced by Riemann generalizing Gauss curvature in the surface theory is
important. Let Gy(TM) be the Grassmann bundle {¢C T, M; 2-planes,
me M}. Then the sectional curvature K, of ¢ is defined as

(L4 K, :=g(RCx, )y, )\ xN\yF (=K(x,»)),

where |- | denotes the riemannian norm, {x, y} is a basis of ¢ and K, is
independent of the choice of {x,y}. Then K: G(TM)—R is a smooth
function which determines R (see e.g. [C-E] p.16).

In the case when K is a constant d we have for the curvature tensor
Ri(x, »)z=06{g(y, 2)x—g(x, z)y}. These riemannian manifolds of constant
curvature cover classical euclidean and non-euclidean geometries andjthe
problem how K, controls metrical and manifold structure has been one of
the central problems in riemannian geometry.

For example assume that §<<K,< 4 and put R°:=R—R.5,. Then
recalling that x—R°(x, y)y is a symmetric linear map we have

(1.5) |R°(x, Yy |<(4—0)/2-[x|| ¥
Next putting || R°||:=max {|R°(x, ¥)z|; |x|,|y], |z|=1} we have also
(L6 IR® 1<2/3(4—0).

Now Ricci curvature is defined as
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r(x, y):=Trace (z—R(x, z)y), and for x € U(M, g)

1.7 d
r(x)::r(x, X)—_—- Z K(x’ xi)’
i=2
where x=x,, - -+, X, are orthonormal with dim M=d. This notion was

introduced by Ricci and became very important after it played the funda-
mental role in Einstein’s equation for gravitational field. Recently it turns
out that Ricci curvature tells much more information about (M, g) than
expected by Gromov, Yau and other people.

2°. Secondly from the given riemannian structure we can consider
the length L, and energy E, of a piecewise smooth (or more general H'—)

1 1
curve c¢: [0,/]—M as L°:=I [é(2))dt, E,;:l/ZI |é(¢)[Pdt  respectively.
0 0

Thus we can define the distance d(p, g) of two points p, g € M as the
infimum of the length of curves joining p and ¢g. With this distance M
has the structure of a metric space (M, d) whose topology coincides with
the manifold topology. (M, d) is complete if and only if every metric
ball B,(p):={gqe M; d(p,q)<r} is relatively compact by Hopf-Rinow
theorem. In the following we consider only complete riemannian mani-
folds. In this case M is compact if and only if its diameter d,:=
Sup,,.cx d(p, q) is finite. The space 2, ,M:={c:[0,!]— M, H'-curves
with ¢(0)=p, c(I)=g} has a structure of complete Hilbert manifold such
that tangent space 7,82, ,M={H'-vector fields along c}. Then E is a dif-
ferentiable function on £, ,M and Morse theory may be developed for
2,,,M, E)(K 5],[K 6])). From g we have also canonical Lebesgue measure
dv=+/det (g, ;)dx"- - -dx® and we may consider the volume v,,. Riemannian
invariants d,, and v,, play important roles in the following.

3°. Riemannian metric defines a one form « on TM by a,(£):=
8, dryé), § e T,TM. Then da defines a symplectic form on' TM (i.e., a
d

—_——

closed 2-form with da A - - - Ada==0 everywhere). This corresponds to the
canonical symplectic structure on 7*M by an identification b: TM =T*M
(b(x)y=g(x, y)) via the metric, which is nothing but the Legendre trans-
formation with respect to the energy function E: TM —R, E(v) =
1/2 g(v, v). Thus we may consider the Hamiltonian vector field H, cor-
responding to the Hamiltonian E. In our case H, coincides with the
geodesic spray defined in 1°. In fact we have is do= — dE which follows
from the fact that Lg a =dE.

4°. Now the notion of geodesic may be introduced in connection
with 1°, 2°, 3° respectively as follows: c: [0, []-M, c(0)=p, c()=q is a
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geodesic if and only if
(with respect to 1°) an auto-parallel curve i.e.,

(1.8) V35:¢(t)=0,

which is the z,-image of an integral curve of the spray S,.

(with respect to 2°) a critical point of the energy integral E on 2, ,M,
namely, the Euler-Lagrange equation of the fuctional E is nothing but
(1.8). .
(with respect to 3°) z,-image of a solution curve of the Hamiltonian
system Hp.

In the above geodesics are parametrized proportionally to arc length.
Every geodesic is determined by the initial point p and the initial direction
ve T,M, which will be denoted by c,t). Especially geodesics para-
metrized by arc length will be called normal. For a complete riemannian
manifold every geodesic ¢, may be defined for all real numbers and any
points p, ¢ may be joined by a minimal (i.e., distance realizing) geodesic.
We denote by Min (p, ¢) the set of all minimal and normal geodesics
joining p to ¢. It is also important to consider the flow ¢, of S,(=H) on
TM, which is called the geodesic flow. Clearly we have ¢,(v)=¢,(¢) and
eud V) =,(0).

Once the notion of geodesics is introduced we have the normal co-
ordinates system. Namely for p € M we define the exponential map Exp,:
T,M—M at p as Exp, v:=c,(1), which is a diffeomorphism on B,(0,):=
{ve T M, |v|<r} for some r>0. Now the normal coordinates system
(x?) at p is determined as Exp, > x%(g)e,=¢, when an orthonormal basis
{e;} of T,M is given. Then we have the following expansion of the metric
tensor g=(g,,) around p with respect to the normal coordinate

1.9) 8 (tX)=0;;+1/3 3 Rypn;(p)X*x"t* 4 O(2%)
(for the further expansion see e.g. [Sa 1]). Normal coordinates system gives
most adapted local chart to the riemannian structure.

Remark. From (1.9) we have the following interpretation of the
curvatures. Let ¢ € G,(TM) be a plane section at p and ¢, a circle in ¢ of
radius r centered at the origin. Then we have

(1.10) K, =3/ lim 2ar — Lgy,,.)/r

r—0
Next we have for a unit vector x e U,M

(1.11) r(x)=3lim (1 —det g,,(Exp, tx))/t*.
r—0

5°. To see the behavior of geodesic, which satisfies second order
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non-linear equation, it is useful to consider the infinitesimal deformation
of geodesics, which satisfies the linearized equation. Namely let a,(—e<
s<¢) be a family of geodesics with a,=c,. Then the vector field Y along
c, defined as Y(¢):=3/0s,,_,x,(¢) satisfies the second order linear dif-
ferential equation

(1.12) PV Y+ R(Y, é,)é,=0.

Conversely a vector field Y along a geodesic satisfying (1.12) may be ob-
tained from such a geodesic variation and will be called a Jacobi field.
Note that Y is uniquely determined by Y(0) and FY(0). With respect to
2°, ¢,: [0, I]—+M is a critical point of E on 2, ,M(p=c,0), g=c,()). We
can consider the Hessian D*E(c,), which is a symmetric bilinear form on
T,82,,.M given by

(1L13)  DUE(c)(X, Y)= f : [g(7X, VY)—g(R(X, c)c,, Y}t

Then the null space of D?E(c,) is nothing but the space of Jacobi fields
along ¢, vanishing at end points. From geodesic flow view point, we con-
sider the differential d¢,: T,TM—T;,,TM of the geodesic flow. Then in
terms of the splitting of (1.2) we have

(1.14) d¢ (4, B)=(Y(2), V' Y(2)),

where ¥(z) is a Jacobi field with Y(0)=4 and FY(0)=B8. Namely Jacobi
fields are characterized as geodesic flow invariant fields. Finally the
relationship with the exponential map is given as follows: for v, w e T,M
we have the linear field r—(0, tw)=¢,,w € T,,7,M. Then the Jacobi field
Y along ¢, with Y(0)=0 and V' Y(0)=w is characterized by

(1.15) Y(¢)=d Exp, (tv)0, tw).

Roughly speaking curvature controls the behavior of Jacobi fields,
which are the infinitesimal deformation of geodesics, and also the behavior
of geodesics. Then behavior of geodesics gives information on normal
coordinate systems, namely on the structure of manifolds.

6°. Here we remark that we may control the parallel translation by
curvature. Let ¢, ¢, be curves with initial point p and ¢,: [0, 1]— M (0<
s< 1) a homotopy from ¢, to ¢, with ¢,(0)=p. We put 7(s):=c,(1). Let
a be the parallel translation along ¢, U7 U ¢;* which may be considered as
an element of SO(d). Then we have

(1.16) ||al|(:=Max|a(U)— U )<||R||- Area of the surface generated by c,.
17)=1
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In fact for U e U, M, let X, be the parallel vector field along C, U7, ,; with
X(0)=U. We put

c(®) for 0<t<C1

als, t)=as(t):{7((1_s)t_|_2s_1) for 1<t<2

Then we get

|a(U)—U 1=|XO(2)—X1(2)|gf: 1!75,63X3(2)]dsgf: dt f 0 173 15i 375 Xo(0) |
— j 0 dt L | R@afot, 8a/s)X,(t)|ds < || R Jco,ljx% |6ce/ot A\ Berfds| dsdlt
—IR| J oo, 1060 N5 dicl

Remark (1.17). The same result also does hold in case of a metric
connection of riemannian vector bundle.

7°. As mentioned before simply connected riemannian manifolds
M(5) of constant curvature ¢ are the simplest riemannian manifolds. Take
pe M), ve UM and an orthonormal basis {e,- .-, e,} of T,M*{).
We put

sin /61 v/ & if §>>0
(1.18) s5(t): = t if 6=0, c;(t):=s;(2).
sinh +/|3]¢ /v/]3] if <0

Then Jacobi field Y(¢) along ¢,, Y | ¢, with Y(0)==>_ a,e,, VY(0)=> b.e,
takes the form

Y(1)=2 (a.cs(t) +b.s:(t))E(t),

where E,(t) is the parallel translation of e, along c,.

Next typical examples of riemannian manifolds are symmetric spaces,
on which sectional curvature K, is constant if ¢, is parallel along a curve
¢,. In this case behavior of geodesics is explicitly known (see [Hel], [Sa 4]).
Especially for rank one symmetric spaces, which are various projective
spaces with their canonical riemannian structures, all geodesics are simple
closed geodesics of the same length (so-called C,-manifolds [Be]).

Also invariant metrics on homogeneous spaces give nice examples in
riemannian geometry ([BB 1-3], [B 3], [Su 2-4], [Wa 1-3], [Z 1-2]). Here
we only mention Berger’s spheres ([Cha 1], [S 5], [W 4]), which are one
parameter normal homogeneous metrics of positive curvature on odd
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dimensional spheres, and Wallach’s examples, which are (not normal)
homogeneous metrics of positive curvature on SU(3)/T(p, q), where
T(p, q) are circles defined by

exp Qapiy/ —1) 0 0
0 exp 2rgbv — 1) 0 ;0e R
0 0 exp (—2z(p+q)ov —1)

with relatively prime p, ¢ ¢ Z. It is known that SU3)/T(p, q) are simply
connected and H*(SUQ)/T(p,q): Z)=Z,, r:=|p*+pq+r?. Huang
computed explicitly min K,/max K, for some homogeneous metric on
SUB)/T(p, q) (see [Wal-Al], [Hu], [Es]).

For more general homogeneous manifolds of positive curvature see
[BB 1-3], [Wal 1-3]). The geodesic behavior on homogeneous manifolds
is not known completely ([Z 1-2]).

More generally Cheeger constructed metrics of non-negative curvature
using group actions ([C 4], [Gr-M], [Po]).

§2. Jacobi fields comparison theorems

Recall that Jacobi fields satisfy the second order linear differential
equation. Extending classical Sturm-Liouville comparison theorem to
riemannian case, Rauch ([R 1]) obtained comparison theorems on Jacobi
fields in terms of curvature of manifolds. Here we give generalized version
by Warner, Heintze-Karcher etc. ((H-K], [War 2})).

We consider Jacobi fields satisfying the boundary condition.

1°. Let N°=—— M* be an immersed submanifold of dimension e
with the induced riemannian structure, v: TN+—M the normal bundle.
For a normal vector v e T,N we define the second fundamental form S, as

.1D S(u, w)y: =gl ,V, w), u,we T',M,

where V is a local section of TN around p with V,=v. §, is a symmetric
bilinear form on 7,N and we denote the corresponding linear transforma-
tion by the same letter S,. Now a Jacobi field Y along a geodesic ¢, will
be called an N-Jacobi field if Y satisfies

2.2) Y©0)eT,N, F¥(0)—S,Y0)eT,Nt

(namely in terms of the splitting (1.2), initial condition (Y(0), F'Y(0))
belongs to a Lagrangian subspace ¥ :={(4, BYe T,TM; A ¢ T,N, B—S,A4
e T,N+}). N-Jacobi fields may be characterized as the variation vector
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fields of geodesics with initial direction in TN+, It is also useful to con-
sider the splitting of T7TN+ with respect to the normal connection FL.
For a section Z: N—TN+ and x e T,N we set V+Z:=(F ,Z)* (orthogonal
projection to T,N1). We can define as before the bundle map K, : TTN+
— TN+ by the condition Ky(dZ-x)=F+Z. Then we see that forve T,N*,

Kyig-10: dv ' (0)=T,T,N-=T,N* is the canonical identification,

dy gzl K3(0)=T,N is an isomorphism
and we have a splitting
2.3) T, TN =K7(0)Ddv'(0)) =T ,NOT, N+ (p=2(v)).

We denote this splitting by (4, B)y, 4 ¢ T,N, Be T,N+. Especially we
can define the riemannian structure on TN+ so that Ky 4,-1¢), dv x5« are
linear isometries and dv~*(0) | K7'(0).

Now we consider a linear field U(t):= (4, tB)y e T,, TNL along t—
tv. Then an N-Jacobi field Y(¢) with Y(0)=A4, F'Y(0)=S,4+ B is given
by

(2.4) Y(t)=d Exp, U(t),

where Exp,:=Exp,,. Thus we have dr,dp,(4, B+ S,4)=dExp, (4, tB),.

Next for a geodesic ¢,, ve TN, a point ¢,(¢) (¢>>0) is called a focal
point of N along c, if there exists a non-zero N-Jacobi field Y with Y(r)
=0. For ve TN+ we define the focal distance of N in direction v as
min {t>0; ¢,(?) is a focal point of N}. In case when N reduces to a point
this will be called the conjugate distance.

We consider the following situation: Let ¢,, ve U,N+ be a perpen-
dicular normal geodesic, k(t):=min {K,; o 3 ¢,(t)}, K(t):=max {K,; ¢ >
¢, 2y - - -, A, eigenvalues of S, (principal curvatures). We also consider
another immersed manifold N°=—» M?, c;, 0 € U,N, k(t), K(2), 1y, - -+, 2,
will be defined similarly. Let #,>>0 be smaller than the focal distance of
Nin v. We shall assume that

(),: d=dim M>d=dim M. dim N=dim N:=e
(2.5) () k@O=K@), 0<t<t,
(%),: Max 3,<Min 1,, or (x);: 2,<2, (i=1, - - -, e) for some fixed
order of principal curvatures.

