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A stochastic order relation for discrete random vectors is introduced that
relies on the mixed descending factorial moments. Connection with more
usual orderings is pointed out through a hierarchical classification. The
order relation is then used for comparing the state of a population which
is subjected to certain damage processes by death, sampling or infection.
In particular, for the multipopulation collective epidemic model, it allows
us to establish in which sense the ultimate numbers of susceptibles do de-
crease with the infectivity level of the infectives. This paper extends to the
multivariate case a recent work by the authors.

1. Introduction

In a previous paper (Leféevre and Picard (1991)), we introduced an or-
der relation for IN-valued random variables, unusual in the literature, that
relies on the descending factorial moments; for this reason, we called it the
factorial ordering. Our original motivation came from the epidemic con-
text, namely to make precise in which probabilistic terms the total damage
caused by the disease in a collective Reed-Frost epidemic model can indeed
be viewed as an increasing function of the infection intensity exerted by
the infectives. Further applications occur when comparing certain sampling
procedures through the number of unsampled individuals. In particular, we
used the ordering to obtain qualitative results for a reinforcement-depletion
urn model and for a non-linear death process.

Our purpose here is to construct a multivariate version of this ordering
based on the mixed descending factorial moments, and then to illustrate its
relevance with some applications in the same fields. The ordering is derived
in Section 2 through a hierarchical classification of various potential order
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relations for discrete random vectors. Connection with more classical order-
ings follows easily. In Section 3, we use it to compare the size of a population
subjected to certain damage schemes. This allows us to generalize the qual-
itative analysis for the urn model and the death process mentioned above.
Section 4 is concerned with the collective epidemic model, this time for an
heterogeneous population. Thanks to the ordering, we are in a position to
establish a monotonicity property of the ultimate numbers of susceptibles
with respect to the infectivity level of the infectives. To this end, we adopt
the approach developed recently in Picard and Lefévre (1990) and which
has recourse to a special family of polynomials with several variables defined
in Lefévre and Picard (1990). The method is direct, though rather techni-

cal, and has the merit to emphasize the interest and the flexibility of these
polynomials.

2. Ordering Random Vectors by the Mixed Descending
Factorial Moments

A number of stochastic order relations have been proposed to compare
random vectors (see, e.g., Stoyan (1983)). We are going to derive a hierar-
chical classification of various potential multivariate stochastic orderings for
discrete vectors. As a consequence, the ordering of interest by the mixed
descending factorial moments will then emerge in a simple and natural way.
For simplicity, but without loss of generality, we only consider bidimensional
random vectors. We mention that the presentation below extends the one
followed in Lefévre and Picard (1991) for the univariate case; a letter I will
be added to the numbering when referring to the associated formula in that
paper.

2.1. A Sequence of Remarkable Cones of Functions

Let us consider the cone F; of the functions f(z;,z2) from IN 2 to RY.

We start by constructing in F; a sequence of remarkable cones fél) yeros .7-'1(,6).
Put 1(A) as the indicator function of A, and for 4, j € IN, let ji; = j(j —

1)...(7 —i+1) and j6 = j(j +1)...(j + i - 1), with jig = @ = 1.

DEFINITION 2.1 For j = 1,...,5 and (iy,42) € N2, let

11,82

(2.1) e, (21,22) = e (21)el) (22),
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with e,(j )(a:) given respectively by

e)(z) = 1(z > 3),
(2.2) eP)=1and P (z) = (z — i+ 1)*,i=1,2,...

6(3)(.'2?) =z , e§4)(z) =z, 655)(32) =z,
Then, .7-'(’), j=1,...,5,is defined as the cone of the functions f(z1,z2)in F2
that can be expressed as a linear combination (finite or not) with positive
coefficients of the functions of the family {eff)u(zl,a:g) (i1,12) € N?}; in
short, F, (1) is said to be generated by the B (1‘1,372) Similarly, F, () is the
cone generated by the elements of the family {eal,az(zl,zg), for any reals
ay,a; > 1}, where

11,12

€)1 (21, 22) = €l (21)eS)(2),
with
(2.3) e (z) = a®.
The first three cones can be characterized equivalently as follows. We
denote by A#2(Vi1#2) f(jy, 2), (41, 42) and (j1,j2) € IN?, the forward (back-

ward) difference of f(z1,z2) of orders 4; in z; and i3 in z2 evaluated at
(.’171,172) = (jlaj?)' For 7,5 € ]N’ we put ZA] = mm(z,])

PROPERTY 2.2 .7-'(]), | = 1,2,3, is the cone of the functions f(z1,22)
in F; such that, for (11,22) € IN?, Vl".'lfl’“’f(il,iz) > 0 when j = 1,
Vz’“l'z’“zf(il,iz) > 0 when j = 2, and A*"*2f(0,0) > 0 when j = 3.

