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Higher Residues Associated with an Isolated
Hypersurface Singularity

Yukihiko Namikawa

§0. Introduction

The aim of this note is, as a preliminary to Prof. Saito’s article in
this volume, to give a brief introduction to the theory of primitive integrals
associated with isolated hypersurface singularities which he is now develop-
ing extensively. The whole theory, though still incomplete, can be found
in [8] and a summary in [7].

The central idea of this theory is an intimate connection between
geometry and transcendental functions with the theory of elliptic integrals
as a motivated example. In his case the geometric object is a (so far) local
isolated hypersurface singularity, with which he associates a specific dif-
ferential form called the primitive form. This primitive form enables us
to study the singularity with analytic methods. Unfortunately, the ex-
istence of the primitive form has not yet been established in general except
for a small but significant number of cases from explicit computations ([6]).
The integrals of this form would give a new type of transcendental func-
tions generalizing elliptic integrals of the first kind.

In order to state the fundamental properties of primitive forms which
relate to geometric properties of singularity, we need to introduce what we
call higher residue pairings (cf. [7]), whose definition is the goal of this
note. Among many notions introduced by Saito with higher residues the
exponent is one of the most important and is discussed in his article [9].

§1. A Hamiltonian system of an isolated hypersurface singularity

In this section we introduce what we call a Hamiltonian system which
is the object of our study. In fact we treat a special kind of a Hamiltonian
system: one which is associated with a universal unfolding of an isolated
hypersurface singularity.

Definition (1.1). A Hamiltonian system (X—f->Si>T, 8y is a col-
lection of the following data: i) X, S, T are the germs of manifolds of
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respective dimensions m+n, m, m—1; ii) ¢: X—S, r: S—T are the germs
of holomorphic maps; iii) §, is a holomorphic vector field on S. They
satisfy the following conditions: a) z: S—T is a submersion with z=*(0,)
={g e 05: 6,g=0} where O and @, denote the sheaves of the germs of
holomorphic functions on S and T respectively (hence thére is a local co-
ordinate system (¢,, - < -, t,,)={(t,, t’) (resp. (t, - - -, t,)=(t")) of S (resp. T)
such that z is the projection (#,, t)—(¢’) and 8,=03/3t); b) g=mo¢ is
smooth (hence there is a local coordinate system (x, + -+, X, 15, < =, L) =
(x, t") of X such that ¢(x, t)=(Fi(x, t'), ts, -« -5 tu ).

Notation (1.2). Taking the fibre product we have the following com-
mutative diagram:

Z=XXpS—sX

E PRy

S———>T.

Then Z has a canonical system of local coordinates (x,t) such that p: (x, £)
—(t), #: (x, £)—(x, ") and the graph of ¢: X— S'in Z is defined by F=
—Fy(x, t)=0.

(1.3). Let Qe denote the sheaf of germs of holomorphlc vector
fields on S. We define

g:{b‘en*.@ezs'[&, ]= }’ V

which is an 0, -free Module of rank m. Moreover we obtam an exact
sequence of ¢,-Lie algebras

0—>0,0,—>G—>Der,—>0. 7

Assumption (1.4). The function f(x)=F,(x, 0) has an isolated criti-
cal point at x=0.

In this note we consider only Hamiltonian systems satisfying the
above assumption. Then ¢ is an unfolding of . The dimension of
Oy-10),0] F 0 Fo=(0f0x,, - - -, 8f[0x,), as a C-vector space is the Milnor
number of f. ‘

Definition (1.5). The map ¢ is a universal unfolding if the map

TS,O > @q"l(o),O/fO
w

6 —>(6F)

t'=0
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is bijective where Ty, is the tangent space of S at 0 and § is an arbitrary
lifting of § to Z by p.

All the unfoldings can be constructed canonically (and locally) from
the universal unfolding.

Therefore, in this note we always assume for simplicity that ¢ is uni-
versal. In particular, we have m=_g.

Example (1.6). f=x".

F=t1~(x"—{—t2x+t3x2+ T +tn-1xn_2)'

Definition (1.7). i) Let C be the subvariety of X defined by the ideal
S =(0F,[0x,, - - -, 0F,/0x,). Itis the critical set of the map ¢ and is a com-
plete intersection under the assumption (1.4).

ii) Put D=¢(C)C .S which is called the discriminant of .

Remark (1.8). i) Moreover, the critical set C is smooth when ¢ is
universal, and then ¢g|,: C—T is a branched covering of degree ¢ and g,0,
is a free 0,-Module of rank p.

i) Let A(t') € End,, (¢4+0.) be the multiplication by # in ¢,0,, and
put 4=det (t.J— A(¢’)). Then D is nothing but the divisor defined by 4
=0.