LetY, .., Y, (resp. Y,, - -+, Y,),1<<r<<d—1, d—1, be linearly inde-
pendent N(resp. N)-Jacobi fields given by Y, (t)=d Exp, U/(¢) (resp. Y,(¢)
=d Exp, U,(#)), which are perpendicular to ¢, (resp. ¢;). Putting
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S@):=log (Y(ON--- ANY, U@ - - - ANULD))),
F@):=log (Y(ON- - - AYONTON - - - AT,

we want to compare f(¢) and 7(¢). Note that lim,_,f(¢)=lim,_, /() =0.
For that purpose we estimate

Q@D gt):={log| T+ ATV (0)|~log IT(OA - -- AT, ().

2.6)

Fix t,<t,, , (<focal distance of N in 0). We give a condition guaran-
teeing g(z,) >0.

Lemma (2.8). Assume (x),, (), (x); or (x); and that there is a linear
isometric injection ¢,,: TyM—T,M such that

(i) ¢ 0=v, ¢, TyN=T,N,

(i) ¢V, =V, where V,:=P Y (t)lz etc.
We assume furthermore

(i) ¢,, maps eigenvectors of 2, to that of 2,
when we assume (x);. Then we have g(t,)>>0.

Proof. Main idea is to use the index form. Namely on 2,,:={X(¢);
H'-vector fields along c,,p,,,; With X(0) e T,N and X(¢) | ¢,(¢)}, we define

@9 1ox0:=[" {ex 70— Ko, X X0}
+5.(X(), XO).

Then one of the fundamental properties of I, is as follows: for ¢, <t,, we
have I(X, X)>1,(Y, Y), where Y is the uniquely determined N-Jacobi
field with Y (¢,)=X(¢,) and the equality holds if and only if Y=X (sce e.g.
IB-C]). For the proof we may firstly assume that Y,(¢,) are orthonormal
by taking a linear combination of Y,(z,), - - -, Y,(¢,). Since Y, are N-Jacobi
fields, we have

(IOg l Yl(t)/\ RN Yr(t)]);:n:Z (IOg } Yi(tl) D,ZZ g(VYi(tl), Yi(ll))
=Z IN(Yz" Yi)
Let W(t):=P, 0¢, 0 P (Y,(¢)) be an element of X, (by (i)) with | W(¢)|
=Y., FW(t)|=|FY,(¢)]. From the assumption (ii), taking appro-
priate linear combination of Y,(¢,)’s, we may assume that Y, ()= W, (t)).

Then note that {Y,(2)} are orthonormal and W,(0)=¢, Y,(0). Then we
have from (iii)

(log I Yl(t)/\ RRVAN Yr(t)D;m:l:Z I(Y,, YI)SZ LWy, W)
@10 =3 {[" (W FW)— K W)W P14 5,070, WO}
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=2, {ﬁ (8(PY,, VY )—K(¢5, Y)Y .[)dt + Ss(Y(0), 71(0))}
:Z IJV(Y{, Y—.b)=(10g l Yl(ll)/\ e /\ Yr(tl) D:=t1. qed

Now the problem is that (i), (ii), and (iii) are not consistent in general.
We consider the following cases:
( I ) (*)0: dzd_’ 6:05 lgrgci-—l, (*)1: k(t)ZK—(t) (Ogtéto)
(I1) (%): d=d, e=d—1, 1<r<d—1, (»);: k()= K(t) (0<t<1t,)
(%),: max 2,<min 2,.
AID) (%) d=d, r=d—1. (¥),: k(t)=K(t) (0<t<¢t,).
(%);: 2,< A, for some fixed order of principal curvatures.
(V) (%),: d=d and M is a space form of constant curvature §, r=
d—1.
()2 r(C, () =>(d—1)5 (0<t<t,).
(*),: e=0, or e=d—1 and N is totally umbilical at p (1 €., S5=
Aid) and tr S, <eAd.
Then in these cases we may easily check that assumptions of (2.8) are
satisfied for #,<t,, 7,. In the last case (IV) we make the assumption on
Ricci curvature only but the last inequality in (2.10) also holds in the same
way. To see that > S,(W,(0), W,(0)<> S;(Y.(0), Y,(0)) note that every
N-Jacobi field Y(¢) in M takes the form Y(¢)={(c;(t)+ As,(t))E(¢t) with a
parallel vector field E(¢).

Remark (2.11). In each case U,(¢) (and U,(t)) are given as follows:

(I) U)=(, tB;), B;=VY,(0).

(I1) Uft)=(4;, 0y, 4;= Y,(0).

I1) U,t)=(A;, tB)y. Note that we may take U,(#)=(4;,0) (i=
1, - - -, e), where A4, are eigenvectors of S,, and U,(¢)=(0, tB,)x
(j=e+1, ---,d—1), B;e T,NL.

(IV) U(t)=(0, tB)) or Ut)=(4;, 0)y.

Now under the assumptions of one of (I) ~(IV) and #,<¢,, f,, we have
g(t)>0. From (2.11) we see that log |U,(t)A\ - - - AU,(¢)|—log | U,(t)N\
-« NU,(¢)|=constant, and we get f(¢#)> f(¢) for t<t,,7,. But this im-
plies that ¢, is smaller than the focal distance of N in ©. Thus we have
the following ([H-K]):

Theorem (2.12) (Heintze-Karcher). Assume one of (I)~ (IV). Then
we get
(i) =N - AYLDNYON - - - NY,(t)|is monotone increas-
ing for 0<t<t,.
(i) TN - ALOVT@ON - AT =
[TON - - AYOUON - ANUL)].
(iii)  Focal distance of N in v< focal distance of N in U.
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2°, From the above we have many important consequences. First
we give original Rauch comparison theorems ([R 1], [R 3], [C-E]).

Theorem (2.13) (R.C.T.-I). Assume that dim M>dim M, k(t)>K(t)
for t<t, (< conjugate distance in direction v). Let Y(t), Y(t) be Jacobi
fields along c,, c, resp. such that Y(0), Y(0) are tangent to c,, c; resp. Assume
furthermore that g(v, Y(0))=g(v, Y(0)), g, VY(0)=g(@, FY(0)) and
[P Y(0)|=|FY(0)|. Then we have |Y(2)|<|Y (2)| for 0<t<¢t,.

Proof. We decompose Y(t)=YT(¢)+ Y1(t), where YT(¢) is the
orthogonal projection of Y(¢) to ¢,(¢). Clearly we have g(Y(2), ¢,(t))=
g(¥(0), v)+g(Y(0), v)t and | YT(1)|=|YT(#)]. From (2.12-(D) | Y+()|<
| Y1(#)| holds, because of Y+(0)=YL(0)=0, |[FYL(0)|=|FY+(0)|. q.ed.

Next integrating the above we get

Theorem (2.14) (R.C.T.-II). Suppose that dim M >dim M and

(1) K,=>K, forall 6 e G(TM), G € G(TM),

(i)  EXD p5,00p is an embedding and EXp,, p,(, is regular.
Let 1: T,M—T,M be a linear isometric injection. Then for any curve
¢: [0, 11—-Exp,(B,(0,)) we have L,<L;, c=Exp, o I - Exp;'(c).

Proof. Put «a(t, s): =Exp, (tI(Exp;' ¢(s)/|Exp;'c(s)]), 0<t<
1

|Exp,'&(s)|. Then chj |0a/os(1, s)|ds and t—(8e/0s)(2, 5) is a Jacobi field
0

Y, along a geodesic t—a(?, s) with Y,(0)=0. Similarly define @(z, s):=
Exp, (t Exp;'c(s)/|Exp;* ¢(s)]) and Y,. Noting that |F'Y,(0)|=|FY,(0)| we
get our result from (2.13). q.e.d.

Similarly we have Berger’s comparison theorems ([B 4], [C-E]).

Theorem (2.15) (B.C.T.-I). Assume that dim M =dim M. For ve
U,M let N:=Exp, {x € B,(0,)CT,M, g(x, v)=0} be a hypersurface with a
normal vector v and S,=0. For 0 e U,M define N similarly. Suppose that
for N(resp. N)-Jacobi field Y (resp. Y)

(1) k@)=K() for 0<t<t, (< focal distance of N in direction v).

(ii) FY(0), F'Y (0) are tangent to c,, c; resp.

(i) g(v, Y(0))=g(®, Y(0)), g(v, FY(0))=g(@, FY(0)), | ¥(0)|=| Y(0)|.
Then we have | Y(1)|<| Y(2)|.

Theorem (2.16) (B.C.T.-II). Let c,(c;): [0, []— M (M) be a geodesic
and E(E) parallel vector field along c,(c;). Put e(t):=Exp (f(t)E(?)), &(t)
:=Exp (f(¢)E(¢)), where f: [0, I]—R is a smooth function such that f(t)<
JSocal distance of Exp {we T, ,,M;w | E(t)} in direction E(t). Suppose
that K,>K, for all 6 € G(TM), 5 ¢ G(TM). Then we have L,<L,.
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Remark (2.17). Let M*® be a riemannian manifold with K, <4 and
M4(4) space form of constant curvature 4. Suppose that Exp,: B,(0,)—
B,(p) is a diffeomorphism (r<x/+/4). Take p e M%) and a linear iso-
metry I: T,M—T,M. For q,re B,(o,) take a minimal geodesic 7 ¢
Min (g, ). Assume that ¥ C B,(p). Then we have d(q,r)>d(g, F)
with g:=Exp, I(Exp;'q) etc. from (2.14). If the equality holds 7:=
Exp, I(Exp,'7) is a minimal geodesic and we have a totally geodesic
triangle S:=Exp, I(Exp;*S) of constant curvature 4, where S=(p, g, F)
is a geodesic triangle in M (4).

Next we consider the case when M or M is of constant curvature.

Theorem (2.18) ([Ka], [Bu-K]). Let M be a riemannian manifold, Y(t)
a Jacobi field along a normal geodesic c, with Y(t)_| ¢,(t).

(i) Suppose that K, <A for all 6 € G(TM). Then as far as y,(t):=
| Y(0)|c,(2)+]| Y [(0)s,(2) is positive we get

g(Y,VY)y,>g(Y,Y)y, and |Y(t)|=y,2).

(ii) Suppose that K,>6 and that V'Y(0) and Y(0) are linearly de-
pendent. Let t,(>>0) be smaller than the focal distance in direction v of
hypersurface N with normal v such that S,=(Y(0)/|Y|(0))id if Y(0)=0
(conjugate distance in v when Y(0)=0). Then we have | Y(¢)|< ys(t) (0<¢
<t,) and that t—y,(t)/| Y(t)| is monotone increasing (0<t<t,).

Proof. 1If Y(0)=0 both cases follow from (2.12-1). We assume Y(0)
+0.

(i) Take a hypersurface N with a normal v and with respect to
which Y(¢) is an N-Jacobi field. In M:=M%(d) take a point p, 0 € U,M
and a hypersurface N with a normal o such that S;=21d, 2=| Y| (0)/| Y |(0).
It suffices to show (log | Y(#) ) >(log y,(t)) for t,<t,. This follows from
the arguments in the proof of (2.11) changing the role of M and M. Note
that in our case Sy;(W(0), W(0)=2|W(0)[=2|Y(0)}F=]|Y[(0)] Y(0)|>
g7 Y(0), ¥(0)=S,(¥(0), Y(0)).

(ii) Put FY(0)=2Y(0) and take a hypersurface N with a normal
vector v such that S,=2id. Then Y is an N-Jacobi field. Considering
the same situation in M:= M ?5) we have our result from (2.12-IT). q.e.d.

Corollary (2.19). For a riemannian manifold with the curvature restric-
tion <L K, < 4, let ¢, be a normal geodesic, Y(t) a Jacobi field along c, with
Y(0)=0, Y(¢) | ¢,(t). Then we have

()5 LI YO YO | <s,8)s,2)  Sfor o<s<t<a/v/ 4.
Corollary (2.20) (R.C.T.-ITI). Suppose again that 6<K,<4. Then
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Sfor ue T,M with |u|<z/v 4 and for any v e T,M we have
sud/lu|<|d Exp, () - vl/jv|<s,(ul)u), ulv.

Remark. For a map f: X—Y between metric spaces define dil fi=

sup {d(f(x1)> f(xz))/d(xu Xg); Xy, X € X(x, xz)}, dil, f: = lim, _, di1f|Bs(x)'
Then the above means that

dil, Exp, <max {s,(|u])/|u], 1}, dilgsy,,, Exp,*<max {|ul/s,(u)), 1}.

3°. Now we apply (2.12) to the volume comparison. Let{u, ---,
Uy, U, o=V} be an orthonormal basis of T, M and Y (¢t)=d Exp, (#v)(0, tu,)
(=1, --.,d—1) Jacobi fields along c,. Then O¥(v, t):=|Y,()A\--- N\
Y, (8)|fte~* (#>>0) is independent of the choice of u; and equals |det
dExp, (tv)|. Then we get

Theorem (2.21) (Bishop [B-C]).

(i) Suppose that r(¢,(t))=>(d—1)d for t<t, (<conjugate distance in
V). Then t—0) (v, t) (¢/s,(t))* " is monotone decreasing and we get O} (v, t)
<(sy(t)/t)e-'.  Especially conjugate distance is smaller than or equal to
w/v/ 8. Thus for a complete M with r(v)>(d—1)6(>>0), M is compact and
dy<zm|v6 .

(ii) Assume that K(t)< A for t<n/v 4. Then t—>O) (v, t)(t/s,(t))**
is monotone increasing and we get O3 (v, 1) >(s,(t)/t)*~".

Proof. First note that (s,(¢t)/t)*'=0¥*®(v, t) for any p and ve
U,M. Then (i) follows from g(¢)>0 for (2.12-ii). (ii) follows similarly
from (2.12-i). g.e.d.

Next we generalize the above to submanifold case.

Theorem (2.22) (H-K]). (i) Let M, N—>M, ve U,NL be as in
Theorem (2.12).  Suppose that k(t) >4 for t<t, (< focal distance of N in
v). Then we get

|det d Exp, (t0) ]t~ < [T (ex(t) + 2us,(t))sy(2)4 =
i=1

<(es(t)+755())° - s5(t) 22,

where 5:=(2 2,)/e is the mean curvature in direction v.
(ii) Let N=——>M be an immersed hypersurface, ve U,N+ and
suppose that r(¢,(2)>(d—1)d for t<t,. Then we have ’

|det d Exp, (fv)|<(c,(t) +7s5(2))* .
Proof. 1In a space form M=M%{3), pe M, v e U,M, take a locally
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immersed submanifold N with a normal ¥ such that S, has the same
eigenvalues as S,. Put Y,(t)=dExp, UJ(t), Y(t)=dExp, U(t). From
(2.11-I1) we may take Y ()= (c;(t)+2:5(1)E(t) (1<i<e) and Y,(¢)=
S(DE (1) (e+1<Lj<d—1), where {E,(0), E,(0)} are orthonormal. Then
from (2.12-ii) we get

|det d Exp, (1) |=| Y{()N\ - - - AY o i) JUN - - - AU,_i(8)]
él Yl(t)/\ Tt /\Yd-d(t)l/l Ux(t)/\ o /\Ud—l(t)l

< zljl (cs() + 2,55(2))s5(2) 2=t 221,

(ii) follows similarly from (2.12-iii). q.e.d.