Proor Fix j = 1,2 or 3. We first observe that any function f(z1,2;) in

(7)
i (21,22) as

(24) f(z1,22) = ) Z ,(f?,z ,(f,),z(wl,ivz)

11=012=0

JF2 can be expanded in terms of the e

for some appropriate coefficients a(’ ) Indeed, by (2.1) and (2.2), the sum-
(J)

mation in (2.4) is, for any given (:vl,:cz) € IN?, a finite sum, so that the ;i
may be determined recursively. Now, we proved in (I, 2. 2) and (I, 2.5) that

25) V™M) = ve® (i) = AP (0) /it = 1(k = i) , ik €.
Combining (2.5) with (2.1), (2.2) and (2.4), we obtain successively that

Vl/\t],l/\tzf(zl 12) _ at(ll)tg’

(26) V2A11’2A12f(21 12) = a(2

11,12

A2 £(0,0) /iy lig! = a(3) (41,42) € N2,

11,22
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By definition, f(z1,z2) is in .7-'(1) iff the a!?). are in R*. From (2.6), the

11,12

above characterizations of .7-";’ ), j =1,2,3, are then straightforward. O

REMARK 2.3 From Property 2.2, we easily deduce that féj), j =123,
contains any function f(z1,z2) in F; that can be factorized as

(2.7) f(z1,22) = fi(z1) fo(22),

where fi(z) and fo(z) are functions from IN to IR* which are increasing
for j = 1, increasing and convex for j = 2, and such that A’f;(0) and
Atf,(0)>0,i € NN, for j = 3.

We now show that the six cones decrease in the inclusion sense.

PROPERTY 2.4 f;j) D f§j+1), ji=1,...,5.

Proor Using Property 2.2, we observe that .7-'2(1) D féz) obviously, and
.7:52) D .7:;53) D .7-'(4) because by (2.1) and (2.2),

3 . . -
Y2hi1,2A02 (l)kg(zl’“) — 2™ 21,[k1]V2N212,[k2] >0,

Vu )12 (t)kz (0 0) — Ail 0k1 Aizok’z >0,

for (41,42) and (k;,k;) € IN?, respectively. Moreover, .F(4) .7";(,5) > f2(6)
since zll) i € IN, can be generated by the z7, j € IN, and a%, a > 1, by the
2l j e N (see (I, 2.7)). O

2.2. The Induced Stochastic Order Relations

Let us denote by D, the space of the IN2-valued random vectors. To each
of the cones of Definition 2.1, we can‘a,ssch)ciate an order relation on D, as
follows. Let X = (X1, X32) and X = (X1, X3) be r.v.s in D,.

DEFINITION 2.5 X is smaller than X in the <; sense (written X <; X),
j=1,...,6, when

(2.8) E[f(X1,X2)] < E[f(Xl,X'g)] for any function in F),

that is, equivalently,

E[ef),(X1,X2)] < E[el), (X1, X2)] for (ir,iz) € N?,
(2.9) when j =1,...,5,
E[e (Xl,Xg)] E[eg‘i),uz(xl,Xg)] for ay,as > 1,

when j = 6.

IN

a1,a2
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REMARK 2.6 From (2.8), (2.9) and Remark 2.3, we obtain directly the
following characterization of the first three orderings. For j = 1,2,3,X <; X
iff

(2.10) E[fi(X1)f2(X2)] £ E[fi(X1) f2(X2)]

for any functions f; and f; from IN to R* that are increasing when j = 1,
increasing and convex when j = 2, and such that A‘f,(0) and A’ f,(0) > 0,
t € IN, when 5 = 3.

The orderings <; and <3 correspond to those introduced by Bergmann
(1978), for discrete or not random vectors. At our knowledge, the four
others have not been investigated so far in the literature. In fact, from (2.1),
(2.2) and (2.9), we see that <3 compares the mixed descending factorial
moments of X and X, <4 their moments about zero, <5 their ascending
factorial moments and <g the expected value of increasing exponentials of
their components.

By Property 2.4, the six orderings in Definition 2.5 decrease in the
strength sense.

PROPERTY 2.7 X <; X implies X <j41 X,j=1,...,5.

These order relations generalize those defined in (I, Section 2) for IN-
valued random variables. Furthermore, the following connection is immedi-
ate from (2.9).