Example (1.9). In the example (1.6) 4 is the usual discriminant of F
up to scalar multiplication when we consider F as a polynomial in x.

§2. Gauss-Manin connection

(2.1) In: his section we consider X, S, T in (1.1) as local manifolds
defined by

X={(x, 1); | <e, /<3, | F|<d),
S={(0); |18, [||<8,
T={(t); || 1'|<)

with 13>¢3>6>0 >0.

Fact (2.2) Milnor [4])). The map ¢: X— ¢~'(D)—S— D is locally
trivial as a differentiable map whose general fibre X,=¢~*(¢) has a homo-
topy type of a bouquet of y times S™.

Hence

H= \J H"(X,Z)—>5-D

teES—
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forms a local system on S—D determined by the monodromy represen-
tation

M: z,(S—D, t))—>Aut (H"(X,,, Z))
and
H=H®,0s_,
is a locally free sheaf of rank p.

Fact (2.3) (Griffiths, also see Brieskorn [1], Katz-Oda [2]).

The sheaf »# admits a holomorphic connection I called Gauss-Manin
connection whose horizontal sections are precisely H®,C. Here a con-
nection is a map

V: @els_pr—’%f

w

(U]
0, w) | 40)

such that for f e Og_,, we have
Vi fo)=8(f)o+fV 0.

To give a connection on 5 is equivalent to give a 95_,-Module structure
on s where 9,_j, is the ring of germs of holomorphic differential opera-
tors on S—D. _

Now we can state our main problem explicitly.

Problem (2.4). Extend s to the whole of S and study the behaviour
of V7 near D and its relation to the geometry of ¢.

We can give several answers to this problem, but they are in fact
related to each other.

Definition (2.5).
HO: =g, Qv dAF \dp, 5,
HD: = 0% AP NG 575+ A D,

KD =R, (2%,s)
d
Ker ( 6,2~ 6.,2173)

d
Im( P23 75—> ¢*93’/s>

where
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Q% =0%1g* (@D NQY,
2%)s=0%/$* (@Y N 2%
= 0% /AP, \NQ% iz

are the Kéhler differential forms and the former is locally free for 0<< p<
n--1.

We denote 234 by £,. Note that the support of 2, is C. Then
these three sheaves are related as follows.

Proposition (2.6). We have two exact sequences:
. dF;

) 0o g 0.0,

. i d

i) 0—>,9f“2)——l——>,9f“1)——>¢*!2F—>0,

where r and i are the canonical morphisms coming from the definition.

Proof. i) Only the injectively of AdF,: # Y —#® is non-trivial.
If w € $, 2%, satisfies dF, Nw=dF, \dy for 7 € ¢, 2%}, i.e. dF,/\(w—dxy)
=0, then there is £ ¢ ¢, 0%} with w—dyp=dF,/\¢ by the division lemma
((3.5) below).

ii) Note that # V=6, 0% /dd, 2% % Then surjectivity of d: "
—¢, 82, follows from the De Rham lemma for 2%, and the rest of the ex-
actness is evident.

Theorem (2.7) (Sebastiani [11], Malgrange [3]). s£®, i=0, —1, —2,
are locally free sheaves of rank p.

The proof obtained so far is very difficult in spite of its apparent sim-
plicity. -~ A new proof would give us another insight in the nature of these
sheaves.

Proposition (2.8). Let 5 be as in (2.5). They can be considered as
extensions of S by the following identification.
i) For t € S—D, we have

-2) __ -1 -1
HGD =G = 0% A5,

which is identified with H™(X,, C) by De Rham theorem, or explicitly, letting
@ € 2%, correspond to the dual map

H(X,Z)— C
w

w

r o o
v

ii) For w e 2%} we define an element in H(X,, C) by
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H(X,Z)— C
w

w

— Res( @ ),
T j; ak t,—F,

which gives the identification of #°%, with H"(X,, C).

Definition (2.9). The Gauss-Manin connection is the integrable co-
variant differentiation

Vi DeagX H#D—s# @
w w
6, w) —V;0
defined by
P oanl]=(= DIt A - - - Adty) At A - - - Adiy Adt, AdC]

where [¢] denotes the class in s# " corresponding to { € 2%,.

Remark (2.10). Another definition of the Gauss-Manin connection
is given by

Vi D> QARA D

w w

0 —>do—dF, o+ i dt, N o,
Then V;,5,, has a particular importaﬁce because of the following pro-
perty.
Proposition (2.11). V,, defines isomorphisms of 0,-Modules as
Vs,: H Dy -,
Vy=d: #5480,

both of which are compatible with the exact sequences in (2.6), i.e. we have
a commutative diagram:

00—t po 5.0, 50

VaITZ Vsl"—"dTZ '

00— A N—5¢, 0, —>0.