4° (Toponogov’s comparison theorem). In surface theory Gauss-
Bonnet theorem plays very important roles. In higher dimensional case
following Toponogov comparison theorem plays a similar role. Let (7,,
7. Ty) be a geodesic triangle, which consists of normal geodesics 7, with
L,+L,, <Ly, Puta,;=J(—7i1(Ls,), 71e0). ((43=0)

Theorem (2.23) (T.C.T-I). Suppose that K,>d for all o € G(TM).
For a geodesic triangle (7., 15, T5), where 7., T, are minimal and L, <V &
(no condition if §<0), there exists in M*(5) a geodesic triangle (7,, 7., 75)
such that L; =L, and o, <a,, @y<a.

Theorem (2.24) (T.C.T.-I). Suppose that K,>é for all ¢ € G(TM).
Let (7,,7,) be normal geodesics emanating from p such that 7, is minimal
and L, <z|v 6. Put a=<L ((0), 7,0)). Then for a pair of geodesics
(71, 7») in M*(8) emanating from p such that L, =L, , J(7:(0), 7,(0))=c, we
have

d(T(L,), 7L, ) <d(F:(Ls), 7(Ls)-

These are global version of R.C.T. and B.C.T., and proof reduces to
R.C.T., B.C.T. by dividing geodesic triangle into small or thin geodesic
triangles and requires many steps (see [To], [B 4], [C-E], [K 6]). We need
the case when the equality holds in T.C.T.-IL.

Remark (2.25). Under the situation of T.C.T-1I assume that 0 <<a<
z and d(7(L,), 7L, ) =d(F«(Ls), 7AL;)). Let 7, be the unique minimal
geodesic from 7,(L; ) to 7,(L;) and D be the domain of 7, M*(5) obtained
by lifting (7, 7., 7s) via Exp;*. 'We choose a linear isometry I: T, M*(6)—
T,M with I(7,(0))=7,0) (i=1,2). Then Exp, I(D) is an embedded sur-
face of constant curvature § with totally geodesic interior.
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§ 3. Imjectivity radius estimate

In this section we want to estimate the size of domains uniformly from
below, over which normal coordinates are valid. For a complete rieman-
nian manifold M we define the injectivity radius at p € M as

i,(M):=Sup {r>0; Exp,z,, is a difftcomorphism}.

Then p—i,(M) is a continuous function on M. The injectivity radius i,
is defined as min {{,(M); pe M}. Now we assume that M is compact.
Then i;, is positive and known to be characterized by each of the following:

(1) Sup{r>0; Exp, s, is injective for every p e M},

(II) Sup {r>0; d(c,(0), c,(t))=t for all v e UM}

(IIl) minimum of half the length of the shortest (simple) closed geo-
desic and the shortest conjugate distance.

For these fundamental facts see e.g. ([B-C], [C-E], [G-K-M], [K 6],
[N]). Thus to estimate i,, we need to estimate conjugate distance and the
length of closed geodesics. There is a standard way to estimate the first
one in terms of curvature (§2). Namely conjugate distance >z/v 4 if
K,< 4. On the other hand estimate of the second one is more difficult
and Cheeger observed that there exists a positive constant c,(p, V, 9),
where p, V are positive, with the following property: Closed geodesics ¢
in compact riemannian manifold of dimension d with K, >4, d,,<p, vy >V
have length L,>c,(p, V, ). Cheeger proved this fact by showing that
the existence of short closed geodesic implies small volome by T.C.T.
([C-1.2]). Here we give a proof due to Heintze-Karcher by more direct
volume estimate using (2.22). (see also [Mal]).

Theorem (3.1) ([C2], [H-K]). In a compact riemannian manifold M
with K,>48, every closed geodesic ¢ has length L,
L. >2r(vy/w,)s;(min (dy, W/Z\/F))l_da Wq:=Usgaqy-
Especially, if 6<CK< 4, then we have

iy>min {z/v/ 4, 2(vy/o)s,(min (dy, 7/2¢/ 3 )~}
(z/2/ 5 =+ o0 if §<0).

Proof. Let ¢ be a closed geodesic of M, which is a totally geodesic
immersed submanifold of M. Then focal distance of ¢ in any direction
ve Tct is not greater than z/24/ § by (2.12-III). Thus the maximal
domain over which Exp, is a diffeomorphism is contained in D:={v e Tc*;
|v|<I:=min {dy, 7/2+/ §}}. Then we have by (2.22)
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ngf |det d Exp, (v)|dv,
D
l
gf dvcj dtf cs(1)s ()23t *duga_nt~*
c 0 {xeTe(srelslz) =1}

A
[ av. [ 0oy dt=Les1y 0, )@~ 1)
4 [}
=wsLs:(1)* ) 2x. q.ed.
Remark. If § is positive then we have L,>2r/v/ 0 - Uy/Usag).

Problem. Is it possible to have a similar estimate if we only assume
Ricci curvature restriction?

In Chapter 2 we need more precise estimate assuming only (strong)
curvature restriction. Firstly Klingenberg obtained

Theorem (3.2) (K 1]). Let M be a compact simply connected even
dimensional riemannian manifold with 0<K, <4, where A4 is a positive con-
stant. Then we have i, >n/v/ 4.

For the proof assume that i, <<z/v 4. Then there exists a simple
closed geodesic ¢ with L,=2i,<2z/+ 4. Even dimensionality implies
that there exists a parallel periodic vector field X(z) (X(¢)_| ¢é(¢)) along c.
For the second variation we get

DEEX, )= (87X, PX)—g(R(X, )¢, X)}di <0,

which means that closed curves ¢, defined by c¢,(t):=Exp,., sX(¢) have
length smaller than 2i, for s>>0. Then ¢, may be lifted to smooth closed
curves &, (C T, M) with &,(0)=o0,,«, EXp.,¢,=c¢,. Since @: TM—M
X M defined by &(v)=(r,v, Exp., ) is regular on {v ¢ TM; lv|<z/v 4},
&, (s—0) converge to a smooth closed curve & in T, M, which covers ¢, a
contradiction.

Then it was conjectured that the same fact holds also for odd dimen-
sional case. But Berger showed that on Berger’s spheres with §<{K, <1,
§<C1/9, there are closed geodesics of length less than 2z.

When min K/max K is rather large we have

Theorem (3.3) ([C-G], [K-S]). Let M be a compact simply connected
riemannian manifold with (0<)6<<K,<<4, 46>A. Then we have i,>
z/v 4.

We only comment about the proof given in [K-S]. We need global
considerations. Let AM:={c:S'— M; H'-closed curves on M} be the
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space of closed curves which has a structure of complete separable Hilbert
manifold. The energy integral E on AM is a differentiable function whose
critical points are closed geodesics and point curves. Let ¢, be a flow
generated by —grad E. Now for the proof we may assume that 4=1.
Suppose that there exists a closed geodesic ¢, of length <2z (i.e. E,,<2zx%.
We take the space of homotopies from a fixed point curve ¢, to ¢;: #:=
{H:[0, 1]>AM; continuous curve with H;=c¢, and H,=c,}. Then 2# is
non empty because M is simply connected and s#(I):={H([0, 1]); H ¢ s}
is a g-family, namely, #(I) is ¢,-invariant, because ¢,, ¢, are fixed under ¢,.
We define the critical value £ of #(I) as rk:=Infy., Max, oy E(H,).
Then the essential part of the proof is to show that #=2z% For this we
need lifting argument as above to see £>2x* and the following modified
Lyusternik-Schnirellman lemma: Let K’ be the set of critical points of £
with E-value k¥ and of index less than or equal to 1. Then for every open
neighborhood W’ of K’ there exists an H e # such that H([0, 1))C 4"~
U W, where A~ :={ce AM; E(c)<t}. We need the assumption K,>
1/4 to see that every closed geodesic of length greater than 2z has index
>2 and this implies that £ <2z°

Now once we have £ =2z we have a closed geodesic ¢ of index 1 and
length 27 and a sequence of closed curves 7, of length <2z, which con-
verges to ¢ in AM. Then we can see that ¢(1/2) is a conjugate point to
¢(0). Comparing the situation with the case of sphere of constant curva-
ture 1, we have a parallel periodic vector field X ( | ¢) along ¢. At this
point we assume that dim M (>3) is odd. Then by the same argument
as in (3.2) we have the second parallel periodic vector field ¥ (| ¢) along
c. As before D*E(c)(X, X), D*E(c)(Y, Y)<<0 and this means that index
of ¢, which is the number of negative eigenvalue of D*E(c), is greater than
or equal to 2, a contradiction.

Remark (3.4). P. Hartmann ([Har]) showed that the condition “4>
K, and r(v)>(d-+2)4/4” implies that every geodesic of length greater than
2z/y/ 4 has index d—1. Thus the same conclusion holds under the
weaker curvature condition .

Recalling the Berger’s spheres we may ask for the compact simply
connected riemannian manifolds M whether there exists (6) >0 such that
we have i,,>¢(d) whenever §<<K,<{1. But this doesn’t hold in general.
In fact Wallach’s examples give a family of compact simply connected
homogeneous spaces M of seven dimension whose elements satisfy 6<K,
<1 for some positive constant §, but such that inf i,, =0 ([Hu], [Es)).

On the other hand in 3-dimensional case we have

Theorem (3.5) ([Bu-T], [S 6]). Let M be a compact simply connected
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riemannian manifold of dimension 3. Assume that K, <1, and r(V)>R for
all ve UM, where R is a positive constant. Then for any b>1 we have

I, >min {2b(b— Dr*/(b*x* -+ (b_ 1), a[l+(e?®—1)4x? _1/2}‘

In this case we consider in stead of homotopy the Plateau problem
for a short (simple) closed geodesic ¢ and reduce the estimate of L, to the
estimate of the first eigenvalue of Laplacian of the area minimizing surface
bounding c.

Problem. For compact simply connected riemannian manifolds,
what is inf {d; i, >= for all M with §<K,<1}? (we only know that this
is not greater than 1/4 and not smaller than 1/9) and what is inf{§; there
exists &(6) >0 such that i, >¢(9) for all M with 6<CK,<1}?

Remark. We consider the space I% of smooth riemannian structures
on a compact manifold M with C*topology. Then the function g—i,(g),
the injectivity radius with respect to g, is continuous on I ([Eh]). But we
don’t know whether there exists d(¢) such that i, >n—e for any simply
connected compact riemannian manifolds with 1>K>1/4—4(e).

With respect to the volume estimate we can ask whether there exists
a point p € M such that i,(M) may be estimated from below. For instance

Theorem (3.6) (Heintze-Gromov [Bu-K], [G 2]). Let M? be a compact
riemannian d-manifold with —1<K,<0. Then there exists a point pe M
such that i,(M)>4-0+9,

§4. Cat locus and distance function

1°. Next we define the notion of the cut locus. Let M be a compact
riemannian manifold. For ve U,M, p e M the cut point of p along ¢, is
defined as the last point on ¢, to which geodesic arc of ¢, is minimal.
Namely setting #(v):=Sup {t>0; d(c,(t), p)=t}(< o), Exp, t(v)v is the
cut point of p along ¢,. We also call ¢(v)v e T,M the tangent cut point.
The set of (tangent) cut points of p along all normal geodesics emanating
from p is called the (tangent) cut locus of p and denoted by C, (C,). It
is not difficult to see that v—¢(v) is a continuous function on UM and C,
is homeomorphic to S%-*. Then a d-cell 7 ,:={tve T,M; 0<t<¢t(v),
ve U,M}is a maximal domain over which Exp, is a diffecomorphism, and
its boundary C, is mapped onto C, via Exp,. Thus M is obtained from
C, by attaching a d-cell and cut locus contains the essence of the topology
of M. The structure of cut locus is interesting in connection with the
singularity of the exponential mapping. See e.g., [Bu 1-3], [GI-S], [1],
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[Ko], [My 2], [N-S 1,2], [Su 1], [Wa], [Wa 1,3], [W 2,;3]. But still we don’t
know much about the structure of cut locus, e.g., we can ask

Problem. What can we say about the structure of cut loci of compact
simply connected homogeneous manifolds? Do they have the intersection
with the conjugate loci? (for symmetric spaces see [Cr], [Nai], [Sa 2,3],

[Ta)).

2°. Next we return to the volume comparison theorem. Integrating
the volume element comparison theorem (2.21) we get

Theorem (4.1) (Bishop-Gromov). Let M be a complete riemannian
manifold such that r(V)>(d—1)d for all ve UM. Then we have for 0<r<
R, Vs, /Vs, 0 SOHR)BUr), where bi(r) denotes the volume of r-ball in
M(5) which is independent of the choice of the center.

Proof. Put
@f;"(v, t):z{@é"(v, 1) for t<t(v)(£ﬂ'/o\/F) and
0 for t >t(v)
e s
\ w(t):= 0 for th/JF,

where we set n/v/ 6 =+ oo, if 6<0. We may assume that r<\z/v§,
otherwise both sides of our inequality equal 1. Then from (2.21) we get
for 0<s<<r, r<t<R

OX(v, t)W(s)<O¥(v, s)w(t), and by integration
R _ R - -
f 5 (v, t)td“dt/j w(t)t"‘ldtgj o2, s)sd—lds/f (s )s - 1ds.
r r 0 0

Now from the above we have

R
duj BX(v, )t dt
Usro) — Unto) Jsd—lu) r > 1)

by(R)—by(r) wd_l_IR w(t)t-dt

=1/w,_, f dv JR 0X(v, t)t'i‘ldt/JR w(z)eedt
§d-1 r T

<l/w,_, f dv JT BX(v, s)sd“ds/r w(s)s?-'ds
Sd—1 0 0

= vBr(p)/b?(r)’

from which we have easily our result. ' g.e.d.
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Corollary (4.2) (Bishop). Under the hypothesis of the theorem we get
t (2’8

(1) vppm=vy J‘ s?'l(s)ds/f s&Y(s)ds, if M is compact.
0 0

(il) Vg, <B(r).
(iii) Suppose that & is positive. Then we have vy, <Ugay and the
equality holds if and only if M is isometric to S%9).

Remark (4.3). Let M be a complete riemannian manifold with K, <
4. Then we have from (2.21) that vy, >b,(r), if r<liy.

3°. Now we consider convexity. A subset SC M is called strongly
convex if S has the following property: for any x, y € S we have the unique
minimal geodesic 7 € Min (x, y) and 7([0, L,))CS. Suppose that K,<4
for all ¢ € G,(TM). Then it is known that for p € M, every open ball B,(p)
is strongly convex if r<{1/2 min {i,(M), =/~ 4}. In particular there exists
a positive continuous function p—r(p) such that B,(p) is strongly convex
if r<<r(p) (J.H.C. Whitehead). Next assume that r<{i,(M), z/2+/ 7}.
We consider the distance function d,: B.(p)—R*, defined by d,(m):=
d(p, m). Then d, is smooth except for p and we get

Proposition (4.4). (i) gradd,(m)=¢,(d,(m)), where c, is the unique
normal minimal geodesic from p to m.

(ii) If x| grad d,, thenV, grad d,=V ¥(d,(m)), where Y is the Jacobi
field along c, with Y(0)=0, ¥(d,(m))=x.