PROPERTY 2.8 Forj=1,...,6,
2.11 X< X implies X7 <; X; and X, <; X,.
J J J

When X1, X2, as well as X1, Xo, are independent, then the converse of (2.11)
is true.

2.3. The So-Called Factorial Ordering

For the sequel, we will mainly use the order relation <3. As it compares
random vectors through their mixed descending factorial moments, we keep
the name given in I of factorial ordering, with the notation <g. In addition,
we will limit our attention to the subspace Dy, ,, in Dy of the random
vectors X = (X1, X;) with X; and X, valued in the sets {0,1,...,7;} and
{0,1,...,ny}, respectively. Thus, for X,X € Dy, n2y X <F X when

(212)  E[X1 X200 < EXy ) Xagi)] » 0< i1 < 01,0 <z <na.

We note that within Dy, ,,, all the orderings of Definition 2.5 satisfy
the axioms of partial order relation. Moreover, <¢ is now closely tied with



240 Claude Lefévre and Philippe Picard

the probability generating function ordering (<, in Stoyan (1983)). For
X,X €D, XK, X when

(2.13) E(:20) 2 E(:f27) , 0<a,m <t
From (2.3) and (2.9), we thus deduce that for X,X € Dy, n,,
(2.14) X<¢Xiffn-X>,n-X,

where n — X denotes the vector (n1 — X1,n2 — X2). As a consequence, when

comparing < with more usual orderings, we have the following implications:
for X,X € D, ny5

(2.15) X< X=3>X<rpX=>n-X>,n-X.

3. Comparison of the Outcome of Certain Damage Procedures

We are going to show that the factorial ordering is a well-adapted notion
when comparing certain damage procedures through the number of unhurt
individuals. As main applications, we will use it for two particular situations,
namely a non-linear death process and a reinforcement-depletion urn model.

The results extend in several ways those obtained in (I, Section 3) - and
earlier ones.

3.1. A Single Population Subjected to a Death Risk

Consider a population of initial size n which shares a death risk. We
denote by T;,i = 1,...,n, the lifetime of individual 7. The T; are assumed
to be exchangeable; this hypothesis, however, could be removed without
difficulty. We are interested in the number X; of individuals surviving at
time ¢,t € R* (or IN).

Let t;,t; be any two instants with ¢; < t2. Fix then k; and k3 in [1,n].
We can write that

X
(3.1) ( kltl ) =) YToy > tr,...,To, > 1),
where the sum is over the (}c‘l) groups of k; distinct individuals oy,...,a,.

An analogous formula is valid for (kx;’). From (3.1), we then obtain that

(3.2) ( o ) ( e ) -

Y WTay > tayeee, Toy, > 13Ty > bay.., Ty, > t2),
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where the sum is over the (;:1) (}:2) groups of k; distinct individuals a;,...,
ay, and k; distinct individuals £, ..., Bk,. Certain of the o; and §; individu-
als may be identical, of course; in fact, there can exist £ = 0,...,min(k;,k2)
individuals in common. For a given value of k, since t; < t2, the sum con-
tains (kl—z,kz) indicator functions of the type 1(Ty > t1,...,Tk,—k > 11 -
provided k1 — k > 1; Ty, 41 > t2,..., Tk 4k, > t2). Therefore, taking the
expectation in (3.2) yields for the mixed descending factorial moments

(3.3) E [Xil,[kllth,[kzl] =
min(ky,k2)

Y kR tke- P(T >ty Tk > 1
k=0
Tiy41 > 12y ooy Thygkp > t2).

We note that when k7 (e.g.)= 0, (3.3) is easily adapted and becomes
(3.4) E [th,[kll] = n[k,]P(Tl >ty Tk > ).

Consider now a similar model characterized by the lifetimes Tii =
1,...,n. Let X;,t € R*, be the state of the population at time ¢. Using

the factorial ordering (2.12), we deduce from (3.3) and (3.4) the following
comparison.

ProprosITION 3.1 Let t, # t3. If for any my,...,7:, © € [1,n], taken in
{t17t2})

(3.5) P(Ty>m,...,Ti>7w) < PRy > m,...,Ti > m),
then
(3.6) (thaxtg) SF (Xt17Xt2)'

3.1.1. A non-linear death process

A special case of the model arises when X;,¢ € R*, is governed by a
non-linear Markovian death process. Here, given X; =z, 2 = 1,...,n, each
of the z individuals still alive at ¢ can die, during (¢, + dt), independently
of the others and with the probability £(z)dt, where {(z) is some positive
function of the current state z.