The compatibility of V, with the exact sequences holds more generally for
de?(1.2).
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These properties of #®, =0, —1, —2, and V,, now enable us to
embed #°® into an infinite sequence of J#¢*, k=0,1,2, - -.

Definition-Proposition (2.12). Put
HO={weXV; V,)'we A"V}

This coincides with the previous definition of 5#¢* and we have the exact
sequences '

[¢3
G SN A, SN}
k=1,2, -+

and iSOIIlOI'phiSlTlS
V.s PHCED_Zy -8
1

compatible with the above exact sequences.
They form a filtration of #®, whose (completed) graded ring is,
roughly speaking, Taylor expansions along D.

Definition (2.13). We define
Deg (—log C)=Ker (Derg—>0,)
) w w

={0 € Dars: 64 € (4)},

which is a Lie subalgebra of Dexg, and let
Mlog D)= 0, 4L 103,
which is naturally dual to Derg (—log C). The sections of Q%(log D) are
called logarithmic differential 1-forms (along D) (cf. (1.7)).
Proposition (2.14). We have
Derg (—log C)={0 € Derg; V, "D CH -V}
or equivalently
V:#0—>0%(log DYRQH Y,

that is, the connection V has only a logarithmic pole along D. This property
is the regular singularity of V.
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§ 3. Higher residue pairings

In this section we state the following result which is the goal of this
note and prove the most part of it.

Main Theorem ( 3.1). There exists an infinite sequence of O,-bilinear
forms

K®: 0, #OK g #O— >0,  k=0,1,2, - -

such that

i) K® is symmetric or skew-symmetric respectively when k is even
or odd;

i ) _ Yr1yradx ]

) KO @, ) =Resge| oo PV

Jor [V dx] € m AP
i) Koy, w)=KE ;0 0,), for o, € g, ", w, ey HV;
iv) K®(tw,, 0,)—K®(0, t,o,)=0+k)K* (o, ),
Jor v, e w HV,
V) K®(w, 0)=K®F;w, 0,)+K®(w,V;w,) for w,e ", 6%

A very important application of this theorem, the theory of exponent
is given in Prof. Saito’s article [9] in this volume. In particular, the mean-
ing of the property iv) becomes clear there.

Here we exhibit his latest simplified proof in [10], though it does not
differ in essence from the preceding ones.

For the proof he introduces a new complex called quantization, with
which we embed (the completion of) r,s#® into a bigger ¢,-Module on
which F;, has no poles (i.e. 2 acts) and we define residue pairings there.

Notation (3.2). We denote by C[[6;']] the formal power series ring
in 6;* and by C((8;Y)) its quotient field, whose elements are formal Laurent
series. A natural filtration is given by

Fie { Doe c«a;l))}, kez

In our case it would be better to consider C((8;')) as the completion of
the localization of C[§,] at the ideal I==(3,).
Note that in C((67")) the multiplication by 4, is invertible and induces

9,1 FF—25 FEl,
Definition (3.3) (Quantization). We consider the complex

(Q)=Qix/r((57), d)
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where d=d;'d—dF, \, and its filtration
Flch :Q?Y'/T@Fk

which d preserves.

Proposition (3.4). 1) The complex (Q°) is purely (n-+1)-codimen-
sional,

H(Q)=0, p#n+1.

The same is true of (F*Q") and (Q'/F*Q).
ii) The submanifold C is the common support of # " (Q),
HNFEQ), and A Q'[F*Q).
iti) The canonical injection
i@ %n+1(FkQ') ; %pnﬂ(Q')

induced from the inclusion: F*(Q")—(Q") defines a filtration {F*#"*'(Q")=
Im i ™} on #"*(Q") which is complete and

Fro ™ (Q)F*= Q) = 2.
iv)  The multiplication by 8, (3.2) induces isomorphisms
8,2 Fr# " Q)5 Frr o™+ (QN),
hence, naturally,
ANy Fra QN6
The key fact needed for the proof is the so-called division lemma.

Theorem (3.5) ([S]). The sequence

NdFy
0 @X/T "Q}Y/T tt ‘QZLY/T

is exact.

NdF;
5 Q14— 2—>0.

Then, noting that the complex (FXQ’)/F*-%(Q’), d), k ¢ Z, is nothing
but the above (2%, /\dF,), the proposition follows directly by the next
technical lemma.

Lemma (3.6). Let {F*Q"}, be a (descending) filtered complex.
i) Suppose that F*Q' is complete with respect to the filtration, i.e.
Fr*Q? ~Tim (F*Q?/F*Q?).
(-.