(i) c,/s,(r)|xF<Hess d,(x, x) < | x[{1+4/2-d,(m)} | dy(m) for x|
grad d,(m). grad d, (m) belongs to the null space of Hess d,.

Proof. Fox xe T,,M, me B,(p) put als, t):=Exp, t(v+s/l-w), 0<

t<l:=d,(m), where we T, M with dExp, ¢,w=x. Then we have x-d,
v

(=g(x, grad d,)) = d/ds,,_, I |0c/0t|dt = g (0x/35(0, I), 9x/32(0, 1)), namely
0

gradd,=0a/3t(0, 1) = ¢,(I). Next note that V,gradd,=V,,;,,_, 0c/
ot(s, 1)/|0afat(s, )=V y3.,-, 0a/3s)(©, I) =V Y(I), if x | gradd,. Hence
Hess d,(x, x)=g(V , grad d,, x) = g(Y(I), V' Y(1)) if x_| gradd,. First ap-
plying (2.18) we get Hess d,(x, x) >c, /s )| x>c,/sr)|x[. On the other
hand we get | Y())— IV Y()|<| Y(I)|4¢*/2. In fact for 0<<s<1 and for any
unit parallel vector field P, we get

|8 (X(s)—sV ¥(s), P(s)| <|g(sFV Y(s), P(s)] =|sg(R(¢,, Y(s))éo, P(s))]
KA Y s <[ YD) [sis)/s1)- As<| Y(D)|ds - by (2.19).
By integration we have

lg(Y(s)—sP Y(s), P(s))|<|Y(1)|4s%2, and consequently
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—|x[P+1Hess d,(x, x)<|g(Y()— P Y1), Y(I)|<|x[P41%/2.
The last assertion is clear from V4,4, grad d,=0. g.e.d.

In the same way we get

Proposition (4.5). We put f:=d}[2 which is smooth on B,(p).

(i) gradf(m)=—Exp;'p
(i) r-cafsir)|xF<Hess f(x, x) <(1+4r?/2)|xP.

4°. Now we consider the global behavior of the distance function d,
from a fixed point p € M for a compact riemannian manifold. d,is smooth
except M\C, U {p} by the same reason as above. More precisely

Lemma (4.6). Let C'(p):={q e C,; there exist at least two minimal
geodesics joining p to q}. Then C'(p) is dense in C, and d, is not differ-
entiable at any point in C*(p).

The proof is not so difficult and a nice excercise (see [Bi], [Wol]).
Nevertheless Gromov defined the notion of critical points of d,,:

Definition (4.7). p is by definition a critical point of d,, at which d,
takes the unique minimum. Next for g== p it is called a critical point of
d, if for any v e U,M there exists a minimal geodesic 7 € Min (p, ¢) such
that g (v, 7(d,(¢))=>0.

From the definition if ¢( p) is critical then g € C'(p).

Lemma (4.8) (Berger). Let q satisfy d(q, p)=Max, ., d(p, x). Then
q is a critical point of d,,.

Proof. - Take a curve c¢(s):=Exp, (—sv) and 7, € Min (p, c(s)). Put
a:=J(¢(s), 7,(d(p, c(s)). We may assume that K, > —4& (6>0). By
T.C.T. and d(p, ) >d(p, c(s)) we get

cosh v/ '8 d(p, c(s))<cosh+/ & d(p,q)<cosh+/ & scoshv & d(p, c(s))
—cosa,sinh 4/ § ssinh4/ 3 d(p, c(s)), from which follows
cos a, cosh /'3 5/2 sinh v/ 5 d(p, c(s))<cosh v/ & d(p, c(s)) sinh v/ 5 s/2.

Letting s—0, we may assume #,(0) converge to we U,M. Then 7(¢):=
Exp, tw is a desired minimal geodesic. q.e.d.

On the other hand if m € M is not 4 critical point, there exists a ¢(m)
e U,M such that g(¢(m), #{(d(p, m)) <0 (or equivalently>0) for every 1 ¢
Min (p, m). Moreover we easily see that we may choose = >a(m)>r/2
such that < (¢(m), #(d(p, m))) >aim) for every 7 € Min (p, m).
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Lemma (4.9). Let m be not critical for d,. Then there exists a
neighborhood U of m and a smooth vector field t(n), n € U such that J (t(n),
7(d(p, n)))>a(m) for all 7 € Min (p, n).

In fact, take a convex open ball B,(m) and define #(n), n ¢ B,(m) as
the parallel translation of #() along the unique 7, , € Min (m, n), from
which we have a smooth vector field # on B,(m). Then it is not difficult to
see that there exists 0<r,<{r such that the assertion of the lemma holds
for the above ¢ and U= B, (m).

Now by T.C.T. we may see that d, is strictly monotone decreasing
along trajectories of #(n). In fact we may show using T.C.T.

Lemma (4.10). Let ¢, be the flow generated by t and V= B, (m),
0<r,<r,. Then for 1,>>0, there exist 6>>0 and &(t, l,), which is continuous
and positive for t >0 with the following property: d,(n)— d,(¢,n)>e(2, 1,) for
0<t<8 and ne V with d(p, n)>1,.

Now we give Gromov’s isotopy lemma.

Lemma (4.11). Let B,(p)C B, ,(p) be concentric metric balls centered
at p. Suppose that A:=B, (p)\B,,(p) contains no critical points of d,.
Then for any open neighborhood U of B, (p) there exists an isotopy of M
sending B, (p) into B,,(p) and fixing outside U.

Proof. Take a finite open cover {U,} of the compact set 4 such that
{U,, t;} are pairs given in (4.9) with U,CU. Let {p,} be the partition of
unity subordinated to {U,} and we define a vector field ¢ on a neighborhood
of 4 as t(»):=2, 0»)t(y). Then ¢, satisfies also the same property as ¢,
and we may extend ¢ to a smooth vector field on M by setting 0 outside U.
Then this vector field provides a desired isotopy. In fact it is easy to see
that there exists an R>0 such that ¢.(B,,(p))CB,,(p), where ¢, denotes
the flow generated by ¢. q.e.d.

Corollary (4.12). Let M be a compact riemannian manifold. If d, has
only two critical points, then M is homeomorphic to the sphere.

In fact from (4.8) we see that there exists a unique point ¢ € M with
d(p, q9)=Max d(p, m). Then from (4.11) M may be covered by two dif-
ferentiably embedded disks. Then M is homeomorphic to the sphere
(with respect to this I would like to thank T. Yoshida for showing me a
simple proof, see also [Ru]).

§5. Center of mass techniques ([Ka], [Bu-K], [Gro-K])

For a locally finite open cover {U,} of M suppose that we have a
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family of smooth maps g,: U,—N into a fixed manifold N. If N is a linear
space then by a partition of unity {¢,} which is subordinate to {U,} we can
glue {g,} to a smooth map g:=3_ #,8,: M—N. But in non-linear case
this breaks down. Nevertheless if N is a riemannian manifold and each
8.(U,) is contained in a convex ball we can take the average of {g.(p)} by
considering the “center” of {g.(p)}. More precisely we consider firstly
the following situation: Let 4 be a normalized measure space with total
volume 1 (e.g., finite set of points, compact riemannian manifolds etc.)
and B,(n), ne N, a strongly convex neighborhood in N. Then for a
measurable map f: A—B,(n) we want to define the center of mass C; e
B,(n) of f. We define as in the euclidean case,

€8y Pp):=112[ dp.f@)da,  pe B0,
Then we have from (4.5)

Lemma (5.2). Suppose that K, <A on B=B.(n) (r<z/4/ 4). Then
P, is smooth on B and the following hold.

(i) grad P(p)= ——L Exp;* fla)da.
(ii) (1 424r)|x>Hess P(x, x)=>2r ¢, 2r)[s,2r)-|x].

Then from (i) — grad P, points inward at the boundary of B and (ii)
means that P, is convex on B. Thus P, admits the unique minimum
point C; in B, which is called the center for mass of f. Note that C, is
characterized by

(5.3) grad P,(C,)=0.

C, has the following natural property: let ¢: A—A be a measure preserving
transformation and @: N—N an isometry. Then we get

(54) Cw 0f0p— @(Cf)

Remark (5.5). Consider finite points {n,} C B with weights {¢,} (¢,>>0,
2. ¢.=1). Wedefine P, ,,(p):=1/2 3 ¢(p)d*(p, n;). In this case the
center of {n;, ¢,} will be denoted by C,, ,,;.

The notion of center of mass has many applications ([C 2], [Gro-K],
[Bu-K], [Gro-K-R 1], [IH-R], [MO-R 1], [Ru 3], [Y 1] etc.). We just
mention the average of differentiable maps.

Let M be a complete riemannian manifold and {m},.;. a discrete
r/3-dense subset such that d(m,;, m;)>r/3 (r<convexity radius) and
U: B,s(m)=M. Let F,: B,(m,)—N(ie Z*) be smooth maps into a
riemannian manifold N such that for any m e M {F,(m); d(m, m,)<r} is
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contained in a strongly convex neighborhood B, of N. Now to glue
together F;’s to a smooth map F: M—N we define weights {¢,, i € Z+*} as
follows: take a C=-function : R*—[0, 1] with [0, 2]=1, [3, c0]=0,
¥/(t)<0 and define ¢,(m): =(3d(m, m;)[r)/>; ¥(3d(p, m,)[r). Now for
peM we set F(m):= Cz,(my,ssmy- Also we define v: D(C M XN)—
TN as v(m, n): =— 2 ¢m) Exp;* F(m) e T,N (= grad P, ,,,(n), with
Piis(@):=1/2 37 ¢(m)d*(q, F(m))), where D is a sufficiently small
neighborhood of graph F. Then we have by definition v(m, F(m)) =0.
We want to show that F is smooth. For that purpose set D,v(m, n): T,,M
—T,N (resp. D,u(m, n): T,N—T,N) by

D,v(m, n)(rix(0)) : =d|dt,_,v(m(t), n)
(resp. Dyu(m, n)(#(0)): =V, 5, ,0(m, n(t))).

Theorem (5.6). F is-smooth and we get
(i) D,u(m, F(m)) is invertible
(ii)  Dy(m, F(m))+ Dyu(m, F(m))dF(m)=0.

Proof. From (4.5) we have g(V ,v(m, F(m)), x)=Hess P, ;,(x, x)>
2s ¢,/5,(2s)-|x|F (s: radius of B,,), from which (i) is clear. Next we consider
the horizontal and vertical components of d/dt,_,v(p, n(t)) € Tyim oy TN:
(d/dt,_gu(m, n(t)))" =d|dt,.(zyv(m, n(t))) =1(0),

(d/dtqvim, n(E)° =P 3501, 0(m, n(t))=Dyv(em, n)i(0).

Thus if v(m, n)=0, the horizontal components span the tangent space to
the zero section and {d/dt,_,u(m, n(t))} is transversal to the zero section by
(i). Now our assertion follows from the implicit function theorem.

Remark. dF(m) has maximal rank if and only if D,v(m, F(m)) has
maximal rank.

Next we give another application. Let M be a compact riemannian
manifold, and z,: E—M a riemannian vector bundle with a metric con-
nection.

Let 7,: P—>M be the principal bundle of orthonormal frames as-
sociated to ;. Then P carries a riemannian structure so that z,: P—M
is a riemannian submersion with totally geodesic fibers.

Now let u: M—P be a continuous cross section. We want to ap-
proximate u by smooth cross sections. For any m € M we have a strongly
convex open ball B,(m) (r< convexity radius). Firstly we define v,,: B,(m)
— P, :=15'(m) as follows: for n e B,(m) we define v,(n) as the parallel
translation of u(n) along the unique minimal geodesic from n to m. Note
that taking r sufficiently small {v,(n); n € B,(m)} is contained in a convex
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neighborhood C,, in P,,. We need as before a weight function »: MX M
—R* with the following properties: put 5"(m):=x(m, n). Then 3": M—

R* is a smooth function with supp p"CBs(n) andj p(m)dn=1 (see
M
(2.3.5)).

Now for m € M, we define a function P, ,: C,—R* as
Po(P):=1/2_d(p, va(yy(m)dn.

Asin (5.2) P, , is a smooth function which has the unique minimum
point u®(m) e P, (the center of mass). Also as in (5.6) m € M—u®(m)
€ P gives a smooth section of P. Letting s—0, 5 converge to the Dirac
measure and 4 converge to u in the C*-topology.

Note that because of (5.4) the above construction may be done equiva-

riantly.

Chapter 2. Comparison Theorems

§1. 1/4-pinched manifolds

Rauch proposed the following approach to global riemannian
geometry ([R 1-3]): Recall that if M is a complete simply connected
riemannian manifold of positive constant curvature § then M is isometric
to the sphere S%6). Now if curvature K, of M varies in the range [4, 4],
where pinching number §/4 is close to 1, does M have similar topological
property as sphere? Rauch gave an affirmative answer when 6/4~3/4.
Then pinching constant §/4 was improved by Berger, Klingenberg,
Toponogov and Tsukamoto and their ideas provided many useful tools for
riemannian geometry ([B 1-2], [K 1-3], [T 2], [Ts 1], [C-E], [G-K-M], [K 6]).

Theorem (1.1) (sphere theorem). Let M be a complete simply con-
nected riemannian manifold whose sectional curvature satisfies

0<)o<K, <4, with 8/4>1/4.
Then M is homeomorphic to the sphere.

Proof. We may assume that 4=1. M is compact and d,<z/+/ &
by (1.1.21).  Proof depends on the following two facts:

(i) Injectivity radius estimate ((1.3.3)), i.e., i, >=.

(ii) Toponogov comparison theorem ((1.2.24)).

Now take two points p, g € M with d(p, q)=d,>=. For any point
me M we show that either d(p, m)<<zx or d(q, m)<zx holds. In fact
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assume that d(p, m)>z. Take a minimal geodesic 7, , € Min(p, m).
From (1.4.8) there exists a 7, , € Min (p, ¢) with (7, .(0), 7,,00)<x/2.
Then T.C.T.-(I) implies that d(m, g)<x. Then for any normal goedesic
¢, emanating from p, there is the uniquely determined (0<C) ¢#(v)<<zx with
d(p, c,(t())=d(g, c,(t(V))). ve U,M—c,(t(v))is continuous and injective
by (1.3.3). Namely we have a homeomorphism ¢ from U,M(=S%"")
onto the equator E:={m; d(p, m)=d(g, m)}. Similarly we get a homeo-
morphism «; UM =E. Since we have two disks M* (resp. M) :=
{me M; d(p, m)<d(q, m)} (resp.:={m e M; d(p, m)>d(p, m)}) with M =
M*UM- and common boundary E, it is not difficult to get a homeo-
morphism between S and M. q.e.d.

Next we give Berger’s rigidity theorem ([B 2], [Cha 2], [C-E], [K 6)]).

Theorem (1.2). Let M be a complete riemannian manifold whose sec-
tional curvature K, satisfies

0<)6<K,<d with §/4>1/4.

Then we have the following:

(i) Ifd,==/v 6, then M is isometric to the sphere S(3).

(i) If dyy>=/24/ 0, then M is homeomorphic to the sphere.