Now, the (unconditional) lifetimes T; are clearly exchangeable and in-
terdependent. Ball and Donnelly (1987) investigated the nature of that
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dependence; see also Leféevre and Michaletzky (1990) and an amendment by
Donnelly (1991). They proved that if

8.7) &(z),z =1,...,n, forms an increasing (decreasing) sequence,
then for any 71,...,7,1 € [1,n],
(3.8) P(Ty >n,....,T; >71) < (2)P(Th > 11)...P(T; > 7).

We can use this result to compare the model with an approximated one
where the individuals would behave independently. Specifically, consider a
population of n individuals whose lifetimes 73,7 = 1,...,n, are i.i.d., with
the same marginal distribution as the original T;. Thus, for any 7,...,7;,
i € [1,n],

(3.9) P(Ty>m,....,T; >7)= P(Ty >7)... P(T; > 7).

Let X;,t € R, be the new population state at time ¢. From (3.7), (3.8),
(3.9) and Proposition 3.1, we then deduce that

(3.10) the condition (3.7) implies (X;,,X:,) <r CF)(Xi,, X1,), t1 # ta.

3.1.2. A reinforcement-depletion urn model

We turn now to an urn model, developed by Shenton (1981), with suc-
cessive reinforcement-depletions of random size. The urn contains initially
n white balls and m black balls. At stage t,t = 1,2,..., the black balls are
reinforced by the addition of a random number R; of extra black balls. All
the balls are then uniformly mixed, and depletion occurs as a sample of balls,
of the same size R;, is drawn without replacement from the urn. Attention
centers on the number X; of white balls that remain in the urn just after
stage t.

This model can be viewed as a particular case of the model above by
simply assimilating the sampling of a white ball from the urn to its death.
Thus, T;,7 = 1,...,n, represents here the time period white ball 7 will spend
in the urn. These T; are exchangeable. Moreover, let 1y < 7 < ... < 7,
i € [1,n], be the termination time of various stages. By conditioning on the
event A = [R; = r,t = 1,...,7;], we obtain

(311) P(Tl >T1,...,T,'>T,'|A)=

i n+m+ru,—(i—j+1)) (n+m+ruj>
o / |

Tuj
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where we put 7o = 0 and [[,; = 1 when 7;_; = 7;. From (3.11), we then
deduce that

(312) P(T1 > m,...,Ti>m) =

{ﬁ [(n + m)[i—j+1]]Tj—Tj—l }

j=1

i 7
XE{I/H H (n+m+Ruj)[,-_j+1]}.
j=luj=7j_1+1

Recently, Donnelly and Whitt (1989;Section 4) examined for the model
some effects of more variable reinforcement-depletion sizes. Their results
can be strengthened, as shown below for their Corollary 4.1; for brevity,
that corollary is not recalled. We begin by introducing a further stochastic
ordering for random vectors which was proposed before by Bergmann (1978).
In the notations of Section 2, X is smaller that X in the <54 sense when the
inequality (2.10) holds for any functions f; and f; from IN to IR* that are
decreasing and convex. It is easily seen that an analogous inequality is then
valid for the cone of the functions f(z;,z;) in F; that are generated by the
elements of the family {(i1 — z1)*(i2 — #2)*, (41,42) € N*}. Now, consider

another urn model with random sizes R;,t = 1,2,...,and let T3, = 1,...,n,
be the lifetime of white ball i. We observe that (3.12) is the expectation of
the product of 7; functions with arguments R;,t = 1,...,7;, respectively,

each of these functions being decreasing and convex. Therefore, applying
<24, we deduce from (3.12) and Proposition 3.1 that

(3.13) (Re,t =1,...,t2) <24 (f?,t,t =1,...,t3) implies
(th’Xt'z) SF (Xiuth),tl < 13.

3.2. A Multipopulation Subjected to a Sampling

Consider a bipopulation of n; individuals of type 1 and ns individuals
of type 2, subjected jointly to a sampling procedure. Let By i(Bz,;) be the
event that individual ¢ in population 1 (5 in population 2) is not drawn.
The By, ¢ = 1,...,nq, are supposed to be exchangeable, as well as the
By, j = 1,...,ng; this hypothesis, however, is not essential. We are con-
cerned with the vector (X7, X2) of the numbers of unsampled individuals
from populations 1 and 2, respectively.