K>k
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For a fixedpe Z, if
HP(FYQ[F¥*QY=0  for all k' >k,
then
HP(FFQ)=0.
ii) Suppose that the filtration is exhausted, i.e. Q*=\_J, F*Q?. For

pezZif
HFYQF¥QY)=0 . forall K'<k
then
H(Q'[F*Q)=0.
(3.7) The natural inclusion 2% ;—Q% 167 [1=F°Q"*' induces a
map
[0 O ANy FO Q)T H™ (40,
which is compatible with the filtration, i.e.
i®: g H D — s g FORQ).

Proposition (3.8). For k>0 we have a commutative diagram whose
vertical sequences are (already known to be) exact:

0 0
| v .
i®rg HCD —H" N q FPQ)
i(k—l): ﬂ-_*e%\;l(—k+l) ;jfn+l(q*F(—k+l)Q')
I
9487 = 9825
{ |
0 0.
Corollary (3.9). The filtered completion of . " is isomorphic to
A" g F P Q).
Proposition (3.10). The inclusion i is a %[6;*)-homomorphism.

Remark (3.11). The sheaf 2,((6;")) acts on #"**(q,.Q") and @, [[6: 1]
={>\D,0~™; D,, € Dy, deg D,,<m} on 1, " and on #"*(q,F Q).
Therefore we can consider the first action as an extension of the second.

(3.12) For a Stein open set UC T we take a Stein covering 1=
{Up -, U} of X—C)Ng ' (U) defined by U,={xe XNq '(U);

(0F/ax)(x)#0}.
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Consider the double Cech complex
(co) Q=C"U, %)), 0<p<n, 0<g<n+1

where 3: 27— Q?+1¢ denotes the Cech coboundary, and d: QP Qran
is as in (3.3). The total coboundary operator is then defined by

=08+ (—1)"+7+eg.

Note that H{(Q")=H"(XNgq '(U), 2%, @)= HE (X Ng™(V),
8% ,:)((679) which vanishes for p+£n.

Proposition (3.13). The single complex associated with (C'Q°) is
acyclic with respect to 9.

Proof. Clear from (3.4) i) and ii).
Corollary (3.14). We can define a map
L: A7 g Q)45 5 (O NE))
which preserves the filtration, i.e.
Lt gy F*QN C gyt § (O )QF.

Proof. The proof of this is just a general nonsense.

The image of the inclusion I'(U, ¢, 2%:)(07))—C AL, Q%)((67Y) is
contained in Ker =Imd. In other words for w e ¢, 2%/5((5;7) there is
ac=(c*) e ®r, 0" * with 5c=w. Then we define

L([w])=the cohomology class of ¢™.

The following zigzag process gives a more elementary illustration of this
map:

Z"(Qn+1) \ CO(Qn+1)
w A
C(RH)—>CH(2™)
P
C1(Qn-1) ,
w .
c! :
—>C™"(2Y)

A

a
c" e C(2°).
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Remark (3.15). In view of (3.11) the multiplication by d;* is com-
patible with L but the one by §, is not. The compatibility holds if one
defines the dual sequence of ¢,-Modules 52 ® (A ®—z7 %*) and the dual
connection V, : P = P #+0 (cf., [10]).

(3.16). For we #™(£2") we expand L(w) into Laurent series as

L@)= 3, D" ().

Note that
D ®(wd)=D"**H(w).
Definition (3.7).
HO={we g, 5 05); dF, Ndo=0 in g, 5 (Q%,7)}.

Theorem (3.18). The image of D-® is contained in 5#© and we have
an exact sequence

D=L
0> A, F Q) A (g, Q) .
We omit the proof here. See [10].

Remark (3.19). Roughly speaking, to apply the map D%~V to
D i<k, 4:0° € #"*Hq, Q") means to forget the part >, a,0%

Definition (3.20). For o, o € 7, we define
K®(w, o")=Resy;, [*w)o'] € Op, k=0,1,2, ..

. Tr .
where V*=D® i, and Resy,;: ¢, ¢ (R%1)—q.,0,—>0, is the ca-
nonical residue map.

Example (3.21). For o=[¢dx] e =, #® we have e=0(c*) with

0= Jﬁd A 3\ ce ) ~1
c (aE/an Xo /\ Adx, /\ Adx, R (mod ;),
ot <m¢ Ao\ AN A A -+ Nd
E x .. N .. PR
0F/[ox;-0F,[ox, ‘ % i x")osjocgn

(mod 67Y)

et = (»ma—zﬁg) (mod 6;7).
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Hence for w=[¢dx], o' =[vdx] € 7, H#©

K@, o)=R [ prdx ]
@ ) =ReSx/r | or 190, . .oF jox.,

(3.22). For the complete proof of the main theorem (3.1) we refer
the reader to [8]. It is rather involved though elementary. Note that we
have already given the definition of K and a proof of the properties ii),
iii). For a proof of the property i) compare also [7].
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