(iti) Ifdy=r/2v/ & and simply connected, then M is isometric to one
of the simply connected rank omne symmetric spaces of compact type (i.e.
CROSS, sphere or various projective spaces with canonical metric).

We only give outline of proof (for details see the above papers). We
may assume d=1, §=1/4. First case will be treated more generally in
(2.1). For (ii) we show firstly that M is simply connected in this case. In
fact otherwise let =: M—M be the universal covering of M. Take p, q ¢
M with d(p, q)=d,;. For different points p,, , ¢ #~'(p) take a minimal
geodesic 75,5, € Min (5, ;). By (1.4.8) we have a minimal geodesic 7, ,

e Min (p, q) with a:=J(7,,,(0), dz-7,, ,,(0) <x/2, which may be lifted
to a minimal geodesic 7;, ; from f, to 4. Note that 2z >d(f,, §)>d(j,, 7)
>z. By T.C.T.we get

cos d(f,, §)/2=cos d(p, §)[22cos d(, §)[2-cos d( B, P,)[2
+cos a sin d(fy, §)/2 sin d(p,, P)/2,

which implies that
0>cos d(py, §)/2- (1 —cos d( i, P»)/2) >cos a-sin d(f,, §)/2-sin d(py, §)/2.

Since cos >0 we have a contradiction. Thus we have the injectivity radius
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estimate i,>n. If we show that for any m e M either d(p, m)<z or
d(g, m)<z holds, then we can proceed exactly in the same way as (1.1).
This may be proved by T.C.T with (1.2.25) and is rather complicated. We
omit this (see (2.2) for more general case). For (iii) we have again i, >n.
Since d,, equals = we see that every normal geodesic is minimal just until
the parameter value z or equivalently tangential cut locus C, is a sphere
S%Yo,) of radius = centered at the origin for every p e M. Now main
step of proof is to show that the cut locus C,=Exp, C, is a totally geo-
desic submanifold for any p € M. This follows from the following con-
siderations: For any m,n e C, and normal geodesic 7 from m to n of
length L, <2z, we can show by T.C.T. with (1.2.25) that 7 is contained in
C,, every minimal geodesic from p to an interior point of 7 is orthogonal
to 7 at parameter value 7 and that (p, m, n) forms a totally geodesic
triangle of constant curvature 1/4. In particular we see that all geodesics
are closed geodesics of length 27 (so-called C,.,-manifold, see [Be]) and
intersect C,, perpendicularly at parameter value z. Now fix p e M and
take any normal geodesic ¢, emanating from p. Put g:=c,(z). Then for
any unit vector w € T,C,, by considering a totally geodesic triangle (p, g,
Exp, sw) of constant curvature 1/4, we have a Jacobi field along c, which
takes the form Y(¢)=sin t/2-E(¢), where E(¢) is a parallel vector field
along ¢, with E(x)=w. Such Jacobi fields form a vector space .#,,, of
dimension k (:=dim C,). On the other hand the null space of d Exp, (zv)
gives a subspace £, of Jacobi fields along ¢, of dimension d-k-1. Com-
paring with S%1) we may show that every element Y of £, may be
expressed as Y(¢)=sin ¢-E(¢z) with parallel E. Note that for 0<t<r,
éOHCT, wM)=5,(t)®F(t) and this shows that the geodesic sym-
metry s, at p is an isometry because ds,, ,L: ¢,(#)*- 3 Y(1)—>Y(—1) €
¢(—1)t. Thus M is locally symmetric and simply connectivity implies
that M is a symmetric space. Since M is of positive curvature M must be
of rank one.

Theorem (1.3) ([Ts 2], [Sug]). Let M be a complete simply connected
riemannian manifold whose sectional curvature satisfies

d< K< 4, 8/4>1/4.

(i) Suppose that there exists a simple closed geodesic of length
2r/y/ 6 . Then M is isometric to a sphere of constant curvature 8.

(i) Suppose that there exists a closed geodesic of length w/v/ 3 .
Then M is isometric to one of CROSS.

Next we consider what happens when M is not simply connected.
In this case we have from (1.2-(ii)) that dy, <rz/24/§ and we ask which
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nonsimply connected manifolds carry the riemannian structure with maxi-
mal diameter z/2v & .

Theorem (1.4) ([S-S], [Sa 4]). Let M be a complete nonsimply connected
riemannian manifold with (0<)6 <K, <4, 6/4>1/4. Then dy==/2v/ & if
and only if M is one of the following:

(i) M is of constant curvature 6 and its fundamental group = (M) has
a fully reducible orthogonal representation (namely the universal covering M
of M is the sphere S“(0) and = (M) may be represented by elements of
O(d-+1). Then this representation should have a nontrivial invariant sub-
space. Typical examples are real projective space and lens spaces etc. see
[Wo 1]).

(i) M=P,,_(C)/{id, ¥}, where P,,_,(C) denotes the complex pro-
Jective space of complex dimension 2n— 1, which carries the canonical rieman-
nian structure with § <K, <43, and « denotes the involution of P,, ,(C)
which is defined in terms of homogeneous coordinates as

V(215 Zos = 05 Zonots Zan) i =(Znses + 005 Zans — 213 v 003 —Zy).

For proof we take p, g ¢ M with d,=d(p, g). We consider the an-
tipodal set defined as 4,:={m e M;d(m, p)=d,}. Then using T.C.T. we
see that 4, is a convex totally geodesic submanifold without boundary.
We consider the universal covering z: #/ — M and put 4,:=z"'(4,),
which is connected and of dimension>1. Thus /Tp is again compact
totally geodesic submanifold of A7 and is invariant under deck transfor-
mations. Moreover 4, is simply connected if dim A,>1. Then we have
d;>r/2/ 5 by the injectivity radius estimate. We may see that di,=
z/¥ 8 or x/24/ 5. For the first case we have in fact dg=n/v 6 and M
is isometric to a sphere and 4, is a great sphere in S,(3) which is invariant
under deck transformations. For second case we see that A7 is one of
CROSS and (ii) follows. In the second case note that dy is equal to d,,.

Problem. What can we say about riemannian manifolds with <K,
<4, 6/4<1/4? (see (3.4.5)).
§ 2. Curvature and diameter

Firstly we give Toponogov’s maximal diameter theorem.

Theorem (2.1) ([T 1]). Let M be a complete riemannian manifold with
K,>3(>0). Then M is compact and d,<z/v 6. Ifdy==/v 6, then M
is isometric to the sphere S%(8) of constant curvature §.

In fact d,, <z/+/ & follows from (1.2.2.1). Suppose that d,, =+ 6 and
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take points p, g € M with d(p, ¢)=d,. Now by T.C.T. for any normal
geodesic ¢, emanating from p with ve U,M we have c,(dy)=g. Then
Exp, 4,0, i @ difftomorphism. Moreover we see from (1.2.25) that
every Jacobi field Y along ¢, with Y(0)=0 may be written in the form Y{(#)
=5,(t)E(¢) with parallel E. Then B, (p) is isometric to B,,(p) in S%J).
Then it is not difficult to see M is isometric to S%(4). See also (4.1) for a
generalization.
Next we show the following which generalizes the sphere theorem.

Theorem (2.2) ([Gr-S)). Let M be a complete riemannian manifold
with K,>3(>0). Suppose that d,,>r/2v/ 8 . Then M is homeomorphic to
the sphere.

Remark. This was firstly treated by Berger who proved that under
the assumption M is a homotopy sphere. Then Grove-Shiohama con-
structed a homeomorphism between M and S¢. Here we shall give a sim-
plified proof.

Proof. Take points p, g with d(p, ¢)=d,,. Lemma (4.8) and T.C.T.
imply that for given such p there is uniquely determined ¢ with d(p, ¢)=
dy. Next for m e M note that either d(p, m)<z/2v/ § or d(q, m)<z/2v &
hold by the same reason as in (1.1). Now for m=p, ¢ we show that there
exists a unit vector ¢#(m) which satisfies the property

(x) g@(@m), #{d(p, m))>0 for all 7 € Min (p, m) (i.e. m is not critical
for d,). In fact take a minimal geodesic ¢ € Min (i, ¢). Put a:= <(6(0),
#d(p, m))) for any 7 € Min (p, m). First assume that d(p, m)<z/2v 5 .
Then from T.C.T. we get

cos 4/ 8 dy;>>cos v/ 0 d(m, p)-cos v/ & d(m, q)
+cos (x—a) sin M?d(m,p) sin v/ 6 d(m, q),
from which follows
0>>cos v/ 6 dy - (1—cos v/ 6 d(p, m))
>cos (x—a) sin v/ 8 d(p, m) sin v/ 8 d(m, q),

namely @ <x/2. Incase when d(q, m)<z/24/ § the same argument holds.
Thus §(0) satisfies (x) and we may apply (1.4.12).

Remark. In this case ¢ € Min (m, ¢) is unique if m § C,. Thenin a
small neighbourhood U of ¢ we may define a vector field ¢(n), n € U as t(n)
=0,,,0) where ¢, , € Min (1, g). Then ¢ is transversal to dB,(q) for small
r and we can construct a homeomorphism more directly.
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Remark (2.3). Grove-Gromoll ([Gr-Gro]) announced the following
result without detailed proof: If a complete riemannian manifold M
satisfies

K,>3(>0), dy>7/2/73 ,

then M is homeomorphic to S¢ or isometric to one of a CROSS, (i) or (ii)
of (1.4).

Now we should mention about almost flat manifolds. Gromov
(G 1]) gave a completely new approach to the problem among curvature,
diameter and the manifold structure. He considered the situation when
d% max | K,]is very small and studied the structure of x,(M) of M very
deeply by geodesic loops. Since there is a very detailed report on the
subject by Buser-Karcher ([B-K]) we only state an improved result by Ruh

(IR 3).

Theorem (2.4) (Gromov-Ruh). Let M be a compact riemannian mani-

Jfold of dimension d. Then there exists a positive constant e(d) such that if

K, |d%<<e(d) hold for all o € G(TM) we have the following: there exists a

simply connected nilpotent Lie group N and an extension I' of a lattice LC
N by a finite group H so that M is diffeomorphic to I'\N.

This generalizes the Bieberbach’s theorem in flat case (compact flat
riemannian manifolds are finitely covered by a torus). In this almost flat
case we should construct the model space (i.e. nilmanifold) in the way of
proof. We may assume that d,,=1. Take pe M. Then from the as-
sumption Exp, 5, is non-singular for very large p. Put

I',:={a; geodesic loop at p with |2(a)|<p, |r(a)|<0.48},

where |#(e)| is the length of «, r(«) denotes the element of O(d) defined by
the parallel translation along « and |r(a)| denotes the distance from the
identity. A product axf is defined as a geodesic loop given by the end
point in T,M of the lift of &« U 8 via Exp,*. Then I', may be considered
as the set of elements in B,(0,) obtained by slightly deforming a lattice in
T,M. Roughly speaking, essential part of proof is to show that for some
p I, carries generators {7, - - -, 7} such that every 7 € I', may be uniquely
expressed as ¥ =7%%. . .x7% (ke Zy and [r,, ¥, e {7y, - - -, 711> for com-
mutators. From I', we get a nilpotent torsion free group I”, which may
be embedded in a nilpotent Lie group N as a uniform discrete subgroup.

§3. Differentiable pinching problem

Since we have exiotic spheres, many authors have attempted to show
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that a complete simply connected §-pinched (6> 1/4) manifold M is in fact
diffeomorphic to the standard sphere. Such differentiable sphere theorem
was firstly proved by Calabi, Gromoll ([Gr]) and Shikata ([Sh 1, 2]), where
the pinching constant d, (—1 as d—o0) depended on the dimension of
manifold. In fact the number of exiotic spheres increases with dimension.
But Sugimoto-Shiohama ([Sug-S]) and then Ruh ([R 1, 2]) succeeded to
show that § can be chosen independently of dimension. The actual value
of pinching number was improved successively and the equivariant case
also has been treated ((Gro-K-R 1, 2], [TH-R]). Here we give

Theorem (3.1) ([IH-R]). There exists a decreasing sequence 5, (0,—
0.68 as d—oo0) with the following property: Let M be a complete simply
connected riemannian manifold of dimension d whose sectional curvature
satisfies 0, < K, <1, and p: GX M—M an isometric action of the Lie group
G. Then there exists a diffeomorphism F: M—S*? (standard sphere) and a
homeomorphism ¢: G—O(d+-1) such that ¢(g) o F=Fo u, for all g ¢ G.

As an immediate corollary we get

Corollary (3.2). . If M is a complete d-dimensional riemannian manifold
with §,<K,<1 (6, as above), then M is diffeomorphic to a space of positive
constant curvature and isometry group of M is isomorphic to a subgroup of
the corresponding space form.

Here we shall explain main ideas of [TH-R] and only show that exists
such a pinching constant.

When M is a hypersurface of positive curvature in R**!, Gauss map
gives a diffeomorphism between M and S¢ Ruh took the same approach
for general case. We put E=r,®1,, where 1, is a trivial line bundle.
E carries a fiber metric on which elements of G, with the trivial action on
1y, act as isometries. Let e be the section defined by e(m):=(0,, 1).
Now we define the connection V'° on E as :

VY:=VyY—cg(X, Y)e, Vze:=cX,

(.3)
X,YeZ(M) and c:=+/(1+0)2.

Then I° is a G-invariant metric connection. whose curvature tensor R° is
given by
G4y R NZ=RE NZ—cHg(¥, 2)X—3(X, 2)Y},

R°(X, Y)e=0.

Then from (1.1.6) we have || R°||<2/3 (1 —4), which is small from the as-
sumption. Now starting from this /'° by the iteration method we shall
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construct a G-invariant flat connection D on E, from which we have a
parallel field of orthonormal frames u,,:=(e,, - - -, €,,)n for the fiber E,,
over m ¢ M, since M is simply connected. Then we can define the map

F: M—S® as F(m):=(g(e, e)(m), - - -, gle, ;. )(m)  (:=g(e, w).

We expect that F is a diffeomorphism as Gauss map is. Since u is parallel
we get

dF,(x)=g(D,e, u)=cg(x, )+g(D,—V?)e, v,
which implies that
|dF ()| =] x|(c =] D—=F°)),

where the above norm is defined as follows: First norm in ¢(d+ 1) is given
by |A|:=Max,,,_,|Ax| and then we define || D—V°|:=Max,cpx|D,—V3 |,
where we consider (D,—V;) at p € M as an element of @(d+1). Thus if
we have ¢>||D—VF°|, then F gives a covering map, which is in fact a
diffeomorphism since M is simply connected. We also define a homo-
morphism ¢ as follows: for m € M the frame u,, may be identified with an
isometry R**'—E,. Then we put ¢(g):=u"'ogoue O(d+1). Sinceg
commutes with parallel translation we may easily see that ¢ is inde-
pendent of the choice of m € M and that ¢ is a group homomorphism.

Now we return to the construction of the flat connection D by the
iteration from V¢ to **! starting from V°. For the computation we prefer
to deal with connection form o* and curvature form £° on the principal
bundle of orthonormal frames associated to- E instead of I’* and R!. We
compute with their pull backs by means of a cross section u=(e,)(.e.,
(0" (x))3: =8 ze0, &), (R'(x, y));:=1/2 g(R(x, y)e,, ¢;)). Now we need a
technical lemma.