Fix k; in [1,n;] and k2 in [1,n2). Arguing as for (3.2), we obtain that

o (1) ()

> 1(BiayN...N Biay N B2 N...N Bag,, ),
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where the sum is over the (’,::) (',;‘:) groups of k; distinct individuals a;,...,ak,
in population 1 and k; distinct individuals B;,..., B, in population 2. Let

g(k1,kz2) denote the probability that any given group of individuals of that
kind is not drawn from the population; thus

(315) q(kl,kz) = P(Bl,l n...Nn Bl,k; n B211 n...Nn Bg,k.‘,).
From (3.14) and (3.15), we then deduce that

(3.16) E [ Xy, X ko) = P e i1 a(kr k2).
We note that when k; (e.g.)= 0, (3.16) is still true provided we put g(k1,0) =
P(B]J n...N Bl,k1 ), with q(0,0) =1.

Suppose now that another sampling is based on the parameters §(ki, k2),
0 <k <n1,0<k; < ng and let ()2’1,5(2) be the resulting size of the
unsampled populations. The characterization of ; below follows then

directly from (3.16).

ProrosITION 3.2

(3.17) (X1,X2) <r (X1, Xa)iff
q(k1,k2) < G(k1,k2) , 0 < ky < 14,0 < k2 < na.

3.2.1. A sampling with random size

Let us examine the special sampling that consists in taking, with or
without replacement, random numbers of individuals R; and Rj, possibly
dependent, from populations 1 and 2, respectively. Such a situation can
arise, for instance, when modelling the infection process in epidemic models
(see 4.3(i) below).

For a sampling with replacement, we obtain, for 0 < k; < n;, 0 < k3 <
n2,

(3.18) alk1,kz) = E{[(n1 - k1)/m]P[(n2 — k2)/ma] 2} .

Consider a similar sampling with random sizes R; and R,. Using the def-

inition (2.13) of the <, ordering, we then deduce from (3.17) and (3.18)
that

(3.19) (R1, R) >4 (Ry, Ry) implies (X1, X3) <r (X1, X2).

When the sampling is done without replacement, we have, for 0 < k; <
n1, 0 < k2 < no,

(3-20) q(ky,k2)=E [(nl = Ry)gy)(m2 — R2)[k2]] /71, [k1] P2, k)5
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so that from (3.17) and (3.20),
(3.21) (X1,X2) <F (X1,X2) iff (n1 — Ry,n2 — Rg) <p (n1 — Ry,nz — Ry).

3.2.2. An extended urn model

We generalize the reinforcement-depletion urn model described in 3.1.2
by putting in the urn balls of three different colours, white, red and black, in
initial numbers n1,n2 and m, respectively. As before, at stage ¢,t = 1,2,...,
the black colour is reinforced with a random number R; of balls, and just
after, R; balls are drawn without replacement from the urn. Interest centers
on the vector (X1 ¢,,X2,,) where Xj 4, (X2, ) represents the number of white
(red) balls that remain in the urn immediately after stage #,(22).

From (3.15) and (3.16), we have, for k; € [1,n4], k2 € [1,n2],

(3.22) E [Xl,t, ,[k;]X2,t2,[k2]] = Ny [ky) N2, ko) 9 (K1, k23 1, 22),

where g(ki1, k2;t1,12) denotes the probability that any given group of k; white
balls and k; red balls is still in the urn just after stages ¢, and ¢, respectively.
Choose t; < t2, for example. By first conditioning on [R;,t = 1,...,12], we
then obtain

q(k1,k2;t1,t2)
) . (nl+n2+m+RUj_kj_kj+l)
2 .
=E b
j=Hluj=t11+1 ( mtnztmt Ry, )
Ru,
tj—t—1

(3.23) 2
= {H [(nl + n2 + m)[kj+kj+1]]

Jj=1
tj

2

X E{I/H I (m+n+ m+Ru,-)[k,-+kj+1]} ;
j=1uj=tj_1+1

where we put 2o = 0, k3 = 0 and [],, = 1if ¢; = ¢. We note that the

formulae (3.22) and (3.23) are easily adapted when k2 (e.g.)= 0.

Consider now another urn model with random sizes R;,t = 1,2,..., and
let X; 4, (Xs,) be the resulting number of white (red) balls just after stage
t1(t2). Using, as for (3.13), the <yq ordering, we deduce from (3.17), (3.22)
and (3.23) that

(3.24)  (Ryt=1,...,1) <gq (Ri,t =1,...,t;) implies
(X140, X2,4,) <F (X1,8,,X2,2,)5t1 < 2.
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4. Comparison of the Final Outcome of Collective Epidemics

In (I, Section 4), we showed the effect of increased infection intensity on
the total damage caused by a collective epidemic process. We are going to
generalize our analysis by examining this time the case of an heterogeneous
population. For clarity, that population is supposed to contain only two
different groups of individuals. The approach relies on results derived in
Lefevre and Picard (1990) and Picard and Lefévre (1990); these results will
be referred with a supplementary letter II or III, respectively. We begin
by establishing a comparison property that involves a family of polynomials
with several variables introduced in II. We then apply it to the epidemic
model formulae obtained in III.

4.1. A Property of the Family of Polynomials

Let us recall the definition (II, 4.1) of these polynomials, given here for
two variables. For j = 1,2, let U) = {uff’)iz,(il,ig) € IN?} be a fixed family
of real numbers. To UM, U is attached a unique family of polynomials
Gy ko (21, 22| UM, UP)Y of degrees ky in 1, kg in o, (k1,k2) € IN?, defined
recursively by

Goo(z1,22|UD, Uy =1,

and when ky + ko > 1,

G O y®@ _xllvl _x’2¢2
(4.1) Ky ko (21, 22| U UV = T ol
1! Ko

(u(l) )kl—il (u(z) )kz—ig

11,12 11,22

oy | =il (k2 —ia)!

Gil 412 (IL‘] ’ x?‘U(l), U(2)),

where D(ky,k2) denotes the set of indexes {(71,3), with 0 < ¢4 < k1,0 <
iz < k2 and 1:1 + 'iz < k] + kg} Observe that le,k2 ( ), kl + k2 > 1, depends

only on the “g,)iz and “gf,)iz with (41,42) € Di, k,-

For our purpose, we need to establish a monotonicity property of cer-
tain expansions constructed from these polynomials with respect to the
parameters in U() and U®). Let f(z1,z2) be a function with deriva-
tives f(12)(zy,25), (i1,42) € IN?, and let A, A, UW, 0@, v u@ be six
families of real numbers ai,,iz,ail,iz,aﬁj?,.z, aﬁf}iz,ug}ia,uﬁfﬁz, respectively,

(i1,42) € IN2. Given these elements, fix (k;,k;) € IN? and consider the
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polynomial

By by (21, 22| A, UM, U@, 5, 4, 7D, U@)

ky k2
12 =2 3 ann SO, 4,60 i (21,2500, 00)
( . ) 11=01,=0
S IO
- Z Z al ’2f(i1'12)(u$1,12’ 11,22)G11712(x1’$2|U(1) U(2))
t1—012—0

Note that hg, x, (), (k1,k2) € IN?, depends only on the d;, ,z,u(l) 22

11,127 T11,42)

1 2
a,,,,z,u,(1 ),2, ufl ),2 with 0 < 4 < k1, 0 < i3 < ky. We remark that the two
sums in (4.2) correspond to finite Abel expansions of the function f(z1,z2)

of the type given in (II, 4.5).

PROPERTY 4.1 Let (ky,k2) € IN2. Iffor j =1,2 and 0 < 43 < ky, 0< 45 <
k2, the following conditions hold
(4.3)

ff ;,2 and uff ')n are decreasing sequences in i, (iy fired) and iy(iy fized),

U 11,%2 Z ut(f,)tz’
d,l g2 2 ma.x{O ael L2s for iy <€y <kp,ip <y < kz},
f('l,‘w)(u(l) ) > O and

1 tz’utl 12
f(kl""l k2)(ml,x2) and f(k17k2+1)(w1,z2) 2 0 for xl Z ugc )k ,zz > il)kz’

then

(4.4) Ry by (21, 22| A, UM, 0@, £, A, 0D 7@ > 0

for z; > u(()g,:cz 1182(),
Proor This can be shown by extending to the multivariate case the argu-
ment by induction followed for Property (I, 4.2). The proof is then direct,
though rather technical, and uses properties of the polynomials given in (II,
Section 4); it is omitted. a