Lemma (3.5). Suppose that 1/4<6<K,<1. Then for any m>r

>n/24/ & we have aweight function : M X M— R with the following proper-
ties: y(gm, gn)=n(m, n), ge G. Put y"(n):=nm, m). (i) y": M—>Risa
smooth function with supp 3™ C U,(U,, is a convex neighborhood around m).

(i) J dm=1. (i) f |dy™ | dm < const. d sin®~* ¥/ 3 7.
M M
Now for any m € M we define a flat connection w“™ on U, by parallel

translating orthonormal frame #*(m) along the unique shortest geodesic
from m. Then we define

3.6) w“*(x)::L[ W ()™ (e X)dim.
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Then o'*! defines in fact a connection. Now we compute the curvature
form £'**. By (ii) of (3.5) and the fact that w®™ is flat we have

Qi+1=I (a)i,m/\dvm)dm _I (wi,m_wi+1)/\(wi,m_wi+1)77mdm‘
M M

Taking the following norm for ¢(d-1)-valued forms,

ol:=max [o(x)],  [|2]:=max|Q(x, )|
xeUM z,YyeUM
we get by direct computations with Cauchy-Schwarz
(37 joer <l {1y dme+ o],

where

ami=p""—w' and | af||:=max {max {{a"™(x)|; x € UM qpp i}
meM
Now the following is essential for the proof.

Lemma (3.8). Let r be greater than the radius of the ball on which
'™ is defined. Then we have || a*||<<2(1 —cos r)/(§ sinr)-|[ 2.

Proof. For x e U,M, ne U, we estimate |a>™(x)|. Let n=Exp,, t,v
(t,=d(m, n)) and dExp, (ty)w=x. We put a(s, t):=Exp,t(t,v -+ sw/
[tv-Hsw]), 0<r<|t,v+sw], and 7,:=a(s, |{u+sw]). Then we have a
triangle (m, n, 7). Let a(s)( € O(d+1)) be the parallel translation w.r.t.
P* along the triangle. Then we have for the above section u™=(e,)

a"m(x)f=—=V.f,=P,, cd0)o P} (fe,),  feR".

Tm,n

Thus we get
o’ ™(x) | =|d(0) | < dfds),_o| als)]| (Ia(S)|1=11\gla=§{Ia(S)u~ul})-

On the other hand we have |a(s)|<Area (m, 1, 7)) | RY| <2 Area(m, 1, 7,) -
1924 ((1.16)). Then we get using (1.2.21) and (1.2.20)

Area (m, n, 7’8)=_”
<s(1—cx(2,))/(0 sin t,) << s(1 —cos r)/(d sin r). g.e.d.

|det d Exp,.| dsdtgj:" dt j :s”””” (53(0)/8) ds

(Om,tov, tov+sw)

Then we have
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| 27+']| < const. d'sin?~'4/ & r-(1—cos r)/(5 sin r)}[Qi||+4<%~:s—icH‘);L|] Q1 ||>2

=:(a+b]2* D] 2]

Since d sin®~'4/ '8 r—>0 (d—c0) if ¥/ 8 r+=/2, taking + 0 r greater than
but arbitrary close to #/2 and choosing =1 we have from || 2°||<{(1—8)/3
that a+5||£2°|| <1 and consequently it is possible to get > [|£2?||<cd sin r/
2(1 —cos r) or equivalently > |[e*|[<<c. Then from [|o**'— || <||at| we
see that w' converges to a connection form w= w.r.t. the C°-topology.
Moreover we have || o™ — o’ || <> o] <ec.

Note that from the construction V¢ and I/~ is G-invariant. F> is only
continuous. But the parallel translation w.r.t. /= is independent of the
path and P~ is flat in this sense. As final step Im Hof-Ruh approximate
P> by an invariant smooth connection D which may be chosen arbitrarily
close to '=. This may be done by means of the center of mass technique
with above weight » (see Chapter 1, §5).

Remark. See [Ru 4] for another kind of differentiable pinching
problem.

Grove-Shiohama [Gr-S] asked for the differentiable sphere theorem
for general case. See also the work of T. Yamaguchi in this proceeding.

Problem. Let M be a complete riemannian manifold with X, >
5(>0). Is M is diffeomorphic to a sphere if d,, is close to z/+/ & ?

§ 4. Ricci curvature pinching problem

Let M? be a complete d-dimensional riemannian manifold whose
Ricci curvature satisfies

@.1) rv)>d—1)o (6 is a positive constant).

Then M is compact and in fact d,, <=/+/ § ((1.2.21)). Especially consider-
ing the universal covering M of M, which should be again compact, we
know that #,(M) is a finite group.

Firstly we give maximal diameter theorem. This was given in ([B 5])
without proof. A proof is given by Cheng ([Che]) using the comparison
theorem for the first eigenvalue of Laplacian. Then more direct proof
using (1.4.1) has been given by Shiohama ([S 4]) and Itokawa ([It]), which
will be presented here.

Theorem (4.2). Suppose that a complete riemannian manifold satisfy
(4.1). Then dy,=n/y & if and only if M is isometric to S%J).
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Proof. Take points p, ¢ with d(p, g)=d,,. Put{R:=7r/«/—5—, r=
7/24/8 . Then from d,==/+/ 6 we have B,(p)N B,(g)=¢. On the other
hand from (1.4.1) we get

“4.3) Ust/Us, (0) = Unn(or[ Vs, 5y < Bs(R)[bs(r) =2.

From this vg, ) =>v,/2 and also vy, >v,/2 by the same reason. Then
We get Uy >>Ug, (py~+ Us,(q => Uy Which implies that equality holds in (4.3)
and that B,(p)U B,(q)=M. Also it is not difficult to see dB,(p) =3B,(q).
Looking at the proof of (1.4.1) when equality does hold we see that cut
distance t(v)=R for all ve U,M and Exp, Ru=q for all ve U,M.
Namely every geodesic ¢, emanating from p reaches g at the parameter
value R. Next for any ve U,M take an orthonormal basis {v=e,, - - -,
¢,} and parallel fields E,(t) along c, with E;(0)=e; (i=2, ---,d). Then
by the second variation formula for Y,(¢)=sin 6¢ E,(t) we have

0< 31 BT, Y= 3 [ (6 Y, PY)—K(e, V)| ViRl
=jR {(d—1)é cos® 5t—r(¢,) sin® ot }dt <0.

From this we see that K, =4 for all ¢ 3 ¢,(¢), 0<t<R and Y, are Jacobi
fields. Thus we have O (v, 1)=(s,(t)/t)*~* and consequently vy ="z,
=by(R)=Ugs4- Then M is isometric to S%(5) by (1.4.2). q.e.d.

Next Assuming r(v)>(d—1) for a complete riemannian d-manifold
M we may ask whether there exists V'=V(d) (or p=p(d)) such that v,,>V
(or dy, > p) implies that M is topologically similar to the sphere. For this
problem Shiohama has obtained

Theorem (4.4) ([S 4], see also the work of Itokawa [It]). Let M¢ be
a complete riemannian manifold with r(V)>d—1 and K, >—&k*. Then
there exists an e(d, £)>0 such that if vy >Ugaq) —bHe(d, £)) holds, M is
homeomorphic to the sphere. In the above we denote by bi(e(d, k)) the
volume of e-ball of S%(1).

In this case instead of injectivity radius estimate, estimate of radii of
contractible metric balls, which is given by the infimum of minimal critical
values of distance function, plays important roles. In fact under the
assumption of the theorem M may be covered by two contractible balls.
See also [It] for further informations.

Remark. As for the diameter pinching problem see the work of
Kasue in this proceeding ([Kas]). The following example due to Itokawa
is also suggestive. ‘
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Example (4.5). Let M be the riemannian product M=S'(j+k—
1/(j—1)XS*(j+k—1/(k—1)). Then M is an Einstein manifold with
‘r(v)=j+k—1=dim M. By Pythagoras’ theorem we have

dy=+j+k=2/(j+k—Dr—>r  (j+k—>oc0).
On the other hand
U= —1/(+k—1))"k—1/(j+k—1)*" 0,0,—>0 (j+k—>c0).
For three dimensional case we have now complete answer.

Theorem (4.6) (Hamilton [Ha]). A compact riemannian manifold of
dimension 3 with positive Ricci curvature admits a metric of positive constant

curvature.

Method of proof heavily depends on P.D.E.

Remark. For noncompact case see Schoen-Yau ([Sc-Y]): A com-
plete open 3-manifold of positive Ricci curvature is diffeomorphic to R®.
see also Gromoll-Cheeger ([CG 1]).

§5. General comparison theorems

1°. Next we consider comparison problem when the model space is
a compact symmetric space. One of the crucial properties of geodesics in
a compact simply connected symmetric space is the following. First we
define

Definition (5.1) (Cheeger [C 1-2]). For a compact riemannian mani-

fold M and p € M, (M, p) has property CM if

(*) for any m,ne M\C, and ¢>0 there exists a curve A, with L, <
d(m, n)+e whose interior is disjoint from C,.

(xx) For every geodesic ¢, (v e U,M) cut point of c, is the first con-
jugate point to p along c,.

In fact (%) implies (*x). When (M, p) has property CM for every p,
we say that M has property CM.

Example (5.2). Suppose that M is simply connected and for every
geodesic ¢, emanating from p the first conjugate point ¢(¢(v)) to p along
¢, has order >2 (i.e., dim {Y; Jacobi field along ¢, with Y(0)= Y(¢(v)) =0}
>2). Then (M, p) satisfies CM. This follows from the fact that (d—1)-
Hausdorff measure of C, in this case equals 0 ([War 3], [C 1-2]).
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Example (5.3). If M is a compact simply connected symmetric space,
then M has property CM. (For (%) see [C-E), [Cr], [Sa 2]). For (x)
Cheeger proved that (d— 1)-Hausdorff measure of C, equals zero using the
fact that in this case any conjugate point is induced by a one parameter
subgroup in the isotropy subgroup of the isometry group.

Now the problem is as follows: If the metric structure of a compact
manifold is similar to that of symmetric spaces, are they also topologically
similar? For that purpose we should have a number which measures how
close are curvature behaviour of two compact riemannian manifolds M,
M of same dimension. Let I: T,M—T,M be an isometry and define for
ve UM It: T, z"M—T, M as I,:=P, ol P! (:=1Iv). We define
for a positive number d as

oM, M):= inf sup {|R—{I4)"'R]|; 0<i<d,ve UM}
I TpM—~Tpi,peM,pe X
and po(M, M):=p,, (M, M), where d, is the supremum of the conjugate
distances in all directions.
We shall give some consequences when p(M, M) is sufficiently small.
In the following let I: T,M—T,M be the isometry which minimizes the
quantity in the definition of p(M, M). Firstly from the theory of O.D.E.

(5.4) Let {x"}, {x'} be normal coordinates in T,M, T,M based on
orthonormal bases {e,} {g,:=1e} respectively. Then for any >0, there
exists >0 such that p(M, M)<§ implies | g, —I*E,,|<e, for ¥/, x1<2d,
where §,;, &;, denote (pseudo)metric tensors induced from g, g via the
exponential mappings at p, g respectively.

Next for v e U,M we denote by 7,(v) the conjugate distance in direc-
tion v. Considering the second variation d*E(c,) we may show

(5.5) Suppose that M satisfies #(v) <+ oo forall ve UM. Then for
any ¢ >0, there exist 6>>0 and s(v) € [£,(v), 7,(V)+¢] for ve UM such that
if p(M, M)<6 then ¢; has no conjugate point on [0, #,(v)—e] and ¢, and ¢;
have the same number of conjugate points on the interval [0, s(v)]. In
particular we have dy <d,, +e.

(5.6) Suppose that M has property CM and that some real charac-
teristic number of M is non-zero and the corresponding Chern-Weil form B
vanishes nowhere. Then there exist i,>>0 and 6>0 such that if p(M, M)
<8 we have iz >i,.

In fact let f 1| Blldm>c(>0). If p(M, M)<d for sufficiently small
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d then we have‘[_ | Blldm>c/2 and vz >¢/(2|| B|lmax) > ¢/(4]| Bllmax). Also
M

noting that | K, |<2 max | K, | we have our assertion from (5.5) and (1.3.1).

Now we put @:=Exp,oloExp,': M— M, where Exp,' is some
inverse of Exp,. Although Exp,’ may not be continuous, we have from
(5.4) and the definition of property CM,

(5.7 Let M have property CM. Then for any ¢>0 there exists &
such that p(M, M)<§ implies d(@(m), @(n))<d(m, n)+e¢ for all m, n e M.

Then Cheeger obtained

Theorem (5.8) ([C2]). Suppose that M has property CM and satisfy
the condition in (5.6). Then there exists & such that o(M, M)<§ implies
that for any field F with non-zero characteristic H¥*(M, F) is isomorphic to
a subring of H*(M, F).

Proof. By Poincaré duality it suffices to construct a continuous map
¢: M—M with deg ¢+0. From (5.6) there exists ;,>>0 such that 7, iy
>0, if p(M, M)<5. Now we put Fe:={x; x=(+¢)u,ue 7,}, where
J#, is the interior set defined in Chapter 1, Section 4, 1°. Then from
R.C.T. there exists ;>0 such that vol (Exp, I(£,,—# _.,))<vol (B,(p)).
Taking ¢ sufficiently small @ defined above satisfies (5.7) and @ gy, 5.y
is a regular smooth map. Then we may approximate @ by a continuous
map ¢: M—M so that ¢~ and maxd(@(m), p(m))<4e. Then
taking e sufficiently small (which is possible by taking ¢ small) we have
0 Exp, (£y— 7 _. ) Exp, I(£,,— 7 _.).

Now we assert that there exists a point 7 € (M) such that ¢~'(p)C
Exp, (£ _.,,)- Then we are done because on this connected set Exp, (£ ., )}
¢ is smooth and non-singular. It follows that all inverse images are
counted with the same sign and this shows that deg ¢=+0. Now if there
are no points p € (M) with the above property we have ¢(Exp, (S,—
S _ ) =¢(M) and consequently vol (p(Exp, (S,—.7 _.,,,))) =vol o(M)>
vol (B,(7)). On the other hand we get

vol (p(Exp, (S, — S _.,.))) <vol (Exp, I(S.,— 7 _.,.)) <vol (B,(p)),
a contradiction. q.e.d.

Cheeger furthermore refined the above argument especially for the
estimate of i, and got

Theorem (5.9) ([C 2]). Let M be a compact simply connected rieman-
nian symmetric space or have the property in Example (5.2) for all p € M.
Then there exists § >0 such that p(M, M)<3 implies that M is PL-homeo-
morphic to M.
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2°. With respect to the above problem Ruh took another view point.
Firstly we take as a model space compact simply connected semi-simple
Lie group G with Lie algebra g=7,G. Then we have the Maurer-Cartan
form @: TG—>g defined by @(x):=L;'x,x ¢ T,G, which satisfies the Maurer-
Cartan equation d@-+[@, @]=0, where [, ] denotes the Lie bracket in g.
Now Let P be a compact manifold, w: TP->g a parallelization of P, i.e.,
w: T,P—q is a vector space isomorphism for every p € P. Then the curva-
ture 2 of w is defined to be a g-valued 2-form given by 2 =dw-+[w, o]
In our case since g carries an inner product defined from the Killing form,
o induces a riemannian metric on P, by which we may define the norm
|| 2]]:=max {|2(x,, x;)|; X, X, € TP, unit vectors}. Then Min-Oo and Ruh
[MO-R1] solved the equation dao+[@, @]=0 on P under the assumption
that || 2| is sufficiently small by the iteration method as in (3.1). But here
we need more tools from P.D.E. Then for the universal covering P of P
with the pull back @ of @ via covering projection, vanishing of curvature
of @ implies that @&: § (:={vector fields X on P with @(X)=const.})—g is a
Lie algebra isomorphism. From this we may get a diffeomorphism £: P
—G with dF=a.

Theorem (5.10) ((MO-R1]) Let g be a compact semi-simple Lie alge-
bra, w: TP—g a parallelization of a compact manifold P. Then there exists
98>0 such that || 2||<8 implies that P is diffeomorphic to a quotient I'\G,
where I is a finite subgroup of G.

This was extended to the symmetric case as follows: Let M=G/K

be a compact simply connected irreducible symmetric space and g=¥Pm
be a Cartan decomposition. Then the f-valued part of @ is the Levi-Civita
connection form of M and the m-valued part is the canonical soldering
form given by the identification TAM =G X ,m.
‘ Now let M be a compact riemannian manifold and =z: P—M the
bundle of frames of M. We assume that z: P—M has a reduction to the
structure group K represented in m via adjoint action. On P we have an
m-valued form @ defined as 8(x):=u"'eodn(x), xe T,P, u: m=T, M.
Let 7 be a connection form on P, which is a metric connection since the
structure group K of P is compact (We don’t assume that 5 is a Levi-Civita
connection). Combining 6 and 5 to define a g-valued 1-form w==7-+60
with curvature £ =do+[o, 0], we get

Theorem (5.11) (MO-R]). Let M=G/K, M, P, w be as above. Then
there exists a positive constant § >0 such that || 2||<3 implies that M is dif-
Sfeomorphic to a quotient I'\M, where I' is a finite subgroup of G.

Furthermore Ruh proposed to study ““almost Lie group”: A compact
riemannian manifold with a metric connection D is called an e-almost Lie
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group if (| DT||+||R|)d%<e, where R and T denote the curvature and
torsin of D respectively. Then is almost Lie group diffeomorphic to I'\G
with I" an extension of a lattice of a Lie group G? ([R 3])

Chapter 3. Finiteness Theorem

In the preceding chapter we compared riemannian manifold M with a
model space M and asked whether M is topologically similar to M if M is
similar to M in riemannian sense. More generally we may ask the problem
to classify all the topological types of riemannian manifolds which satisfy
some conditions given in terms of riemannian invariants, e.g., classify
manifolds of positive (non-negative) or negative (non-positive) curvature.
But usually these classification problems are very difficult and we treat
here the problem whether there are only finitely many topological types of
riemannian manifolds if their riemannian structures are restricted.

§1. Weinstein’s homotopy type finiteness theorem

Weinstein (W 1]) and Cheeger ([C 1,3]) attacked the above problem
for the first time.

Theorem (1.1).. Whende Z*, 4, p, V € R* are given, there are only
finitely many homotopy types of compact d-dimensional riemannian mani-
Solds M with |K,|<4, dy<p and v, >V.

Proof. The idea is to estimate the number of convex open balls
which cover M. For that purpose we introduce the notion of e-dense
subset of M; {m,, m,, - - -, my}C M will be called e-dense if (T, B.(m,)
=M. Now from the injectivity radius estimate (1.3.1) there exists &, >0
such that 7, >¢, if M satisfies the assumption of the theorem. Thus we
see that for the convexity radius estimate ¢, >e¢:=min (¢,/2, z/2+/ 4 ) holds.
To obtain an e-dense subset we consider a maximal family of open balls
B, (m,), i=1, - - -, N, which are mutually disjoint in M. Then maximality
implies that U B(m,)=M, i.e., {m,}i=¥ is an e-dense subset. Now by the
volume comparison theorems (1.4.2), (1.4.3), we have

N ;
(1.2) Nbi(e/2)(: = Nvg,ara) < Z. Upyatmy U
. =1
<2 (o)(:=Us,urac- )

Thus we have an open covering % ={B,:=B,(m,)}:z{% by strongly convex
open subsets. We shall consider the simplicial complex K defined by the
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nerve of % ; we associate m, the point S;:=(0, ---, 1, - - -,0) € RY and we
define (S,,, - - -, S;) is a k-simplex if and only if B,;N ---NB,#¢. We
choose a continuous partition of unity {¢,} on M so that ¢,(m)>0 on B,
¢(m)=0 outside B, and > p,(m)=1.

Now we define a map f: M—| K| by f(m):=(p,(m), - - -, px(m)), and
show that f'is in fact a homotopy equivalence. To see this we take the
barycentric subdivision K/ of K. Then any simplex ¢ of K’ may be ex-
pressed by ((Si, <, Su)s (Si_s v+ Si)s =+ (St - +» S3,)), Wwhere
(S;, -+, Sy ete. also denotes the barycenter of the simplex of K. We
define a map g: |K|—M inductively so that for above ¢ g(¢)C B, N - - -
N B,,: firstly to vertices (S, - - -, S;,) of K’ we assign any pointin B; N - - -
N B,,. Next assuming that we have defined a map g on the /~skelton of
K’ we define g on any (/4 1)-simplex t=((S;,,., ** 5 SiD)s = = *» (Sipr * * *»
S;)) as follows. Taking a point p in B, --- N B,, we map segments
joining the barycenter (S,,, - - -, S;,) and the points of dr to the minimal
geodesics joining p to the corresponding points of g(dz). Then gof is
homotopic to the identity because m and g o f(m) are contained in a convex
ball and it is not so difficult to see that fog is also homotopic to the
identity (see e.g. ([dR])) for details). Thus M has a homotopy type of a
simplicial complex with at most 5% ,(p)/b%(/2) vertices. q.e.d.

Corollary (1.3). Let d be an even positive integer and 0<5<1. Then
there are finitely many homotopy types of compact simply connected rieman-
nian manifolds of dimension d with §<<K,<1.

In fact we have in this case d, <rz/v 6 ((1.2.21)) and i, >= (1.3.2)).
On the other hand at least seven dimensional case there are infinitely
many homotopy types of compact simply connected riemannian manifolds
with < K, <1, where 4 is some positive constant ([Hu]).

§2. Cheeger’s finiteness theorem

Cheeger ([C 3]) has proved the following which improves the previous
result (1.1).

Theorem (2.1). For givende Z*, 4, p, V € R*, there are only finitely
many homeomorphism classes of compact d-dimensional riemannian mani-
folds such that |K,|< 4, dy<p, vy=>V.

Let M be a compact riemannian manifold satisfying the assumption
of theorem. There exists r=c4(4, p, ¥)>0 such that ¢, >c for such M.
Considering as before a maximal mutually disjoint open balls {B,,(p,)}izf
(r:=c/8) we have an open covering {B,(p)}iz¥ of M with N<
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b2 (p)/b%(r/2). Thus considering the exponential mappings and homo-
theties in the tangent spaces we have the family of embeddings

it By(0), B.(0), B,x(0) (CRY)—> By, (p:), B..(p), Bp)) (CM)
(k=1, - - -, N) with the following properties:

(22) $.(B0)) are strongly convex and | JY_, ¢.(B,,:(0)) = M.

23)  G(B0)N 6,(B(0) 3 p==>,(Bi(0)) C 6, (B(O)).

(2.4) There exists a &4, r) such that the C*-norm of the coordinates
transformations satisfy || (67" ¢ ¢.),5,0) [|lcr <L E(4, ).

In fact for (2.4) put (*) = ¢r' o ¢(x?), gu.,=g(0/0x% 8/0x") and g,, =
g(@/ay*, 9/0y*). Let A(x) be the maximum eigenvalue of (g,,(x)), #(») the
minimum eigenvalue of (g,,(»)). Then we have A(x)> pu(y)- > [ay*/oxt].
On the other hand from R.C.T. (1.2.20) we get A(x)<<s_,(2r)/(2r) and
(¥)>2/=, and consequently |3y®/axt|<x/2-s_2r)/(2r).

2°. Now for the proof of theorem we need a tool to show that two

manifolds are homeomorphic. We consider the following situation: let
M be a compact (topological) manifold, ¢,: B (0)(CR%)—M (I=1, ---, N)
(topological) embeddings. Put Bi:=¢,(B,_,,x(0)), j=0, - - -, N and

K;:=BjU---UB,

Hl:—:B%U "'UBE_ls (KZ—IDHL)

Ly:=¢;(H,N BY),

Jl::¢L_1(KL—lmB%—l)CBl(O)s (LZCJZ)'

2.5)

We assume that | JI_; int B4, =M. Now the main tool is

Lemma (2.6). For any ¢>0 there exists ¢, >0 with the following
property: let U2 B (=¢,(B,(0)—>M(j=1, - - -, N) be embeddings into a
riemannian manifold M such that

@.7) U (B, N B CU (BY),
Q8)  dgi U Ui, )<e, on $7U(BL.NBLY) forallj,

where we denote by d, the uniform C°-topology, i.e., df¢, \r);=Sup,,, d(¢(x),
V(1)) and ¢ denotes the inclusion map. Then we have an immersion U': M
—M such that dy¥ 51, ¥ 57) <e.

We don’t give a proof of (2.6), but only mention that it follows by
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the successive applications of the isotopy extension theorem ([E-K]): let
C,, C, be closed sets in R? such that C,Cint C,CB,(0). For any ¢>0
there exists >0 such that if the inclusion ¢: C,—B,(0) and a (topological)
immersion A: C,— B,(0) satisfy dy(h, ¢)<d, then there exists a homeomor-
phism 4: B,(0)—B,(0) with /o, =h,,, and dyh,id)<e. To apply this to
(2.7) we need closed sets Ci, C? (I=1, ---, N) with L,C C;Cint C;CJ,C
B,(0).

3°, Assuming (2.7) we proceed as follows. By Ascoli-Arzela theo-
rem the set &, of embeddings f: B,(0)—B,(0) whose C* -norm <§&(4, r) is
totally bounded with respect to the uniform C°topology. Namely for any
6>>0 there exists a d-dense subset {f}, - - -, f,»} of ;. From (2.4) ¢;'o
b5 € 1. Now there exists §,=0,(4, r) such that

d($5" © 0B, _51s5x(0)), ¢7 0 (8B, _ (3t-1y65(0))) >,

because ¢;'o ¢, € &, Forafixed / (1<IKN)wechoosefy, -+, f;,_, €&
so that dy(f,, ¢i* 0 ¢,)<d,/4 (j=1, - -+, I—1) and define

C%:-__{fll(Bl—(fﬂ—l)/GN(O)) U te U.fiz_l(Bl—(al—l)lﬁN(O))} ﬂ El—(sl—l)/ﬁN(O)
C§:={fil(gl—(az-z)/ezv(0))U cee Uﬁ;_l(B-x—m—z)/eN(O))}m B, _ 51-276x(0).

Then we may check that C}, C? satisfy the above mentioned property.

Now we prove the theorem by contradiction. Suppose that there are
infinitely many compact riemannian manifolds M, (i=1, 2, - - .) satisfying
the assumption of the theorem which are not mutually homeomorphic.
We may further assume that all M, have the atlases consisting of the same
number of local charts {(¢$”, B0)), j=1, - - -, N} with (2.2), (2.3) and (2.4)
and that ¢{”(B,(0)) N ¢{”(B,(0)) ¢ if and only if #{P(B,(0)) N ¢{(B,(0)) #~¢
for all pairs (i, k). Now from Ascoli’s theorem there exists (i, k) (ik)
such that

ABP ™ Bt 457770 i) <el8(4, ) for all , I=1, -+, N.

Put ¥;:=¢{? o ¢{~': Bj(CM,)—M, Then we have by taking ¢<1/N,
U(BLu N B]_)C ¥ (B) and

d@P T Vo0, )

—d0(¢§l) -1 o ¢§’L)(¢§70) 1 ° ¢_(7'k))’ ¢‘(7.k)—1 ° ¢Ek)(¢£k)—1 ° ¢,(ik)))<6'
Thus applying (2.6) to (M=M,, M=M,, ¥,;) we have an immersion :
M,—M, and also an immersion +,: M,—M, reversing i and k. Taking

¢ sufficiently small r;, o y;(m) and m (resp. -, o ¥r,(n) and n) are in a small
convex neighborhood and we see that «; o, and +; o, are homotopic

(2.9)
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to the identity. Then since 4, is a covering map and a homotopy equiva-
lence, +, is in fact a homeomorphism. This contradiction completes the
proof of (2.1). Then from the results of differential topology we get

Corollary (2.10). If d+4 then there are only finitely many diffeo-
morphism classes of riemannian manifolds which satisfy the assumption of
the theorem.

Remark (2.11). In general dimension, under the additional assump-
tion max ||/ R||< 4,, Cheeger directly proved that there are only finitely
many diffeomorphism classes. For this we need in (2.8) of lemma (2.6)
the estimate of uniform C'-topology to apply Thom’s isotopy extension
theorem. We need the estimate on ||FR|| to get (2.4) in terms of C*norm,
which suffices to get the estimate (2.9) w.r.t. the C'-topology. Now
recently T. Yamaguchi obtained a more explicit result, namely the estimate
of the number of diffeomorphism classes of riemannian manifolds satis-
fying the above conditions, by using center of mass technique ([Y 1], [Y 2)).

Very recently S. Peters ([P]) gave a direct proof of corollary (2.10)
for all dimensions. Consider two compact d-dimensional riemannian
manifolds M, M with iy, iz>i, and |K,|, |Kz|< 4% Suppose that M
(M) is covered by N convex balls {Bg,(x)}izy ({Br(%)}=y) such that
By,(x;) (Bg,(x,))’s are mutually disjoint, where we have put R:=1,/10.
Then we have normal coordinates ¢,:=Exp,, o #,: Bx(0) (CT,,M)—By(x,)
(¢,:=Exp,, o1, Bp(0)—By(%,), where u,: R*—T, M etc. is an ortho-
normal basis at x;. For By, (x,) N Bg(x,)=~ ¢ we get embeddings 7o ¢, :
B(0)—B,;(0). We denote by P,; the parallel translation along the shortest
geodesic from x; to x;. Then Peters gave instead of (2.6)

Proposition (2.12). Let M, M be as above and ¢,<i,-6*~", &,< Ai,/70.
Then

(2.13) d(@7'bs, 3770 <2/3 &,
(2.14) lurto Pyyouy—a;ito Ppyom||<e  foralli,j
imply that M and M are diffeomorphic.

Then Corollary (2.10) follows from (2.12) as in 3° of the proof of (2.1).
For infinitely many mutually non-diffeomorphic riemannian manifolds
{M,} satisfying the assumptions of (2.1), (2.14) holds for some two of
them because the set {(u{")~* o P& o u{*} is contained in the compact group
O(n), which admits a finite covering by balls of radius &},. For the proof
of (2.12) we glue up local maps F;:=d,d;': By(x,)—>Bg(X,) to a smooth
map F: M— M by center of mass technique, which turns out to be regular
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by R.C.T. and an estimate of the area of geodesic triangles in terms of
curvature.