4.2. Varying Infectivity in Collective Epidemics

The multipopulation collective epidemic model introduced in (III, Sec-
tion 4) describes the spread of an infectious disease in a closed population
subdivided in several (here two) groups (men and women, for example). Each
group 7, j = 1,2, is partitioned in three classes of individuals, the suscep-
tibles, the infectives and the removed cases. Initially, these are in numbers
nj, mj and 0, respectively, and infection is then propagated as follows. Any
infective remains infected during a random period of time. All the infectious
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periods are independent and, for j given, identically distributed, the com-
mon distribution being that of a variable D;, say. These D; are in general
R-valued, but can be discrete and possibly constant. While infected, the
individual behaves independently of the others and can contact susceptibles
of the two groups. Specifically, he will fail to transmit the infectious agents
within any given set of k; susceptibles in group 1 and k; susceptibles in group
2, k1 in [1,m1] and k2 in [1,7n2], with a random probability that depends on
his infectious period. We make for these random variables, k;, k fixed, the
same hypotheses as for the infectious periods, the common distribution for
J given being that of a variable Q;(ki,k2), say. After that, the infective
becomes a removed case and plays no further role in the infection process.
Let T denote the end of the epidemic, when there are no more infec-
tious present in the population. We are interested by the vector (51,1, 52,1)
that represents the ultimate numbers of susceptibles surviving the disease in
groups 1 and 2, respectively. Using the polynomials (4.1), we obtained, inter
alia, in (III, 4.15) the formula (4.5) below for the mixed descending factorial
moments of that vector. For j = 1,2 and k; € [1,n4], k2 € [1,n2], let

(4.5) gi(k1,k2) = E[Q;(k1,k2)]

be the expected value of the different probabilities of non-infection; when k;
(e.g)= 0, put g;(k1,0) = g;(k1,—), with ¢;(0,0) = 1. Then, for 0 < k; < n4,
0 S k2 S n2,

ni na )
(46) E[SizpaSorp] = 2 X {mupmmaplat i)l

1=k t2=k2

X [qg(il,z})]"’*'m?""} Giy—kyiy—ks [1’ 1)gkuke (1) ghike U(2)] ,
where for j = 1,2, £k1420) js the family {ug)Jril katipo (B1592) € IN?%}, with

(4.7) u¥) = gi(in,i2) , 0< i < ny,0<dp < ng,

11,12

the u,(f ?,-2 for other indexes being superfluous and omitted.

Intuitively, one expects that lower infectivity levels translated by smaller
gj(k1,k2) should generate larger ultimate numbers of susceptibles. Hereafter,
we prove that this is indeed true provided comparison on (S1,1,S52,T) is
made through the factorial ordering. Thus, consider a similar bipopulation
collective epidemic characterized now by the variables D; and @Q;(k1,k2),
j=1,2and 0 < k; < ny, 0 < k2 < ny. Let §j(k1,k2) be the associated
expectations (4.5), and denote by (5'1,T, §'2,T) the resulting final numbers of
susceptibles.
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ProrosiTION 4.2 If for j = 1,2 and 0 < i3 < ny, 0 < i3 < ng,

(4.8) gj(1,12) < §;(%1,%2),
then
(4.9) (81,1, 52,1) <F ($1,75 82,7)-

Proor We have to show that for 0 < k3 < ny, 0 < kg < ng,

(4.10) E [gl,T,[k1]§2,T,[k2]] -E [SI,T,[k1]SZ,T,[k2]] > 0.

Define £¥1%2 A = {ag, 41, kp+ip» (11, 32) € IN?}, with

(4.11) iy i = (uz(‘ll,)iz)ml ("S??{z)mz , 0< 4 <0q,0 <4 < g,
the other a;, ;, being superfluous for the discussion. Putting

(4.12) f(z1,22) = g Frgpahe

(4.6) can be expressed as

n1—ky na—k

(413) E [Sl:Tv[kI]SZT,[kg]] = n17[k1]n2,[k2] Z
11=0 12=0
11,t 1 2
Qky+i1,ka+i2 f( 1,42) (us"l)'l'il'k2+i2’u§¢1)+i1,k2+i2)
X Gi; i, [1, 1|gkke U(l),gkl,ng(z)] .

Write then the formula (4.13) associated with the alternative model. Using
the definition (4.2), we see that the difference in (4.10) just corresponds to

(4.14) nl,[k1]n2,[k2]hn1—k1 ma—ko [1, 1|gk1,k2 /i, Ek1ke [}'(1), Ekik2 [7(2),
f,Ekike 4 ghrkagr(1) gkake U(2)] )

Now, let us examine hn, _k, n,—k, ( ) in (4.14). It is easily verified that thanks
to the hypothesis (4.8), the conditions (4.3) in Property 4.1 are well satisfied.
Since 1 > ﬁfcll),kg and &g‘;)’kz, we deduce (4.10) from (4.4) and (4.14). O

The factorial ordering between final epidemic outcomes has been ob-
tained under rather weak conditions on the model parameters g;(k1,k2). We
will show in a forthcoming paper how it can be strengthened under stronger
conditions on these parameters.
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4.3. Some Specific Applications

For illustration, let us discuss some applications of this comparison result
for two particular cases of the model.