§3. Gromov’s approach ([G 7))

Now Gromov ([G 7]) considered to embed a compact d-dimensional
riemannian manifold M with |K,|< 4, d,,<p and v, >V into euclidean
space RY of dimension N, where N may be estimated in terms of 4, p, V
and d. Take 0<r<c,:=min {z/2¢/ 4, i,/2}. We choose an e-dense
subset N={m,}i=¥ with e<min {r/8, 5,(r)/2-(1—(1/+/ 2 +a))*?, 1/2(rd+
16/r))-(1—r/(8s,(r/4))}, where a will be determined later. From this e we
may estimate N<b% ,(0)/bi(e/2) (see (1.1)).

Taking a C* cut function #: R—R* such that A(z)=1 if 10, A(t)=0
if >r, and #'(¢) <0(0<t<r), we define a smooth mapping f: M—R" as

(ER)) f(p):=(h(d(m, p), - - -, W(d(my, p)).
Note that there exists k(r) >0 such that |//(z)], |/(¢)|<k(r).

1°. Firstly we see that f is immersive at any point p € M. Take an
orthonormal basis {e;} of T,M and choose m,,, - --, m,, € N such that
d(m,, Exp, r/2-e,)<e (j=1, ---,d). Note that 3r/8<d(p, m,)< 5r/8.
We take u; e U,M (j=1, - - -, N) such that m, =Exp, t,u;, t;:=d(p, m)).
Then from R.C.T. (1.2.20) we have

_‘S“"('_r)_lr/2~ej”‘tjuj|£d(mz,a Exp, r/2-e;)<e<ls,(r)/2-(1 _(1/ﬁ+a)2)1/z,

from which we easily see that g(e;, #;)>>1/4/ 2 +«. This implies that {u,}
are linearly independent. Now remark that rank df(p) >rank (d-h(d(m,,, -)

(), - -+ d-h(d(my,, - ) (p)) = rank (7 (d(m,,, p)w, - - -, W' (d(ms,, P))us)
=d, because grad d,,, = —u; ((1.4.4)).

2°. Secondly we show that f is injective. Suppose that f(m)=f(n)
for m,n e M (m=n). We have then d(m,, m)=d(m;,, n) for all m, e NN
B.(m)=NNB,(n). Note that d:=d(m, n)<2e(<r/4). Let7 be the mini-
mal geodesic from m to n and z:=7 (r/24-d/2). Then z e B, ,(n)\B,(m)
and B,(z) C B,(n)\B,,(m). Now there exists a point p ¢ NN B,(z). Let2
be the minimal geodesic from n to p and put u:=2(0) ¢ U,M and d’:=
d(p,n). We estimate g(u, 7(d)). From R.C.T. (1.2.20) we get

|(r/2—d[2)i(d)—d'u]|
=|Exp;' z—Exp;*' p|<d’[s,(d")-d(p, 2)<d'[s(d") ¢
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from which follows

r/2-g((d), w)>(r/2—d[2)g (#(d), u)
=g((r/2—d|Dj(d)—d'u, u)+d' >d'(1—¢/s(d"))
=(r/2—d[2—e)(1 —¢[s,(r[2— d|2— &) = r/4(1 —r/(85,(r/4))),
namely
g({(d), u)>1—r/(8s,(r/4)).

On the other hand note that d(p, 7(¢))<<r (0<t<<d). From Rolle’s theo-
rem the distance function d,, has a point m,=7(t,), 0<t,<d with g(#(z,),
4,,(0))=0, where u, is the initial direction of the minimal geodesic from
7(¢) to p. Then we have from the hessian estimate (1.4.4) that

£, )= ddt-g(i(e), wr={" Hess (0, (1) di
<[ 1do, 16+ d(p, VA< 287 412)

Thus we get 2e(r4+4-16/r)>1—r/(8s,(r/4)), a contradiction.

3°. Here we remark that there exists D(«, d, r)>0 such that dil,, f~*
<D(a, d, r) (see remark after (1.2.20) for the definition of the dilatation).
In fact taking a basis {u, - - -, u,} it suffices to consider a linear map I:
T,M—R* defined by I(§):=(a,g(u;, &), - - -, a,g(uy, &) with a,=H(d(p,
m,)). We have the following properties: g(u;, )>1/v/2 +a, |g(u;, €,)|<
(1—(1/v 2 +@)?)” (i+)), and there exists c(r)>0 such that |a,|=
|W(d(p, m,))|<c(r) (recall that 3r/8<d(p, m;)<5r/8). Then we can show
that

Min {|/(§)]; |§]=1}
Zc(rW'd {1 2 +a)ld—(d— 1)1 —(1/v 2 + )"},

« is chosen so that the last quantity is positive.

Now we extend the above embedding to a tubular neighborhood of
f(M). Lety: TML—M be the normal bundle of M and Exp,: TM+—R”¥
the normal exponential mapping. Then Exp, is a diffeomorphism on
B(TM*Y):={ue TM*; |u|<d} for some §>>0. We estimate the value of
& for which Exp, z,x1y is @ local difftomorphism. For that purpose
suppose that n e R” is a critical value of Exp,. Namely there exist a curve
s—c,=f(m,) in f(M), normal vector field n, along ¢, such that n=c,+n,,
é,+1,=0. Then we have from g(n,, ¢,)=0,

g(ny, C))=—g(1y, C)=|6, .
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Since ¢,=(h(d(m,, m,))) we have

Co=(W"(d(m;, m)(d|ds,,_.,d(m;, m))+h (d(m;, me))d®[ds],_d(m;, my)).
Recall that

Id/dsrs=0d(m17 ms)]:[g(grad dmi? m0)1£|m0|’
|dz/ds2|s=od(mi, ms)lleeSS dmi(mm mo)[élmo |2\l”(d(mz’ my), 4).

(W2, d)y:=1/t+ 4t/2). There exists k(r)>0 such that [/ (¢4, 4)|, |F7(2)]
<k(r) (0<t<r). Then we have

|64 F<| 7| 60| < 211, || Fity P4/ N k(r), mamely
d(n, f(M))=|n,| =1/ Nk(r))-| & P/| i,
>1/2v Nk(r)) - (dil, (f )~ > D~*/(2y/ Nk(r)).

This gives an estimate for § such that Exp, s,y 1, is a local diffeomor-
phism. Gromov further asserts that we may have §=~const (r, 4, d)N+/ N.

Next suppose that we have another compact riemannian manifold M’
with | K} |< 4, dy < p, vy, >V, which carries an e-dense subset {m;}.z such
that

(.2) 1—ag d0mm) 4,
d(mi’ mj)

Then we get from the definition of f and f” that d(f(m,), f'(m}) <
k(r)av' Np and similarly d(f(m), f(M"))<k(r)v Np(a-+¢). Namely for
sufficiently small a, ¢, f(M)C By(f/(M")). From this Gromov asserts that
M is diffeomorphic to M’ (it seems to the author that we need some more
arguments for this). Anyway this implies finiteness of diffeomorphism
types of compact riemannian manifolds with | K, [<4, dy>p, vy >V. In
fact if there are infinitely many such M, which are not mutually diffeo-
morphic we have a sequence of points (d(m{?, m{»)) e R¥ @+ which are
obtained from e-dense subsets and lie in a bounded subset of RY¥+1/7
Thus we have two M, and M, for which (3.2) holds.

5°, Now Gromov proposed much more general scheme. Namely
he considered the Hausdorff metric on the space of metric structures.
Firstly for metric spaces X, Y assume that there exists a bijection f: X—Y
such that dil £, dil f~*<{ 4 oo. We define the Lipschitz distance d,(X, Y)
between X, Y as d;(X, Y):=inf {|log dil g|, |log dilg~'|; g: X— 7, bijection}.
Secondly we set for subsets 4, B of a metric space Z

dy(4, B):=inf {R>0; AC By(B), and BC B;(4)},
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where B(A):={z e Z; d(z, A)<R} etc.- Then for metric spaces X, ¥, we
define the Hausdorff distance between them as

(3.3) dy(X, Y):=inf {dZ(f(X), g(Y)); Z, metric space, f: X—Z, g:
Y—Z, isometric injections}.

In the case when X, Y are compact d(X, Y)<+4- co and d,(X, Y)=0
holds if and only if X is isometric to Y. In particular d,, determines a
distance on the set of isometry classes of compact riemannian manifolds.
Gromov considered in [G 7] what is the limit of sequences of riemannian
structures w.r.t. Hausdorff distance. In general such a limit may not be a
differentiable manifold. Nevertheless using the above arguments he asserts
the following:

Gromov’s convergence theorem (3.4). Let M:={(M, g); dim M=d,
dy<p, | K, |<4, vy >V}, Then a sequence g, of riemannian structures in
I admits a limit g which is a weak riemannian structure.

By weak riemannian manifold we mean a differentiable manifold
which admits continuous metric, notion of geodesics, exponential mapping
and injectivity radius etc. In the above the fact that i, has a positive
lower bound is essential. Applying the above to pinching problem Berger
asserts the following:

Theorem (3.5). For even d e Z* there exists 6(d)<1/4 such that all
compact simply connected riemannian manifolds of dimension d with 6(d)<<

K, <1 are either homeomorphic to a sphere or diffeomorphic to one of
GROSS’s.

Remark. In [G 1] Gromov also asserts that the number of diffeo-
morphism types of compact riemannian manifolds with 4, <1, |K,|<4,
vy > A1, dim M=d, is less than ex, (d+ A), where

eX,+ =exp (exp (- - -(exp-))).

6

It will be also very nice if we get finiteness theorems assuming bounded
Ricci curvature instead of sectional curvature.

§4. Curvature, diameter and Betti numbers

As we have seen in (1.2.21), for a compact riemannian manifold M
with positive Ricei curvature its fundamental group n(M) is finite and
first Betti number b,(M) equals zero. In the case of non-negative Ricci
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curvature Milnor obtained the following (see also [Wo 2], [G 4,7] for
further informations):

Theorem (4.1) (Mi 2]). Let M be a compact riemannian manifold with
r()=>0. Then z(M) has a polynomial growth (Let m,(M) be generated by
(g1, - - -» g} and we put m(s):=4#{g e G; g=g¥*- - -g¥* with |g|:=|p,|+| p.|
+ -« +|p|<s}.  Then by definition w,(M) has polynomial growth if m(s)
< Const. s¢ for some ee Z*. This is independent of the choice of the
generators).

Proof. We consider elements g € n,(M) as deck transformations of
the universal covering z: M—M. Then g e z,(M) is an isometry of M
w.r.t. the complete induced metric. For a fixed 7 € M, there exists an ¢>
0 such that ||g||:=d(#, gm)>e for all ge n,(M)\{e} and consequently
{B.,(gr); g € m(M)} are mutually disjoint. Taking R>max, ,., d(g7,
) we see that if [g|<(s, B, ,(gm) is contained in B,,,. »,(1). Then we have
from (1.4.2) and (1.4.3)

bi(e/2+ Rs)=vol (B, 5. (1)) > vol (B.,(gr)) =>m(s)bi(e/2),
g:lglss
where 4 is an upper bound of K,. Namely we get m(s)< Const. (¢/24 Rs)?.
q.e.d.

On the other hand for the estimate of the first Betti number we know
that for a compact manifold M with r(v)>0, b,(M)<d(=dim M) holds,
where the equality holds just for flat tori ([Bo]). Now Gromov ([G 7])
took the following approach: let M be a compact riemannian manifold
and 7: M— M the universal covering. Take /% € M and ¢>>0. We put for
gern (M), |gl:=d(m, gm). Now let A, - - -, h, be a maximal family of
elements of «,(M) with the following properties;

(i) |hh7!|>e if i),

(i) || A || <2d) +e.

Let I' be the normal subgroup of x,(M) generated by {#,}. We show that
I is of finite index in 7;,(M). To see this we consider the Galois covering
7’ M’'—M corresponding to I'. Namely the group of deck transforma-
tions of M’ is isomorphic to =, (M)/I". Now suppose that #z,(M)/['= co.
Let m’ € M’ correspond to 1. Then there exists #’ € M’ such that d(w’, n')
=d,, ¢ because M’ is not compact. On the other hand there exists #’ ¢

n(M)/I" such that d(w', ¥m’)<{d, because of d(m, n’'n')<d,. Then we
get e<d(m', W'm)<d(m', n')+dW, Wm')<2d,+e. Namely choosing /1 €

m,(M) such that /' =hl" we see that || h||<2d,, +e¢, || hh; || >e, which contra-
dicts the maximality.

Now considering the Hurewicz map ¢: =,(M)-—> H,(M, Z) the sub-



Comparison and Finiteness Theorems 175

group G of H,(M, Z) generated by ¢(h,), - - -, p(h,) is of finite index. This
shows that b,(M)<p. Then (i) means that B,,(gm) (i=1, ---,p) are
mutually disjoint and (ii) means that they are contained in B,,, ;. /.(m).
Thus we have as before

b(M)<p<vol (B2dy + 3e/2(m))/V01 (Bs/z(m))-

Now assuming that r(v)>—(d—1)r for all ve UM we get from
(1.4.1)

5d i du
bl(M)gJ (sh rt)i-1dt / J (sh rt)i-tdt,
0 0

which depends only on r, d, d,;,. Refining the above argument Gromov
got

Theorem (4.2) ([G 7]). There exists an integer-valued function (d, r, d)
such that for all compact riemannian manifolds M of dimension d with r(v)
>—(d—1)r we have b(M)<¢(d, r, dy). ¢=d when rd% is sufficiently
small.

Remark. Gallot (G 1,2], [B 9]) gave a proof of the above result by
analytic tools.

Now assuming that curvature is bounded below, Gromov obtained
the estimate of all Betti numbers.

Theorem (4.3) ([G 3]). There exists a constant C= C(d) such that for
all compact d-dimensional riemannian manifolds M with K,>— /* and d,,
<pweget 3%, b(M)LC .

From this we see that >, b,(M)< C if K,>0 and that connected sum
of sufficiently many copies of S? X .S¢-? (0<< p<d) can not admit rieman-
nian metric of non-negative sectional curvature. Note also that there are
infinitely many homotopy types of riemannian manifolds satisfying the
assumption of the theorem. If we can estimate the number of convex
open balls which cover M then we easily have such an estimate for > b,(M)
by Mayer-Vietoris sequence. Such an estimate follows from the injectivity
radius estimate which is impossible in this case because we assume nothing
about the volume. Gromov overcame the difficulties by many brilliant
ideas including isotopy lemma (1.4.11) (see [G 3]).

Gallot ([G 1,2], [B9]) also got such an estimate using analytic
methods refining Weitzenbdck’s formula, Sobolev’s inequality, etc. His
methods are also applied for the estimate of eigenvalues of Laplacian,
dimension of harmonic spinors, dimension of moduli of Einstein metrics
etc. It will be very interesting if we have similar estimate for > b, (M)
assuming bounded Ricci curvature instead of sectional curvature.
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