(i) Suppose that the infectious periods are of length 1 (D; = Dy =
1), and each infective can contact, independently of the others, a random
number of individuals per time unit. All these numbers of contacts are
independent, and for infectives of group j,j7 = 1,2, identically distributed,
the common distribution for contacts within groups 1 and 2 being that of the
vector (R;,1, R;j2), say. The contacts then occur with or without replacement
amongst the N1 = n; + m; and Ny = ny + m, individuals of these groups.

Clearly, the model here can be viewed as the iterative version of a sam-
pling scheme such as described in 3.2.1. For the case with replacement, we
have, for j = 1,2 and 0 < k; < ny, 0 < ky < ng,

(4.15) gj(k1,k2) = E {[(Nl = ky)/Nq]Rit [(N, — kz)/Nz]Rj”}-
From (4.15) and Proposition 4.2, we then deduce that (in obvious notations)
(4.16) (Rj1,R;2) 24 (Rj1,Rj2),5 = 1,2, implies (4.9) .

In a similar way, for the sampling without replacement,

(417) gk ka) = E (N = Ry (V2 = B3] /N1 ) Vo)
and we deduce that

(418) (N1 —Rj1,N2— Rjp) <p (N1 - Rj1, N2 - Rjp), 7=1,2,
implies (4.9) .

(ii) Consider the situation above where the infectious periods are r.v.s
which are independent and, for infectives of group j,j = 1,2, distributed
as D;. Suppose now that while infected, each infective can contact, inde-
pendently of the others, any susceptible present at the points of a Poisson
process. All these processes are independent, and for infectives of group
J»J = 1,2, the associated contact rates within groups 1 and 2 are equal
to B;1 and B;g2, respectively. Here thus, for j = 1,2 and 0 < k; < ny,
0 < k2 < no,

(4.19) Qj(k1,k2) = exp[—(k1B51 + k28;,2) Dj] -

The so-called general epidemic model corresponds to the case where the D;
are exponentially distributed. When D; = D = 1, then Q;(k1,k2) = (g;1)"
(gj2)* with ¢;1 = exp(=B;1), ¢;2 = exp(—B;2), and the model reduces to
the Reed-Frost process (see, e.g., Bailey (1975)).
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We start by assessing the effect of varying the infectious periods. For this,
we are going to use a weak stochastic ordering based on the Laplace-Stieltjes
transform (<, in Stoyan (1983)): for random variables X7, X; valued in R*,
X; <1 X; when

(4.20) Elexp(—6X1)] > Elexp(—6X1)] , 6 € R*.
From (4.19), (4.20) and Proposition 4.2, we thus deduce that
(4.21) D; >, D;,j =1,2, implies (4.9) .

This result can be exploited to construct bounds for the ultimate numbers
of suceptibles when only partial information on the Dj; is available. For
example, suppose that D;, j = 1,2, are known to belong to the £(£) class
introduced by Klefsjo (1983); in other words, we have

(4.22) Dj 21 (<L)Exp(u;),

where p; = E(D;) and Ezp(p;) denotes an exponential variable with the
same mean p;. From (4.21) and (4.22), we then obtain that the general
epidemic with exponential infectious periods with the same means provides
an upper (lower) <r bound for the statistic (S1,1,S2.1)-

Another comparison of interest is between the original epidemic model
with random infectious periods and an approximated Reed-Frost process in
which, by definition, infectious periods are all equal to 1. Take first the
expectation in (4.19). Using the fact that the set of a single random variable
is associated (Esary, Proschan and Walkup (1967)), we can write that for
j=1,2and 0 <k <nyp, 0 < by < g,

(4.23) qj(k1, k2) 2 {E [exp (—k1j1D;)1} {E [exp (—k2/;,2D;)]} -

Then, applying twice Jensen’s inequality in (4.23), we obtain that

(4.24) gi(kr k) 2 (31)" (5.2) 2 (652)"(g2)"
where for ¢ = 1,2,
dj; = Elexp(-8;:D;)],
4.25 A
(4.25) { ¢ = exp[-B;;E(D;)]

Therefore, from (4.24), (4.25) and Proposition 4.2, we deduce that the Reed-
Frost model with the §;; as probabilities of non-infection yields to a lower
<r bound for ($;,1,S2,). Moreover, replacing the infectious periods by
their mean leads to a further Reed-Frost model that predicts an even <p
smaller number of susceptibles. We mention that for the latter comparison,
the factorial ordering could be strengthened.
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